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STATISTICAL CONVERGENCE AND STRONG p—CESARO
SUMMABILITY OF ORDER g IN SEQUENCES
OF FUZZY NUMBERS

H. ALTINOK, Y. ALTIN AND M. ISIK

ABSTRACT. In this study we introduce the concepts of statistical convergence
of order 8 and strong p—Cesaro summability of order 8 for sequences of fuzzy
numbers. Also, we give some relations between the statistical convergence
of order 5 and strong p—Cesaro summability of order 8 and construct some
interesting examples.

1. Introduction

The theory of sequences of fuzzy numbers was first introduced by Matloka [15].
Matloka [15] introduced bounded and convergent sequences of fuzzy numbers, stud-
ied some of their properties and showed that every convergent sequence of fuzzy
numbers is bounded. Since that time, there hasbeen increasing interest in the study
of sequences of fuzzy numbers. (see [1, 2, 3;4, 7,8, 12, 13, 14, 15, 16, 17, 19, 20]).
The notion of statistical convergence was introduced by Fast [9] and Schoenberg
[18], independently. Over the years and under different names statistical conver-
gence has been discussed in the theory of Fourier analysis, ergodic theory and
number theory. Later on it was further investigated from the sequence space point
of view and linked with summability theory by Connor [5], Fridy [10], Tripathy
[20], and many others. However;.the order of statistical convergence for a sequence
of positive linear operators was given by Gadjiev and Orhan [11]. Subsequently, for

€ (0,1], Colak 6] introduced the strong p—Cesaro summability of order « for se-
quences of complex numbers. The statistical convergence and Cesaro summability
in sequences of fuzzy numbers are very important topics in fuzzy mathematics. The
purpose of this paper s to introduce statistical convergence of order 8 and strong
p—Cesarosummability of order § in sequences of fuzzy numbers for § € (0, 1], and
is to give some relations between these concepts.

2. Preliminaries

In this section we give the basic notions related to fuzzy numbers and a brief
information about statistical convergence and strong p—Cesaro summability of a
sequence X = (Xj) of fuzzy numbers. In addition, for 8 € (0,1] we define the
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notions of statistical convergence of order 8 and strong p—Cesaro summability of
order [ for sequences of fuzzy numbers.
A fuzzy set u on R is called a fuzzy number if it has the following properties:

i) u is normal, that is, there exists an zy € R such that u(zg) = 1;

it) w is fuzzy convex, that is, for z,y € R and 0 < A < Lu(Az + (1 — N)y) >
min[u(z), u(y)];

iii) u is upper semicontinuous;

iv) suppu = cl{z € R : u(z) > 0}, or denoted by [u]®, is compact.

a—level set [u]® of a fuzzy number u is defined by

] = {z eR:u(z) >a}, ifaec(0,1]
ue = supp u, if a=0.

It is clear that u is a fuzzy number if and only if [u]* is a closed interval for each
a € 1[0,1] and [u]' # 0.
A real number 7 can be regarded as a fuzzy number# defined by

_ 1, z=r
7 (z) = { 0, z#r

If w € L(R), then u is called a fuzzy number, and L(R) is said to be a fuzzy
number space.

Let u,v € L(R) and the a—level sets of fuzzy numbers u and v be [u]® = [u®, u®]
and [v]* = [v*,7], @ € (0,1]. Then, a partial ordering ” < ” in L(R) is defined
by u <v & u®* <v®* and u®* < v* for alla € (0,1].

In order to measure the distance between two fuzzy numbers v and v, we use
the metric

d (u,0) = S du ([u]™, [v]%)

where dg is the Hausdorfl metric defined as
d ([u]”, [v]”) = max {|u® —v*|, @ — v}

It is known<that d is a metric on L(R), and (L(R),d) is a complete metric space
[7].

A sequence X = (Xj) of fuzzy numbers is a function X from the set N of all
positive integers into L(R). Thus, a sequence of fuzzy numbers (X}) is a correspon-
dence between the set of positive integers and the set of fuzzy numbers, i.e., to each
positive integer k there corresponds a fuzzy number X (k). It is more common to
write X} rather than X (k) and to denote the sequence by (Xj) rather than X.
The fuzzy number X is called the k-th term of the sequence.

