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A RELATED FIXED POINT THEOREM IN n FUZZY METRIC
SPACES

F. MERGHADI AND A. ALIOUCHE

ABSTRACT. We prove a related fixed point theorem for n mappings which are
not necessarily continuous in n fuzzy metric spaces using an implicit relation
one of them is a sequentially compact fuzzy metric space which generalize
results of Aliouche, et al. [2], Rao et al. [14] and [15].

1. Introduction and Preliminaries

The concept of fuzzy sets was introduced initially by Zadeh [20] in 1965. George
and Veeramani [5] modified the concept of fuzzy metric space introduced by [7]
and defined the Hausdorff topology of fuzzy metric spaces which have very im-
portant applications in quantum particle physics particularly in connections with
both string and E—infinity theory which were given and studied by El- Naschie
[8, 9, 10, 11, 12] and [18]. They showed also that every metric induces a fuzzy
metric.

Recently, Fisher [4], Aliouche and Fisher [1], Aliouche et.al [2], Rao et.al [14],
[15], and [19] proved some related fixed point theorems in compact metric spaces
and sequentially compact fuzzy metric spaces. Motivated by a work due to Popa
[13], we have observed that proving fixed point theorems using an implicit relation is
a good idea since it covers several contractive conditions rather than one contractive
condition.

Definition 1.1. [17] A binary operation x* : [0,1] x [0,1] — [0, 1] is a continuous
t—norm if it satisfies the following conditions:

(1) = is associative and commutative,

(2) = is continuous,

(3) ax1=aforalla€|0,1],

(4) a*b < cxd whenever a < ¢ and b < d, for each a,b,c,d € [0,1].

Two typical examples of a continuous t—norm are axb = ab and a*xb = min{a, b}.

Definition 1.2. [5] The triple (X, M,x) is called a fuzzy metric space if X is

an arbitrary non-empty set, * is a continuous t—norm, and M is a fuzzy set on

X2 x [0, 00), satisfying the following conditions for each z,y, 2z € X and t,s > 0,
(FM-1) M(z,y,t) > 0,
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(FM-2) M(z,y,t) =1 if and only if x = y,
(FM_3) M(:E, Y, t) - M(ya T, t)a

(FM-4) M(z,y,t) « M(y,z,s) < M(x,z,t+s),
(FM-5) M(z,y,.): (0,00) — [0, 1] is continuous.

Let (X, M, *) be a fuzzy metric space. For t > 0, the open ball B(x,r,t) with
center z € X and radius 0 < 7 < 1 is defined by

B(z,rt)={ye X : M(z,y,t) > 1 —r}.

A subset A C X is called open if for each x € A, there exist t >0and 0 <r < 1
such that B(z,r,t) C A. Let 7 denote the family of all open subsets of X. Then
7 is called the topology on X induced by the fuzzy metric M. This topology is
Hausdorff and first countable.

Example 1.3. Let X = R. Denote a * b = a.b for all a,b € [0,1]. For each
t € (0,00), define
t

M($7y7t):m

for all z,y € X.

Definition 1.4. [5] Let (X, M, *) be a fuzzy metric space.

1) A sequence {z,} in X converges to z if and only if for any 0 < € < 1 and
t > 0, there exists ng € N such that for all n > ng, M(x,,z,t) > 1 —€; ie.,
M(zp,x,t) — 1 asn — oo for all t > 0.

2) A sequence {z,} in X is called a Cauchy sequence if and only if for any 0 < € <
1 and ¢ > 0, there exists ng € N such that for all n,m > ng, M(z,, xm,t) > 1 —¢;
ie, M(xp,Tm,t) — 1 asn,m — oo for all ¢t > 0.

3) A fuzzy metric space (X, M,t) in which every Cauchy sequence is convergent
is said to be complete.

Lemma 1.5. [6] For all z,y € X, M(x,y,.) is a non-decreasing function.

Definition 1.6. Let (X, M, *) be a fuzzy metric space. M is said to be continuous
on X2 x (0,00) if
hm M($n7 Yn, tn) = M($7 Y, t)

n—oo
whenever {(z,,,yn,tn)} is a sequence in X? x (0,00) which converges to a point
(z,y,t) € X% x (0,00); i.e.,

lim M(z,,z,t) = lim M(y,,y,t) =1and lim M(z,y,t,) = M(z,y,t).

n—oo n—oo
Lemma 1.7. [6] M is a continuous function on X2 x (0,00).

