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FUZZY BASIS OF FUZZY HYPERVECTOR SPACES

R. AMERI AND O. R. DEHGHAN

ABSTRACT. The aim of this paper is the study of fuzzy basis and dimension
of fuzzy hypervector spaces. In this regard, first the notions of fuzzy linear
independence and fuzzy basis are introduced and then some related results are
obtained. In particular, it is shown that for a large class of fuzzy hypervector
space the fuzzy basis exist. Finally, dimension of a fuzzy hypervector space is
defined and the basic properties of that are investigated.

1. Introduction

The notion of a hypergroup was introduced by F. Marty in 1934 [17]. Since
then many researchers have worked on hyperalgebraic structures and developed
this theory (for more see [8], [9], [24]). In 1990, M. Scafati Tallini introduced the
notion of hypervector spaces ([22], [23]) and studied basic properties of them.

The concept of a fuzzy subset of a nonempty set was introduced by Zadeh in
1965 [25] as a function from a nonempty set X into the unit real interval I = [0, 1].
Rosenfeld [21] applied this to the theory of groups and then many researchers
developed it in all the fields of algebra. The concepts of a fuzzy field and a fuzzy
linear space over a fuzzy field were introduced and discussed by Nanda [19]. In 1977,
Katsaras and Liu [15] formulated and studied the notion of fuzzy vector subspaces
over the field of real or complex numbers.

Recently, fuzzy set theory has been well developed in the context of hyperalge-
braic structure theory. (for example see [1], [2], [3], [6], [7], [10], [11], [12], [13]). In
[1] the first author introduced and studied the notion of fuzzy hypervector space
over valued fields. In this paper we follow [1] and [5] and study more properties
of fuzzy hypervector spaces. In this regards we study the algebraic properties of
fuzzy hypervector spaces. We define the concept of fuzzy basis and show that a
very wide class of fuzzy hypervector spaces possess it. We define fuzzy dimension
for all fuzzy hypervector spaces as a non-negative real number or infinity. Finally
we investigate the properties of the introduced concepts.

2. Preliminaries
In this section we present some definitions and simple properties of hypervector
spaces and fuzzy subsets and fuzzy hypervector spaces, that we shall use in later.
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A map o: Hx H— P,(H) is called a hyperoperation or join operation, where
P.(H) is the set of all non-empty subsets of H. The join operation is extended to
subsets of H in natural way, so that A o B is given by

AOB:U{aOb:aeAandbeB}.

The notations ao A and Aoq are used for {a}oA and Ao{a} respectively. Generally,
the singleton {a} is identified by its element a.

Definition 2.1. [22] Let K be a field and (V,+) be an Abelian group. We define a
hypervector space over K to be the quadruple (V, 4+, 0, K), where ” o” is a mapping

o: KxV — P(V),

such that for all a,b € K and z,y € V the following conditions hold:
(Hy) ao(z+y) Caox+aoy,

(Hy) (a+b)ox Caox+boux,

(Hs) ao (box) = (ab) oz,

(Hy) ao(—z) = (—a)ox = —(aox),
Hs) zelox

Remark 2.2. (i) In the right hand side of the right distributive law (H;) the sum
is meant in the sense of Frobenius, that is we consider the set of all sums of an
element of a o x with an element of a o y. Similarly it is in the left distributive law

(Hz).
(ii) We say that (V, 4+, 0, K) is anti-left distributive if

Va,be K, Vx €V, (a+b)ox Daoxr+bou,
and strongly left distributive, if
Va,be K, Vx €V, (a+b)ox=aox+boux,

In a similar way we define the anti-right distributive and strongly right distribu-
tive hypervector spaces, respectively. The hypervector space (V,+,0, K) is called
strongly distributive if it is both strongly left and strongly right distributive.

