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A NEW ANALYTICAL METHOD FOR SOLVING FUZZY

DIFFERENTIAL EQUATIONS

S. LATA AND A. KUMAR

Abstract. In the literature, several numerical methods are proposed for solv-
ing nth-order fuzzy linear differential equations. However, till now there are
only two analytical methods for the same. In this paper, the fuzzy Kol-
mogorov’s differential equations, obtained with the help of fuzzy Markov model
of piston manufacturing system, are solved by one of these analytical methods
and illustrated that the obtained solution does not represent a fuzzy number.
To resolve the drawback of existing method, a new analytical method is pro-
posed for solving nth-order fuzzy linear differential equations. Furthermore,
the advantage of proposed method over existing method is also discussed.

1. Introduction

In various real-world problems, it is desirable to transform the behavior of a
specific phenomenon into a deterministic initial value problem of linear systems
of differential equations. However, the model is not usually perfect due to lack
of certain information which must be estimated through measurements. In recent
years, lot of work has been done by several authors in fuzzy differential equations
[1-11,13-33,37-39,46-48,50-52].

The concept of fuzzy derivative was first introduced by Chang and Zadeh [21]. It
was followed by Dubois and Prade [28], who defined and applied the extension prin-
ciple. Goetschel-Voxman derivative was defined in [33]. Seikkala [52] defined fuzzy
derivative which is the generalization of Hukuhara derivative [51]. Fuzzy initial
value problem has been studied by Kaleva [38, 39] and Seikkala [52], higher order
fuzzy differential equations have been studied in [15, 32] and numerical methods
have been discussed in [1, 2, 3, 4, 6, 7, 8, 47, 50].

Fuzzy differential equations are utilized to analyze the behavior of phenomena
that are subject to imprecise or uncertain factors, ranging from particle physics [46],
chaotic systems [30, 31] and engineering [48] to medicine [10] and computational
biology [9, 19, 20].

Similar to ordinary differential equations, the analytical solution of fuzzy differen-
tial equations is often difficult. Buckley and Feuring [15] introduced two analytical
methods for solving nth-order fuzzy linear differential equations. Their first method
of solution is to fuzzify the crisp solution and to check that the obtained solution
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satisfies the differential equation or not and in the second method they first solve
fuzzy differential equation and then check that if it defines a fuzzy function or not.

In this paper, the fuzzy Kolmogorov’s differential equations are solved by an
existing analytical method and illustrated that the obtained solution does not define
a fuzzy number. To resolve the drawback of existing method, a new analytical
method is proposed for solving nth-order fuzzy linear differential equations and the
advantage of proposed method over existing method is also demonstrated.

This paper is organized as follows: In section 2, some basic definitions and
arithmetic operations are presented. In section 3, an existing analytical method for
solving nth-order fuzzy linear differential equations is illustrated. The drawback
of existing method is pointed out in section 4 and the drawback of the existing
method while solving real life problems is discussed in section 5. In section 6, a
new analytical method is proposed to find the solution of nth-order fuzzy linear
differential equations with the help of JMD LR flat fuzzy numbers. Also, the
advantage of proposed method over the existing method as well as the advantage
of JMD LR flat fuzzy numbers over existing LR flat fuzzy numbers are discussed.
In section 7, fuzzy reliability of piston manufacturing system is evaluated. The
conclusion is drawn in section 8.

2. Preliminaries

In this section, some basic definitions and arithmetic operations are presented.

2.1. Basic Definitions. In this section, some basic definitions are presented.

2.1.1. α-cut. In this section, definitions of α-cut of a fuzzy number, zero α-cut and
equality of α-cuts are presented [40].

Definition 2.1. An α-cut of a fuzzy number Ã is defined as a crisp set Aα =
{x : µÃ(x) ≥ α, x ∈ X}, where α ∈ [0, 1].

Definition 2.2. An α-cut Aα = [a, b] is said to be zero α-cut if and only if a = 0
and b = 0.

Definition 2.3. Two α-cuts Aα = [a1, b1] and Bα = [a2, b2] are said to be equal
i.e., Aα = Bα if and only if a1 = a2 and b1 = b2.

2.1.2. LR Flat Fuzzy Number. In this section, definitions of LR flat fuzzy num-
ber, zero LR flat fuzzy number and equality of LR flat fuzzy numbers are presented
[27].

Definition 2.4. A fuzzy number Ã = (m,n, αL, αR)LR is said to be an LR flat
fuzzy number if

µÃ(x) =




L(m−x
αL ), for x ≤ m, αL > 0

R(x−n
αR ), for x ≥ n, αR > 0

1, otherwise

If m = n then Ã = (m,n, αL, αR)LR will be converted into Ã = (m,αL, αR)LR and
is said to be LR fuzzy number.
L : [0,∞) → [0, 1] and R : [0,∞) → [0, 1] are called reference functions, which are
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continuous, non-increasing functions that defines the left and right shapes of µÃ(x)
respectively and L(0) = R(0) = 1.

Definition 2.5. An LR flat fuzzy number Ã = (m,n, αL, αR)LR is said to be zero
LR flat fuzzy number if and only if m = 0, n = 0, αL = 0 and αR = 0.

Definition 2.6. An LR flat fuzzy number Ã = (m,n, αL, αR)LR is said to be
non-negative LR flat fuzzy number if and only if m− αL ≥ 0.

Definition 2.7. Two LR flat fuzzy numbers Ã1 = (m1, n1, α
L
1 , α

R
1 )LR and Ã2 =

(m2, n2, α
L
2 , α

R
2 )LR are said to be equal i.e., Ã1 = Ã2 if and only if m1 = m2, n1 =

n2, α
L
1 = αL

2 and αR
1 = αR

2 .

Definition 2.8. Let Ã = (m,n, αL, αR)LR be an LR flat fuzzy number and λ be
a real number in the interval [0, 1] then the crisp set, Aλ = {x ∈ X : µÃ(x) ≥ λ} =

[m− αLL−1(λ), n+ αRR−1(λ)], is said to be λ-cut of Ã.

Remark 2.9. [52] For fuzzy process, y : I → E with y(t, r). The Seikkala derivative
y′(t) of a fuzzy process y is defined by
y′(t, r) = [y′(t, r), y′(t, r)], 0 < r ≤ 1
provided that this equation defines a fuzzy number y′(t) ∈ E.

2.2. Arithmetic Operations. In this section, some arithmetic operations be-
tween intervals and LR flat fuzzy numbers are presented.

2.2.1. Arithmetic Operations Between Intervals. In this section, some arith-
metic operations between intervals are presented [40].

Let A = [a1, b1], B = [a2, b2] be two intervals. Then,

(i) A+B = [a1 + a2, b1 + b2]
(ii) A−B = [a1 − b2, b1 − a2]

(iii) λA=

{
[λa1, λb1], λ ≥ 0
[λb1, λa1], λ ≤ 0

(iv) AB = [a, b], where, a = minimum (a1a2, a1b2, a2b1, b1b2) and b = maximum
(a1a2, a1b2, a2b1, b1b2)

2.2.2. Arithmetic Operations Between LR Flat Fuzzy Numbers. In this
section, arithmetic operations between LR flat fuzzy numbers are presented [27].

Let Ã1 = (m1, n1, α
L
1 , α

R
1 )LR, Ã2 = (m2, n2, α

L
2 , α

R
2 )LR be any L-R flat fuzzy

numbers and Ã3 = (m3, n3, α
L
3 , α

R
3 )RL be any R-L flat fuzzy number. Then,

(i) Ã1 ⊕ Ã2 = (m1 +m2, n1 + n2, α
L
1 + αL

2 , α
R
1 + αR

2 )LR

(ii) Ã1 � Ã3 = (m1 − n3, n1 −m3, α
L
1 + αR

3 , α
R
1 + αL

3 )LR

(iii) If Ã1 and Ã2 both are non-negative then

Ã1 � Ã2 � (m1m2, n1n2,m1α
L
2 + αL

1m2 − αL
1 α

L
2 , n1α

R
2 + αR

1 n2 + αR
1 α

R
2 )LR

(iv) If Ã1 is non-positive and Ã2 is non-negative then

Ã1 � Ã2 � (m1n2, n1m2, α
L
1 n2 −m1α

R
2 + αL

1 α
R
2 , α

R
1 m2 − n1α

L
2 − αR

1 α
L
2 )LR

(v) If Ã1 is non-negative and Ã2 is non-positive then

Ã1 � Ã2 � (n1m2,m1n2, n1α
L
2 − αR

1 m2 + αR
1 α

L
2 ,m1α

R
2 − αL

1 n2 − αL
1 α

R
2 )LR
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(vi) If Ã1 and Ã2 both are non-positive then

Ã1�Ã2 � (n1n2,m1m2,−n1α
R
2 −αR

1 n2−αR
1 α

R
2 ,−m1α

L
2 −αL

1m2+αL
1 α

L
2 )LR

(vii) λÃ1 =

{
(λm1, λn1, λα

L
1 , λα

R
1 )LR λ ≥ 0

(λn1, λm1,−λαR
1 ,−λαL

1 )RL λ < 0

3. Existing Method

Buckley and Feuring [15] introduced two analytical methods for solving nth-order
fuzzy linear differential equations. In this section, one of these existing methods is
illustrated.

