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GENERALIZED FUZZY VALUED /-CHOQUET INTEGRALS
AND THEIR DOUBLE-NULL ASYMPTOTIC ADDITIVITY

G. J. WANG AND X. P. LI

ABSTRACT. The generalized fuzzy valued 6-Choquet integrals will be estab-
lished for the given p-integrable fuzzy valued functions on a general fuzzy
measure space, and the convergence theorems of this kind of fuzzy valued in-
tegral are being discussed. Furthermore, the whole of integrals is regarded as
a fuzzy valued set function on measurable space, the double-null asymptotic
additivity and pseudo-double-null asymptotic additivity of the fuzzy valued set
functions formed are studied when the fuzzy measure satisfies autocontinuity
from above (below).

1. Introduction

Since Sugeno [4] first introduced the concept of the fuzzy measure and the fuzzy
integral in 1974, theory of fuzzy measure has made a tremendous development,
and was widely applied to fields of subjective judge process and so on. It is well
known, fuzzy measure and fuzzy integral do not satisfy general additivity, so that
it is difficult to construct some theory systems similar to the ones in classical mea-
sure theory without general additional condition. To solve this problem, Wang
[5] proposed some important concepts for the first time in 1984, which are auto-
continuity and null-additivity with respect to the set functions. Meanwhile, some
theoretical frameworks describing the convergence properties of the sequences of
measurable functions and fuzzy integrals on fuzzy measure space were founded.
Furthermore, he went on presenting the concepts of pseudo-autocontinuity and
pseudo-null-additivity in [6].

In 1996, by means of classical Lebesgue integrals and Choquet integrals, Wang
[7] defined-a new momnotone set function, which discussed systematically their some
hereditary properties and structural characteristics with respect to fuzzy measure
in the aspect of autocontinuity. In 1999, aiming at a class of u-integral fuzzy val-
ued functions, a new fuzzy valued functional (fuzzy integral) were established for
the first time in [8], a series of convergence theorems were obtained. In recent
years, Wang [9] defined the generalized fuzzy-valued Choquet integral for a given
p-integral fuzzy valued functions, and regarding the integral as fuzzy valued set

Received: November 2010; Revised: March 2011; Accepted: June 2011

Key words and phrases: Fuzzy measures, Fuzzy valued 6-Choquet integrals, Autocontinuous
from above (below), Double-null asymptotic additive, Pseudo-double-null asymptotic additive.
This work was supported by National Natural Science Foundation of China (Grant No. 60974144).


www.SID.ir

14 G. J. Wang and X. P. Li

function. Furthermore, some hereditary properties of this integrals, such as auto-
continuity and uniform-autocontinuity etc. were studied in [10-11].

In this paper, we establish generalized fuzzy valued 6-Choquet integrals, and
discuss some convergence theorems with respect to them. By regarding this kind of
integral as a set function taken by fuzzy number, we study the double-null asymp-
totic additivity and pseudo-double-null asymptotic additivity of the set functions
formed by this kind of fuzzy integral. There is no doubt that these achievements
have an important effect on enriching the theory of fuzzy integrals.

2. Preliminaries

Let X be an arbitrary nonempty set and R be a o-algebra of measurable subsets
of the set X, (X, R) denotes an arbitrary given measurable space, RT =0, +00), w
define the interval number on R as Ip+ = {a=[a",a™] | a~ <@a*,a,a’ GR*}.

Definition 2.1. Let A be a mapping from R* to [0, 1], A is called a fuzzy number
on R, if the following conditions (1)-(2) are satisfied:

(1) There exists 2o €R* such that A(zo) = 1;

(2) For an arbitrary A € (0,1}, its cut-set Ay = {« €R* | A(x) > A} is a closed
interval, which is denoted as (A), = Ay = [A}{, AY].

