Iranian Journal of Fuzzy Systems Vol. 7, No. 2, (2010) pp. 121-140 121

REGULAR ORDERED SEMIGROUPS AND INTRA-REGULAR
ORDERED SEMIGROUPS IN TERMS OF FUZZY SUBSETS

X. Y. XIE AND J. TANG

ABSTRACT. Let S be an ordered semigroup. A fuzzy subset of S is an arbitrary
mapping from S into [0, 1], where [0, 1] is the usual interval of real numbers. In
this paper, the concept of fuzzy generalized bi-ideals of an ordered semigroup
S is introduced. Regular ordered semigroups are characterized by means of
fuzzy left ideals, fuzzy right ideals and fuzzy (generalized) bi-ideals. Finally,
two main theorems which characterize regular ordered semigroups and intra-
regular ordered semigroups in terms of fuzzy left ideals, fuzzy right ideals, fuzzy
bi-ideals or fuzzy quasi-ideals are given. The paper shows that one can pass
from results in terms of fuzzy subsets in semigroups to ordered semigroups.
The corresponding results of unordered semigroups-are also obtained.

1. Introduction

For a set S, a fuzzy subset of S is, by'definition, an arbitrary mapping f : S —
[0,1], where [0, 1] is the usual interval of real numbers. This important concept
of a fuzzy set put forth by Zadeh in 1965 [33] has opened up keen insights and
applications in a wide range of scientific fields. It offers tools and a new approach
to model the imprecision and uncertainty present in phenomena that do not have
sharp boundaries. Since theén, a series of research on fuzzy sets has come out ex-
pounding the importance of the concept and its applications to logic, set theory,
algebra theory, real’analysis;topology, etc [1, 2]. Rosenfeld explained the notion of
a fuzzy subgroup of a group with the notion of fuzzy subsets of a set in 1971 [27].

Following the formulation of fuzzy groups by Rosenfeld [27], many researchers
have been engaged in extending the concepts and results of pure algebra to the
broader framework of the fuzzy setting, although not all results in algebra can be
fuzzified (for example, see [5]). In [22, 23, 24], Kuroki gave some properties of fuzzy
ideals and fuzzy bi-ideals and fuzzy generalized bi-ideals of semigroups (without
order) and characterized regular semigroups, intra-regular semigroups, semigroups
that are semilattices of left(right) simple semigroups and so on in terms of fuzzy
ideals, fuzzy bi-ideals and fuzzy generalized bi-ideals. In the paper [25] fuzzy anal-
ogous of several further important notions, e.g. those of bi-ideals or interior ideals
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in a ring R have been defined and justified in a similar fashion. Furthermore, fuzzy
prime ideals on semigroups have also been considered by Kehayopulu, Xie and Tsin-
gelis in [19, 28] and by Kehayopulu and Tsingelis in [17]. Following the works by
Kuroki [22, 23, 24], Shih-Chuan Cheng, J. N. Mordeson and Yu Yandong gener-
alized the fuzzy algebras to L-algebras in [4], they accomplished this by taking a
complete Brouwerian lattice L as the set of true values and by using a general infin-
itely union-distributive ¢-norm 7" to define T'L-subgroups, T L-subrings and so on.
As applications of T L-subalgebras, some characterizations of semigroups without
orders are described in ([4], Section 4.3). Recently, a theory of fuzzy sets on ordered
semigroups has been developed [7, 16, 18, 20] which are relative closely to logic.
Following the terminology given by Zadeh, if S is an ordered semigroup, fuzzy sets
in ordered semigroups S have been first considered by Kehayopulu and Tsingelis in
[16], they then defined fuzzy analogous for several notations that have been proved
to be useful in the theory of ordered semigroups. Moreover, each ordered groupoid
can be embedded into an ordered groupoid having a greatest element ( poe-groupoid
) in terms of fuzzy sets [18]. The concept of ordered fuzzy points of an ordered semi-
group S has been first introduced by Xie and Tang [31]; and studied prime fuzzy
ideals of an ordered semigroup S [32]. Authors also introduced the concepts of
weakly prime fuzzy ideals, completely prime fuzzy ideals, completely semiprime
fuzzy ideals and weakly completely prime fuzzy ideals of an ordered semigroup S,
and established the relations among the five classes of the ideals. Furthermore,
we characterize weakly prime fuzzy ideals, completely semiprime fuzzy ideals and
weakly completely prime fuzzy ideals of S by their level ideals [31].

The concept of regular rings was introduced by von Neumann [26]. As we know,
regular rings play an important role in the abstract algebra. In 1956, Kovdcs char-
acterized a regular rings as rings satisfying the condition ANB = AB for every right
ideal A and every left ideal¢B [21]. Since then, Iséki studied the same properties
for semigroups, and proved that a commutative semigroup is regular if and only if
every ideal of S isddempotent [6]. In 1961, Calais proved that a semigroup S is
regular if and only if the right and the left ideals of S are idempotent and for every
right ideal A and every left.ideal B of S, the product AB is a quasi-ideal of S [3].
Then Kehayopulu extended those results to ordered semigroups [8, 10]. Recently,
Kehayopulu also extended those similar “fuzzy” results to ordered semigroups, and
characterized the regular, the left regular and the right regular ordered semigroups
by means of fuzzy left ideals, fuzzy right ideals, fuzzy semiprime subsets and fuzzy
quasi-ideals [16, 17, 18].