Definition 1.8. (X, M, x) is said to be sequentially compact fuzzy metric space if
every sequence in X has a convergent sub- sequence in it.

Let ® be the set of all functions ¢ : [0,1]® — [0, 1] such that if either
o(u, L, u,v,v,1) > 0 or ¢(u,u,1,v,1,v) > 0 for all w,v € [0,1), then u > v.

Example 1.9. Let ¢(t1,t2,t3,t4,t5,t6) =1 — min{tg,tg,t4,t5,t6}. Then (j) € .
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2. Main Results

Theorem 2.1. Let (X;, M;,0;), i = 1,n be n fuzzy metric spaces, A; : X; — Xii1,
i=1,n—1 and A, : X,, — X1 be n mappings satisfying
My (Ap Ay 1. Agza, Ay Ay 1. Ag Ay, t) , My (71, ApAp 1. Ao, 1),
o My (z1, AnAn—1.. Ag A2y, t) , Mo (12, Ay, t) >0
My (z2, Ay ApAn—1.-Agza, t) , My (Ayzy, Ay A Ap 1. Agza, t)

(2.1)
forallz); € X 1, o € X o with xo # Ai1z1 and for all t > 0,

M2 (A1AnAn,1..A3{,E3, AlAnAnfl..A3A2x27t) 5
MQ (.’132, AlAnAnfl..AgIg, t) ;
(;52 M2 (.732, AlAnAn_l..AQJ)Q, t) 5 M3 (.’,1?37 AQZ‘Q, t) 5 > 0 (22)
M3 (:Eg, AQAlAnAn_l..Ag.Tg, t) ,
Mj (Agzo, AgA1ApAy—1.. A3, t)

forallzo € X o, x3 € X 3 with x3 # Asxzo and for all t > 0,

M3 (AgAlAnAn_l..A4Z‘4, A2A1AnAn_1..A3],‘37 t) 5
M; (z3, A2 A1 ApAp—1..Agy, t),
b3 | Ms (23, AgA1Ap Ay 1. Ags, t), My (24, Azz3,t), | >0
My (w4, A3A2 A1 Ap A 1. Ay, t),
M4 (A3$3, A3A2A1AnAn,1..A4$4, t)

forall zs € X o, x4 € X 3 with x4 # Asxs and for allt >0

Mi (Ai—lAi—2---A1AnAn—1~-Ai+1xi+17 Ai—lAi—2~-~A1AnAn—1--Aix% t) 5
M (2, Aj 1 Ai—o. Ay AR Ap 1 A1 241, t),
&; M; (2, Aim1 Ao A1 A A1 Az, t) , Migq (241, Aiziy t) >0
M4 ($¢+1, AiAiflo-'AlAnAnfl-'Ai+1xi+17 t) ,
Mgy (Aiwi, AiAi 1 Ay AR A1 A4, 1)

(2.4)

forallx; € X 4, xi41 € X 41 with 2,41 # Ajx;, 4 <i<n—1 and for all t > 0,

M, (An—lAn—2-~-A11'1, Ap1An 2. A1 Ay, t) >
Mn (xnaAn—lAn—2~-~Alx1;t)a
an Mn ((En, AnflAn,Q...AlAniEn, t) ,Ml (éCl, An(En, t) s >0 (211)
My (21, ApAp_1An 2. Ay, 1),
Ml (Anxna AnAn—lAn—2-~-A1$1; t)
for all 1 € Xy, xp, € X, with x1 # Apzy and for all t > 0, where ¢, € P,
1=1,... , M.
Suppose that one of the following is true
(a1) (X1, My,01) is sequentially compact and ApA,_1..A1 is continuous on X
(a2) (X2, M2,02) is sequentially compact and A1 AnAn—1..As is continuous on
X27
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(asy (Xi, My, 0;) is sequentially compact and A;_1A;_o..A1AnAn_1..A; is con-
tinuous on X;, 1 > 3,

(an) (Xn, My, 0,) is sequentially compact and A,_1A,—2...A1 A, is continuous
on X,,.