Throughout this paper, we always let F(R™) denote the set of all fuzzy numbers

on RT. Especially, in the light of the decomposition theorem of fuzzy sets, let us

denote the null fuzzy number by 0 = % 5 A-{0} = % | A0,0] € F(RT).
A€(0,

Definition 2.2. Let {A4,} C F(R") be a sequence of fuzzy numbers, and A €
FR*). If lim (A,)y = Ay and lim (A)T = AT for all A € (0,1], then we say

that {A,} is convergent to A, and denote it by lim A, = A or A, — A(n — o).

n— oo

Definition 2.3. Let (X, R) be an arbitrary measurable space, and a set function
w: R — 0, —|—oo]. If the following conditions (1)-(4) are satisfied:

1) (@) =
2)If A, Be EFE and A C B, then u(A) < p(B) (monotonicity);
3) If A, T A and A4, € R, then u(A4,) T p(A) (lower semi-continuity);
4).If A, b A and A,, € R, there exists ng such that u(A4,,) < +oo implies
w(Ayn) | w(A) (upper semi-continuity ).

Then the set function p is called a fuzzy measure, corresponding triplet (X, R, u)
is called a fuzzy measure space. In particular, p is called a lower semicontinuous

fuzzy measure if it satisfies (1), (2) and (3); p is called an upper semicontinuous
fuzzy measure if it satisfies (1), (2) and (4).

(
(
(
(

Definition 2.4. [2] Let (X,R) be a measurable space, p : ® — [0,400] be a set
function. For arbitrary A, B € R, if u(B) = 0 implies u(A U B) = p(A) ( or
w(A — B) = u(A)), then p is said to be null-additive (or null-subtractive).
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Definition 2.5. [2] Let (X,R) be a measurable space. A set function p : R —

[0,400] is said to be autocontinuous from above (or autocontinuous from below)

if lim p(B,) = 0 implies lim p(B, UA) = p(A) (or lim pu(A — B,) = u(4))
n—00 n—00 n—oo

whenever A € ®,{B,} CR with ANB, =0(or B, CAn=1,23,---). If pis

both autocontinuous from above and below, then p is called autocontinuous.

Definition 2.6. [3] Let (X,R) be a measurable space, u : ® — [0,+00] be a
set function. If for any {B,} C R and nh_)rr;o u(By) = 0, there always exists a
sequence of subsets {B,,} C {B,} such that u(ﬂ;?il U;’ij B,,) =0 (or u(A—
Nj=1 Uiz, Bn,) = p(A) for any A € R), then p is called S-property (or pseudo-S-
property ), respectively.

By reference [3], it is not difficult for us to define the double-null asymptotic ad-

ditivity and pseudo-double-null asymptotic additivity with respect to fuzzy valued
set functions.

Definition 2.7. Let (X,R) be a measurable space, a fuzzy valued set function

v:R— F(R"). For any {A,},{Bn} C R, if lim v(4;) =0and lim 7(B,,) =0
n—oo m—» 00

implies lim D(A,UB,) =0 (or lim 7(A—A,UBy)=Aforall AcR), we

n,Mm—00 n,Mm—00
call the fuzzy valued set function v double-null asymptotic-additive ( or pseudo-
double-null asymptotic additive), respectively.

3. Generalized Fuzzy Valued 6-Choquet Integrals

Based on the applied background, aiming at nonnegative real valued measur-
able functions, Wang [6] gave the series of definitions with respect to pseudo-
autocontinuity and pseudo-null additive in 1985. These characteristics can be used
well to describe the convergence properties of the sequences of the measurable
functions and fuzzy integrals. In this section, as for a given class of p-integrable
fuzzy valued functions, we establish the Mathematics models of the generalized
fuzzy valued 6-Choquet integral, furthermore,some of their convergence theorems
are studied.

Definition 3.1. [6] Let (X, R) be a measurable space, a mapping f : X — F(R™).
If for any A€ (0;1] and 6 € (0,+00), the set (fy )o = {x € X | f (z) > 0} € R
and (f ) £ {z € X | f(z) > 0} € R, then f is called a measurable fuzzy
valued function, where (f(z))y £ [fy (), f (z)] € Ip+ for arbitrary x € X and
(fx))e S(f)e for all @ € (0, +00).

Definition 3.2. [5] Let fbe a measurable fuzzy valued function on fuzzy measure
space (X,®,u). For arbitrary A € (0,1], if its Choquet type Lebesgue integral
fOJrOO w((fy)g)do exists and its value is finite, then p is called Lebesgue integrable
with respect to p on (X, R, ), simply call it y-integrable.

