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BEST SIMULTANEOUS APPROXIMATION IN FUZZY NORMED
SPACES

M. GOUDARZI AND S. M. VAEZPOUR

ABSTRACT. The main purpose of this paper is to consider the t-best simulta-
neous approximation in fuzzy normed spaces. We develop the theory of t-best
simultaneous approximation in quotient spaces. Then, we discuss the relation-
ship in t-proximinality and t-Chebyshevity of a given space and its quotient
space.

1. Introduction

The concept of fuzzy topology has important applications in quantum particle
physics, in particular in connection with both string and E-infinity theory see MS
EL Naschie ([3],[4],[5],[13]). One of the most important problems in fuzzy topology
is to obtain an appropriate concept of fuzzy metric and fuzzy normed spaces. The
problem of fuzzy metric spaces has been introduced by Kramosil and Michalek [8]
and improved by George and Veeramani[6]. Many mathematicians have considered
the notion of fuzzy normed spaces from different points of view see ([1],[2],[12]). S.
M. Vaezpour and F. Karimi have introduced the concept of t-best approximation in
fuzzy normed spaces in [14]. In this paper we consider the set of all t-best simultane-
ous approximation in fuzzy normed spaces and we use the concept of simultaneous
t-proximinality and simultaneous t-Chebyshevity to introduce the theory of t-best
simultaneous approximation in quotient spaces.

Definition 1.1. A binary operation * : [0, 1] x [0, 1] — [0,1] is said to be a contin-
uous t-norm if ([0, 1], %) is a topological monoid with unit 1 such that a xb < e¢x*d
whenever a < ¢ and b < d (a,b,c,d € [0,1]). We call %1 > %5 if a %1 b > a %3 b for
all a,b € [0,1].

Definition 1.2. [12] The 3-tuple (X, N, %) is said to be a fuzzy normed space if
X is a vector space, * is a continuous t-norm and N is a fuzzy set on X x (0, 00)
satisfying the following conditions for every z,y € X and s,t > 0

(i) N(z,t) >0
(i) N(z,t) =1 <= 2=0
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(iii) N(ax,t) = N(xz,t/|a|) for all a # 0

(iv) N(z,2) % N(y,5) < N(@ + 9,1 +5)

(v) N(z,-): (0,00) — [0, 1] is continuous

(vi) limy—, oo N(z,t) = 1.

Lemma 1.3. [12] Let N be a fuzzy norm. Then:
(i) N(z,t) is non decreasing with respect to t for each x € X.

Example 1.4. [12] Let (X, ||.||) be a normed space. We define a * b = ab or
a*b=min{a,b} and
kt™

N(z,t) = ————

k,m,n € RT.

Then (X, N, %) is a fuzzy normed space. In particular if kK =m =n = 1 we have

t

N(z,t)= ——

which is called the standard fuzzy norm induced by the norm ||.||.

Remark 1.5. In [12], it was shown that every fuzzy norm induces a fuzzy metric
and so every fuzzy normed space is a topological space.

Definition 1.6. [12] Let (X, N, *) be a fuzzy normed space. The open and closed
ball B(x,r,t) and B[z,r,t] with the center z € X, radius 0 < r < 1 and t > 0 are
defined as follows:

B(z,rt)={ye X : Nz —y,t) >1—r}.
Blz,rt]={ye X: Nly—=x,t) > 1—r}.

Proposition 1.7. [9] Let (X, M, *) be a fuzzy metric space. Then M is a continuous
function on X x X x (0,00).

Corollary 1.8. Let (X, N, ) be a fuzzy normed space. Then N : X x(0,00) — [0, 1]
18 cONtinuous.

Remark 1.9. [6] For any r1 > ro, we can find r3 such that ry % r3 > ro and for
any r4 we can find r5 such that r5 x5 > ry, (r1,72,73,74,75 € (0,1)).