(iii) The left hand side of the associative law (Hz) means the set-theoretical union
of all the sets a oy, where y runs over the set bo x, i.e.

ao(box)= U aoy.
yEbox
(iv) Let Qy = 000, where 0 is the zero of (V,+). In [22] it is shown that if V' is
either strongly right or strongly left distributive, then Qy is a subgroup of (V, +).
Example 2.3. In (R2,+) we define the product times a scalar in R by setting:

ox if x #0,

2. _
Va e R,V € R .aoa:{ {0} if 2 =0,

where 0Z is the line through the point z and 0 = (0,0). Then (R?,+,0,R) is a
strongly left distributive hypervector space.
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In the sequel of this note, unless otherwise specified, we assume that V is a
hypervector space over the field K.

Definition 2.4. [1] A nonempty subset W of V' is a subhypervector space if W is
itself a hypervector space with the hyperoperation on V, i.e.

W + o,
Ve,ye W =ax—-—yeWw,
Vae K, Vr e W = aox CW.

In this case we write W < V.

Proposition 2.5. [1] The intersection of a family of subhypervector spaces is a
subhypervector space.

Definition 2.6. [1] If S is a nonempty subset of V, then the linear span of S is
the smallest subhypervector space of V' containing S, i.e.

L) =(S)= () W

SCWLV

Lemma 2.7. [3] If S is a nonempty subset of V', then

L(S)—{tezaiosi;aiEK,SiGS,HE N}.

=1

Definition 2.8. [1] A subset S of V is called linearly independent if for every
vectors vi,vs2,...,0, in S, and ¢1,...,¢, € K, 0 € ¢y ovy + --- + ¢, 0 v,, implies
that ¢y = c3 = --- = ¢, = 0. A subset S of V is called linearly dependent if it is
not linearly independent.

Definition 2.9. [1] A basis for V is a linearly independent subset 3 of V' such that
linearly spans V, i,e, L(3) = V. We say that V is finite dimensional if it has a finite
basis.

Remark 2.10. Note that some hypervector spaces V' (some set W of vectors) may
not have any collection of linearly independent vectors. Such hypervector space
(set) is called independentless. Clearly if V' is independentless, then V' has not any
basis and for such hypervector spaces dimension is not defined. In this case we
say that V is dimensionless. The hypervector space (R?, +, 0, R) in Example 2.3 is
an nontrivial example of an independentless hypervector space, since 0 belongs to
every line through the 0.

Definition 2.11. [5] A hypervector space V over K is said to be K-invertible or
shortly invertible if and only if u € a o v implies that v € ™! o u, for u,v € V,
ae K\{0}.

Theorem 2.12. [4] Let V be strongly left distributive and vy, v, ..., v, be linearly
independent in V. Then every element in their linear span belongs to a unique sum
in the form ¢ ovy +ca0vy + ... + ¢y 0 v,, with ¢; € K.
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Theorem 2.13. [4] Let V' be invertible. Then for every vi,...,v, in V, either
V1, ..., Up are linearly independent or for some 1 < j < n, v; is in a linear combi-
nation of the others.

Theorem 2.14. [4] Let V be strongly left distributive and invertible. If V has a
finite basis with n elements, then every linearly independent subset of V' has no
more than n elements.

Definition 2.15. [1] Let V and W be hypervector spaces over K. A mapping
T:V — W is called
(i) weak linear transformation iff
Tx+y)=T(x)+T(y) and T(aoxz)NaoT(x) # @,
(ii) (inclusion) linear transformation iff
Tx+y)=T(x)+T(y) and T(aox) CaoT(z),
(iil) good transformation iff
Tx+y)=T()+T(y) and T(aox) =aoT(x).

Definition 2.16. [18] (i) For a fuzzy subset u of X, p € FS(X), the level subset
¢ is defined by

pe={x e X :pu(x) >}, t€][0,1].
(ii) The image of p is denoted by I'm(u) and is defined by

Im(p) = p(X) ={p(z) : z € X}.
(iii) If p € FS(X) and A C X, then by u(A) and fi(A) we mean

wA) = Anla)  and p(4)= \/ ).
acA a€A
(iv) (Eztension principle) Let f : X — Y be a mapping, p € FS(X) and v €
FS(Y). Then we define f(u) € FS(Y) and f~1(v) € FS(X) respectively as follows:

Vo) if fUy) # 2,
f)(y) = =ef~tw

0 otherwise,

and

F W) (@) = v(f(z)), VaeX.