Remark 3.3. Obviously, for all A € (0,1] and 6 € (0,+00), we have u((fy )g) <
w((fy)e) hold. Hence, f0+oo w((fi)e)dd < 400 implies f0+oo p((fy )e)do < +oo.
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Definition 3.4. Let (X, R, 1) be a fuzzy measure space, fbe p-integrable and A €

R Putting () [, fap 2 | U AU 0AR(AN(S o), [ 0Am(AN(£)0)ae],

then (C) [, fdu is called a generalized fuzzy valued 6-Choquet integral of f with
respect to p on A, simply call it #-Choquet integral, where the right integral is an
integral in the sense of Lebesgue and (C) [, fdu € F(RT).

Remark 3.5. For any A € (0,1], if fis a p-integrable fuzzy valued function, by
Definition 3.1 and the monotonicity of Lebesgue integrals, it is straightforward to
see that ["°°0 A u(AN (f)e)d0 < [7°0 A (AN (f)e)d0 < [57° u((£5)edd) <
o0, where 8 A p(AN (f5 )o) = 30+ p(AN (f5 )o)— |0 — u(AR (F7)a) |}, the “A”
is minimal operator, i.e., a A b =min(a, ).

In addition, in order to save the length of writing, we will omit the discussion for
some basic properties of this kind of generalized fuzzy valued §-Choquet integrals
in this paper, which will be specially studied in other papers, we will no longer to
repeat them here.

Lemma 3.6. Let real numbers a,b,c € RT, then |a Ab—aAc|<an|b—c]|.

Theorem 3.7. (Upper monotone theorem). Let (X, R, 1) be an upper semicontin-

uous fuzzy measure space, {fn} be a sequence of p-integrable monotone decreasing

fuzzy valued functions, and lim f,(z) = f(z) for all x € X, A € R, then fuzzy
n—oo

valued function f is also p-integrable and nh_)rréo(C) Safadp=(C) [, fdp.

Proof. First, as {fn} is monotone decreasing, it is easy to see that {fn} is conver-
gent, and its limit function ]? certainly exists.

By hypothesis, for all n € N and « & X, we have fv(x) < fn(x), utilizing the
definition of fuzzy numbers for all' A € (0, 1], we get

I (@) () (@), f3 (@) < (F2)X ().
From the hypothesis and the monotonicity of Lebesgue integrals, we have
+00 +oo Foo
[ s [ utcrmds < [ ()00 < +oc.
0 0 0

In the light of Definition 3.1, we obtain that the fis p-integrable.
Secondly, for arbitrary A € (0,1] and n =1,2,3,-- -, it is not difficult to see that

+oo +oo +oo
[ onnine< [ onnnie < [ ulh)D0ds < +oo.
0 0 0

On the other hand, as {f,,} is monotone decreasing, the sequence {( fn)y NA} of
sets is monotone decreasing with respect to natural number n € N. Consequently,
for all § € (0,400), we have

DX

lim (((fa)3)e () 4) =

n—oo

((F)N)e [ A):

n=1
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At the moment, for any A € (0, 1], we can derive from that (,—, ((fn)y)e = (fy )e-
In fact, for arbitrary x € [, —,((fn)} ), for all natural number n € N, we
have (f,)} () > 6. Let n — oo, by the hypothesis and Definition 2.2, we obtain

i (@) = Tim (f,)5 (z) > 6. Hence, @ € (£ )o. i (V20 ((F)3)o € (5 )

On the contrary, for any z € (f\ e, ie., fy (z) > 0, by hypothesis, as the

sequence {f,} is decreasing and tend to f, we have (fa)y (@) > fy (x) > 0, this
A

implies that z € ((fn)y )o. Therefore, (fy)o C ey ((fn)y )o- Furthermore, we

obtain
oo

Jim (((£)3)0(14) = () (X0 (VA = (D)o A

For all § € (0,4+00) and A € (0, 1], as u is an upper semicontinuous fuzzy measure,
we deduce

Timp(((fa)3)o () 4) = p( lim (((F)3)e () A4) = (5 )af ) A):

In accordance with the convergence of the sequence of numbers, for any ¢ > 0,there
exists a natural number N € N, whenever n > N, we have

W3 )e [ )A) = u((f5)e [ A) I< e

Take advantage of Lemma 3.6, we get immediately that

108 B(((F)3)0 () A) 0 A (e () A) 1<

ON | p((( ﬂA u((f)e[ VA [<One=e.
Hence, we can obtain nhﬁrgc(ﬁ A () )eNA) =0 A p((fy)eNA).