As a continuation of the study undertaken by Kehayopulu [16, 17, 18], we first
introduce the concept of the fuzzy generalized bi-ideals of an ordered semigroup S in
the present paper. Then regular ordered semigroups are characterized by means of
fuzzy left ideals, fuzzy right ideals and fuzzy (generalized) bi-ideals. Finally, we give
two main theorems which characterize the regular ordered semigroups and intra-
regular ordered semigroups in terms of fuzzy left ideals, fuzzy right ideals, fuzzy
bi-ideals and fuzzy quasi-ideals. As an application of the results of this paper, the
corresponding results of unordered semigroups also are obtained.



Regular Ordered Semigroups and Intra-regular Ordered Semigroups... 123

2. Preliminaries and Some Notations

Throughout this paper, unless stated otherwise, S stands for an ordered semi-
group. A function f from S to the real closed interval [0,1] is called a fuzzy subset of
S. The ordered semigroup S itself is a fuzzy subset of S, its characteristic function,
also denoted by S, is defined as follows:

S:S—10,1]|z = S(z) :=1.

Let f and g be two fuzzy subsets of S. Then the inclusion relation f C g means
that

f(x) < g(x)
forall z € S, and f Ng and f U g are defined by

(f Ng)(z) = min(f(z),9(x)) = f(z) A g(z),

(fUg)(z) = max(f(z),9(z)) = f(z) V g(a),
for all z € S. The set of all fuzzy subsets of S is.denoted by F(S). One can easily
see that (F'(S), C,N,VU) forms a complete lattice and the fuzzy subset S of S is the
greatest element of the ordered set (F'(S), C).
Let (S,-,<) be an ordered semigroup. For a € S, we define A, := {(y,2) €
S x S|z < yz}. The product of f o g is defined by

min g(2)) , A #D,
(Vo€ S) (fog)(x) = (y,z\)/eAm {/(¥),9(2)} 4
0 ,if Ay = 0.

As is well known (cf. [[13], Theorem]), that this operation “o” is associative.

Lemma 2.1. ([13], Proposition 1) Let (S, -, <) be an ordered semigroup and
fi, f2, 91,92 fuzzy subsets of S such that fi C g1 and fa C go, then fio fo C g10g¢s.

We denote by f4 the characteristic function of A, that is, the mapping of S into
[0, 1] defined by
|1, ifzeA,
fA(x)—{ 0, ifrgA
Let S be an ordered semigroup. For H C S, we define
(H]:={te€ S|t <hforsomehec H}.

For H = {a}, we write (a] instead of ({a}].

A subsemigroup B of an ordered semigroup S is called a bi-ideal of S if

(1) BSB-C B and

(2)Ifae Band S>b<a,thenbeB.
We denote by B(a) the bi-ideal of S generated by a (a € S). We have B(a) =
(aUa® UaSa] [11].

Definition 2.2. Let S be an ordered semigroup. A fuzzy subset f of S is called a
fuzzy subsemigroup of S if
flay) > min{f(z), f(y)}, Vo,y € S.
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Lemma 2.3. Let S be an ordered semigroup, f a fuzzy subset f of S. If f is a
fuzzy subsemigroup of S such that

z<y= f(z) > f(y), Vz,y € S,
then fo f C f. Conversely, if fo f C f, then f is a fuzzy subsemigroup of S.
Proof. Let z € S. If A, =0, then fo f(z) =0 < f(z). If A, # 0, then
fof(@) = \/ min{f(b) A f(c)}

z<bc

\/ Fbe)

z<bc

\/ f(z) ( Since z <ab)

z<bc

= [fl@).

IN

IN

Then fo f C f.
Conversely if f o f C f, then for all z,y € S

flzy) > (fof)(zy)
=/ () A £

zy<bc
> min{f(z) Af(y)}.
g

Definition 2.4. ([13], Definition 1) Let S be an ordered semigroup. A fuzzy subset
f of S is called a fuzzy left ideal of S if

(1) z<y= f(z) > f(y).

(2) f(zy) > f(y)y Vo, m€S.
A fuzzy subset f of S'is called a fuzzy right ideal of S if

(1) z<y= fl@)=f(y)

(2) f(zy) > f(x),Vr,y.€ S.
A fuzzy subsetf of S is called a fuzzy ideal of S if it is both a fuzzy left and a fuzzy
right ideal of S.

Lemma 2.5. [13]'Let S be an ordered semigroup and ) # A C S. Then A is a left
(resp. right) ideal of S if and only if the characteristic function fa of A is a fuzzy
left(resp. right) ideal of S.
Definition 2.6. ([15], Definition 2) Let S be an ordered semigroup. A fuzzy
subsemigroup f of S is called a fuzzy bi-ideal of S if

(e <y= fx) > f(v).

(2) f(zyz) > min{f(z), f(2)},Va,y,z € S.
Lemma 2.7 ([21], Theorem 1). Let S be an ordered semigroup and ) # B C S.

Then B is a bi-ideal of S if and only if the characteristic function fg of B is a
fuzzy bi-ideal of S.
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Lemma 2.8. Let S be an ordered semigroup and f a fuzzy subset of S. Then f is
a fuzzy left ideal of S if and only if f satisfies that

(1) z<y= f(z) > f(y), for all z,y € S.