3. Fuzzy Hypervector Spaces

Definition 3.1. [20] Let K be a field and v € FS(K). Suppose the following
conditions hold:

(i) v(a +b) > v(a) Av(b), Va,beK,

(ii) v(—a) > v(a), Va€ K,

(iii) v(ab) > v(a) Av(b), Va,be€ K,

(iv) v(a=t) > v(a), Vae€ K\{0},

(v) v(1) =v(0) = 1.
Then we call v a fuzzy field in K and denote it by v
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Obviously, Definition 3.1 is a generalization of the classical field notion.

Definition 3.2. [1] Let p be a fuzzy subset of V and v be a fuzzy field of K. Then
the pair V = (V, ) is said to be a fuzzy hypervector space of V' over fuzzy field v,
if for all z,y € V and all a € K, the following conditions are satisfied:

(i) p(x +y) = p(z) A p(y),

(i) p(==) = p(z),

(i) A ply) = v(a) Ap(z), (plaox) > via) A p(z)),

yEaox -
(iv) (1) > p(0). )
If we consider v = x g, the characteristic function of K, then V = (V, u) is called a
fuzzy subhyperspace of V.

Proposition 3.3. [1] Let W be a proper subhypervector space of V. Then the fuzzy
subset u of V' is defined by

1 ifxew,
plz) = { t  otherwise,

where t € [0,1), is a fuzzy subhyperspace of V.

Example 3.4. In Example 2.3, set W = {(b,0) : b € R}. Then (W,+,0,R) is a
subhypervector space of V = (R?, +, 0, R), such that Va,b € R,

W ifb+£0,
‘“’(b’o):{ {0} ifb=0.

Choose numbers t1,ts € [0, 1], such that ¢; > to. Define fuzzy subset p by

((E) N t1 ifxeWw,
e = to  otherwise,

Then V = (V, 1) is a fuzzy subhyperspace of V.

Definition 3.5. [1] Let {y;};.; be a nonempty collection of fuzzy subhyperspaces
of V. Then the fuzzy subset [ u; of V' is defined by the following;:

el
<ﬂ m) (2) = N\pu(a).
el el

Proposition 3.6. [1] The intersection of a family of fuzzy subhyperspaces is a fuzzy
subhyperspace.

Proposition 3.7. [1] Let V be strongly left distributive, vy be a fuzzy field and
w€ FS(V). Then u is a fuzzy hypervector space over vy iff

A 1) = (@) A p@) A (v ®) Auy),

z€aox+boy

and v(1) > p(x), for alla,b € K and z,y € V.
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Corollary 3.8. If V is strongly left distributive and € FS(V). Then V = (V, )
is a fuzzy subhyperspace iff

plaoz +boy) > p(z) A p(y).

Proof. Tt follows from Proposition 3.7, by setting vx = xxk, the characteristic
function of K. O

Proposition 3.9. [1] Let p € FS(V) and v € FS(K). Then p is a fuzzy hyper-
vector space over vi if and only if e is a hypervector space over the field v, for
all o € Im(v) and v(1) > u(0). pq is called a level subhyperspace of V.

Definition 3.10. If V = (V, ) is a fuzzy hypervector space then we define
a _ , —1 a _ ,,—1
T,u, =H (O[) and Hu =p ((Oé, 1})

Lemma 3.11. Let V = (V, i) be a fuzzy subhyperspace of V. Then
(i) For any subset A CV, u(lo A) < u(A),
(ii) For any subset A CV, p(ao A) > u(A), Ya € K,
(iti) For any subset A C Vfg(l o A) :E(A)7
(iv) Ya € K\{0}, p(a o) = pu(x),
(v) If z,y € V and p(z) > p(y), then p(z +y) = pu(y),
(vi) If x,y €V and p(x) # pu(y), then p(z +y) = p(z) A p(y),
(vii) p(0) = (V).