2. t-best Simultaneous Approximation

Definition 2.1. Let (X, N, %) be a fuzzy normed space. A subset A C X is called
F-bounded if there exists t > 0 and 0 < r < 1 such that N(z,t) > 1 —r for all
x € A
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Definition 2.2. Let (X, N, *) be a fuzzy normed space, W be a subset of X and
M be a F-bounded subset in X. For ¢ > 0, we define,
d(M,W,t) = sup inf N(m —w,t).
weW meM
An element wy € W is called a t-best simultaneous approximation to M from W if
for t > 0,
M — inf N(m— .
d( ) W t) ml,IGlM (m Wo, t)

The set of all t-best simultaneous approximations to M from W will be denoted by
St (M) and we have,

St (M) = {w eW: inf N(m—w,t)= d(M,W,t)} .
meM

Definition 2.3. Let W be a subset of (X, N,*). It is called a simultaneous t-

poximinal subset of X if for each F-bounded set M in X, there exists at least one

t-best simultaneous approximation from W to M . Also it is called a simultaneous

t-Chebyshev subset of X if for each F-bounded set M in X there exists a unique

simultaneous t-best approximation from W to M.

Definition 2.4. Let (X, N, *) be a fuzzy normed space. A subset E of X is said
to be convex if (1 — M)z + Ay € E whenever z,y € F and 0 < A < 1.

As an example of a convex set we have the following lemma.
Lemma 2.5. Fvery open ball in (X, N, Min) is convez.

Theorem 2.6. Suppose that W is a subset of (X, N, *) and M is F-bounded in X.
Then S§y, (M) is a F-bounded subset of X and if W is convex and is a closed subset
of X and = has the condition a xb > a for all a,b € [0,1], then Sk, (M) is closed
and is convex for each F-bounded subspace M of X.

Proof. Since M is F-bounded, there exist ¢ > 0 and 0 < r < 1 such that N(z,t) >
1—r, forallz € M. If w € S, (M), then
inf N(m —w,t) =d(M,W,t).

meM
Now, for all m € M and w € S}, (M),
N(w,2t) > N(w—m,t)* N(m,t)
> infepm N(w —m,t) « N(m,t)
d(M,W,t) %« (1 —r)
1—7"(),

VIV I

for some 0 < 79 < 1. Then S}, (M) is F-bounded. Suppose that W is convex and is
a closed subset of X. We show that S}, (M) is convex and closed. Let z,y € Sk, (M)
and 0 < A < 1. Since W is convex, there exists zy € W such that z\ = Az+(1—\)y,

for each 0 < XA < 1. Now for ¢t > 0 we have,
infrens N((Az + (1 = N)y) —m,t) infens N(zx —m,t)

< d(M,W,t).
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On the other hand, for a given ¢ > 0, take the natural number n such that ¢ > %
By assumptions and Definition 1.2, we have,

infens Nz + (1 — Ny —m,t) infenr NNz —y) +y — m, t)
infen N(z—y, &)« Ny —m,t — 1)
N(z —y,+)) *infpen Ny —m,t — 1)
> limnﬂoo(inmeM N(y —m,t— %))
= d(M,W,t).

So Sy, (M) is convex. Finally let {w,} C S§, (M) and suppose {w,} converges to
some w in X. Since {w,} C W and W is closed so w € W. Therefore by Corollary
1.8 for t > 0 we have,

vl

infens N(m —w,t) = infep Nlim, oo w, —m,t),
= lim,, o inf,epr N(wy, —m, t),
= d(M,W,1t).

Theorem 2.7. The following assertions are hold for t > 0,

(i) dM + z,W + z,t) = d(M, W,t), Vx € C,

(ii) d(AM, AW, t) = d(M, W, ﬁ), YA eC,

(i) Sy, o (M + x) = Sjy, (M) + z,Vz € X,

(iv) SOIE(AM) = ASE, (M), VA € C.

Proof. (i)

dM +z,W +2,t) =sup,cw infemr N(m+ 2z — (w+x),t)

= sup,, ey infmenr N(m —w,t)
= d(M,W,1).

(ii) Clearly equality holds forA = 0, so suppose that A # 0. Then,

A(AM, AW, t) = sup,cw infrmenr N(A(m —1),t)

= sup,, ey ifmerr N(m —w, ﬁ)
= d(M,W,t).