In addition, since f i p-integrable, and 6 A p(((fa)3)eNA) < p((fy)eNA) <
w((fy )e) for all X € (0,1] and 6 € (0,400), n =1,2,3,- - -, regarding p((fy )g) as
a dominant function with respect to 6, use the dominant convergence theorem of
Lebesgue integrals and the upper semicontinuity of fuzzy measure p, it is easy to
know that

+oo

+oo
lim 0N (A(\((Fa)x de_/o 0 A p(A()(f5 )e)do

n—oo 0
In the light of the similar method, for all A € (0, 1], aim at the sequence {(f,)}}
of nonnegative real valued functions, we can infer
“+o0

+oo
lim 0 A p(A((fa) de/ 0 A (A (£ )e)d0

By Definition2.2 and Definition 2.3, we immediately obtain

Jim (©) [ Fau=(©) [ Fau
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Theorem 3.8. (Lower monotone theorem). Let (X, R, 1) be a lower semicontinu-

ous fuzzy measure space, {fn} be a sequence of p-integrable and monotone increas-

ing fuzzy valued functions and lim f,(z) = f( ) for allz € X, A € R, then f 18
n—oo

u-integrable too, and nh_)n;o(C) J4fad=(C) [, fdeo.

Proof. Imitating the proof of Theorem 3.7, for any A € (0,1] and 6 € (0, +00), it is
straightforward to see that

oo

T (300N 4) = U (00N

Using the similar method of Theorem 3.7, we can immediately prove this conclusion
holds, so we omit it. [l

Theorem 3.9. (Fatou’s Lemma 3.6). Let {fn} be a sequence of - mtegmble fuzzy
valued functions on (X, R, ), A € R, then ( fA lim fnd,u < lim ( fA fndu
n—oo n—oo

Proof. Putting p,(z) = Zlggfl(m) for every z € X, n =1,2,- ... For arbitrary
A € (0,1], using the definition of fuzzy valued functions and infimum, we have
(Pn)x (@) = inf (fi)5 (z) and (pa)y (z) = inf (fi){ ().
i>n i>n
Evidently, {(p,)y} and {(p,)}} are the sequences of increasing nonnegative
measurable functions with respect to n € IN. Consequently, the sequence {p,} of
fuzzy valued functions is monotone increasing too, and satisfies

lim (pn); () = lim (£,)5(2); lim (p,){(x) = lim (fn)](2).

n— n—00 n— 00

Therefore, lim p,(z) = lim inf f;(2)="lim f,(z). By Theorem 3.7, we can get
n—oo

n—o0i>n n—o00

ti (O Fulo)d = (©) [l Folw)dn
n—00 A A n—oo
On the other hand, as for sequence {p,} of fuzzy valued functions, for arbitrary
A € (0,1] and @ € X, obviously,(p,)y (z) < (fi)y(z), i = n,n+1,n+2,---
Furthermore, for every 6 € (0,400), AN((Pn)y)o € AN((fi)x)e, i =n,n+1,n+
2, ---. Applying the decomposition theorem with respect to fuzzy sets and definition
3.4y we can derive from

+oo
/A (pn)x dpt = / 0 A u(A)((pn)5)0)d0
+oo
s/o o n (A5 de—/A<fi>;du

Taking the infimum with respect to natural number i € N, for the two sides in
the above formula, and let n — oo, consequently, we have

fim [ (G5 @ < Jim it [ (5@ = tim [ (5 @)

n—o0 n—00 i>n n—ooJ A
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Similarly, for any A € (0, 1], it is straightforward to see that

tim [ (o)} (@)ap < | ()F ()

n—o0 n—ooJA
In accordance with Definition 2.2, Definition 3.4 and the definition of the order of
fuzzy numbers, we can infer