The sequence X = (Xj) of fuzzy numbers is said to be bounded if there exist
fuzzy numbers u and v such that u < X < v for each k € N and convergent
to the fuzzy number X, written as lilgn X = Xy, if for every € > 0 there exists a

positive integer kg such that d (X, Xo) < € for k > kg. Let £ (F) and ¢ (F) denote
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the set of all bounded sequences and all convergent sequences of fuzzy numbers,
respectively [15].

Nuray and Savasg [17] defined the notion of statistical convergence for sequences
of fuzzy numbers:

Let X = (X}) be a sequence of fuzzy numbers. Then (X}) is said to be statisti-
cally convergent to the fuzzy number X, if

lim L [{k <n:d(XpXo) > e} =0

n—o0o N,
for every € > 0, where the vertical bars indicate the number of elements in the
enclosed set. In this case, we write S — lim Xj, = X, or X; — Xo.

Kwon [14] defined the concept of strong p—Cesaro summability for sequences of
fuzzy numbers and examined relations between statistical convergence and strong
p—Cesaro summability:

Let p be a positive real number. A sequence X = (Xj) of fuzzy numbers is
said to be strongly p—Cesaro summable to the fuzzy number X, if there'is a fuzzy

number X such that
n

1 p
nlgroloﬁg[d(xk,xo)] =0.

Colak [6] introduced S—density of subset A of the set N as follows:
Let 8 be any real number such that 3 € (0,1]. Then, S—density of subset A of
the set N of all positive integers is defined by

. 1
0 (A) = lim n—6|{k§n:keA}|

provided the limit exists, where |{k <n : k& € A}| denotes the number of elements
of A not exceeding n.

Obviously, any finite subset of N has zero S—density and dg (A°) = 1 — 5 (A4)
for 8 =1, but equality does not hold for 8 € (0,1) in general. Also, the 8—density
of any set reduces to the natural density of the set for § = 1.

Definition 2.1.-Let g € (0,1] and X = (Xj) be a sequence of fuzzy numbers.
Then the sequence X = (X) of fuzzy numbers is said to be statistically convergent
of order 3, to fuzzy number X if for every € > 0,

1
lim — {k <n:d(Xy, Xo) >¢e}| =0,

n—oo nf

where the vertical bars indicate the number of elements in the enclosed set. In this
case we write S° (F)—lim X}, = Xo. We denote the set of all statistically convergent
sequences of order 3 by S? (F).

It is clear that a sequence (Xj) of fuzzy numbers is levelwise statistically con-
vergent of order 3, to the fuzzy number X, if and only if S# (F) — klim (X, " =
—00

[X,]" and SP(F) — klim [Xi]® = [Xo]” for all @ € [0,1] and 8 € (0,1], i.e.
—00
L{k <n:d([X3]", [Xo]") = e} 2 0asn— oo forall a €[0,1].
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The statistical convergence of order 3 is the same with the statistical convergence
for 8 = 1. Although the statistical convergence of order 3 is well defined for § €
(0,1], but it is not well defined for 8 > 1. (See Example 2.2).

Example 2.2. Define the sequence X = (X}) of fuzzy numbers as follows:

r—1, forl<zx<2

—x+3, for2<zx<3 }:=1, ifkisodd
0, otherwise
X () = r—4, forda<z<5h
—r+6, for5<x<6 =1y, if kis even
0, otherwise

Then, we calculate a—level set of this sequence as follows:

(X, = 1+a,3—a], ifkisodd
K7l 44,6 —a], if kis even

From this, we obtain

. 1 a o : n.

Jim G [{k < ncd ([Xa], [0]7) 2 e} < Hm o =0
and )

Jim 5 [{k < ncd ([Xa]”, ) Z2ebhs im o5 =0

for B> 1, where [[1]* = [1 + o, 3 — a] and [l5]" =4 + «,6 — a] and hence sequence
X = (X}) statistically converges of-order 3, both to fuzzy number I; and l. But
this is not true for statistical convergence.(See Figure 1)

A i = (Xy, if k is odd)

1T Iy = (X, if k is even)

\4

FIGURE 1. (X}) is Statistically Convergent of Order /3, Both to
Fuzzy Numbers [; and ls for 8 > 1

Theorem 2.3. Let X = (Xi) and Y = (Yy) be two sequences of fuzzy numbers
and B € (0,1]. Then

(i) If SP (F) —lim X, = X, and c € R, then SP (F) — lim X} = cXo.
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(ii) If S8 (F) —lim X, = Xo and SP (F) —limY}, = Yo, then SP (F) — lim (X, + Y;) =
Xo + Yo.