(iil) z + W € Sy, (M + x) if and only if,

inf Nm+zxz—w-—2x,t)=dM+z, W+ x,t),
mtzxz€EM-+x

and by (), the above equality holds if and only if,

”}IELE/I N(m —w,t) =d(M,W,t),

for all w € W and this shows that w € S, (M). So x +w € S, (M) + .

(iv) yo € S/‘\/\Vl‘ﬁ()\M) if and only if yo € AWand,
d()‘W, )\M7‘ A | t) = inf)\mGAM N(yo - )\M7‘ A | t)
= infens N(% —m,t).
But by(ii),
AOM, AV, | X | £) = d(W, M, 1)
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So we have % € W and d(M,W,t) = infepr N(5¢ — m,t) or equivalently § €
St (M) and the proof is completed. O

Corollary 2.8. Let A be a non empty subset of a fuzzy normed space (X, N, *).
The following statements are hold.

(i) A is simultaneous t-proziminal(resp.simultaneous t-Chebyshev) if and only if
A+y is simultaneous t-proziminal(resp.simultaneous t-Chebyshev), for eachy € X,
(i) A is simultaneous t-proxziminal(resp.simultaneous t-chebyshev) if and only if
aA is simultaneous | a | t-proziminal(resp.| o | t-Chebyshev), for each a € C.

Corollary 2.9. Let M be a nonempty subspace of X and N be a F-bounded subset
of X . Then fort >0,

(i) d(M,N +y,t) = d(M, N,t),Vy € M,

(i) Sir(N +y) =S4 (N) +y,Vy € M,

(iii) d(M,aN,|a|t) =d(M,N,t), for 0 £ a € C,

(iv) S8 (aN) = aSh, (N), for 0 # a € C.

3. Simultaneous t-proximinality and Simultaneous t-Chebishevity in
Quotient Spaces

In this section we give characterizations of simultaneous t-proximinality and
simultaneous t-Chebyshevity in quotient spaces. First we remind that if (X, N, x)
is a fuzzy normed space and M is a linear manifold in X, for ¢ > 0, we define,

N(xz+ M,t) = sup N(z +y,t).
yeM

It has been proved in [12] that N is a fuzzy norm on X/M. Also Q : X — X/M is

the natural map, Qz = x + M and the followings hold,

(i) N(Qx,t) > N(z,t).

(ii) If (X, N, *) is a fuzzy Banach space then (X/M, N, %) is a fuzzy Banach space.
Let A be a nonempty set in a fuzzy normed space (X, N,*) . For z € X and

t > 0, we shall denote P (z) the set of all elements of t-best approximation to =

from A. i.e.

PZ(Z‘) = {ye Ad(A,JZ,t) :N(y—l‘,t)},
where,

d(A,z,t) =sup N(y — z,1).
yeEA

If each z € X has at least(resp.exactly) one t-best approximation in A, then A is
called a t-proximinal(resp.t-Chebyshev) set.

Lemma 3.1. Let (X, N, x) be a fuzzy normed space and M be a t-proximinal sub-
space of X. For each nonempty F-bounded set S in X and t > 0,

d(S,M,t) = inf sup N(s—m,t).
s€S meM
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Proof. Since M is t-proximinal it follows that for each s € S there exists m, €
P}, (S) such that for t > 0,
N(s —ms,t) = sup N(s—m,t).
meM

So,

d(S, M,t) sup,,ens infseg N(s —m,t)

infges N(s —ms, t),

infses supmenm N(s —m,t)
SUp,, e infses N(s —m,t)
d(S, M,t).

IR AVARINAVARI

This implies that,
d(S,M,t) = inf sup N(s—m,t).
SE€ES meM

t
Example 3.2. Let (X = R?, |.||) be the ordinary normed space and consider
(X, N, x) as its standard induced fuzzy normed space(Example 1.4), where axb = ab
for each a,b € [0,1]. According to Lemma 1.18 of [7], a nonempty subset S of X is
F-bounded if and only if S is bounded in (X, ||.||). If we take M = R we can easily
prove that M is proximinal in (X, |.]|). Now perception of details in the above
Lemma is straightforward.