The solution of nth-order fuzzy linear differential equation

ãnỹ
(n) ⊕ ãn−1ỹ

(n−1) ⊕ ...⊕ ã1ỹ
(1) ⊕ ã0ỹ = g̃(x) (1)

with initial conditions ỹ(0) = γ̃0, ỹ
(1)(0) = γ̃1, ..., ỹ

(n−1)(0) = γ̃n−1

where, ỹ(i) = diỹ
dxi for i = n, n − 1, ..., 1, ãn, ãn−1, ãn−2, ..., ã1, ã0 are LR flat fuzzy

numbers, can be obtained by using the following steps:

Step 1: Find the α-cuts [an(1)(x, α), an(2)(x, α)],[an−1(1)(x, α), an−1(2)(x, α)], ...,

[a1(1)(x, α), a1(2)(x, α)], [a0(1)(x, α), a0(2)(x, α)],[y
(n)
1 (x, α), y

(n)
2 (x, α)], [y

(n−1)
1 (x, α),

y
(n−1)
2 (x, α)],...,[y(1)1 (x, α), y

(1)
2 (x, α)],[y1(x, α), y2(x, α)] and [γ0(1)(0, α), γ0(2)(0, α)],

[γ1(1)(0, α), γ1(2)(0, α)], ..., [γn−1(1)(0, α), γn−1(2)(0, α)] corresponding to fuzzy pa-

rameters ãn, ãn−1, ãn−2, ..., ã1, ã0, ỹ
(n), ỹ(n−1), ..., ỹ(1), ỹ and γ̃0, γ̃1, ..., γ̃n−1

respectively.

Step 2: Replacing ãn, ãn−1, ãn−2, ..., ã1, ã0, ỹ
(n), ỹ(n−1), ..., ỹ(1), ỹ and γ̃0, γ̃1, ..., γ̃n−1

by their α-cuts, obtained in Step 1, the equation (1) can be written as:

[an(1)(x, α), an(2)(x, α)][y
(n)
1 (x, α), y

(n)
2 (x, α)] + [an−1(1)(x, α), an−1(2)(x, α)][y

(n−1)
1

(x, α), y
(n−1)
2 (x, α)] + ...+ [a1(1)(x, α), a1(2)(x, α)][y

(1)
1 (x, α), y

(1)
2 (x, α)] + [a0(1)(x, α),

a0(2)(x, α)][y1(x, α), y2(x, α)] = [g(x), g(x)] (2)

with initial conditions [y1(0, α), y2(0, α)] = [γ0(1)(0, α), γ0(2)(0, α)], [y
(1)
1 (0, α), y

(1)
2 (0, α)]

= [γ1(1)(0, α), γ1(2)(0, α)],..., [y
(n−1)
1 (0, α), y

(n−1)
2 (0, α)] = [γn−1(1)(0, α), γn−1(2)(0, α)].

Step 3: Using Definition 2.3 and section 2.2.1, the equation (2) can be split
into two ordinary differential equations.

Step 4: Solve the ordinary differential equations, obtained in Step 3, to find
the values of y1(x0, α) and y2(x0, α) corresponding to x = x0, where x0 is
any real number.

Step 5: Check that [y1(x0, α), y2(x0, α)] defines the α-cut of a fuzzy number
or not i.e., the following conditions are satisfied or not.
(i) y1(x0, α) is monotonically increasing function for α ∈ [0, 1]
(ii) y2(x0, α) is monotonically decreasing function for α ∈ [0, 1]

Case 1: If [y1(x0, α), y2(x0, α)] defines α-cut of a fuzzy number then the fuzzy
solution ỹ(x0) of fuzzy differential equation (1) exist and [y1(x0, α), y2(x0, α)]
represents the α-cut corresponding to fuzzy solution ỹ(x0).

Case 2: If [y1(x0, α), y2(x0, α)] does not define α-cut of a fuzzy number then
the fuzzy solution ỹ(x0) of fuzzy differential equation (1) does not exist.
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4. Drawback of Existing Method

To specify the drawback of existing method [15], the system of fuzzy equations
is solved by existing method [15].

Example 4.1. Solve the following system of fuzzy equations:

(m11, n11, α
L
11, α

R
11)LR ⊕ (m12, n12, α

L
12, α

R
12)LR = (20, 30, 10, 10)LR

(m21, n21, α
L
21, α

R
21)LR ⊕ (m22, n22, α

L
22, α

R
22)LR = (20, 35, 5, 5)LR

(m11, n11, α
L
11, α

R
11)LR ⊕ (m21, n21, α

L
21, α

R
21)LR = (15, 25, 3, 5)LR


 (3)

4.1. Solution of the Chosen Problem. With the help of the existing method
[15], the solution of system of fuzzy equations (3) can be obtained by using the
following steps:

Step 1: Replacing (mij , nij , α
L
ij , α

R
ij)LR by its α-cut [mij − αL

ijL
−1(α), nij +

αR
ijR

−1(α)] the system of fuzzy equations (3) can be written as:

[m11 − αL
11L

−1(α), n11 + αR
11R

−1(α)] + [m12 − αL
12L

−1(α), n12+
αR
12R

−1(α)] = [20− 10L−1(α), 30 + 10R−1(α)]
[m21 − αL

21L
−1(α), n21 + αR

21R
−1(α)] + [m22 − αL

22L
−1(α), n22+

αR
22R

−1(α)] = [20− 5L−1(α), 35 + 5R−1(α)]
[m11 − αL

11L
−1(α), n11 + αR

11R
−1(α)] + [m21 − αL

21L
−1(α), n21+

αR
21R

−1(α)] = [15− 3L−1(α), 25 + 5R−1(α)]


 (4)

Step 2: Using section 2.2.1, the system of equations (4) can be written as:

[m11 − αL
11L

−1(α) +m12 − αL
12L

−1(α), n11 + αR
11R

−1(α) + n12+
αR
12R

−1(α)] = [20− 10L−1(α), 30 + 10R−1(α)]
[m21 − αL

21L
−1(α) +m22 − αL

22L
−1(α), n21 + αR

21R
−1(α) + n22+

αR
22R

−1(α)] = [20− 5L−1(α), 35 + 5R−1(α)]
[m11 − αL

11L
−1(α) +m21 − αL

21L
−1(α), n11 + αR

11R
−1(α) + n21+

αR
21R

−1(α)] = [15− 3L−1(α), 25 + 5R−1(α)]


 (5)

Step 3: Using Definition 2.3, the system of equations (5) can be written as:

m11 − αL
11L

−1(α) +m12 − αL
12L

−1(α) = 20− 10L−1(α)
n11 + αR

11R
−1(α) + n12 + αR

12R
−1(α) = 30 + 10R−1(α)

m21 − αL
21L

−1(α) +m22 − αL
22L

−1(α) = 20− 5L−1(α)
n21 + αR

21R
−1(α) + n22 + αR

22R
−1(α) = 35 + 5R−1(α)

m11 − αL
11L

−1(α) +m21 − αL
21L

−1(α) = 15− 3L−1(α)
n11 + αR

11R
−1(α) + n21 + αR

21R
−1(α) = 25 + 5R−1(α)


 (6)

Step 4: On solving the system of equations (6) for α = 0, the following
optimal solution is obtained:
m11 = 15, n11 = 25, αL

11 = 15, αR
11 = 5

m12 = 5, n12 = 5, αL
12 = −5, αR

12 = 5
m21 = 0, n21 = 0, αL

21 = −12, αR
21 = 0

m22 = 20, n22 = 35, αL
22 = 17, αR

22 = 5

4.2. Shortcoming of Obtained Result. In the fuzzy number (mij , nij , α
L
ij , α

R
ij)LR,

the conditions mij ≤ nij , α
L
ij ≥ 0 and αR

ij ≥ 0 should always be satisfied but in the

obtained solution αL
12 < 0 and αL

21 < 0. Hence, on the basis of obtained solution
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by applying the existing method [15], one may conclude that the system of fuzzy
equations (3) is infeasible.