(2) SofCHf.
Proof. =. By Proposition 10 in [23], it is easy.

<. Assume that (2) holds. Then f(zy) > f(x),Vz,y € S. Indeed: let z,y € S.
Put a = zy. Then, by 1o f C f,

f(zy)

f(a) > (S0 f)(a)
= \/ min{S®) A f(0)}]

a<bc
min{S(z) A f(y)}
f).

Y%

By hypothesis (1) and Definition 2.4, f is a fuzzy left ideal of S. O

Similar to Lemma 2.8, we have the following two lemmas. The proofs are similar
to that of Lemma 2.8.

Lemma 2.9. Let S be an ordered semigroup and f a fuzzy subset of S. Then f is
a fuzzy right ideal of S if and only if (f satisfies that

(1) z <y = f(z) > fy), forall v,y €5.
(2) feSCH.

Proof. Let S be an ordered semigroup and f a fuzzy subset of S. Then f is a fuzzy
ideal of S if and only if /f satisfies that

(1) z <y= f(x)> fly), for all z,y € S.
(2) 1o f Cf, foSC /. 0

For the other necessary definitions and notations in this paper, we refer to [29,
30].

3 Fuzzy Bi-ideals and Fuzzy Generalized Bi-ideals of Ordered
Semigroups

Definition 3.1. A non-empty subset B of an ordered semigroup S is called a
generalized bi-ideal of S if

(1) BSB C B.

(2) Ifae Band S>b<a,then b€ B.

It is clear that every bi-ideal of an ordered semigroup S is a generalized bi-ideal of
S, but not conversely. We denote by GB(a) the generalized bi-ideal generated by
a (a € S). One can easily prove that GB(a) = (a U aSal].
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Furthermore, we now introduce the analogous definition by means of fuzzy sets
as follows:

Definition 3.2. Let S be an ordered semigroup. A fuzzy subset f of S is called a
fuzzy generalized bi-ideal of S if

(1) z<y= flx) > fy).

(2) f(zyz) > min{f(z), f(2)},Vz,y,z € S.

One can easily observe that every fuzzy bi-ideal of an ordered semigroup S is
a fuzzy generalized bi-ideal of S, but not conversely. We can illustrate it by the

following example:

Example 3.3. We consider the ordered semigroup S ={a,b,c,d} defined by the

following multiplication “-” and the order « < ”:
-la b ¢ d
ala a a .a
bla a a/l a
cla a b a
dia a b b

<:={(a,a), (a,b), (a, c)s(a,d), (b,b), (c,c), (d,d)}.

Let f be a fuzzy subset of S such that f(a) = 0.6, f(b) =0, f(c) = 0.3, f(d) = 0.
Then we can easily show that f.is a fuzzy generalized bi-ideal of S. But f is not
a fuzzy bi-ideal of S, since f(¢?) = f(b) = 0 < 0.3 = min{f(c), f(c)}, that is, f is
not a fuzzy subsemigroup of \S.

The following Theorem 3.4 can be proved in a similar way as in the proof of
Theorem 1 of [15].

Theorem 3.4. Let S be an ordered semigroup and ) 2 A C S. Then A is a

generalized biideal of S if and only if the characteristic function fa of A is a fuzzy
generalized bi-ideal of S.

Proposition 3.5. If a fuzzy subset f of an ordered semigroup S is a fuzzy gener-
alized bi-ideal of S, then foSo f C f.

Proof. Let f be a fuzzy generalized bi-ideal of an ordered semigroup S. Then
(foSo f)(a) < f(a) for all a € S. Indeed: Since f is a fuzzy subset of S, we have
f(a) >0forallae S. If (foSo f)(a) =0, then (foSof C f)la) < f(a). If
(foSof)(a) #0, then there exist x,y,p,q € S such that (z,y) € A, (p,q) € A,
that is @ < zy,z < pq. Since f is a fuzzy generalized bi-ideal of S, we have

f(pqy) > min{f(p), f(y)}. Thus
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(foSof)a)

IN

<

\/  min{(foS)(z), f(y)}

(z,y)€EAq

\/ min{ \/ min{f(p),S@)}]f@)}

(z,y)€EAq (p,q)EA.

\/ \/ min{f(p), S(q), f(y)}

(z,y)€AL (P,g)EAL

VoV min{f(), f®)}

(z,y)€Aa (P,g) €A

V  V fow)

(z,y)€AL (P,g)EAL

\/  fy) < fa) ¢ Sinee zy < pgy ),
(z,y)€EAq

which means that foSo f C f. O

In a similar way as in the previous proposition, by Lemma 2.3, we can show the

following result:

Proposition 3.6. If a fuzzy subset f of an ordered semigroup S is a fuzzy bi-ideal
of S, then fofC fand foSo fC f.

Lemma 3.7. If a fuzzy subset'f of an ordered semigroup S and foSo f C f, then

(Vo,y,2 €8) f(xyz) > min{f(z), f(2)}.
Proof. For any x,y5z €S;put @ = zyz. Since fo So f C f, we have

flzyz) =

Y%

v

f(a) > (foSof)a)
\/  min{(f°9)(p), f(a)}

(r,q) €A,

min{(f o S)(zy), f(2)}
min{ \/ min{ f(u), S(v)}, f(2)}

(u,v) EAay
min{min{f(z),S(y)}, f(2)}
min{ f(z), S(y), f(2)}
min{ f(z), f(2)}.