Lemma 3.3. Let (X, N, *) be a fuzzy normed space, M a t-proximinal subspace of
X and S be an arbitrary subset of X. The following assertions are equivalent:

(i) S is a F-bounded subset of X.

(i) S/M is a F-bounded subset of X/M.

Proof. Suppose that S be a F-bounded subset of X. Then there exist ¢t > 0, 0 <
r < 1 such that,
N(z,t)>1—r. (Vx € 9)
But,
Nz + M, ) = supycpr Nz +,1)
> N(x,t)
>1—r.
So (#) — (#) is proved. (i7) — (7). Let S/M be a F-bounded subset of X/M. Since
M is t-proximinal, then for each s € S there exists ms € M such that, ms € P, (.9).
So for each s € S,
N(s —mg,t) = sup N(s—m,t). (1)
meM
Now from Lemma 3.1 we conclude that for ¢ > 0,

infses N(s —ms,t) = infsegsup,,cpy N(s —m,t)
= sup,, ¢y infses N(s —m,t).

Then for 0 < r < 1 such that infscg N(s—ms,t) > r and ¢ > 0 there exits m, € M
such that,
infses N(s —my,t) > infseg N(s —mg,t) — 7
> 0.
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So by (1), for all s € S we have,

N(s,t) > N(s—mp, §)* N(m,, §)
> infoes N(s —my, 5) * N(my, 3) (2)
> (infses N(s — ms%) — 1) * N(my, %)

(infses sup,,ens N(s —m, L)
(infses N(s+ M, L) —r) « N(m,, §).
Since S/M is F-bounded, by its definition and remark 1.9, we can find 0 < 7y < 1
such that the last equation in the right hand side of (2) be greater than or equal to
1 — r¢ and this completes the proof. O

Lemma 3.4. Let M be a t-proziminal subspace of (X, N,*) and W O M a subspace
of X. Let K be F-bounded in X. If wy € Sy, (K), then wo + M € S, (K/M).
Proof. Since K is F-bounded by Lemma 3.3, K/M is F-bounded in X/M. Assume
that wy € St (K) and wo + M not in SéV/M(K/M). Thus there exists w € W
such that for ¢ > 0,
infrex N(k— (w' + M), t) > infrex N(k — (wo + M), t)
> infrex N(k —wo,t) (3)
= d(K,W,t).

On the other hand for each k € K and for t > 0,
N(k—(w + M),t) = sup N(k— (w +m),?).
meM

Then for each 0 < ¢ < 1 and k € K there exists m; € M such that for ¢t > 0,
Nk —(w +my),t) > N(k— (w +M),t) —e.
Since w’ + my € W we conclude that
d(K,W,t) > infrexe N(k — (w +my),t)
> infrexg N(k— (w + M),t) —e.
Thus, /
d(K,VV,t)Zkig;N(kz—(w + M),t). (4)

By (3) and (4),
d(K,W,t) > infrex N(k — (w' + M),t)
> d(K,W,t),
and this is a contradiction. Therefore, wy + M € S‘t/V/M(K/M) and the proof is
completed. ([l

The mentioned Lemma has two following corollaries:

Corollary 3.5. Let M be a t-proziminal subspace of (X,N,x) and W 2 M a
subspace of X. If W is simultaneous t-proxziminal then W/M is a simultaneous t-
proziminal subspace of X/M.
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Corollary 3.6. Let M be a t-proxziminal subspace of (X, N,*) and W 2 M subspace

of X. If W is simultaneous t-proximinal then for each F-bounded set K in X,
Q(Syy (K)) C Sty (K/M).

Theorem 3.7. Let M be a t-proziminal subspace of (X, N, *) and W D M subspace

of X. If K is a F-bounded set in X such that wog + M € Sf,V/M(K/M) and my €

St (K —wy), then wo +mg € S4,(K).