lim (C)/ﬁn(x)dug lim (C)/ fo(2)dp
n—oo A n— 00 A
Furthermore, we obtain

© [ tim Fudp=(©) [ lim Fudy = lim (€) [ Fude < tim (©) [ Fud

n—oo n— oo

Theorem 3.10. (Fatou’s Lemma 4.1). Let (X,R,u) be a finite fuzzy measure
space, {fn} be a sequence of p-integrable fuzzy valued functions, and p(X) < +oo,
then Tim (C) [, fadp < (C) [, h_}Tn fndp for all A € R

n— oo n oo

Proof. Imitating the proof of Theorem 3.9, let g, () = sup ﬁ(m), it is easy to prove,
>n
so we omit it. O

Theorem 3.11. (Dommated convergence theorem). Let (X, R, 1) be a finite fuzzy
measure space, {fn} be a sequence of fuzzy valued functions and hm fn( )= f(x)

for all x € X. If there exists a p-integrable fuzzy valued functzon g such that
fn( ) < g(x) for every x € X, n =1,2,3,-+-, for any A € R, then f is also

p-integrable and lim (C) [y fdu = (Q) Ja fd,u.
Proof. By hypothesis and the definition of the order of fuzzy numbers, , letting n —
oo, we have f(x) = hm fn(2)°< G(x). It is not hard to see that f and f, are
p-integrable, n =1, 2, 3 . For all A € (0,1], it is straightforward to see that

im [ (7)xdis Tn / (Fxdu b [ (2)fde< Fm [ (f)fan

n—ooJ A n—oo.J A

where

/A (f)xdp = / 0 A u(A\(f)5)e)d0
+ e +
/A () = / 0 A p(AY(F))e)d0

Therefore, it follows that

tim (€) [ Fudp < Tin (€) [ Fuc

n—oo

and

At the moment, according to Theorem 3.9 and Theorem 3.10, we can obtain

(C)/A lim fndp < lim (C)Aﬁduﬁn@(c)/AﬁduS (C)/An@fndu-

n—oo n—oo
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Since f,, — f(n — 00), it means that lim f,(z) = h?n fulz) = f(z) forallz € X.

n—oo
And so,the above inequalities hold if and only if the equal sign hold. Therefore,
tiw (©) [ Fudp= T (©) [ Fudu=(C) [ .

n—oo

Consequently, le (C) J4 fudp = (C) N fdu. O

4. Double-null Asymptotic Additivity

It is well known that, the double-null asymptotic additivity and pseudo-double-
null asymptotic additivity are two-component limit forms to describe set functions.
In this section, we regard the whole generalized fuzzy valued 6-Choquet integrals
as a set function taken by fuzzy numbers, taking advantage of the concepts of
the autocontinuity from above (below) and superior (inferior) limit with respect
to fuzzy measures, then we discuss double-null asymptoticand pseudo-double-null
asymptotic additivity of this kind of generalized fuzzy valued 6-Choquet integrals.

Lemma 4.1. [13] Let (X, R, u) be a fuzzy measure space. For any sequence of sets
{4,} CR, then u( lim A,) < lim wu(A,); if the condition u(X) < +oo is satisfied,
n—oo n—oo

then u( lim A,) > lim p(A,), where the inferior limit is denoted as lim A, =
n—oo n—oo n—00

Unz1 Minsn Am, superior limit is denoted as n@o Ay =Nozy Unysn Am-

Lemma 4.2. [13] Let (X, R, 1) be a fuzzy measure space, for any sequence of sets

{En}, if lim p(E,) = 0 and p is autocontinuous from above (or below), then
n—oo

there exists a subsequence {Epn,} of {En} such that p(N;Z, U;Z; En,) = 0 ( or

(A =72, U2 Bn) = u(A)), respectively.

Theorem 4.3. Let (X, R, u) be a finite fuzzy measure space, u(X) < 400, f be a
p-integrable fuzzy number valued function, let v(A) £ (C) [, fdu for any A € R.
If 1 is autocontinuous from above, then v is double-null asymptotic additive.