Proof. (i) and (ii) are clear, because for any subset A C V, A C 10 A and by
Definition 3.2

ulaoA) = u(U aot>

teA

= A ul

re |J aot
teEA

> Anw@)

teA
= p(A).
(iii) It follows from (i) and (ii).
(iv) From (ii) we have p(a o) > p(x). On the other hand x € 10z, so

WV,
>
=
=

()

Il
>
=
G

t€a—1lo(aox)
= pla ' o(aoxw))
plaox). by (ii)

Y

Thus p(aox) = p(x).
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(v) Since p(x) > u(y), so p(z +y) = p(z) A p(y) > p(y). Also
ny) = pla+y—2z) = plx+y) Ap(z),

thus u(y) > p(x +vy), because pu(x) > u(y). Consequently p(x +y) = p(y).

(vi) Apply (v).

(vii) For all z € V, pu(0) = p(z — ) > p(x) A p(—x) > p(z) A p(z) = p(z). Thus
1(0) = (V). O

4. Fuzzy Linear Independence
Definition 4.1. Let V = (V, ) be a fuzzy subhyperspace of V. We say that a

finite set of vectors {x1, 2, ...,2,} is fuzzy linearly independent in V if and only
if {x1,29,...,2,} is linearly independent in V and for all ay, as,...,a, € K,
N wti+tot+t) = N\ (pt) plta), o p(tn)) -
ti€a;ox; ti€a;ox;

In other words:

te Y a;ow; e
i=1

A set of vectors is fuzzy linearly independent in V if all finite subsets of it are fuzzy
linearly independent in V.

Lemma 4.2. Let V' be invertible and strongly left distributive hypervector space.
Let V = (V,p) be a fuzzy subhyperspace of V, and let S = {x1,...,xp} CV has
distinct p-values and x € ) a; o x;, a; € K\{0}. Then p(x) = p(S).

i=1

2

Proof. Let p(S) = p(x1) and let 2 € Y a; o ;. Then by Corollary 3.8

=1

n
p(r) > u(Zaiomi)
i=1
n
>\ wla)
1=
= pn(9).
n
On the other hand, x € > a; 0oz, so © = t; + -+ + t,, such that ¢; € a; o
i=1
z;, 1 =1,...,n. Thus
xr1 € aflotl
C ajlo(@—tg—---—ty)
- al_loxfal_lot27~~—a1_10tn
C al_loa:—al_lo(agoxg)—---—al_lo(anoxn)7
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therefore

I (al_l ox — (al_lag) oxg — - — (al_lan) o xn)
(@) A plze) A A plan).

wlzr) >
>

n

Thus p(z1) > p(x), since p(x1) = A p(z;). Consequently, pu(x) = pu(z1) = p(S).
i=1
O

Proposition 4.3. Let V' be an invertible hypervector space and let singletons of V
be linearly independent. Let V = (V, ) be a fuzzy subhyperspace of V.. Then any
set of vectors {x1,Ta,...,xn} C V\{0} which has distinct p-values is linearly and
fuzzy linearly independent.

Proof. We prove the proposition by induction on n. In case n = 1, clearly the state-
ment is true. Now suppose that the proposition is true for n. Let {z1,za, ..., &y, Tni1}
be a set of vectors in V\{0} with distinct p-values. By inductive hypothesis we
have: {x1,22,..., 2z} is fuzzy linearly independent. If {x1,zs,..., 2y, Tpi1} 1S nOt
linearly independent, then by Theorem 2.13,

Tpy1 €A1021 +A20T2 + -+ Ap O Ty

n

Thus by Lemma 4.2, p(2,41) € {p(x;)},_, and this contradicts the fact that

{z1,29,...,Tn, Tpnt1}

has distinct p-values. Therefore {1, X2, ..., Tpn, Txny1} is linearly independent. Fi-
nally Lemmas 3.11 and 4.2, clearly show that {z1, 29, ..., %, Xny1} is fuzzy linearly

n n n
independent, since p (Zai o m,) = A plxi)) = Apla;ox;). O
~\i=1 i=1 =1

1=

Corollary 4.4. LetV be a strongly left distributive and invertible hypervector space
such that dim'V = n, and let singletons of V' be linearly independent. If V= (V, )
is a fuzzy subhyperspace of V' then [Im(u)| < n+ 1, where |[Im(u)| denotes the
cardinality of Im(u).