O

Proposition 3.8. The product of two fuzzy generalized bi-ideals of an ordered
semigroup S is a fuzzy bi-ideal of S.
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Proof. Let f,g be two fuzzy generalized bi-ideals of S. Then, by Proposition 3.5,
foSofC fand goSogCg. Thus

(fog)o(fog)Cfo(goSog)C fog.

Therefore, by Lemma 2.3, f o g is a fuzzy subsemigroup of S. Furthermore, by
Lemma 2.1 we have

(fog)oSe(fog)=fogo(Sof)ogC fo(goSog)C fog.
By Lemma 3.7,

(Va,y,z € S) (f o g)(zyz) > min{(f o g)(x), (f o 9)(2)}-
Furthermore, if # < y, then (f o g)(z) > (f o g)(y). Indeed: If A, = (), then

(fog)(y) =0. Since fog is a fuzzy subset of S, we have (fog)(z) > 0= (fog)(y).
If A, # 0, then, since z <y, we have A, C A,. Thus we have

(feg)y)= \/ min{f(w),g)}< \/ min{f(u),g@)}=(fog)().

(u,v)EAy (u,v)EA,
O

An ordered semigroup (S, -, <) is called regular if; for each element a of S, there
exists an element z in S. such that a <'aza (cf. [9, 10]). Equivalent definition:

(1) AC (ASA],VA € S.

(2) a € (aSal,Ya € S.

Theorem 3.9. Every fuzzy generalized bi-ideal of a regular ordered semigroup S is
a fuzzy bi-ideal of S.

Proof. Let f be any fuzzy generalized bi-ideals of S and a,b € S. Then, since S is
regular, there exists € S such that o < bxb. Then

f(ab) > fla(bzd)) = f(a(bx)b) > min{f(a), f(b)}.
Thus f is a fuzzy subsemigroup of S, and so it is a fuzzy bi-ideal of S. d

4. Characterizations of Regular Ordered Semigroups

The characterization of regular semigroups or ordered semigroups in terms of
left ideals, right ideals and (generalized) bi-ideals is well known ( for example, see
[8, 9, 10, 11]). In this section we give the similar results by means of fuzzy sets of
ordered semigroups.

Lemma 4.1. An ordered semigroup S is regular if and only if B = (BSB] for any
bi-ideal of S.

Proof. Let S be regular. Then x € (xSz] for all z € S. Thus B C (BSB]. Since B

is a bi-ideal of S, we have (BSB] C B. Then B = (BSB].
Conversely, if B = (BSB] for any bi-ideal of S, then, by Lemma 9 in [14],
(B(xz)SB(x)] = B(z) C (zSz]. Thus z € B(z) C (2Sxz] implies that S is regular.
O
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Now we give characterizations of regular ordered semigroups by fuzzy (general-
ized) bi-ideals.

Theorem 4.2. Let S be an ordered semigroup. Then the following statements are
equivalent:

(1) S is regular.

(2) f = foSof for any fuzzy bi-ideal f of S.

Proof. (1) = (2). Let f be any fuzzy bi-ideal of S and a € S. Then, since S is
regular, there exists € S such that a < aza, and (azx,a) € A,. Thus

(foSof)a) = \/ min{(foS)(y),f(2)}

(y,2)€Aa

> min{(f o S)(az), f(a)}
= min{ \/ min{f(p)7 S((])}, f(a)}

(P,9)€Aax
> min{min{f(a), S(z)} f(a)}
= min{min{f(a),1}, f(a)} = f(a),
and so we have foSo f D f. Since f is afuzzy bi-ideal of S, by Proposition 3.6,
we have foSo f C f. Thus foSo f=f.

(2) = (1). Let B be any bi-ideal of 'S.. Then , by Lemma 2.7, fp is a fuzzy
bi-ideal of S, and for each a € B

V' min{(f5 o S)wsfa(2)}] = [(f5 0 5) o f5](a) = f5(a) =1,

(y,2)€EA,

which implies that A, # 0, and there exist b,c € S such that a < be, (fgoS)(b) =1
and fp(c) = 1. Then ¢ € B, and

\/“min{fz(p), S()} = (f5 0 S)(B) = 1,

(p,0) €A,

which impliesthat 4, # (), and there exist u,v € S such that b < wv, fp(u) = 1,
and S(v) =1. Then u € B, and

a < bc<uvec € BSB,

and'so. B C (BSB]. On the other hand, since B is a bi-ideal of S, we have (BSB] C
(B] =.B. Therefore, B = (BSB]. By Lemma 4.1, S is regular. a

In a similar way, the following theorem can be proved.

Theorem 4.3. Let S be an ordered semigroup. Then the following statements are
equivalent:

(1) S is regular.

(2) f = foSof for any fuzzy generalized bi-ideal f of S.
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Theorem 4.4. Let S be an ordered semigroup. Then the following statements are
equivalent:

(1) S is regular.

(2) fogo f=fnNg for any fuzzy bi-ideal f and any fuzzy ideal g of S.

Proof. (1) = (2). Let f,g be a fuzzy bi-ideal and a fuzzy ideal of S, respectively.
Then by Lemma 2.1 and Proposition 3.6 we have fogo f C foSo f C f. Since g
is a fuzzy ideal of S, by Lemma 2.10 we have

fogofCSogoSClogCy.