Proof. In view of Lemma 3.1 for ¢ > 0 we have,

infrex N((k —wo) —mo,t) = sup,,ens infrerx N((k —wo) —m, 1)
infrex sup,,ear N(k — (wo + m), t)
infkeK N(k‘ - (w() + M),t)

> infrex Nk — (w+ M),t),YVw e W
> infrex N(k —w,t),Yw € W.
Hence,
. _ > B :
klg}f(N((k (wo +my),t) > klg}f{N(k w,t),Yw € W.
But wp + mgp € W. Then wg + mo € S§,(K) and so the proof is complete. O

Theorem 3.8. Let M be a t-proximinal subspace of (X, N,*), W 2 M a simulta-
neous t-proriminal subspace of X. Then for each F-bounded set K in X,

Q(Siy (K)) = Sy (K/M).
Proof. By Corollary 3.6 we obtain,
Q(Sw (K)) S Syyas (K/M).
Also by Lemma 3.3, W/M is simultaneous t-proximinal in X/M. Now let,
wo +M € Sf,V/M(K/M),

where wg € W. By simultaneous t-proximinality of M there exists mg € M such
that mg € S%;(K — wp). Then in view of Theorem 3.7 we conclude that wo +mg €
St (K). Therefore wg + M € Q(S},(K)) and the proof is complete. O

Corollary 3.9. Let W and M be subspaces of (X, N,x*). If M is simultaneous t-
proziminal then the following assertions are equivalent:

(i) W/M is simultaneous t-proximinal in X/M.

(i) W+M is simultaneous t-proziminal in X.

Proof. (i) — (i1). Let K be an arbitrary F-bounded set in X. Then by Lemma
3.3, K/M is a F-bounded set in X/M. Since (W + M)/M = W/M and M are
simultaneous t-proximinal it follows that there exists wo + M € (W + M)/M and
mo € M such that wo+M € S{y, ppy/ar (K/M) and mg € Sj; (K —wo). By Theorem
3.7 wo +mo € Sy 5 (K). This shows that W + M is simultaneous t-proximinal
in X.

(#i) — (i). Since W+ M is simultaneous t-proximinal and W+M 2 M, by Corollary
3.5 (W+ M)/M = W/M is simultaneous t-proximinal. O
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Theorem 3.10. Let W and M be subspaces of (X, N,x*). If M is simultaneous
t-Chebyshev then the following assertions are equivalent:

(i) W/M is simultaneous t-Chebyshev in X /M.

(i1) W+M is simultaneous t-Chebyshev in X.

Proof. (i) — (i1). By hypothesis (W+M)/M = W/M is simultaneous t-Chebyshev.
Assume that (i9) is false. Then some F-bounded subset K of X has two distinct
simultaneous t-best approximations such as Iy and I; in W + M. Thus we have,

lo, 11 € Spy 4 (K). (5)
Since W + M O M by Lemma 3.3,
lo+M,l, + M e wa+M)/M(K/M) = S{f/V/M(K/M).
Since W/M is simultaneous t-Chebyshev, lo+M = I3+ M. So there exists 0 # mg €
M such that Iy = ly + mg. By (5) for all ¢t > 0,

infkeK N((k — lo) — mg,t) = infkeK N(k — ll,t)
= il’lfkeK N(k — lo,t)

d(K, W + M, 1)

= d(K — 1o, W + M, t)

> d(K — lo, M, t).

This shows that both m and zero are simultaneous t-best approximations to S — [
form M and this is a contradiction.

(#) — (7). Assume that (i) does not hold. Then for some F-bounded subset K of
X, K/M has two distinct simultaneous t-best approximations such as w + M and
w' + M in W/M. Thus w — w' is not in M. Since M is simultaneous t-proximinal
there exists simultaneous t-best approximations m and m to K —wand K —w
form M, respectively. Therefore m € S%,(K —w) and m € S%,(K —w'). Since

W+ MDM,w+Mand w + M are in S‘t/V/M(K/M) = S€K+M)/M(K/M)7 by

Theorem 3.7, w +m and w' +m € Styon(K). But W 4 M is simultaneous
t-Chebyshev. Thus w +m = w +m and so w — w belongs to M, which is a
contradiction. O

Corollary 3.11. Let M be simultaneous t-Chebyshev subspace of (X, N,x). If
W D M 1is a simultaneous t-Chebyshev subspace in X, then the following assertions
are equivalent:

(i) W is simultaneous t-Chebyshev in X.

(i) W/M is is simultaneous t-Chebyshev in X/M.
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