However, if the system of equations, obtained in Step 3, is solved with the
restrictions mij ≤ nij , α

L
ij ≥ 0 and αR

ij ≥ 0 then the following feasible solution
is obtained:
m11 = 0, n11 = 10, αL

11 = 0, αR
11 = 5

m12 = 20, n12 = 20, αL
12 = 10, αR

12 = 5
m21 = 15, n21 = 15, αL

21 = 3, αR
21 = 0

m22 = 5, n22 = 20, αL
22 = 2, αR

22 = 5
On the basis of the above result, it can be concluded that although the chosen

system of fuzzy equations is feasible but no feasible solution can be obtained by
applying existing method [15].

4.3. Reason of Shortcoming. On solving the system of ordinary differential
equations, obtained in Step 3 of the existing method [15], the following shortcoming
may occur:

4.3.1. Shortcoming Due to Analytical Methods. If the system of ordinary
differential equations, obtained in Step 3 of the existing method [15], is solved by any
analytical method then it is not possible to apply any restriction on the dependent
variables y1 and y2. If there exist more than one fuzzy solution of a fuzzy differential
equation then by using the existing method [15] that solution may be obtained which
satisfies the condition y1 ≤ y2 and on the basis of the obtained solution, one may
conclude that the solution of the fuzzy differential equation does not exist whereas
in actual there may possibly exist feasible solution of fuzzy differential equation.

4.3.2. Shortcoming Due to Numerical Methods. In practice, it is not always
possible to find the exact solution of ordinary differential equations and in such
cases the numerical methods are employed to solve ordinary differential equations.
If the system of ordinary differential equations, obtained in Step 3 of the existing
method [15], is solved by numerical methods then it is not possible to apply any
restriction on the dependent variables y1 and y2. Therefore, the confusion regarding
the feasibility of chosen fuzzy differential equation may take place.

5. Shortcoming of Existing Method in Real Life Problems

In the literature, several methods [34, 35, 36, 44, 49, 53, 55, 56, 57] are proposed
to evaluate fuzzy reliability of industrial systems. One of these existing methods
for evaluating the fuzzy reliability is by using fuzzy Markov modeling [12, 41, 43,
45, 54], wherein fuzzy Kolmogorov’s differential equations are developed by fuzzy
Markov model. Further, fuzzy reliability is evaluated by solving the attained fuzzy
Kolmogorov’s differential equations.

In this section, fuzzy Kolmogorov’s differential equations, obtained by using
fuzzy Markov model of piston manufacturing system, are solved by using an ana-
lytical method [15] and it is illustrated that the obtained solution does not define a
fuzzy number. Therefore, the solution of fuzzy Kolmogorov’s differential equations
can not be used to evaluate fuzzy reliability of piston manufacturing system.
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5.1. Fuzzy Markov Modeling of Piston Manufacturing System. Piston
manufacturing system consists of two sub-systems namely R1 and R2 , which are
connected in series. Further the sub-system R1 consists of six sub-systems namely
A,B,C,D,E and F and similarly, six sub-systems namely G,H, I, J,K and L con-
stitute the sub-system R2. Markov models for sub-system R1 and sub-system R2

are shown in Figure 1 and Figure 2 respectively.
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Figure 1. Fuzzy Markov Model of Sub-System R1
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Figure 2. Fuzzy Markov Model of Sub-System R2

The operations that are performed on these machines or sub-systems are as
follows:

1. Sub-system A (Fixture Seat Machine): This machine is used to clamp
the piston.

2. Sub-system B (Rough Grooving and Turning Machine): On this
machine, rough grooves are made on piston. Turning operation is performed
on this machine i.e., to bring the dia of piston to proper size.
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3. Sub-system C (Rough Pin Hole Boring Machine): Pin hole boring
operation is performed using this machine i.e., proper size is given to holes.

4. Sub-system D (Oil Hole Drilling Machine): On this machine, one
hole is made on the piston to supply the oil. The oil is used to move piston
in cylinder smoothly.

5. Sub-system E (Finishing Grooving Machine): On this machine, the
finishing is given to rough grooves which are prepared using sub-system B.

6. Sub-system F (Finish Profile Turning Machine): Oval shape is given
to piston using this machine.

7. Sub-system G (Finish Pin Hole Boring Machine): On this machine,
finishing is given to the pin hole portion which is prepared using sub-system C.

8. Sub-system H (Finish Crown and Cavity Machine): On this ma-
chine, finishing operation is performed on the crown of piston.

9. Sub-system I (Valve Milling Machine): On this machine, valve recess
is made on the piston.

10. Sub-system J (Chamfering or Radius Machine): This machine rounds
off the corners of the piston so that it can run smoothly in the cylinder.

11. Sub-system K (Circlip Grooving Machine): On this machine, circlip
grooves are made on the piston.

12. Sub-system L (Piston Cleaning Machine): This machine is used to
clean the inside and outside portion of the piston.

5.2. Notation. In this section, notation that is used to evaluate the fuzzy reliabil-
ity of piston manufacturing system are presented:

1. A,B,C,D,E, F and G,H, I, J,K,L denote good conditions of sub-systems
of R1 and R2 respectively.

2. The symbols a, b, c, d, e, f, g, h, i, j, k and l represent the failed state of the
sub-systems A,B,C,D,E, F,G,H, I, J,K and L respectively.

3. C̄, Ē and Ḡ indicate that the sub-systems C,E and G are working in re-
duced state.

4. χ̃i(i = 1 to 8) represents the fuzzy failure rates of the relevant sub-systems,
when the transition is from A to a, B to b, D to d, F to f , C to C̄, E to
Ē, C̄ to c and Ē to e respectively.

5. β̃i(i = 1 to 8) represents the fuzzy repair rates of the relevant sub-systems,
when the transition is from a to A, b to B, d to D, f to F , C̄ to C, Ē to
E, c to C and e to E respectively.

6. η̃i(i = 1 to 7) represents the fuzzy failure rates of the relevant sub-systems,
when the transition is from H to h, I to i, J to j, K to k, L to l, G to Ḡ
and Ḡ to g respectively.

7. µ̃i(i = 1 to 7) represents the fuzzy repair rates of the relevant sub-systems,
when the transition is from h to H, i to I, j to J , k to K, l to L, Ḡ to G
and g to G respectively.

8. P̃j(t), j = 1, 2, ..., n represents the fuzzy probability that the system is in

state Sj at time t, where n is number of states. P̃ ′
j(t), j = 1, 2, ..., n repre-

sents derivative of P̃j(t) with respect to t.
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9. R̃1(t) and R̃2(t) denote the fuzzy reliability of the sub-systems R1 and R2

respectively.
10. R̃(t) represents the fuzzy reliability of the whole system.

5.3. Assumptions. In this section, the assumptions that are made to evaluate
fuzzy reliability of piston manufacturing system are as follows:

(i) Fuzzy failure rates and fuzzy repair rates are independent with each other
and their unit is per hour.

(ii) There are no simultaneous failures among the sub-systems.
(iii) Sub-systems C,E and G fails through reduced states only.

5.4. Data. On the basis of perception of experts, the appropriate failure rates and
repair rates for different sub-systems of R1 and R2 are shown in Table 1 and Table
2 respectively.