Proof. Let 8 = {x1,22,...,2,} be a basis for V. Then {u(z1),...,u(zn), x(0)} C
Im(p). Suppose that |[Im(u)| > n + 2. Then by Proposition 4.3, V has a linearly
independent subset with n + 1 elements, which contradict with Theorem 2.14. [

5. Fuzzy Basis )
Definition 5.1. A fuzzy basis for a fuzzy subhyperspace V = (V,p) is a fuzzy
linearly independent basis for V.

Example 5.2. Consider classical vector space (R?,+,.,R) with standard basis
{4, J, k}. Define the mapping
o: Rx R® — P,(R3)
a o (ZL'(), Yo, ZO) = La
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where L is the line with the parametric equations:

T = axg
L: Y = ayo
z=1

It is easy to verify that V = (R3,+,0,R) is a strongly left distributive hyper-
vector space with basis {i,7}. Define fuzzy subset u on V by pn((0,0,0)) = 1,
1 (R x {0} x {0}\(0,0,0)) = %, u (R*\R x {0} x {0}) = 1. Then it is routine to
see that p is a fuzzy subhyperspace with fuzzy basis {4, j}.

The next theorem shows that the class of fuzzy subhyperspaces with fuzzy basis
is as enough as rich.

Theorem 5.3. Let V' be invertible and strongly left distributive hypervector space
with basis 3 = {va},e; and let po € (0,1] be constant and {pa},e; € (0,1] be
any set of constants such that pg > pe for all o € I. Now construct a function
w:V.— [0,1] in the following way: By Theorem 2.12 any © # 0, © € V s
n
contained in a unique combination Y a; o v,,, with a; # 0. Define
i=1
n n

uw) = Aplva) = [\pa;

i=1
and 11(0) = po. Then V = (V,p) is a fuzzy subhyperspace with fuzzy basis (3.

Proof. Let z,y € V\{0}. Then by Theorem 2.12 z and y can be uniquely written
in the following way:

T € Z @; O Vg, and Yy € Z b; 0 vy, ,

i€CUD, i€CUD,

such that CND, =0, CND, =0, D,ND, =0, CUD, and CUD,, are finite and
non-empty and for all ¢ € C'U D,, a; € K\{0} and for all ¢ € C U D,, b; e K\{0}.
Suppose a,b# 0, a,b€ K and aoxz+boy # {0}. Let Z ={i € C : aa; + bb; =0}
and N = C\Z. At this stage suppose that C, D,, D, Z and N are all non-empty.
In case some of these sets are empty the proof of the theorem is almost identical.
Now let w € aox + boy, then

w € ao< Z aiovai)—i-bo Z bi 0 Vg,

i€CUD, i€CUD,

= Z (aa;) o vy, + Z (bb;) 0 vq,

i€eCUD, i€ECUD,

= Z (aa;+bb;) o vy, + Z (aa;) o vy, + Z (bb;) © v,

icC i€D, ieD,

= Z (aa;+bb;) o vy, + Z (aa;) o vy, + Z (bb;) 0 Vg,

iEN i€D, i€D,
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SO

p(w) > I Z (aa;+bb;) o vy, + Z (aa;) o va,+ Z (bb;) 0 va,

ieN i€D, i€D,,
All coefficients in the above linear combination are non-zero and thus by definition
of pu we have:

p(w) > (/\u(%)) A ( A u(vai)> AN #va,)
iEN i€D, i€D,
= (/\%) A ( A u) WA
ieN i€D, i€D,
= N
i€NUD,UD,
= A
ieCuD,UD,
1€CUD, 1i€CUD,,

Therefore if a,b # 0 and a o x + boy # {0}, then
N sw) > p@) A py).
weaozx+boy

Thus by Theorem 3.7 p is a fuzzy subhyperspace of V. In the case where aox+boy =

{0}, since u(0) = g > (), we must have p(a oz +boy) = u(0) > u(x) A u(y).
In the case where a or b is zero, without loss of generality we may say a = 0, then

p0ox+boy) = N ur+s)

relox, scboy

( A u(ﬂ) A nls)

relox s€boy

Y

> (@) A p(y).
O

Remark 5.4. Fuzzy subhyperspace in Example 3.4 is a fuzzy subhyperspace with
out fuzzy basis.