Proof. (i) Tt follows from the inequality

1 1 €
5 H{k <n:d(cXg,cXo) >e}| < 7 '{k <n:d(Xp,Xo) > H}l

(ii) It follows from the inequality
1 1
—5 [k <m:d (X + Y5, Xo+Y0) 2 e}l < — [{k < n: d(Xo, Xo) +d (Yi, Yo) > e}
Hk<n d (X, Xo) > £}
+= ’{k <n:d(Ye Yo) > 5}’

]

It is easy to see that every convergent sequence X = (Xj) of fuzzy numbers is
statistically convergent of order 5. But the converse is not true, for this we can
give the following example.

Example 2.4. Consider the sequence X = (X}) of fuzzy numbers as follows:

r—4, ford<z <5

— 3
—z+6, for5<z<6 1f_k1—27r§
Xy (2) = 0, otherwise (m=1,23,..)
r—1, forl<z<2
—r+3, for2<a<3 = X if k # m3
0, otherwise

Then, we calculate a—level set of this sequence as follows:

a [ld+a,6—q], ifk=m?
[Xi] _{ 1+a,3—q], ifk#m3

and so we have
3

lim %|{k<n d([Xk]",[Xo]") > e} < lim vn

n—oo N n—o00 M

Thus, X =(X}) is statistically convergent of order 8, to fuzzy number Xy, where
[Xo]” =[1+a,3—a] for B € (3,1], but not convergent.

Definition 2.5. Let 8 € (0,1] and p be a positive real number. Then the sequence
X = (X}) of fuzzy numbers is said to be strongly p—Cesaro summable of order 3,
to fuzzy number X if there is a fuzzy number X, such that

lim Z (Xp, Xo)]P =

n— 00 ’nﬁ

The strongly p—Cesaro summability of order £ reduces to the strongly p—Cesaro
summability in case § = 1. We denote the set of all strongly p—Cesaro summable
sequences of order 3 by w” (F,p).
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3. Main Results

In this section, we give the relation between statistical convergence of order (8
and statistical convergence of order 7, and the relation between strong p—Cesaro
summability of order 5 and strong p—Cesaro summability of order v for 5,y €
(0,1]. Also, we show that if a sequence X = (X}) of fuzzy numbers is statistically
convergent of order 8, and X = (Xj) is bounded, then it doesn’t need to be strongly
p—Cesaro summable of order # and give an example of sequence of triangular fuzzy
numbers.

Theorem 3.1. Let 0 < 8 < v < 1. Then, if a sequence X = (X) of fuzzy
numbers is statistically convergent of order B, to the fuzzy number X, then it is
statistically convergent of order y, to the fuzzy number Xo, i.e. S8 (F) C S7(F)
and the inclusion is strict for some B and v such that 5 < .

Proof. Let 0 < 8 <~ < 1. Then we have
1 1
- {k <n:d(Xg, Xo) >c}| < i {k <n:.d(Xg,Xo) > ¢}
for every ¢ > 0 and so we get S® (F) C SV (F).
Now, we show that the inclusion is strict. For this, consider the sequence X =

(Xi) of fuzzy numbers as follows

r—3, for3<xz<H4

2
—x+5, fora<z<5h (mlf_kl_Qn;) )
Xy () = 0, otherwise T
x, foro<z<l1
—x+2, forl<z <2 3 := X if k #£ m?
0, otherwise

Then, the a—level set of sequence (X}) is

(X, ]V B+a,5—q], ifk=m?
ke [,2 —a], if k #m?.

It can be easily seen that X = (X}) is statistically convergent of order v, to fuzzy
number X, for v € (%, 1] , where [Xo]® = [, 2 — a], but not statistically convergent
of order 8 for 8 € (0, 3], i.e. X € S7(F), but X ¢ S°(F). This completes the
proof. (Il
Corollary 3.2. If a sequence X = (X) of fuzzy numbers is statistically convergent
of order 3, to fuzzy number Xy for some 8 € (0,1], then it is statistically convergent
to fuzzy number Xo, i.e. S8 (F) C S(F) and the inclusion is strict.