Fuzzy failure rate Fuzzy repair rate

χ̃1=(0.00126,0.00154,0.00021,0.00021)LR β̃1=(1.0584,1.1016,0.0324,0.0324)LR

χ̃2=(0.00054,0.00066,0.00009,0.00009)LR β̃2=(0.04214,0.04386,0.00129,0.00129)LR

χ̃3=(0.00081,0.00099,0.000135,0.000135)LR β̃3=(0.49,0.51,0.015,0.015)LR

χ̃4=(0.00081,0.00099,0.000135,0.000135)LR β̃4=(0.28028,0.29172,0.00858,0.00858)LR

χ̃5=(0.01872,0.02288,0.00312,0.00312)LR β̃5=(0.15092,0.15702,0.00462,0.00462)LR

χ̃6=(0.01872,0.02288,0.00312,0.00312)LR β̃6=(0.245,0.255,0.0078,0.0075)LR

χ̃7=(0.00081,0.00099,0.000135,0.000135)LR β̃7=(0.05782,0.06018,0.00177,0.00177)LR

χ̃8=(0.00351,0.00429,0.000585,0.000585)LR β̃8=(0.08526,0.08874,0.00261,0.00261)LR

Table 1. Fuzzy Failure Rates and Fuzzy Repair Rates for

the Different Sub-systems of R1

Fuzzy failure rate Fuzzy repair rate

η̃1=(0.00126,0.00154,0.00021,0.00021)LR µ̃1=(0.3234,0.3366,0.0099,0.0099)LR

η̃2=(0.00027,0.00033,0.00004,0.00004)LR µ̃2=(0.49,0.51,0.015,0.015)LR

η̃3=(0.00009,0.00011,0.00001,0.00002)LR µ̃3=(0.6566,0.6834,0.0201,0.0201)LR

η̃4=(0.00027,0.00033,0.00004,0.00004)LR µ̃4=(0.0343,0.0357,0.00105,0.00105)LR

η̃5=(0.00009,0.00011,0.00001,0.00002)LR µ̃5=(2.9694,3.0906,0.0909,0.0909)LR

η̃6=(0.01872,0.02288,0.00312,0.00312)LR µ̃6=(0.21756,0.22644,0.00666,0.00666)LR

η̃7=(0.0036,0.0044,0.0006,0.0006)LR µ̃7=(0.1225,0.1275,0.00375,0.00375)LR

Table 2. Fuzzy Failure Rates and Fuzzy Repair Rates for

the Different Sub-systems of R2

where, L(x) = R(x) = max{0, 1− x}

5.5. Fuzzy Kolmogorov’s Differential Equations. In this section, fuzzy Kol-
mogorov’s differential equations are developed by using Markov model of sub-system
R1 and sub-system R2.

Fuzzy Kolmogorov’s differential equations for sub-system R1 associated with
Markov model (Figure 1) are:

P̃
(1)
1 (t) ⊕ λ̃1P̃1(t) = β̃1P̃5(t) ⊕ β̃2P̃6(t) ⊕ β̃3P̃7(t) ⊕ β̃4P̃8(t) ⊕ β̃5P̃2(t) ⊕ β̃6P̃3(t) ⊕

β̃7P̃17(t)⊕ β̃8P̃18(t)
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P̃
(1)
2 (t)⊕ λ̃2P̃2(t) = β̃1P̃9(t)⊕ β̃2P̃10(t)⊕ β̃3P̃11(t)⊕ β̃4P̃12(t)⊕ β̃8P̃20(t)⊕ χ̃5P̃1(t)

P̃
(1)
3 (t)⊕ λ̃3P̃3(t) = β̃1P̃13(t)⊕ β̃2P̃14(t)⊕ β̃3P̃15(t)⊕ β̃4P̃16(t)⊕ β̃7P̃19(t)⊕ χ̃6P̃1(t)

P̃
(1)
4 (t)⊕ λ̃4P̃4(t) = β̃1P̃21(t)⊕ β̃2P̃22(t)⊕ β̃3P̃23(t)⊕ β̃4P̃24(t)⊕ χ̃5P̃3(t)⊕ χ̃6P̃2(t)

P̃
(1)
4+i(t)⊕ β̃iP̃4+i(t) = χ̃iP̃1(t), i = 1, 2, 3, 4

P̃
(1)
8+i(t)⊕ β̃iP̃8+i(t) = χ̃iP̃2(t), i = 1, 2, 3, 4

P̃
(1)
12+i(t)⊕ β̃iP̃12+i(t) = χ̃iP̃3(t), i = 1, 2, 3, 4

P̃
(1)
17 (t)⊕ β̃7P̃17(t) = χ̃7P̃2(t)

P̃
(1)
18 (t)⊕ β̃8P̃18(t) = χ̃8P̃3(t)

P̃
(1)
19 (t)⊕ β̃7P̃19(t) = χ̃7P̃4(t)

P̃
(1)
20 (t)⊕ β̃8P̃20(t) = χ̃8P̃4(t)

P̃
(1)
20+i(t)⊕ β̃iP̃20+i(t) = χ̃iP̃4(t), i = 1, 2, 3, 4

where,

P̃
(1)
i (t) = dP̃i

dt for i=1 to 24

λ̃1 = χ̃1 ⊕ χ̃2 ⊕ χ̃3 ⊕ χ̃4 ⊕ χ̃5 ⊕ χ̃6

λ̃2 = χ̃1 ⊕ χ̃2 ⊕ χ̃3 ⊕ χ̃4 ⊕ χ̃6 ⊕ χ̃7 ⊕ β̃5

λ̃3 = χ̃1 ⊕ χ̃2 ⊕ χ̃3 ⊕ χ̃4 ⊕ χ̃5 ⊕ χ̃8 ⊕ β̃6

λ̃4 = χ̃1 ⊕ χ̃2 ⊕ χ̃3 ⊕ χ̃4 ⊕ χ̃7 ⊕ χ̃8

with initial conditions
P̃1(0)=(0.945,0.955,0.005,0.005)LR,

P̃2(0)=(0.0065,0.0075,0.0005,0.0005)LR,

P̃3(0)=(0.0045,0.0055,0.0005,0.0005)LR,

P̃4(0)=(0.0025,0.0035,0.0005,0.0005)LR and

P̃j(0)=(0,0,0,0)LR, j=5 to 24.
Fuzzy Kolmogorov’s differential equations for sub-system R2 associated with

Markov model (Figure 2) are:

P̃
(1)
1 (t)⊕ δ̃1P̃1(t) = µ̃1P̃3(t)⊕ µ̃2P̃4(t)⊕ µ̃3P̃5(t)⊕ µ̃4P̃6(t)⊕ µ̃5P̃7(t)⊕ µ̃6P̃2(t)⊕ µ̃7P̃13(t)

P̃
(1)
2 (t)⊕ δ̃2P̃2(t) = µ̃1P̃8(t)⊕ µ̃2P̃9(t)⊕ µ̃3P̃10(t)⊕ µ̃4P̃11(t)⊕ µ̃5P̃12(t)⊕ η̃6P̃1(t)

P̃
(1)
2+i(t)⊕ µ̃iP̃2+i(t) = η̃iP̃1(t), i = 1, 2, 3, 4, 5

P̃
(1)
7+i(t)⊕ µ̃iP̃7+i(t) = η̃iP̃2(t), i = 1, 2, 3, 4, 5

P̃
(1)
13 (t)⊕ µ̃7P̃13(t) = η̃7P̃2(t)

where,

P̃
(1)
i (t) = dP̃i

dt for i=1 to 13

δ̃1 = η̃1 ⊕ η̃2 ⊕ η̃3 ⊕ η̃4 ⊕ η̃5 ⊕ η̃6
δ̃2 = η̃1 ⊕ η̃2 ⊕ η̃3 ⊕ η̃4 ⊕ η̃5 ⊕ η̃7 ⊕ µ̃6

with initial conditions
P̃1(0)=(0.955,0.965,0.005,0.005)LR,

P̃2(0)=(0.0045,0.0055,0.0005,0.0005)LR

and P̃j(0)=(0,0,0,0)LR, j=3 to 13.