Then A;_1A;_o...A1AAp_1..A; has a unique fized point w; € X;, for all i =
1,n.

Further, Ajw; = wi1 for alli=1,n—1 and A,w, = w;.

Proof. Suppose that (X7, Mi,0,) is sequentially compact and A, A,_1..A; is con-
tinuous on Xj.
For every t > 0, define
¢($1) = M1 (Zl,AnAn_l..All’l,t) for all xr1 € Xl.
Then, there exists p; € X7 such that
¢ (p1) = My (p1, AnAp_1..A1p1,t) = max{¢ (z1) : 1 € X1},

there exists ps € X5 such that po = A1p1, p3 € X3 such that p3 = Asps = A2 A1p;.
In the same manner, there exists p;_1 € X;_1 and p; € X; such that

pi=Aimpic1 = Aic1Aiapio = = Aj1Aig - AdAipri =20
for i =n we get
Pn = An—lpn—l = An—lAn—Qpn—Q == An—lAn—Q t A2Alp1

Therefore, ¢ (p1) = My (p1, Anpn,t) = max {¢ (z1) : 21 € X1}
Suppose that

A1 (ApAn_1. A" 2 (p1) # AL (AnAn_1..A)" (), e,

(A1 A Ay 1. A2)" 2 Ay (p1) # (AL AL A, 1. A9)" " AL (p1)

as Aj (p1) = p2. Then

(ArAnAn-1..42)" 2 (p2) #
(AlAnAn_l..Az)n_g (p1) 7é (AlAnAn—l--AQ)n_Q (p2)

) .
(AnAn—l--A2P2) ?é (AnAn—1--A2) (AlAnAn—1~-A2p2)
(Anfl..AQPQ) 7& (Anfl..AQ) (AlAnAnfl..AQPQ)

P2 # AlAnAn—l-~A2p2
p1# ApAn_1..Aip1
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Putting z2 = Ay (AyAn_1..41)" " (p1) and 21 = (A, Ap_1..A1)" ™" (p1) in (2.1)
we have
My ((AnAn-1-AD)" " (1), (AnAn-1.4240)" (1) 1)
Ml ((AnAn—lnAl)n ( )a(AnAn 1- A ) (pl) 7t) )
d) Ml ((AnAn—lAl) (p1) y (AnAn—1'~A1) (pl) at) ) -0
1 n e
My ((A1An A, 1. A9)" " (p2), (A1 A A1 A9)" " (p2) 1),
My ((A1An Ay 1. A9)" 7 (Do), (A1 A, A1 Ag)" " (p2) 1),
My ((AlAnAn—l--AQ)n_l (p2), (AlAnAn—l--AQ)n_l (p2) ,t) (3.1)
and so
p ((AnAn_l..Al)"_l (pl)) (3.2)
= M1 ((AnAn_l..Al)n_l (pl) 5 (AnAn_l..AgAl)n (Pl) ,t)
> My (AiAnAno1042)" 2 (p2) (A1 An A1 42)" " () )
Putting To = (AlAnAn_l..Ag)n_Q (pg) and T3 = A2 (AlAnAn_l..Ag)n_g (pg) in
(2.2) we get
My ((A1AnAn—1..42)" "2 (p2), (A1 AnAn_1..42)" " (p2) t
Mo (A1 AnAn_1..42)" "% (p2)  (A1AnAp_1..A2)" % (p2) ,t
¢ M2 (AlAnAn—l- A )n 2 (p2) ) (A AnAn 1- A?) (p2) ,t < 0
2 n— n—
Ms ((As A AnAn_1..A3)" 7> (p3), (A2A1ApAn_1..A3)" % (ps) .t
Ms ((A2A1A,An—1..A3)" % (p3) , (A2 A1 A, A1 A3)" 2 (ps) ,t
M3 ((A2A1AnAn—1-~A3)n_2 (p3), (Ag AL An A, 1. A3)" 2 (p3) ,t)
and so
(AlAnAn_l..AQ)n_Q (pg) 5 )
M- T 3.3
2 ( (AlAnAnfl..AQ) ! (pQ) 7t ( )
(A2A1AnAn—1..43)" > (ps), )
> M. —
’ ( (A2A1A,An_1..A3)" % (ps) ,t
By the same manner we get for all i = 1,n — 1
(Ai_lAi_g..AlAnAn_l..Ai)n_i (pz) 5 ) .
Mi n—s 3.1
( (Ai 1 Ai o Ay A A, 1 A ()t 3