Theorem 3.3. Let 0 < 8 < v < 1 and p be a positive real number. If a se-
quence X = (Xy) of fuzzy numbers is strongly p— Cesaro summable of order 3, to
fuzzy number X, then it is strongly p— Cesaro summable of order v, to Xg, i.e.
w? (F,p) Cw” (F,p) and the inclusion is strict for some B and y such that 8 < 7.
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Proof. Suppose that the sequence X = (Xj) is strongly p—Cesaro summable of
order 3, to Xy such that 0 < 8 <y < 1. Then we can write

1 — 1 «
— 2 (X X)) < 5 > [d (Xe, Xo)I”

n”
k=1 k=1

for p > 0. It follows that X = (X}) is strongly p—Cesaro summable of order v, to X,

since right side of the inequality tends to zero as n — oc. i.e. w® (F,p) C w” (F,p).

In order to show that the inclusion is strict, consider the sequence X = (X}) of
fuzzy numbers defined in the proof of Theorem 3.1. Then, it is easy to see that

1 — 3vn

LSt oy < 220

ny - ny
k=1

for p = 1. Now, it follows that the sequence X = (Xj) is strongly p—Cesaro
summable of order 7, to fuzzy number X, for v € (3,1], i.e. X € w? (F,p), but
since

% L IE ARG
k=1

for p =1, we find that the sequence X = (Xj).is not strongly p—Cesaro summable
of order 8 as n — oo for 5 € (0, %), i.e. X ¢ wl(F,p). Hence, the converse of the
theorem does not hold. (]

Corollary 3.4. Let0 < <~y <1 andp>0. Then,

(i) w? (F,p) = w” (F,p) if and only.if B = -
(i3) w® (F,p) C w (F,p) for each B€ (0,1].

Theorem 3.5. Let 0 < 8 < v < 1 and p be a positive real number. Then, if a
sequence X = (Xy) of fuzzy numbers is strongly p— Cesdro summable of order 3,
to fuzzy number Xg, then it is statistically convergent of order v, to fuzzy number

Xo. d.e. wP(F,p)C 87 (F).

Proof. Let p > 0'and 0.< 8 < < 1. Given £ > 0, for any sequence X = (Xj) of
fuzzy numbers, we may write

D 1A (X, X)) = [{k < n: [d(Xp, Xo)]” > e} £

k=1

and so

v

LS (KXol > k< 4K, X)) > )]
k=1

Y

1
— Hk <n:[d(Xk,Xo0)]" > e} P
Hence, if X = (X}) is strongly p—Cesaro summable of order £, to fuzzy number

X, then it is statistically convergent of order «y, to fuzzy number Xj. O
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If we take v = § in this theorem, we obtain the following result.

Corollary 3.6. Let 8 € (0,1] and 0 < p < oco. If a sequence of fuzzy numbers
is strongly p— Cesaro summable of order B, to fuzzy number Xo, then it is statisti-
cally convergent of order 3, to fuzzy number Xo, i.e. w® (F,p) C SP(F) and the
inclusion is strict.

To show that the inclusion is strict, we give an example as follows:

Example 3.7. Consider the sequence

L 41, for —k><2<0
%2 ) = = — 3
-Z+1 for 0 < z < k2 itk =m
A . (m = 1,2,3yw.)
Xy (2) = 0, otherwise ‘
k B r—3, for3<zx<4
—r+5, ford<zx<5H = X if k #£m3
0, otherwise
Then, the a—level set of sequence (X}) is
(X4 = k2 (1—0a),k* (1= a)], if k=m?
[B+a,5—a], if k # m3

Hence we conclude that the sequence (X} )/is statistically convergent of order 3, to
the fuzzy number X, for 8 € (3,1], where [Xo]” = [3+ a,5 — a] (See Figure 2),
but it is not strongly p—Cesaro summable for p= 1.