Thus fogo f C fNg. On the other hand, let a € S. Then, since S is regular, there
exists z € S such that a < aza(< azara), so (a,zaza) € A,. Since g is a fuzzy
ideal of S, we have g(zaz) > g(ax) > g(a). Thus

(fogeflla) = \/ min{f(y), (g0 f)z)}

(y,2)€Aa

> min{f(a), (g o f)(®aza)}
min{f(a), \/_min{g(p), f(¢)}}

(P.0)€EAzaza
min{f(a), min{g(zaz), f(a)}}
min{f(a), min{g(a), f(a)}}
= min{f(a),g9(a)} = (f N g)(a),
which means that fogo f D fNg. Therefore fogo f = fNyg.
(2) = (1). Since S itself is a _fuzzy ideal of S, by hypothesis we have
f=fNnS=foSof.
By Theorem 4.2, S is regular. a

(VAR

In a similar way we can show the following theorem:

Theorem 4.5. Let S be an ordered semigroup. Then the following statements are
equivalent:

(1) S is regular.

(2) fogo f = fiNg for every fuzzy generalized bi-ideal [ and every fuzzy ideal
g of S.

Lemma 4.6. Let S be an ordered semigroup. Then the following statements are
equivalent:

(1)4S is regular.

(2) BN L C (BL] for every bi-ideal B and every left ideal L of S.

(3) RN BN L C (RBL] for every bi-ideal B, every right ideal R and every left
ideal L of S.

Proof. (1) = (2). If S is regular, then for any a € B N L there exists € S such
that
a < ara = a(za) € B(SL) C BL.
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Thus, a € (BL]. Therefore BN L C (BL].
(2) = (1). Let a € S. By hypothesis, we have

a € B(a)NL(a) C (B(a)L(a)] = ((a U a® UaSa](aU Sa]]
= ((aUa®UaSa)(aU Sa)] C (a* UaSa).

Then a < t for some t € a2 UaSa. If t = a2, then a < a® = aa < a%a = aaa € aSa.
If t € aSa, then a € (aSa]. Thus S is regular.

(1) = (3). If S is regular, then for any @ € RN B N L there exists € S such
that

a < aza = (aza)za = (ax)a(za) € (RS)B(SL) C RBL.

Thus, a € (RBL]. Therefore RN BN L C (RBL).
(3) = (1). Similar to (2) = (1). O

Now we give characterizations of regular ordered semigroups by fuzzy left ideals,
fuzzy right ideals and fuzzy (generalized) bi-ideals:

Theorem 4.7. Let S be an ordered semigroup. Then the following statements are
equivalent:

(1) S is regular.

(2) fNgC fog for every fuzzy generalized bi-ideal f and every fuzzy left ideal
g of S.

(3) fNg C fog for every fuzzy bitideal f and every fuzzy left ideal g of S.

(4) hn fNg C ho fog for every fuzzy generalized bi-ideal f, every fuzzy left
ideal g and every fuzzy right ideal h of S.

(5) hnfNg C ho fog for every fuzzy bi-ideal f, every fuzzy left ideal g and
every fuzzy right ideal h of S.

Proof. (1) = (2). Let f.and g be a fuzzy generalized bi-ideal and a fuzzy left ideal
of S, respectively, let @ € S. Then, since S is regular, there exists € S such that
a < aza. Since (a,za) € A,, we have

(f og)(a) \/  min{f(y),9(=)}
(972)6140
min{ f(a)
min{/(a)
= (fng)(a),

which means that fNg C fog.

(2) = (3). Clearly.

(3) = (1). Let B and L be a bi-ideal and a left ideal of S, respectively. Let
a € BN L. Then, by Lemma 2.5 and Lemma 2.7, fg is a fuzzy bi-ideal of S and ff,
is a fuzzy left ideal of S. Thus, by hypothesis fg N fr, C fp o fr, and

(fB o fr)(a) > (fp N fr)(a) = min{fp(a), fr(a)} =1

,g9(za)}
gla

(a)}(since g is a fuzzy left ideal of S)

v v

)
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for all a € BN L, and A, # (). Since fg o fr is a fuzzy subset of S, we have
(fBo fr)(a) <1forall a € S. Then

\/ min{fs(y),f2(2)} = (fz o fr)(a) = 1,

(y,2)EAL

which implies that there exist b,¢ € S such that a < be, fg(b) =1 and fr(c) = 1.
Then a < be € BL, and so BN L C (BL]. By Lemma 4.6, S is regular.

(1) = (4). Let f,g and h be a fuzzy generalized bi-ideal, fuzzy left ideal and a
fuzzy right ideal of S, respectively. Let a € S. Then, since S is regular, there exists
x € S such that a < axa. Thus (a,za) € A,, and

(ho fog)(a)

\/ min{h(y),(f o 9)(#)}

(y,2)€Aa
min{h(az), (f o g)(a)}
min{h(a), \/ min{ f(p), g(q)}}

(p,9)€4a
min{h(a), min{f(a), g(za)}}
min{h(a), min{f(a),g(a)}}
min{h(a), f(a),g9(a)} = (RN f N g)(a).

v

vV v

Therefore hN fNgC ho fog.

(4) = (5). Clearly.