(AiAiq ~~A1AnAn71~Ai+1)nii7_1 (}%‘H)

> M; n—i
i ( ((AjAi_1.. A1 AnAn_1..Ai1))

(Pit1)

)
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For example if ¢ = n — 1 we have

”“*((

(An—ZAn—3-~A1AnAn—12) (pn—l) B} >
An—QAn—3~~A1AnAn—1) (pn—l) at

> Mn (pru (AnflAnfl-AlAn) (pn) 7t)

(3.n-1)

Now, putting x; = p; and =, = A,_1A,_2...41 (p1) = p, in (2.n) we obtain
M, (pnv An—lAn—2---A1An (pn) 7t) ’

Pn

and so

M, (pna Ap_1An_2.. A1 A, (pn) 7t) > M,y (p1, AnAn—lAn—2~-~Ala t)

Mn (pna AnflAnf2~~A1An (pn) 7t) 9
Ml (pla Anpnat) )

M,

(Pr> Pnst)
>0

M,y (pla Appn, t) )
M, (Anpn; Anpna t)

From (3.1),(3.2),(3.3),..,(3.4),..,(3.n — 1) and (3.n) we get

¢ ((Andn-140)" (1)) > 6 (p1)

which is a contradiction. Therefore

(AlAnAn71~cA2)n72 (P2) = (AlAnAnflnAQ)nil (P2) .

Using (4.2), we have

P2 =

Also

b1

Foralli=1,n,

A1 A Ap 1. A3As (p2) = A1 AR A, 1. A3 (p3) = ...
A1 AR A1 A1 A () = .. = A4y, (pn) = Aipr.

AnAn_l..AgAl (p1) = AnAn—l--A2 (p2) = e
AnAnfl..Ai+1Ai (pz) =..= An (pn) .

there exists p; in X; such that

Di

Ai 14,9
Ai—1Ai—o

Ai 1A o
Ai 1A o
Ai1Ai o

CAVAZAL --Ai+1 (pi—i—l)

'~A1AnAn71 (pnfl)
..A1 (pl) .

(3.n)

(4.2)
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For the uniqueness of pi, suppose that there exists z; in X7 such that A, A,_1..45

Aq (21) = 21 with 21 # p; and for all i =2 n, 2; = A;_12;_1in X;. Then,
AnAp_1. 4241 (21) # ApAn_1..A2A1 (p1)
Anfl..AQAl (21) 7é An71-~A2A1 (pl)

A2A1 (21) 7& A2A1 (pl)
Ai(z1) # Ai(pr)

Putting 1 = p; and x9 = Ay121 = 25 in (2.1) we have

My (ApAn_1.. A2 Ar121, Ay Ay 1. A Arp,t),
M1 (pl7 AnAn_l..AQAth t) 3
¢y | My (p1, AnAn_1.. Az A1p1,t), Mo (Ar21, Aip1,t), | >0
M2 (Alzh AlAnAn,l..AgAlzl, t) s
My (A1pr, A1 An Ay 1. Ao Ay 21, 1)

and so
M (z1,p1,t) > M (22,p2,1)

Putting T3 = A2A1p1 = A2p2 = p3, T2 = A121 = 29 in (22) we get

M2 (AlAnAn_l..AgAgpg, AlAnAn_l..AgAQZQ, t) 5
My (22, A1ApAp_1..A3Agpa, ),
o M; (20, A1 Ap Ay 1. Asza,t) , M3 (p3, Aoz, t) , >0
M3 (p3, As A1 ApAy_1.. Asps, ),
M3 (Agzg, Ag A1 Ay Ay 1. Asps, t)

and so
My (22, p2,t) > M3 (23,p3,t)

(4.3)

(4.4)