5.6. Solution of Fuzzy Kolmogorov’s Differential Equations. The solution
of fuzzy Kolmogorov’s differential equations of sub-system R1 and sub-system R2

is obtained by applying the existing method [15] for α = 0, 0.2, 0.4, 0.6, 0.8, 1
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at t = 360 hours and the attained solution is illustrated in Table 3 and Table 4
respectively.

p̃j(t) for α = 0 p̃j(t) for α = 0.2 p̃j(t) for α = 0.4 p̃j(t) for α = 0.6 p̃j(t) for α = 0.8 p̃j(t) for α = 1

j pj1(t, α) pj2(t, α) pj1(t, α) pj2(t, α) pj1(t, α) pj2(t, α) pj1(t, α) pj2(t, α) pj1(t, α) pj2(t, α) pj1(t, α) pj2(t, α)

1 0.525421 0.396102 0.515146 0.401844 0.504872 0.407586 0.494597 0.413328 0.484323 0.419071 0.474049 0.424813

2 0.055996 0.065514 0.05667 0.065057 0.057344 0.064601 0.058018 0.064144 0.058692 0.063687 0.059366 0.063231

3 0.032869 0.036752 0.033158 0.036576 0.033447 0.036401 0.033737 0.036226 0.034026 0.036051 0.034316 0.035876

4 0.306812 0.424067 0.315888 0.419049 0.324964 0.414032 0.33404 0.409015 0.343116 0.403998 0.352192 0.398981

5 0.000537 0.000611 0.000542 0.000607 0.000547 0.000604 0.000553 0.000601 0.000558 0.000597 0.000564 0.000594

6 0.005867 0.006627 0.005923 0.006592 0.00598 0.006557 0.006036 0.006522 0.006093 0.006487 0.00615 0.006453

7 0.000747 0.000849 0.000754 0.000844 0.000761 0.000839 0.000769 0.000834 0.000776 0.000829 0.000784 0.000825

8 0.001307 0.001485 0.00132 0.001476 0.001333 0.001468 0.001346 0.001459 0.001359 0.001451 0.001372 0.001443

9 0.000057 0.000101 0.000059 0.000098 0.000062 0.000095 0.000065 0.000093 0.000068 0.000091 0.000071 0.000088

10 0.000623 0.001093 0.000651 0.001065 0.000681 0.001038 0.000709 0.001011 0.000738 0.000984 0.000767 0.000957

11 0.000079 0.00014 0.000082 0.000136 0.000086 0.000133 0.00009 0.000129 0.000094 0.000126 0.000098 0.000122

12 0.000139 0.000245 0.000145 0.000238 0.000151 0.000232 0.000158 0.000226 0.000164 0.00022 0.000171 0.000214

13 0.000033 0.000056 0.000034 0.000054 0.000036 0.000053 0.000037 0.000052 0.000039 0.000051 0.000041 0.00005

14 0.000366 0.000614 0.000381 0.0006 0.000397 0.000586 0.000412 0.000572 0.000428 0.000558 0.000444 0.000544

15 0.000046 0.000078 0.000048 0.000076 0.00005 0.000074 0.000052 0.000072 0.000054 0.000071 0.000056 0.000069

16 0.000081 0.000137 0.000084 0.000134 0.000088 0.000131 0.000091 0.000127 0.000095 0.000124 0.000099 0.000121

17 0.000679 0.001193 0.00071 0.001163 0.000741 0.001133 0.000773 0.001103 0.000804 0.001073 0.000836 0.001044

18 0.00117 0.001967 0.00122 0.001921 0.00127 0.001876 0.00132 0.001831 0.00137 0.001786 0.00142 0.001741

19 0.003628 0.007661 0.003876 0.007431 0.004125 0.007201 0.004373 0.006972 0.004622 0.006742 0.004871 0.006513

20 0.010731 0.022557 0.01146 0.021884 0.01219 0.021211 0.012919 0.020538 0.013649 0.019865 0.014379 0.019193

21 0.000313 0.000654 0.000334 0.000634 0.000355 0.000615 0.000376 0.000595 0.000397 0.000576 0.000419 0.000557

22 0.003293 0.006991 0.00352 0.00678 0.003748 0.006569 0.003975 0.006358 0.004203 0.006147 0.004431 0.005936

23 0.000435 0.000908 0.000464 0.000881 0.000493 0.000853 0.000522 0.000826 0.000551 0.000799 0.000581 0.000772

24 0.000759 0.001587 0.00081 0.00154 0.000861 0.001493 0.000912 0.001446 0.000963 0.001399 0.001015 0.001352

Table 3. Solution of Fuzzy Kolmogorov’s Differential Equations
for Sub-System R1 Obtained by Applying the Existing Method [15]

It is clear from Table 3 and Table 4 that for j = 1, pj1(t, α) > pj2(t, α), i.e.,
[pj1(t, α), pj2(t, α)] does not define α-cut of a fuzzy number p̃j(t) for j = 1. Thus,
the solution obtained by using the existing method [15] can not be used to evaluate
fuzzy reliability of piston manufacturing system.

Remark 5.1. In section 5.6, it is shown that the attained solution by applying
the existing method [15] can not be used to evaluate fuzzy reliability of piston
manufacturing system. Similarly, numerous real life problems can exist wherein
the solution obtained with the help of existing method [15] is not applicable.

6. Proposed Method with JMD LR Flat Fuzzy Numbers

Kumar et al. [42] proposed JMD LR flat fuzzy number and proved that it is
better to use the proposed representation of LR flat fuzzy numbers instead of exist-
ing representation of LR flat fuzzy numbers for finding the fuzzy optimal solution
of fully fuzzy project crashing problems.
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p̃j(t) for α = 0 p̃j(t) for α = 0.2 p̃j(t) for α = 0.4 p̃j(t) for α = 0.6 p̃j(t) for α = 0.8 p̃j(t) for α = 1

j pj1(t, α) pj2(t, α) pj1(t, α) pj2(t, α) pj1(t, α) pj2(t, α) pj1(t, α) pj2(t, α) pj1(t, α) pj2(t, α) pj1(t, α) pj2(t, α)

1 0.87807 0.862585 0.876803 0.86353 0.875536 0.864525 0.87427 0.86552 0.873003 0.866515 0.871737 0.867511

2 0.064038 0.094192 0.065987 0.092551 0.067937 0.09091 0.069887 0.08927 0.071837 0.087629 0.073787 0.085989

3 0.002941 0.004356 0.003032 0.004278 0.003123 0.004201 0.003214 0.004123 0.003305 0.004046 0.003396 0.003969

4 0.000425 0.000624 0.000436 0.000611 0.000447 0.000598 0.000458 0.000586 0.000469 0.000573 0.00048 0.000561

5 0.00011 0.000159 0.000111 0.000155 0.000113 0.000151 0.000115 0.000147 0.000117 0.000143 0.000119 0.000139

6 0.006073 0.008919 0.00623 0.008739 0.006388 0.008559 0.006546 0.008379 0.006704 0.008199 0.006862 0.008019

7 0.000024 0.000035 0.000024 0.000034 0.000024 0.000033 0.000025 0.000032 0.000025 0.000031 0.000026 0.000031

8 0.000228 0.000475 0.000229 0.000459 0.000243 0.000442 0.000257 0.000425 0.000272 0.000409 0.000287 0.000393

9 0.000031 0.000068 0.000033 0.000065 0.000035 0.000062 0.000037 0.00006 0.000039 0.000057 0.000041 0.000055

10 0.000008 0.000017 0.000008 0.000016 0.000009 0.000015 0.000009 0.000014 0.00001 0.000013 0.00001 0.000013

11 0.000442 0.000973 0.000469 0.000937 0.000497 0.000901 0.000525 0.000865 0.000553 0.000829 0.000581 0.000794

12 0.000001 0.000004 0.000001 0.000003 0.000001 0.000003 0.000002 0.000003 0.000002 0.000003 0.000002 0.000003

13 0.001617 0.003588 0.001727 0.003463 0.001837 0.003339 0.001947 0.003215 0.002057 0.003091 0.002168 0.002967

Table 4. Solution of Fuzzy Kolmogorov’s Differential Equations
for Sub-system R2 Obtained by Applying the Existing Method [15]

In this section, to overcome the drawback of existing method [15], a new ana-
lytical method is proposed to find the solution of nth-order fuzzy linear differen-
tial equations with the help of JMD LR flat fuzzy numbers and the advantage of
proposed method over existing method [15] is also discussed. Furthermore, it is
illustrated that JMD LR flat fuzzy numbers are better as compared to existing LR
flat fuzzy numbers to find the solution of fuzzy differential equations.

6.1. JMD Representation of LR Flat Fuzzy Number. In this section, defini-
tions of JMD LR flat fuzzy number, zero JMD LR flat fuzzy number and equality
of JMD LR flat fuzzy numbers are presented [42].

Definition 6.1. Let (m,n, αL, αR)LR be an LR flat fuzzy number then its JMD
representation is (x, αL, αM , αR)JMD

LR , where x = m− αL, αM = n−m.

Definition 6.2. A JMD LR flat fuzzy number Ã = (x, αL, αM , αR)JMD
LR is said to

be zero JMD LR flat fuzzy number if and only if x = 0, αL = 0, αM = 0, αR = 0.

Definition 6.3. A JMD LR flat fuzzy number Ã = (x, αL, αM , αR)JMD
LR is said

to be non-negative JMD LR flat fuzzy number iff x ≥ 0.