(5) = (1). Let B,L and R_.be.a bi-ideal, a left ideal and a right ideal of S,
respectively. Let a € RN B N/L. Then, by Lemma 2.5 and Lemma 2.7, fg, f and
fr be a fuzzy bi-ideal, a fuzzy left ideal and a fuzzy right ideal of S, respectively.
Thus, by hypothesis, fr N fe N fr. € fro feo fr.Ifa€ RN BN L, then

(fro feo fr)(a)> (fRN f N fr)(a) = min{fr(a), fB(a), fL(a)} = 1.

Thus A, # 0. Furthermore, since fg o fp o fr is a fuzzy subset of S, we have
(fro feo fr)(a) <1 forall aesS. Thus

\/ | min{fro fs(y), fr(2)} = (fro fzo fi)(a) = 1,

(y,2)€Aa

which implies that there exist b, ¢ € S such that a < be, and (fr o f5)(b) = 1 and
fr(c) =1:Then A, # 0,

\/ min{fr(®), f5()} = (Ffro f5)() = 1,

(p,9)EAp

which implies that there exist d,e € S such that b < de, and fr(d) = fg(e) = 1.
Then a < bec < dec € RBL, that is a € (RBL]. Thua RN BN L C (RBL]. By
Lemma 4.6, S is regular. a
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5. Characterizations of Regular Ordered Semigroups and Intra-regular
Ordered Semigroups

An ordered semigroup (5, -, <) is called intra-regular if, for each element a of S,
there exists x,y € S such that a < za?y.

Equivalent Definition: a € (Sa?S],Va € S [13].

As we know, the characterizations of regular semigroups and intra-regular semi-
groups in terms of left ideals, right ideals, bi-ideals or quasi-ideals was investigated
[8, 10]. In this section, we shall characterize them in terms of the corresponding
“fuzzy” analogous notions.

Lemma 5.1. Let S be an ordered semigroup. Then the following statements are
equivalent:

(1) S is intra-regular.

(2) RN L C (LR] for every left ideal L and every right ideal R of S.

Proof. (1) = (2). If S is a intra-regular ordered semigroup, then for any a € RN L
there exist x,y € S such that

a < za’y = (za)(ay) € (SL)(RS) C LR.

Thus, a € (LR].
(2) = (1). Assume that (2) holds'and a € S. Then, by hypothesis and Lemma
2.2,

a € R(a)N La)C (L(a)R(a)]
= ((aU Sal(aUaS]] = ((aU Sa)(a U aS))
(@®> USa®Ua’S U Sa’S].

Thus a < t for somet.€ a>U Sa’?Ua’?SUSa?S. If t = a2, then a < a? < a* € Sa>8S,
that is a € (Sa2S]. If t = za® for some z € S, then a < za® < x(ra®)a = z%a’a €
(Sa?S). If t =-a’y for some y € S, then a < a’y < a(a’y)y = aa’y® € Sa®S. If
t € (Sa®9], then a € (Sa®S]. Thus S is intra-regular. O

Now we give a characterization of an intra-regular ordered semigroup by fuzzy
leftrideals and fuzzy right ideals.

Theorem 5.2. Let S be an ordered semigroup. Then the following statements are
equivalent:

(1)'S is intra-regular.

(2) fNgCgof for every fuzzy left ideal g and every fuzzy right ideal f of S.

Proof. (1) = (2). Suppose that S is an intra-regular ordered semigroup, f and g
are a fuzzy right ideal and a fuzzy left ideal of S, respectively. Let a € S. Then
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there exists z,y € S such that a < za%y, that is (za,ay) € A,. Thus

(gofla) = \/ min{g(y), f(2)}

(¥,2)€Aa
min{g(za), f(ay)}
min{g(a), f(a)}
(fNng)(a),

v v

which means that fNng C go f.

(2) = (1). Assume that (2) holds. Let R and L be any right ideal and left ideal
of S, respectively, and a € RN L. Then , by Lemma 2.5, fg and fr, be a fuzzy right
ideal and a fuzzy left ideal of S, respectively. Thus , by hypothesis,

(fro fr)(a) > (frN fr)(a) = min{fr(a)sfr(a)} =1,
and so A, # 0. Since fr, o fg is a fuzzy subset of S, we have (fr/0 fr)(a) < 1 for
any a € S. Thus we have

\/  min{fL(), fr(2)} =(fr o fm)a) =1,

(y,2)€Aa

which implies that there exist b,c € S such that a <.be; fr(b) =1 and frr(c) = 1.
Then a < be € LR, and so RN L C (LR]. It follows, by Lemma 5.1, that S is
intra-regular. d

Theorem 5.3. An ordered semigroup S is intra-reqular if and only if

(Va € S) f(a)= f(a®)
for every fuzzy ideal f of S.
Proof. = . Let f be a fuzzy ideal of 'S and a € S. Then, by hypothesis, there exist
z,y € S such that a < za?y, and
fla) > flwa®y) > f(a’y) > f(a®) > f(a),
which implies that f(a) = f(a?).
<= . By Lemma 2.5, fy(,2) is a fuzzy ideal of S. Since f(a) = f(a?), we have
fran (@) = fraz)(@®) =1, s0 a € I(a®) = (a® U Sa® Ua®S U Sa®S]. Then, as is
stated in the proof.of Lemma 5.1, S is intra-regular. O
Theorem 5.4. Let S be an intra-regqular ordered semigroup. Then, for any fuzzy
ideal f of S, we have
(Va,b € S) f(ab) = f(ba).
Proof! Let f be any fuzzy ideal of S and a,b € S. Then, by Theorem 5.3 and
hypothesis, we have
f(ab) = f((ab)®) = f(a(ba)b) > f(ba) = f((ba)*) = f(b(ab)a) > f(ab).
Thus we obtain that f(ab) = f(ba). O