By the same manner, putting for alli = 3,n — 1, ;41 = A;A;1...As A1p1 = Aip; =

Pi+1 and T, = Ai_lzi_l = Z; in (22) we obtain

M; (A1 Ai—9. A1AL A, 1 A1 Aipiy Ai 1 A0 AT AR A1 Az t)

M; (Zi7 Ai—lAi—2~-~A1AnAn—1--A1'+1Aipi7 t) ,
¢i Mz (Zl', AiflAZ‘,Q...AlAnAnfl..AiZi, t) y Mi+1 (pi+17 AiZl’, t) s
M1 (pig1, AiAi1. A1 AR AL 1 Aiapiga, ),
M1 (Asziy AjAi 1. AL Ay An 1 Aijpapiga, t)

and so
M; (zi,pist) > M1 (2zig1,Dit1,t)

>0

(4.1)

Putting 1 = ApAn_1...A2A1p1 = Appy, =p1 and x, = Ap_1...A2A1Apz, = 2, in

(2.n) we get:

¢n (Mn (pnvznat) 7Mn (vapnvt) ) ]-le (plazlvt) ) ]-le (Zlvplvt)) >0

and so
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My, (P 2n,t) > M (p1, 21, 1) (4.n)

Using (4.3), (4.4) , (4.7) and (4.n) we get
M (p1,21,t) > M (p1, 21, t)

which is a contradiction. Hence, p; is the unique fixed point of A, A,_1...A2A;.
Similarly, we can prove the uniqueness of fixed points of A;_1A; o2...A1A, A, 1..4A;
for all ¢ = 2, n.

In a similar manner, the Theorem 2.1 holds if one of (a;), ¢ > 2 is satisfied. O

The following example illustrates our Theorem 2.1.

Example 2.2. Let (My, X;,0;), i = 1..n., be n fuzzy metric spaces such that
Mi (Ii,yi,t) = for i = ﬁ and X1 = [0, 1] , Xz = ]Z - 1,2[ for all ¢ Z 2.

t+ |zi — yil
Define A; : X; — X;4q fori=1..n—1 and A4,, : X,, — X1 by
5 1
— lf.’El € [0,*[
Ay = % 12,
3 if 1 € [5,1]
1 3
i+4ifmi6}i—1,i—4{
Az, = 1 3 for all i = 2..n — 1,
i—i—Qifxie{z 4,i[
3 3
—ifz, €ln—1,n— -]
lifx, € [n——,n|
4,
Let (]51 = ¢2 = ..... = ¢n = Q5 and ¢(t1,t2,t37t4,t5,t6) = tl — min {tg,tg,f4,t5,t6}.

Note that there exists w; in X; such that (A;_1A4;_2..A1A,...A;) w; = w;, Vi =
1..n.

1
(a) For i =n we get (Ap_1A4n_2..A14,) w, = w, if w, =n — 5 because

1
(An—lAn—Q--AlAn) (TL - 2)
3
A1 An s AL (1) = Ay Ay oAy (2>

1
= AnflAn72..Ai+1 (’L + 2) = ....

5) 3
= An—lAn—Z <7’L - 2) = An—l <TL - 2)

1

= n—§
. el 7 1
simce n — — n—-—,n—1|.
2 4’
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(b) Remark that for all i = T,n — 1 and z; € {i— Z,z{; Ajx; € {(z’+1) - %,i+1 and
1 1
Apx, € [5, 1] for all z,, € (n — Z,n), then there exists w; =i + 3 such that

1 1
(Ai—lAi—QuAlAn-"Ai) (Z + 2> =1+ 5 for all 4 = 1,27 e, — 1.