In the following we give a simple condition under which a fuzzy subhyperspace
has a fuzzy basis.

Definition 5.5. [16] A set B is said to be upper well ordered if for all non-empty
subsets C' C B, supC € C.

Let us investigate the upper well order subsets of [0, 1].
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Definition 5.6. [16] A subset B C [0,1] is said to have an increasing monotonic
limit © € [0,1] if and only if z is a limit of a monotonically increasing sequence in
B.

Proposition 5.7. [16] A set B C [0, 1] is without any increasing monotonic limits
if and only if it is upper well ordered.

Proposition 5.8. [16] All upper well ordered subsets of [0, 1] are countable.

Remark 5.9. We can construct B C [0,1] upper well ordered with an infinite
number of decreasing limit points. For example consider

1 1
B:{+:n7m€{2,3,4,...}}.
nom

This concludes a study of upper well ordered subsets of [0, 1].

Lemma 5.10. If V = (V, ) is a fuzzy subhyperspace such that u(V) is upper well
ordered, and W is a proper subhypervector space of V', then there exists v € V\W
such that

Yw e W, plv+w) = pu) A pw).

Proof. Since u(V') is upper well ordered we can find v € VAW such that u(V) =
glp(VAW)]. Let w € W. If p(w) # w(v), then by Lemma 3.11, p(v + w) =
w(v) A p(w). If p(w) = p(v), then by Definition 3.2, pu(v +w) > pu(v) A p(w). Since
v4+w € VAW and u(V) = g[p(V\W)], we must have p(v +w) < p(v) = p(w) and
thus (v 4+ w) = p(v) A p(w). O

(w
Lemma 5.11. If V. = (V,u) is a fuzzy subhyperspace such that u(V) is upper
well ordered, and if § is a fuzzy basis for W = (W, u|w), where W is a proper
subhypervector space of V, then there exists v € VAW such that 8 = Bu {v} is a

*

fuzzy basis for U = (U = <6> o >, where <ﬁ> is the hypervector space spanned

by (.
Proof. Let v € VAW such that u(V) = p[u(V\W)], then clearly by Lemma 5.10,
v is fuzzy linearly independent from ﬁ Let 5= ﬂ U {v}. Clearly 3 is a fuzzy basis

forU:(U:<%>,u|U). 2

Theorem 5.12. All fuzzy subhyperspaces V = (V, ) for which (V') is upper well
ordered have a fuzzy basis.

Proof. Let V = (V,u) be any fuzzy subhyperspace for which (V) is upper well

ordered. Let T' = {3 C V : 3 is fuzzy linear independent} . Partial order I' by set

inclusion. Let A be a totally ordered subset of I and let 3 = |J /. Then  is an
BeA

upper bound for A. Suppose 1, xa, . .., T, € 5. Then there exist Ba(1)s -+ -5 Ban) €

A such that z; € B,(;). Since A is totally ordered, one of the sets, say B(x), is a
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superset of the others. Hence x1,%2,...,2Zn € Bak). Since Buk) is fuzzy linearly
independent, x1, o, ..., T, are fuzzy linearly independent. Thus 3 is upper bound

of A in I'. By Zorn’s Lemma there exists a maximal element § in I'. Suppose

*
< 16} > = W is a proper subhypervector space of V, then by Lemma 5.11, there exists

v € VAW such that EU {v} = B is a fuzzy basis for U = (U, 1|y ) . This contradicts
the fact that 23 is a maximal element in I". Thus we must have E =V and B is
a fuzzy basis for V.

Corollary 5.13. IfV is finite dimensional, then V = (V, ) has a fuzzy basis.