Lemma 5.5. An ordered semigroup S is reqular and intra-regular if and only if
B = (B?] for every bi-ideal B of S.
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Proof. Let S be both regular and intra-regular, and B a bi-ideal of S. Then BSB C
B,B C (BSB] and B C (SB2S)]. Thus
B (BSB] C (BS(BSB]]
((BS](BSB]] = (BSBSB]
(BS)(SB*S)(SB]] C (BS)(SB*S)(SB)]
(BSB)(BSB)| C (B,
On the other hand, since B is a bi-ideal of S, we have (B?] C (B] = B. Hence we

obtain that B = (B?].
Conversely, let a € S. Since B = (B?] for every bi-ideal B of S, we have

N 1N NN

a € B(a) C (B?*(a)]
= ((aUa®UaSa)(aUa® UaSal]
= ((aUa®UaSa)(aUa® U aSa)]
C (a®UaSal.

Then, as is stated in the proof of Lemma 4.6,/S is regular: Furthermore, we also
have

a € B(a)C (B*(a)]€ (B*(a)B(a)]
C ((a®*uUaSa](aU a*U aSa]|
= ((a® UaSa)(aWa*U aSa)]
(a®Ua*Ua®Sa U aSa® U aSa® UaSa®Sa]
C (a®UaSda® U Sas].

Then a < t for some t € a®UaSa?USa?S.If t = a3, then a < a® = aa® < a® € Sa?8S,
that is a € (Sa?S]. If t = awa® for some z € S, then a < ara® < (aza®)za® =
(ax)a?(za?) € Sa?S. If t € Sa?S, then a € (Sa?S]. Thus, S is intra-regular. O

Lemma 5.6. (cf. [17]; Theorem 1) An ordered semigroup S is reqular if and only
if for every fuzzy right ideal f and every fuzzy left ideal g of S, we have fog = fNg.

Now we shall give some characterizations of an ordered semigroup that is both
regular and intra-regular by fuzzy left ideals, fuzzy right ideals and fuzzy bi-ideals.

Theorem 5.7. Let S be an ordered semigroup. Then the following conditions are
equivalent:

(1) S is regular and intra-regular.

(2) fouf = f for every fuzzy bi-ideal of S.

By fNgC(fog)N(gof) for any fuzzy bi-ideals f and g of S.

(4)

of S.

(5) fNngC (fog)N(gof) for every fuzzy right ideal f and every fuzzy bi-ideal
g of S.

(6) fNng C (fog)N(go f) for every fuzzy right ideal f and every fuzzy left ideal
g of S.
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Proof. (1) = (3). Let f and g be fuzzy bi-ideals of S and a € S. Then, since S is
both regular and intra-regular, there exists € S such that a < aza(< azaza),
and there exist y,z € S such that a < ya®z. Thus

a < ara < azaza < ax(ya’z)ra = (azya)(azza),
that is (azya,azzra) € A,. Since f and g are both fuzzy bi-ideals of S, we have

f(azya) > min{f(a), f(a)} = f(a) and g(azza) > min{g(a), g(a)} = g(a).
Then

(feg)@ = \/ min{f(p),g(a)}

(p,9)€Aa
> min{f(azya), g(azza)}
> min{f(a),g(a)} = (fNg)(a),
which means that f Ng C f og. In a same way, we can show.that fNg C go f.
Hence fNg C (fog)N(go f).
Since every fuzzy left (right) ideal of S is a fuzzybi-ideal of S, and so (3) =
(4),(4) = (6),(3) = (2),(3) = (5) and (5) = (6)-are clear.
(6) = (1). Let f and g be a fuzzy right ideal and a fuzzy left ideal of S, re-
spectively. By hypothesis, fNg C (f olg)n (go f) C g o f. By Theorem 5.2, S is
intra-regular. On the other hand,

fng < (feg)n(ge f)C foy.
fog C foSCf. (ByLemma 2.9)
fog C.SogcCyg.(ByLemma 2.8)

Thus fog C fNg,andf og=fNg. By Lemma 5.6, S is regular.

(2) = (1). Let B be a bi-idealtof S and a € B. By Lemma 2.7, fp is a fuzzy
bi-ideal of S. Thens, by‘hypothesis, (fg o fg)(a) = fg(a) = 1, which implies that
A, £ 0, and

L. min{fs(). f5(2)} = (f5 o fp)(a) = 1.
(y,2)€Aq
Then there exist b, ¢ € S such that a < be, and fg(b) = fe(c) = 1. Then a < be €
BB = B?, that is'a € (B?], and so B C (B?]. By Lemma 5.5, S is regular and
intra-regular. d

A non-empty subset @) of an ordered semigroup S is called a quasi-ideal of S if

(1) (@81 (SQ] C Q.

2)Ifae @ and S>b<a,then be Q9]

Let (S,-, <) be an ordered semigroup. A fuzzy subset f of S is called a fuzzy
quasi-ideal of S if

W)z <y= fz)> ).