Proof. Take any sequences of sets { Ay}, {Bm} C R, satisfying lim 7(A,) =0 and
n—oo

lim 7(B,,) = 0, we are going to prove
m—0o0
lim (A | JBn) =0.

n,Mm—00 (1)

First, as fis p-integrable, for all A € (0,1] and n,m = 1,2,3,- - -, we have

—+oo

+oo
/ 0 A pu(An (YU )0)d6 < / u((f)0)d0 < +o0
0 0

and
+o0o

+o0
| onum 0w < [ (0 < o
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Hence, these integrals are integrable in the sense of Lebesgue integrals.

On the other hand, it is not difficult to prove that v is a fuzzy measure. As
i is autocontinuous from above, by reference [11], we know that fuzzy valued set
function 7 is also autocontinuous from above. Meanwhile, for arbitrary A € (0, 1],
the set functions v, and 1//\+ are autocontinuous from above, where vy = vy, vy ].

In fact, if (1) doesn’t hold, i.e., lirg v(A,JBm) # 0, by Definitions 2.2 and
n,Mm—00
2.7, there exist sequences of sets {A,},{Bn} C R such that lim 7(A,) = 0 and
n—oo

lim ¥(B,,) = 0, respectively. Furthermore, there exist g9 > 0 and A € (0, 1] such

m—r o0

that

+oo
vAaUBn) = [ 0 n((An U B (Y5000 = <0

+o0
v (An | Bun) = /O 0 u((An | Bu) (\(5)0) 002 0.

Without loss of generality, as for Ay € [0, 1], we let nlgrgo vy, (4y) = mlgnoo vy, (Bm)

or

= 0. Since set functions v, and 1//\+ are autocontinuous from above, by Lemma 4.2,
there exist sequences of sets {A,,} C {A4,} and {B,,, } € {B} such that

o0 o0 oo o0
v (YU An) = 0, v, (YU Bne) = 0
j=1li=j s=1k=s
As set functions Yxo and V)J\ro are autocontinuous from above, it is clear to view
that vy ~and I/j\'o are null-additive. As for V), obviously,

V)TO((ﬂ UAm)U<ﬂ U Bn,)) = V)TO(m UAm) =

j=1i=j s=1k=s j=1i=j
On the other hand, by Lemma 4.1 'and Theorem 3.10, we obtain

v;o«ﬁ U40UN @

j=1li=j 1k=s

k
- [ GAM{(ﬂUAm)U | U 20 075, o}
i=1i=j k=s
+oo
7/ 9/\u

U N U ((An; U Brmi) Ny )0) 30

i=j s=1k=s
—+oo

:/0 9Au{l1m hm(A UBm)m f>\ 0)}do
+o0 o

2 [ 0n L o (U ) (155, 000
+oo

:/(; zli:go Tim (9/\,u (An; UBmk m(f;)f)))de

> T Tm - 0 A 1((Ans | Brn) (5, )0)d6
0

i—00 k—00

HDS ‘ﬂ

<.

HDg

= lim Iim 1/>\ AMUBMk) > lim lim &g = eg.

i1—00 k— 00 i—00 k— 00
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Therefore, we can infer that ¢y < 0, which is in contradiction with €5 > 0. Hence,
for all A € (0,1], we have lim v, (A4, B:y) =0.
n,m—o0o
Analogously, we may derive from lim vy (A, J B;,) = 0. Consequently, in the
n, m— o0

light of the decomposition theorem of fuzzy sets, we get lim (A, |JBm) = 0.

n,Mm—oo

By Definition 2.7, the set function v is double-null asymptotic additive. O

Corollary 4.4. Let (X, R, 1) be a finite fuzzy measure space, fbe a p-integrable,and
let v(A) = (C) [, fdp for any A € R. If i possesses S-property, then v is double-
null asymptotic additive.

Theorem 4.5. Let (X, R, u) be a fuzzy measure space, f be a p-integrable fuzzy

number valued function. Put v(A) = (C) [, fdu for any A € R If p is autocon-
tinuous from below, then v is pseudo-double-null asymptotic additive.

Proof. Let {A,} C R and {B,,} C R, satisfy lim 7(4,)=0and lim #(B,,) = 0.
n—oo

m—0o0
We are going to prove

lim (A~ A, | Bn) = 7(A). (2)

n,Mm— o0

Since fuzzy measure p is autocontinuous from below, by reference [11], we can
view that the set function v is also autocontinuous from below. At the same time,
for any A € (0,1], the set functions v; and v} are autocontinuous from below.