Proof. Since V is finite dimensional, (V') is finite and upper well ordered. Thus
by Theorem 5.12, V' has a fuzzy basis. (I

Definition 5.14. Let V; = (V, p1) and }72 = (V, u2) be two fuzzy subhyperspaces
of V. Define the intersection of V; and V5 to be

ViNVy = (V, p1 A p2).
Define the sum of V; and Vs to be

Vi+ Vo= (V, pa+ pa),
where p1 + po is

(m+p)@) =\ (@) Apz(es))
eV
=V (@) Apa(z —21)).
1€V

Proposition 5.15. Let V be invertible and strongly left distributive and let Vi =
(V, 1) and Vy = (V, u2) be two fuzzy subhyperspaces of V.. Then the following hold:

(i) Vi NV is a fuzzy subhyperspace of V,

(i) Vi + Vy is a fuzzy subhyperspace of V,

(iii) If 1 (V) and pz(V') are upper well ordered, then Vi N'Va and Vi + Vs have
fuzzy basis.

Proof. (i) Apply 3.6.
(ii) Suppose (p1 + p2)(z +y) < (g1 + p2)(x) A (1 + p2)(y). Then there exist zq
and xs, such that for all x5 we have:
(1) pa(@s) Ape(z+y —a3) < [p(@1) Ape(z — o)) Afp(z2) A pe(y — 22)] .-
But
[ (1) A pz(@ = @1)] A [pa(w2) A pa(y — 22)] =

= pa(w1) Apa(ze) A pe(z — 1) A pa(y — z2)
< pi(zy +Fa) Aps(z+y— 1 — x2).
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Therefore there exists x3 = x1 + x5 for which (1) is false. Thus we have a contra-
diction and

(1 + p2)(w +y) > (1 + p2)(@) A (11 + p2)(y)-
Also

(11 +p2)(—z) = \/ (1 (1) A po(2))

—r=x1+T2

=V (e M)

r=—T1—I2

— \/ (1 (=21) A pa(—22))

r=—T1—I2

= (1 + p2)(@).

Thus (g1 + p2)(—z) = (1 + pe)(z). Now let z € V, a € K, a #0 and t € aoz.
Then

(o +p)) =\ (ua(@1) A pa(z2)).

t=x1+x2
V' is invertible, so from r = x1 + x5 € a o x it follows that:
r € alot
= alo(z+x0)

C aloz+atows.
Therefore

(1 + p2)(t) = \/ (p1(z1) A pa(22))

z€a"to(z1+w2)

— \/ (1 (1) A po(z2))

r=t+s, t€a—loxr;, s€a~loxs

— \/ (p1 (1) A pa(z2))

r=t+s, x1€aot, ra€aos

> E\Ls(&(aotM@(aosﬂ
>\ (nt) A pals)
= O(C;:iuz)(w)-
So if a # 0, then
(p1+p2) (@ox) = N (u1+p2)(t)

t€aox

> (p + p2)(2).
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If a = 0, then
(41 + p2) (00x) = (p1+p2) ((a—a)ox)

= /\ (1 + p2)(t + s)

t€aox, s€—aox

> ( A (u1+uz)(t)>A< A (u1+ﬂ2)(5)>
> (1t p2) (@ox)) A ((p1+ p2) (—aow))
> (1 + p2)(@) A (p1 + pe)(z)

(b1 + p2) ().
Consequently Vi + Vs is a fuzzy subhyperspace of V.

(iii) Clearly (pu1 N p2) (V) € (V) Upz(V) and (u1 + p2) (V) € pa (V) U (V).
Since p1 (V) and pe(V) are upper well ordered, u1(V) U pa(V) is upper well or-
dered and thus (u; Npe) (V) and (u1 + pe2) (V) are upper well ordered. Hence by
Theorem 5.12, Vi N Vs and V4 + Vs have a fuzzy basis. O

6. Dimension of Fuzzy Hypervector Spaces

Definition 6.1. We define the dimension of a fuzzy hypervector space V = (V, )
to be

dimV = \/ Zu (v) : B is a basis for V
veR
Clearly dim is a function from the class of all fuzzy hypervector spaces to [0, c0]. A
fuzzy hypervector space V is finite dimensional if and only if dim V < oc.

Proposition 6.2. Let V' be invertible and let singletons of V' be linearly inde-
pendent. Let V = (V, ) be a finite dimensional fuzzy subhyperspace of V. Then
V = (V, ) has a fuzzy basis.