Further, A,,A,_1...A3A5 A is continuous in X; because if z = 5 is the point of

discontinuity for A; we have

lim ApAn_1..AsAsAiz = AnAnfl--~A3A2(g>=
I

2

1 1
ApAn_1...A3 <2 + 5) ApAn_1... Ay <3+ 5) =

AnAp_ 1. Aj1 A <z—%> = .=

3 1
= AnA,_1 (n— 5) = A, (n—§> =1
and

lim ApAn—_1...A3A2A12 = AnAnfl...Ag,Az(
1
ApAn_1... Ay (3 -+ 5) =

z—1
o= ApAn_1 <n— §> = A, (n— 1) =1
2 2

(c) The inequalities (2.i) for all i = 1,n are satisfied since the value of the left
hand side of each inequality is 1. In fact,

Mi (Ai—lAi—2~-~A1AnAn—1--Ai+1xi+17 Ai—lAi—Q---AlAnAn—l-~Ai$1’, t) =1
for all i = 1,n — 1 because

(1) ifxie}i—l,i—z[wehave

N | W

ApAn_1...A3 <2 + %)

AnAp_ 1. Aj1 A <z - %)

C1
Aic1Ai—2. . AtAnAn—1. Aizy = A 1A 9. A1ARAn—1. Aip <2+ Z) ;

1
= Ai1Ai2. AApAn_1. Ajto <(i +1)+ 5)
1
= Ai_1Ai 2. A1AR A, 1 ((n —2)+ 5) ,
1
= A 1A 2. A14A, (n - 5)
= Aj1A; 2. A241 (1),

= Aj_14;2..A2 (1 + %) =

Ay ((i -2+ %)

N | =

1
(i=1+5=i-
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3
(2) if z; € [i — 1,2’[ we have

)

1
Ai—lAi—Q--~A1AnAn—1~-Aixi = Ai—lAi—2~-~A1AnAn—1--Az'+1 (Z + 2)

1
= Ai—lAi—Q--~A1AnAn—1 ((n - 2) + 2) 5

2
= AiflAi72...A2A1 (1) =

1
= AiflAi,Q...AlAn (n — ) y

1 1
Ay ((12)+2) = (zfl)Jrffzfi.
. .1
(3)if ;41 € }z,er 1 { we get
1
AiflAi,Q...AlAnAnfl..Ai+1$i+1 = Al',lAi,Q...AlAnAnfl..AiJrQ ((l + ].) + 4> s

= Ai—lAi—2~--A1An (n — 1) ,
= Ai_lAi_Q...AgAl (1) =

&1(u—m+;) - é—n+;:i—3

1
(4) if zj41 € i + Z’iJr 1[ we obtain

1
Ai—lAi—2---A1AnAn—1--Ai+1xi+1 = Ai—lAi—Z---AlAnAn—l-~Ai+2 ((Z + 1) + 2) 3
1
= Ai—lAi—2~-~A1An (’fl - 2) 5

= AiflAi,Q...AgAl (1) =

&1<u—m+;> - ;-U+;:i—;

Hence, all conditions of Theorem 2.1 are satisfied.
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If we take n =5 in Theorem 2.1, we get the following Corollary 2.3.

Corollary 2.3. Let (X;, M;,0;), i = 1,5 be 5 fuzzy metric spaces, A; : X; — Xiy1,
i=1,4 and A5 : X5 — X1 be 5 mappings satisfying

My (21, AsAsAsAsArxy,t) , Mo (22, A1, t)

My (As AyAsAsxo, As AgAzAs Arz,t) , My (21, As A Az Asa, t),
o >0
M; (22, A1 As AgAsAsxa, t), My (Arz1, A1 As Ay A3 Asxa, t)

(5.1)

forallxy € X 1, o € X o with xo # Aix1 and for allt > 0,

M (A1 A5 AgAsas, Ay As Ay Az Asxa,t),
M; (z2, A1 As Ay Asws, t),
¢2 Mg ($2,A1A5A4A3A2£L‘2,t> ,M3 (1‘37A2$2,t) s >0
M3 (3, A A1 A5 Ay Agzzs, t), (5.2)
M3 (AQJ?Q, A2A1A5A4A3373, t)