Definition 6.4. Two JMD LR flat fuzzy numbers Ã = (x1, α
L
1 , α

M
1 , αR

1 )
JMD
LR and

B̃ = (x2, α
L
2 , α

M
2 , αR

2 )
JMD
LR are said to be equal i.e., Ã = B̃ if and only if x1 = x2,

αL
1 = αL

2 , α
M
1 = αM

1 and αR
1 = αR

2 .

6.2. Arithmetic Operations Between JMD LR Flat Fuzzy Numbers. In
this section, arithmetic operations between JMD LR flat fuzzy numbers are pre-
sented [42].

Let Ã1 = (x1, α
L
1 , α

M
1 , αR

1 )
JMD
LR and Ã2 = (x2, α

L
2 , α

M
2 , αR

2 )
JMD
LR be any JMD

LR flat fuzzy numbers and Ã3 = (x3, α
L
3 , α

M
3 , αR

3 )
JMD
RL be any JMD RL flat fuzzy

number. Then,
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(i) Ã1 ⊕ Ã2 = (x1 + x2, α
L
1 + αL

2 , α
M
1 + αM

2 , αR
1 + αR

2 )
JMD
LR

(ii) Ã1 � Ã3 = (x1 − x3 − αL
3 − αM

3 − αR
3 , α

L
1 + αR

3 , α
M
1 + αM

3 , αR
1 + αL

3 )
JMD
LR

(iii) If Ã1 and Ã2 both are non-negative, then

Ã1 � Ã2 � (x1x2, x1α
L
2 + αL

1 α
L
2 + x2α

L
1 , x1α

M
2 + x2α

M
1 + αL

1 α
M
2 + αL

2 α
M
1 +

αM
1 αM

2 , x1α
R
2 + αL

1 α
R
2 + αM

1 αR
2 + x2α

R
1 + αL

2 α
R
1 + αM

2 αR
1 + αR

1 α
R
2 )

JMD
LR

(iv) If Ã1 is non-positive and Ã2 is non-negative, then

Ã1 � Ã2 � (x1x2 +x1α
L
2 +x1α

M
2 +x1α

R
2 , x2α

L
1 +αL

1 α
L
2 +αL

1 α
M
2 −x1α

R
2 , x2α

M
1 +

αL
2 α

M
1 − x1α

M
2 − αL

1 α
M
2 , x2α

R
1 − x1α

L
2 − αL

1 α
L
2 − αL

2 α
M
1 )JMD

LR

(v) If Ã1 is non-negative and Ã2 is non-positive, then

Ã1 � Ã2 � (x1x2 +x2α
L
1 +x2α

M
1 +x2α

R
1 , x1α

L
2 +αL

1 α
L
2 +αL

2 α
M
1 −x2α

R
1 , x1α

M
2 +

αL
1 α

M
2 − x2α

M
1 − αL

2 α
M
1 , x1α

R
2 − x2α

L
1 − αL

1 α
L
2 − αL

1 α
M
2 )JMD

LR

(vi) If Ã1 and Ã2 both are non-positive, then

Ã1 � Ã2 � (x1x2 + x1α
L
2 + x1α

M
2 + x2α

L
1 + αL

1 α
L
2 + αL

1 α
M
2 + x2α

M
1 + αL

2 α
M
1 +

αM
1 αM

2 + x1α
R
2 + αL

1 α
R
2 + αM

1 αR
2 + x2α

R
1 + αR

1 α
L
2 + αR

1 α
M
2 + αR

1 α
R
2 ,−x1α

R
2 −

αL
1 α

R
2 − αM

1 αR
2 − x2α

R
1 − αR

1 α
L
2 − αR

1 α
M
2 − αR

1 α
R
2 ,−x1α

M
2 − αL

1 α
M
2 − x2α

M
1 −

αM
1 αL

2 − αM
1 αM

2 ,−x1α
L
2 − αL

1 α
L
2 − x2α

L
1 )

JMD
LR

(vii) λÃ1 =

{
(λx1, λα

L
1 , λα

M
1 , λαR

1 )
JMD
LR λ ≥ 0

(λx1 + λαL
1 + λαM

1 + λαR
1 ,−λαR

1 ,−λαM
1 ,−λαL

1 )
JMD
RL λ < 0

6.3. Proposed Method. In this section, a new analytical method is proposed to
solve nth-order fuzzy linear differential equations.

The solution of nth-order fuzzy linear differential equation (1), where ãn, ãn−1,
ãn−2, ..., ã1, ã0 are LR flat fuzzy numbers, can be obtained by using the following
steps:

Step 1: Convert all the parameters of fuzzy differential equation, represented
by LR flat fuzzy number (m,n, αL, αR)LR, into JMD LR flat fuzzy number
(x, αL, αM ,

αR)JMD
LR , where, x = m − αL, αM = n − m. Assuming ãn = (an, βL

n , βM
n , βR

n )JMD
LR ,

ãn−1 = (an−1, β
L
n−1, β

R
n−1, β

R
n−1)

JMD
LR , ãn−2 = (an−2, β

L
n−2, β

M
n−2, β

R
n−2)

JMD
LR , ...,

ã1 = (a1, β
L
1 , βM

1 , βR
1 )JMD

LR , ã0 = (a0, β
L
0 , βM

0 , βR
0 )JMD

LR , ỹ(n) = (y
(n)
1 , (αL

1 )(n), (αM
1 )(n),

(αR
1 )(n))JMD

LR , ỹ(n−1) = (y
(n−1)
1 , (αL

1 )(n−1), (αM
1 )(n−1), (αR

1 )(n−1))JMD
LR , ..., ỹ(1) = (y

(1)
1 ,

(αL
1 )(1), (αM

1 )(1), (αR
1 )(1))JMD

LR , ỹ = (y1, α
L
1 , αM

1 , αR
1 )JMD

LR and γ̃0 = (γ0, ζ
L
0 , ζM0 , ζR0(1))

JMD
LR ,

γ̃1 = (γ1, ζ
L
1 , ζM1 , ζR1 )JMD

LR , ..., γ̃n−1 = (γn−1, ζ
L
n−1, ζ

M
n−1, ζ

R
n−1)

JMD
LR the nth order fuzzy

linear differential equation (1), can be written as:

(an, βL
n , βM

n , βR
n )JMD

LR ⊗ (y
(n)
1 , (αL

1 )(n), (αM
1 )(n), (αR

1 )(n))JMD
LR ⊕ (an−1, β

L
n−1, β

M
n−1,

βR
n−1)

JMD
LR ⊗ (y

(n−1)
1 , (αL

1 )(n−1), (αM
1 )(n−1), (αR

1 )(n−1))JMD
LR ⊕ ... ⊕ (a1, β

L
1 , βM

1 , βR
1 )JMD

LR

⊗ (y
(1)
1 , (αL

1 )(1), (αM
1 )(1), (αR

1 )(1))JMD
LR ⊕ (a0, β

L
0 , βM

0 , βR
0 )JMD

LR ⊗ (y1, α
L
1 , αM

1 , αR
1 )JMD

LR

= (g, 0, 0, 0)JMD
LR (7)

with initial conditions
(y1, α

L
1 , αM

1 , αR
1 )JMD

LR = (γ0, ζ
L
0 , ζM0 , ζR0 )JMD

LR , (y
(1)
1 , (αL

1 )(1), (αM
1 )(1), (αR

1 )(1))JMD
LR =

(γ1, ζ
L
1 , ζM1 , ζR1 )JMD

LR , ..., (y
(n−1)
1 , (αL

1 )(n−1), (αM
1 )(n−1), (αR

1 )(n−1))JMD
LR = (γn−1, ζ

L
n−1,

ζMn−1, ζ
R
n−1)

JMD
LR .
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Step 2: Using Definition 6.4 and section 6.2, equation (7) can be split into
four ordinary differential equations.

Step 3: Solve the ordinary differential equations to find the values of y1, α
L
1 ,

αM
1 and αR

1 .

Step 4: Put the values of y1, α
L
1 , α

M
1 and αR

1 in ỹ = (y1, α
L
1 , α

M
1 , αR

1 )
JMD
LR to

find the solution of nth order fuzzy linear differential equation (1).

Step 5: Convert ỹ = (y1, α
L
1 , α

M
1 , αR

1 )
JMD
LR into ỹ = (m,n, αL

1 , α
R
1 )LR, where,

m = y1 + αL
1 and n = y1 + αL

1 + αM
1 .

6.4. Advantage of Proposed Method. The solution of nth-order fuzzy linear
differential equation, obtained by using the existing method [15], does not define
α-cut of a fuzzy number whereas the solution of same equation, obtained by using
proposed method, always represent α-cut of a fuzzy number.