(2) (foS)N(Sef)C /N7l

By Lemma 2.8 and Lemma 2.9, every fuzzy left (right) ideal of an ordered semi-
group S is a fuzzy quasi-ideal of S.
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Lemma 5.8. (¢f. [17], Proposition 9) Let S be an ordered semigroup and ) # Q C
S. Then @ is a quasi-ideal of S if and only if the characteristic function fo of Q
is a fuzzy quasi-ideal of S.

Lemma 5.9. (¢f. [22], Theorem 3) Let S be an ordered semigroup. Then the
following conditions are equivalent:
(1) S is reqular and intra-regular.
(2) BNQ C (BQB] for every bi-ideal B and every quasi-ideal Q of S.
(3) BN L C (BLB] for every bi-ideal B and every left ideal L of S.
(4) BN R C (BRB] for every bi-ideal B and every right ideal R of S.
(5) BNQ C (QBQ)] for every bi-ideal B and every quasi-ideal Q of S.
(6) LN Q C (QLQ] for every left ideal L and every quasi-ideal Q of S.
(7) RN Q C (QRQ)] for every right ideal R and every quasi-ideal ) of S.
By Lemma 5.8 and Lemma 5.9, we give characterizations of an ordered semigroup
that is both regular and intra-regular by fuzzy left ideals, fuzzy right ideals, fuzzy
bi-ideals and fuzzy quasi-ideals.

Theorem 5.10. Let S be an ordered semigroup. Then the following statements
are equivalent:
(1) S is regular and intra-regular.
(2) fNgC fogof for every fuzzy bi-ideal f and every fuzzy quasi-ideal g of S.
(3) fNgC fogo f for every fuzzy bi-ideal f and every fuzzy left ideal g of S.
(4) fNg C fogo f for every fuzzybi-ideal f. and every fuzzy right ideal g of S.
(5) fNg Cgo fog for every fuzzy bi-ideal f and every fuzzy quasi-ideal g of S.
(6) fNg Cgo fog for every fuzzy leftideal f and every fuzzy quasi-ideal g of
S.
(7) fNgCgo fog for every fuzzy right ideal f and every fuzzy quasi-ideal g of
S.

Proof. (1) = (2). Let fand g be a fuzzy bi-ideal and a fuzzy quasi-ideal of S,
respectively, let a € S. Since S is both regular and intra-regular, there exist z,y, z €
S such that a < azarand @ < ya®z. Then
a < (ama)r(ara) < ax(ya®z)z(ya®z)ra = (arya)(azzryz)(azza).
Since f is a fuzzy bi-ideal of S and g is a fuzzy quasi-ideal of S, we have
glazzya) "2 (g0 S5)N (S e g)(azrya)

= “min{(g o §)(azrya), (S o g)(azzya))

= min{ \/ min{g(p),S(@)}, \/  min{S(u),g(v)}}
(P,9)EAazzya (u,0)EAazzya

min{min{g(a), S(zzya)}, min{S(azzy), g(a)}}

= min{min{g(a),1}, min{1,g(a)}}

= min{g(a),g(a)} = g(a).

min{f(a), f(a)} = f(a).

min{f(a), f(a)}

~
Q
8
<
S
SN
(AVARAVARN
N
|
Q
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Thus

(fegefla)

\/ min{(f o g)(m), f(n)}

(m,n)EA,

> min{(f o g)(axyaazzya), f(azza)}

> min{ V min{f(s),g(t)}, f(azza)}
(s,t)EAczyaazzya

> minfmin{(azya), glazaya)}, f(azza)}

> min{min{f(a),g(a)}, f(a)}

min{f(a),g(a)} = (f N g)(a),

which implies that fNgC fogo f.

Since every fuzzy left (right) ideal of S is a fuzzy quasi-ideal of S, and so (2) = (3)
and (2) = (4) are clear.

(3) = (1). Let B and L be a bi-ideal and a‘left ideal of S, respectively. By
Lemma 2.6 and Lemma 2.8, fg and f1, are a fuzzy bisideal and a fuzzy left ideal of
S, respectively. By hypothesis, we have

(fBo frofp)la) > (fp N fula) = min{fp(a), fL(a)} =1,

and so A, # 0. Since fgo f1,o fg is a fuzzysubset of S, we have (fgo frofg)(a) <1
for all @ € S. Thus we have

\/  min{fso fo@), fs(2)} = (f o fro fs)(a) = 1,

(¥,2)€EAa

which implies that there exist b,¢"€ S such that a < be, (fp o fr)(b) = 1 and
fe(c) = 1. Then Ay # 0, ¢€ B and

\/ min{f5(), f.(@)} = (f5 0 fL)(b) = 1,

(p,a)EAp

which implies that there exist d,e € S such that b < de, fg(d) =1 and f(e) = 1.
Then d € B,e € L and a < be < dec € BLB, that is a € (BLB], and so
BN L C(BLB]. By Lemma 5.9, S is both regular and intra-regular.

In a same way, we can show that (4) = (1), (6) = (1) and (7) = (1) hold.

(1) =(5). Similar to (1) = (2), we omit.

Since every fuzzy left (right) ideal of S is a fuzzy bi-ideal of S, and so (5) = (6)
and (5) = (7) are clear. This completes the proof. O
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