Xo (= Xy for k#n®)

Xy (for k=n3) Xet

i
|

FIGURE 2. (X}) is Statistical Convergent of Order 3, to

Fuzzy Number X

Corollary 3.8. Let § € (0,1] and 0 < p < co. Then, if a sequence X = (X) of
fuzzy numbers is strongly p— Cesaro summable of order 3, to the fuzzy number X,
then it is statistically convergent to the fuzzy number Xo, i.e. w? (F,p) C S (F).

Proof. If a sequence X = (X},) of fuzzy numbers is strongly p—Cesaro summable of
order (3, to the fuzzy number Xy, then it is statistically convergent to fuzzy number


www.SID.ir

Statistical Convergence and Strong p—Cesaro Summability of Order 8 in ... 71

Xo from Corollary 3.6 and Corollary 3.2. We show that the converse is not true.
For this consider the sequence

r—3, for3<z<4

— 23
—x+5, ford<z<5h (mlf_kl_zn; )
Xy (2) = 0, otherwise T
T, for0<z<1
—x+2, forl<zx<2 = X if k #£ m3
0, otherwise

Then, the a—level set of the sequence (X}) is

[(X,]% = B+a,5—a], ifk=m?
k [,2—a], ifk#m?

Now, it is easy to see that the sequence X = (X}) is statistically convergent to
the fuzzy number Xg, where [Xo]” = [a,2 — o], but it is not strongly p—Cesaro
1

summable of order 5 for g € (O, 5] and p = 1. Really, we can write

3Vn -3 < nif@ Z [d([Xk]", [Xo]™)).

np -
k=1

Hence, it follows that the sequence (X}) is not strongly p—Cesaro summable of

order 3 for 8 € (O7 %} and p = 1, since i‘{iﬁ — o0 as n — oo. This completes the

proof. (I

Remark 3.9. Tt is known that if a sequence (X}) of fuzzy numbers is bounded and
statistical convergent, then it is strongly p—Cesaro summable. But, we see that if
the sequence (X}) of fuzzy numbers is bounded and statistical convergent of order
B, then it cannot be strongly p—Cesaro summable of order § for 5 € (0,1). For
this, define the sequence (Xj) of fuzzy numbers as follows:

2vk—2vk/k+1x for - L_ << VE+vVE+1

/Y O Tt 1 = SVkvEL if k£ m?
2VEVEFIz—2VEF]L for YEEVEFT o 1
Vk—vETL ) WEVvEFL =7 = Vk ? (m=1,2,3,...)
X (z) = 0, otherwise
r—2, for2<z<3
—x+4, for3<zx<4 ,, if k =m?
0, otherwise
Then, the a—level set of sequence (X}) is
—a(VE—vEFT)+2VE o(VE—VEFD)+2VEF1 . 9
a if k 75 m
[Xk,] = 2vVkvVEk+1 ) 2V kvVE+1 )
24 a,4—a, if K =m?

It is easy to see that the sequence (X}) is statistical convergent of order f, to the
fuzzy number 0 = [0, 0] for 8 € (0, 1] and bounded. Now we show that (X}) is not
strongly p—Cesaro summable.
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- 2
R Xy (for k#m?) X X X Xo (for k=m?)

A 4

e
-
-

b
e
s

FIGURE 3. (X) is Statistical Convergent of Order 3, to Fuzzy
Number 0 and Bounded

Firstly, we define the set K,, = {k <n:k#m? mc¢ N}. Hence we may write

5 Z ,[0,0))” = nﬁ Z ([X&]™, [0,0D]" + — Z [d ([Xk)25[0,0))"
kEKy, kgxn
= VAL 4> = it
1 1
-2 ; >

for p = 1. Therefore, it follows that the sequence (Xj) is not strongly p—Cesaro
summable for § € (07 %]

4. Conclusions

In this study, we develope the concepts of statistical convergence and strong
p—Cesaro summability for sequences of fuzzy numbers by taking 8 € (0, 1] and give
some relations between these two concepts for sequences of fuzzy numbers. How-
ever, boundedness and statistical convergence of a sequence (X) of fuzzy numbers
implies strongly p—Cesaro summability in case § = 1, but it is demonstrated that
if the sequence (X}) of fuzzy numbers is bounded and statistically convergent of
order 3, then it can not be strongly p—Cesaro summable of order 8 for 0 < 8 < 1
(Remark 3.9).
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