In this section, the advantage of proposed method over existing method is dis-
cussed. By applying the existing method [15], the attained solution of fuzzy Kol-
mogorov’s differential equations is not appropriate whereas the solution of same
equations obtained by using proposed method is shown in Table 5 and Table 6.

From Table 5 and Table 6, It is clear that (pj1(t), pj2(t), α
L
j (t), α

R
j (t))LR defines

LR flat fuzzy number p̃j(t) for j = 1 to 24 and j = 1 to 13 respectively.

6.5. Advantage of JMD LR Flat Fuzzy Number Over Existing LR Flat
Fuzzy Number. If the existing LR flat fuzzy number (y1, y2, α

L, αR)LR is used to
represent the dependent variable ỹ of fuzzy differential equations then to obtain the
feasible solution it is essential to solve ordinary differential equations, obtained in
Step 2 of the proposed method, with the restrictions y1 ≤ y2, α

L ≥ 0 and αR ≥ 0.
However, the restrictions y1 ≤ y2, α

L ≥ 0 and αR ≥ 0 are not possible to apply as
discussed in section 4.3. Therefore, the obtained solution is not necessarily a fuzzy
number.

If the dependent variable ỹ is represented by JMD LR flat fuzzy number i.e., ỹ =
(y, αL, αM , αR)JMD

LR then the dependent variables of ordinary differential equations,
obtained in Step 2 of the proposed method, will be y, αL, αM and αR. Further, if
on solving the ordinary differential equations, any of the variables αL, αM and αR is
negative then the nth-order fuzzy linear differential equation (1) will be infeasible
otherwise the solution of nth-order fuzzy linear differential equation will always
represent a fuzzy number (y, αL, αM , αR)JMD

LR or (y+αL, y+αL+αM , αL, αR)LR.
To show the advantage of JMD LR flat fuzzy numbers over existing LR flat

fuzzy number, the fuzzy Kolmogorov’s differential equations are solved by using
proposed method with existing LR flat fuzzy number and the attained solution is
shown in Table 7 and Table 8.

It is obvious from Table 7 and Table 8 that pj1(t) > pj2(t), αL
j (t) < 0 and

αR
j (t) < 0 for j = 1 i.e., (pj1(t), pj2(t), α

L
j (t), α

R
j (t))LR does not define LR flat

fuzzy number for j = 1.

7. Fuzzy Reliability Evaluation of Piston Manufacturing System

section 5.6 illustrates that the solution of fuzzy Kolmogorov’s differential equa-
tions, obtained by using the existing method, does not define α-cut of a fuzzy
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p̃j(t) for t=60 p̃j(t) for t=120 p̃j(t) for t=180 p̃j(t) for t=240 p̃j(t) for t=300 p̃j(t) for t=360
j (pj1(t), pj2(t), (pj1(t), pj2(t), (pj1(t), pj2(t), (pj1(t), pj2(t), (pj1(t), pj2(t) (pj1(t), pj2(t),

αL
j (t), α

R
j (t))LR αL

j (t), α
R
j (t))LR αL

j (t), α
R
j (t))LR αL

j (t), α
R
j (t))LR αL

j (t), α
R
j (t))LR αL

j (t), α
R
j (t))LR

1 (0.724095,0.731181, (0.655343,0.66104, (0.606389,0.611232, (0.571173,0.5754, (0.54602,0.550247, (0.527484,0.530833,
0.003816,0.003807)LR 0.003178,0.003163)LR 0.002773,0.002756)LR 0.002482,0.002463)LR 0.002482,0.002463)LR 0.002063,0.002044)LR

2 (0.072092,0.074107, (0.066938,0.069151, (0.063193,0.065337, (0.060453,0.06345, (0.058498,0.060495, (0.056988,0.058685,
0.000939,0.000938)LR 0.001092,0.001137)LR 0.00112,0.001116)LR 0.001094,0.000089)LR 0.001094,0.001089)LR 0.000992,0.000986)LR

3 (0.045198,0.046916, (0.041218,0.042925 (0.038314,0.039853, (0.036189,0.037551, (0.034704,0.036066, (0.033514,0.034591,
0.000817,0.000825)LR 0.000866,0.00088)LR 0.000828,0.000511)LR 0.001959,0.000782)LR 0.000766,0.000782)LR 0.000645,0.000659)LR

4 (0.096893,0.098549, (0.172501,0.174963, (0.223285,0.22648, (0.261463,0.265271, (0.28731,0.291118, (0.308887,0.313591,
0.000731,0.000732)LR 0.003178,0.001035)LR 0.001334,0.001338)LR 0.001612,0.001618)LR 0.000161,0.001618)LR 0.002075,0.002084)LR

5 (0.000761,0.000807, (0.00069,0.000729, (0.000637,0.00067, (0.000599,0.000627 (0.000573,0.000601, (0.000551,0.000573,
0.000023,0.00023)LR 0.000002,0.000021)LR 0.000019,0.000019)LR 0.000017,0.000016)LR 0.000017,0.000016)LR 0.000014,0.000013)LR

6 (0.007585,0.007641, (0.007452,0.007546, (0.006907,0.007028, (0.006478,0.006618, (0.006158,0.006298, (0.005941,0.006103,
0.000022,0.000022)LR 0.000038,0.000038)LR 0.000051,0.000051)LR 0.000061,0.000061)LR 0.000061,0.000061)LR 0.000074,0.000074)LR

7 (0.001049,0.0011, (0.000956,0.00101, (0.000885,0.000933, (0.000833,0.000875, (0.000797,0.000839, (0.000768,0.000801,
0.000022,0.000022)LR 0.000027,0.000027)LR 0.000026,0.000026)LR 0.000024,0.000024)LR 0.000024,0.000024)LR 0.000021,0.00002)LR

8 (0.001829,0.001915, (0.001667,0.001813, (0.001546,0.001737, (0.001458,0.001684, (0.001394,0.00162, (0.001344,0.001616,
0.000027,0.000027)LR 0.000038,0.000037)LR 0.000041,0.000041)LR 0.000041,0.000041)LR 0.000041,0.000041)LR 0.000037,0.000036)LR

9 (0.000076,0.000087, (0.000073,0.000086, (0.00007,0.000084, (0.000068,0.000081, (0.000065,0.000078, (0.000063,0.000074
0.000004,0.000004)LR 0.000006,0.000006)LR 0.000007,0.000007)LR 0.000007,0.000007)LR 0.000007,0.000007)LR 0.000006,0.000006)LR

10 (0.000722,0.000733, (0.000749,0.000773, (0.000713,0.00075, (0.000683,0.00073, (0.000659,0.000706, (0.000649,0.000711,
0.000003,0.000003)LR 0.000009,0.000008)LR 0.000014,0.000014)LR 0.000018,0.000018)LR 0.000018,0.000018)LR 0.000026,0.000026)LR

11 (0.000105,0.000115, (0.0001,0.000116, (0.000096,0.000114, (0.000093,0.000111, (0.00009,0.000108, (0.000088,0.000104,
0.000004,0.000004)LR 0.000007,0.000007)LR 0.000008,0.000008)LR 0.000007,0.000009)LR 0.000009,0.000009)LR 0.000009,0.000005)LR

12 (0.000181,0.000197, (0.000173,0.000211 (0.000166,0.000224, (0.000161,0.000237 (0.000156,0.000232 (0.000154,0.000257,
0.000004,0.000004)LR 0.000009,0.000009)LR 0.000012,0.000012)LR 0.000014,0.000014)LR 0.000014,0.000014)LR 0.000015,0.000015)LR

13 (0.000049,0.000058, (0.000046,0.000057, (0.000043,0.000053, (0.000041,0.00005, (0.000039,0.000048, (0.000037,0.000044,
0.000004,0.000004)LR 0.000005,0.000005)LR 0.000005,0.000005)LR 0.000005,0.000005)LR 0.000005,0.000005)LR 0.000004,0.000004)LR

14 (0.00046,0.00047, (0.000464,0.000485, (0.000436,0.000466, (0.000413,0.00045, (0.000394,0.000431, (0.000385,0.00043,
0.000003,0.000003)LR 0.000007,0.000007)LR 0.000011,0.000011)LR 0.000014,0.000015)LR 0.000014,0.000015)LR 0.000019,0.00002)LR