forall zo € X o, x3 € X 3 with x3 # Asxs and for all t > 0,

M3 (AsA1As Ay, Ao A1 As Ay Agxs, t),
M3 (23, Ag A1 A5 Ayzy,t)
G5 | Mz (x3, Ag A1 As AyAzxs, t) , My (x4, Asz3,t), | >0 (5.3)
My (24, A3A A1 As Ay, t),
My (Azxs, AgAs A1 AsAyzy,t)
forall zs € X o, x4 € X 3 with x4 # Asxs and for allt >0
My (A3As A1 Asas, A3 A A1 As Ayay,t),
My (x4, A3As A1 Asas, t)
Ga | May(2a,A3As A1 AsAsaa,t), Ms (25, Asza,t), | >0 (5.4)
Ms (25, AsAgAs A Asas, t),
Ms (Agzy, Ay A Ag Ay Asas, t)
forallzy € X 4, x5 € X 5 with x5 # Ayxy and for all t > 0.
M5 (AsAsAsArxy, AyAsAs A As s, t),
Ms (x5, AsAsAsAsxq,t),
b5 | Ms (v5, AgA3As Ay Asas,t) , My (21, Aszs,t), | >0 (5.5)
M, (21, A5 A4 A3 A A 21, t),
M, (Asxs, AsAgAsAs Az, t)

for all x1 € Xy, x5 € X5 with x1 # Asxs and for all t > 0.

Suppose that one of the following is true
(a1) (X1, M1, 61) is sequentially compact and As AgA3 Az Ay is continuous on X,
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(a2) (Xa, Ma, 62) is sequentially compact and Ay A5 AqAsAs is continuous on Xa,
(as) (X3, M3, 03) is sequentially compact and Ay Ay A5 Ay As is continuous on X3,
(aq) (X4, My, 04) is sequentially compact and AsAs A1 A5 Ay is continuous on Xy,
(as5) (X5, Ms,05) is sequentially compact and Ay A3 Az Ay As is continuous on Xs.

S

)
hen
(b1) AsAyA3As Ay has a unique fized point wy € X,
(be) A1 A5 A4 A3 Ay has a unique fized point we € X,
(bs) As A1 A5A4As has a unique fized point ws € X3,
(by) AsAs A1 A5 Ay has a unique fized point wy € Xy,
(bs) AgA3A2A1 A5 has a unique fized point wy € X,
Further, Ajw, = wo, Aswy = w3, Asws = wy, Aswy = wy and Asws = wy.

If we take n = 4 in Theorem 2.1, we obtain Theorem 2.1 of [15]
If we take n = 3 in Theorem 2.1, we obtain Theorem 2.3 of [14].
If we take n = 2 in Theorem 2.1, we obtain Theorem 2.1 of [2].

The following example illustrates our Corollary 2.3.

Example 2.4. Let X; = [0,1], X, = [1,2[, X5 =]2,3], X, = [3,4], X5 =]4,5]

and let Mi Ljy Lij41, t) = —— for all 1 = 1, 4 and Msj (x s L1, t) =
( ! ) t -|— ‘.’ti+1 — 2272'| 5 ( 5 ! )
t

—_—. DeﬁIleAlIXlHXQ,AQSXQHXg,A32X3HX4,A4IX4*>X5
t+|l‘5—l’1|
and A5IX5—>X1 by

3 ) 3
lifxle[O,f[ 7if$2€[177[
Aixy = 3 3 4 , Agg = 2 3 2
13 5 17 7
— if z3 6}2,*[ fif.’E4E[3,*[
Aszz = 5 20 Ayry = 7 2
3 9
— if x5 6]4,*[
A5$5 = 4 9 2

Let ¢ (t1,ta,t3,ta,t5,t6) = t1 — min {ta, t3,ta,t5,t6} and ¢ = ¢y = ¢p3 = ¢, =
b5

Here X; is compact, but the others spaces are not compact. Further the in-
equalities (5.1),(5.2),(5.3),(5.4), (5.5) are satisfied since the left hand side of each

3
inequality is 1 and A5A4A3A2A; is continuous in X; because if z = T the point
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of discontinuity for A;, we get

(1

(10]
(11]

(12]

limi A5A4A3A2A1:)C = A5A4A3A2 (1) = A5A4A3 <;)

7 9
- (3) = (5) -

and

lim A5A4A3A2A15L‘ = A5A4A3A2 (3> = A5A4A3 (3)

3+ 2
4
7 9
= A (2) (2)—
AsAgAsAx Ay (1) =

AyA3As A1 As <2>

Tr—

I
Es

‘We have

A1 A5 AsA3 Ay <

As A1 A5 Ay As <

(

3
2
5
2
7

A3A2A1A5A4 <2
9

N|© NI Dot No|w =
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