Clearly, A— A, UBm CAn,m=1,2,---and lim v(A-A,|JBn) <v(4).

n,m—oo

In fact, if (2) doesn’t hold, it is straightforward to see that

lim v(A—A, UB < v(4).

n,m-—oo

By Definition 2.2, there exist sequences of sets {A,,} C R and {B,,} C R such
that lim 7(A,) =0and lim 7(B,,) = 0, but there exist g > 0 and Ay € (0,1]
n—oo m—r 00
such that
vy, (A= Ay U Bn) < vy (A) —eo
or

vi (A=A, | Bm) < v (4) — 0.

Here y/\iO(A — A, UB,) = 0+000/\ (W(A— A, UB,,)N (ffo)g)dﬁ, n,m=12---
Without loss of generality, let lim vy (A,) = lim vy (B;) = 0. As set func-
n— oo m—r oo

tion v, =~ is autocontinuous from below, by Lemma 4.2, there certainly exist se-
quences of subsets {A,,} C {A,} and {B,, } C {B;»} such that

J(A = ﬂUA =, (A4), vy (A - ﬂUBmk =, (A4).

j=1li=j s=1k=s
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Since the set functions vy —and Vjo are autocontinuous from below, it is not
difficult to see that vy, and z/jo are null-subtractive, aiming at vy , we have

v, A= (Y UAn = N U Bmo) = vy, (A= [ An) =5, (A).

j=1i=j s=1k=s j=1i=j

On the other hand, by Lemma 4.1 and Theorem 3.9, we obtain

vo@= U A =1 U Bs)

j=1li=j s=1k=s

[o olNe Tl e lNe o]

- [ToruJAUNBN AN B MU

j=li=j s=1k=s

“+o0
:/O 6 Ap(lim Tim (A— A, | B, (500

1—00 k—00

+oo
g/o lim lim (8 A p((A— AmUBmk ﬂ(f,\_o)e))de

i—00 k—00

< lim lim +000Au((A—An,-UBmk)ﬂ(f{O)e)d@

1—00 k—o00 J 0

= lim lim v, (4 = Ay, UBmk <y, (4) —eo.

i—00 k— 00

Consequently, vy o(A) < vyg(A) —€. As fvis p-integrable, we immediately can get

“+o00 +oo
V;O(A) :/0 0N Am f)\ )do < /0 ,u((f;(])g)dQ < +00.

It is not difficult to see that £y < 0, which is in contradiction with g > 0.

Similarly, letting lim 1/;\|r (A4,) = lim Vj\'o (Bm) = 0, we can infer €9 < 0. Hence,
—00

we obtain lim Z/(A A U Bm) =v(A).

mn,Mm—oo
By Definition 2.7, it is straightforward to see that the set function v is also
pseudo-double-null asymptotic additive. ([

Corollary 4.6. Let (X, R, 1) be a fuzzy measure space,f be a fuzzy valued function

which is p-integrable. Let v(A) = (C) [, fdu for any A € R. If u possesses pseudo-
S-property, then v is pseudo-double-null asymptotic additive.
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5. Conclusions

The construction of a fuzzy valued set function defined by the generalized fuzzy
valued-Choquet integrals preserves almost all desirable structural characteristics of
the original fuzzy measures, but the additivity is not necessarily preserved by the
construction. Due to these reasons, the Choquet integral can be used for construct-
ing sound fuzzy measures in various application areas. In fact, it is an essential
premise for a fuzzy valued measure to construct a theory of fuzzy integrals. The
double-null asymptotic additivity and pseudo-double-null asymptotic additivity are
two-component limit forms to describe set functions, they are two important as-
pect of depicting set functions. From section 3, we can easily see that Theorems
3.7-3.11 and Theorems 4.3-4.5 are based on the assumption that a function f is
p—integrable. The problem being suggested by this is worth thinking: can we re-
place it with a weaker condtion ? In our further research, aim at the above problem
;we will comtimve their studying. It is not difficult to see that these results have
some important effects on the application of the theory of fuzzy integrals.
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