Proof. We shall first show that p(V') is upper well ordered. Suppose (V) C [0, 1]
has an increasing monotonic limit. Then there exists a sequence {x;};-, C V such
that {u(a:l)}fil is a strictly increasing sequence with limit c. we may suppose that
p(x1) = a > 0. By Proposition 4.3, {z;};-, is linearly independent. Consider H, as
the extension of the linearly independent set {x;}!_; to basis for V. Then we have a
sequence of bases for V, such that 3 p(x) > na, which implies that dim V = co.

x€H,
This is a contradiction. Therefore by Proposition 5.7, u(V') is upper well ordered.
Accordingly, by Theorem 5.12, V' has a fuzzy basis. (]

Proposition 6.3. Let V = (V, ) be a fuzzy subhyperspace such that dimV = n <
0o. Then if 5* is a fuzzy basis for V and B is any basis for V, then

@) <D pv).

vES vepR*
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Proof. Since V is finite dimensional, |p (V\{0})| = k < dim V. Let u(V\ {0}) =
{a1,@9,...,a1}, such that a; > a;y1. Since 5* is a fuzzy basis for V, 55N ta; 1S
a basis for hypervector space fi,,, and 8N uq, is independent subset of p,,. Thus
18N ta;| < |8* N pe,| for all ¢ € {1,...,k}. Define recursively a set of injections
{f1,-.-, fx} as follows: Let f; be any injection from B N 4, to B* N e, . Such
f1 exists since |BN pa,| < |8 Npa,| and pw(v) < p(fi(v)), for all v € BN pq,-
Given f,—1 to be an injection from £ N pqa, , to 6* N pa,_,, such that p(v) <
p(fa—1(v)) for all v € BN pa, . Let g, be any injection from BN p~!(ay) to
(8* N e, ) \fn—1(B N pe,_, ). Such g, exists since

1601 ()]

160 pa,, | — ’ﬁ n :“an—1|

18" N bt | = B0t |

18" 0t | = | Fae1(B 0 pra, )|
|(ﬂ* N fra,) \fr-1(8 mﬂan—1)| :

A

Define

In BN e, — BN fla,
fn(v) _ { fn—l(v) (RS Bm | )

gn (V) otherwise.

Then f, is an injection and since g, (8N p~ (o) C pa,, 7 € {2,...,k}, it follows
that p(v) < p(frn(v)) for all v € BN pg, - Since pq, =V and |G| = |8*|, then fj is
a bijection between § and 3*. Now

Don) =Y n(fiv) =D n(w).
vEB* veER veR

O
Lemma 6.4. IfV = (V, ) is a finite dimensional fuzzy subhyperspace, then for
all a € Im(p)\ {0}, po is finite dimensional subhypervector space of V.

Proof. If pi, is infinite dimensional and 3* is a fuzzy basis for V, then |3* N pq | is
infinite, since 8* N u,, is a basis for p,. Thus

duwy= > pw= > a=o.

vEP* VEL* Nt VEL*Npta

Therefore dimV = oo, which is a contradiction. Thus 1o must be finite dimen-
sional. 0

Theorem 6.5. If V = (V, ) is finite dimensional, then
dim(V) = > p(v),

vEP*

where B* is any fuzzy basis for V.
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Proof. Tt is sufficient to show that

IOES IR

veR vEB*

where 3 is any basis for V. By Lemma 6.4, for all a > 0, u, is finite dimensional
and B* Ny is a fuzzy basis for Vi, = (ta, 4|, ). As BN is an independent subset
of pq, Proposition 6.3, implies that

Yoopw)< > pv).

VELN o VEL* Nt

This is true for all o > 0, and thus we must have

o)< > p(v).

veR vEB*
[l

Remark 6.6. De Luca and Termini [14] proposed the following definition of car-
dinality of a fuzzy set:

If A= (A, pa), where iy : A — [0,1], is a fuzzy set, then card(A) = 3 ua (a).

a€A

Let V = (V, ) be any finite dimensional fuzzy hypervector space with fuzzy
basis 3. Let § = (6, 11|3). In view of Theorem 6.5, we have dim(V) = card(3), and
hence the dimension of a fuzzy hypervector space and the cardinality of it’s basis
are coincide. It is clearly in agreement with the definition of dimension in the crisp
case.
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