15 (0.000066,0.000075, (0.000063,0.000076, (0.00006,0.000074, (0.000057,0.00007, (0.000055,0.000068 (0.000052,0.000062,
0.000003,0.000003)LR 0.000006,0.000006)LR 0.000007,0.000007)LR 0.000007,0.000007)LR 0.000007,0.000007)LR 0.000006,0.000006)LR

16 (0.000115,0.00013, (0.000109,0.000141, (0.000103,0.00015, (0.000099,0.000158, (0.000095,0.000154, (0.000092,0.000168,
0.000004,0.000004)LR 0.000008,0.000008)LR 0.00001,0.00001)LR 0.000011,0.000011)LR 0.000011,0.000013)LR 0.000011,0.000011)LR

17 (0.00084,0.000856, (0.000822,0.000857, (0.00078,0.000833, (0.000749,0.000816 (0.000705,0.000772, (0.000715,0.0008,
0.000005,0.000005)LR 0.000013,0.000013)LR 0.00002,0.00002)LR 0.000026,0.000026)LR 0.000026,0.000026)LR 0.000036,0.000036)LR

18 (0.001613,0.001675, (0.0015,0.001624, (0.001412,0.001581, (0.00135,0.001548, (0.001295,0.001493, (0.001273,0.001495,
0.000022,0.000022)LR 0.000047,0.000047)LR 0.000067,0.000068)LR 0.000084,0.000085)LR 0.000081,0.000085)LR 0.000103,0.000105)LR

19 (0.000839,0.000852, (0.001804,0.001836, (0.002514,0.00257, (0.00303,0.003114, (0.003394,0.003478, (0.003678,0.003822,
0.000004,0.000013)LR 0.00001,0.00001)LR 0.000018,0.000019)LR 0.000028,0.000028)LR 0.000028,0.000028)LR 0.00005,0.00005)LR

20 (0.002772,0.002827, (0.00597,0.00729, (0.007592,0.007819, (0.009065,0.009398, (0.0101,0.010433, (0.010927,0.011477,
0.000019,0.000019)LR 0.00045,0.00045)LR 0.000077,0.000077)LR 0.000114,0.000114)LR 0.000114,0.000114)LR 0.000196,0.000196)LR

21 (0.000099,0.000107, (0.000177,0.00019, (0.000233,0.000251, (0.000274,0.000297, (0.000302,0.000325, (0.000325,0.000354,
0.000003,0.000003)LR 0.000005,0.000005)LR 0.000007,0.000007)LR 0.000009,0.000009)LR 0.000009,0.000009)LR 0.000012,0.000012)LR

22 (0.000675,0.000683, (0.001556,0.001578, (0.002227,0.002266, (0.002945,0.003004, (0.003062,0.003121, (0.003328,0.003432,
0.000003,0.000003)LR 0.000007,0.000007)LR 0.000013,0.000013)LR 0.000249,0.000019)LR 0.000019,0.000019)LR 0.000035,0.000035)LR

23 (0.000135,0.000143, (0.000243,0.000259, (0.000321,0.000344, (0.000378,0.000407, (0.000417,0.000446, (0.000451,0.00049,
0.000003,0.000003)LR 0.000006,0.000006)LR 0.000008,0.000008)LR 0.000011,0.000011)LR 0.000011,0.000011)LR 0.000016,0.000016)LR

24 (0.000228,0.000241, (0.000418,0.000448, (0.000556,0.000617, (0.000657,0.000751, (0.000725,0.000819, (0.000784,0.000952,
0.000003,0.000003)LR 0.000007,0.000007)LR 0.000012,0.000012)LR 0.000016,0.000016)LR 0.000016,0.000016)LR 0.000025,0.000025)LR

Table 5. Solution of Fuzzy Kolmogorov’s Differential Equations

for Sub-System R1 Obtained by Using Proposed Method

number. Also, the solution of same equations, obtained by using proposed method
with existing LR flat fuzzy number does not define a fuzzy number. Consequently,
the obtained solution cannot be used to evaluate fuzzy reliability of piston manu-
facturing system. However, Table 5 and Table 6 prove that if the same equations
are solved by using proposed method with JMD LR flat fuzzy numbers then the
obtained solution always represent fuzzy number.

In this section, the solution of fuzzy Kolmogorov’s differential equations, ob-
tained by using proposed method, is utilized to evaluate fuzzy reliability of piston
manufacturing system.

Using the fuzzy probabilities for sub-system R1 and sub-system R2, shown in Ta-

ble 5 and Table 6, the corresponding fuzzy reliability R̃1(t) =
4∑

j=1
p̃j(t),R̃2(t) =

2∑
j=1

p̃j(t)

and R̃(t) = R̃1(t)� R̃2(t) i.e., (R11(t), R12(t), αL
1 (t), α

R
1 (t))LR = (

4∑
j=1

pj1(t),
4∑

j=1
pj2(t),

4∑
j=1

αL
j (t),

4∑
j=1

αR
j (t)), (R21(t), R22(t), αL

2 (t), α
R
2 (t))LR = (

2∑
j=1

pj1(t),
2∑

j=1
pj2(t),

2∑
j=1

αL
j (t),
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p̃j(t) for t=60 p̃j(t) for t=120 p̃j(t) for t=180 p̃j(t) for t=240 p̃j(t) for t=300 p̃j(t) for t=360

j (pj1(t), pj2(t), (pj1(t), pj2(t), (pj1(t), pj2(t), (pj1(t), pj2(t), (pj1(t), pj2(t) (pj1(t), pj2(t),

αL
j (t), αR

j (t))LR αL
j (t), αR

j (t))LR αL
j (t), αR

j (t))LR αL
j (t), αR

j (t))LR αL
j (t), αR

j (t))LR αL
j (t), αR

j (t))LR

1 (0.883263,0.891744, (0.882218,0.890005, (0.881929,0.889381, (0.881804,0.889083, (0.881734,0.888916, (0.881689,0.888812,
0.004381,0.004374)LR 0.004039,0.004031)LR 0.003845,0.003835)LR 0.003732,0.00372)LR 0.003663,0.003649)LR 0.003619,0.003604)LR

2 (0.065113,0.067364, (0.065329,0.068091, (0.065457,0.068421, (0.065522,0.068559, (0.065554,0.068611, (0.065567,0.068624,
0.001017,0.001016)LR 0.001283,0.001281)LR 0.001418,0.001414)LR 0.001484,0.001479)LR 0.001516,0.00151)LR 0.001529,0.001522)LR

3 (0.002986,0.00309, (0.003004,0.003145, (0.003013,0.003164, (0.003016,0.003169, (0.003018,0.003171, (0.003018,0.00317,
0.000043,0.000043)LR 0.000063,0.000063)LR 0.000072,0.000072)LR 0.000075,0.000075)LR 0.000077,0.000076)LR 0.000077,0.000076)LR

4 (0.000432,0.00045, (0.000434,0.000456, (0.000435,0.000457, (0.000435,0.000457, (0.000434,0.000455, (0.000434,0.000455,
0.000007,0.000009)LR 0.000009,0.000011)LR 0.00001,0.000012)LR 0.00001,0.000012)LR 0.000009,0.000012)LR 0.000009,0.000012)LR

5 (0.000111,0.000116, (0.000111,0.000116, (0.000111,0.000116, (0.000111,0.000116, (0.000111,0.000116, (0.000111,0.000116,
0.000001,0.000003)LR 0.000001,0.000003)LR 0.000001,0.000003)LR 0.000001,0.000003)LR 0.000001,0.000003)LR 0.000001,0.000003)LR

6 (0.00528,0.005311, (0.005985,0.006041, (0.006086,0.006164, (0.006105,0.006202, (0.006114,0.006228, (0.00612,0.00625,
0.000011,0.000013)LR 0.000019,0.000024)LR 0.000027,0.000034)LR 0.000034,0.000004)LR 0.000041,0.000051)LR 0.000047,0.000059)LR

7 (0.000025,0.000026, (0.0000244,0.0000254, (0.0000244,0.0000254, (0.0000244,0.0000254, (0.0000244,0.0000254, (0.0000243,0.000025,
0.000001,0.000001)LR 0.0000004,0.0000006)LR 0.0000004,0.0000008)LR 0.0000004,0.0000008)LR 0.0000004,0.0000006)LR 0.0000003,0.000001)LR

8 (0.000221,0.000242 (0.000229,0.000268, (0.000235,0.000286, (0.000239,0.000297, (0.000242,0.000303, (0.000244,0.000307,
0.000007,0.000007)LR 0.000015,0.000015)LR 0.000021,0.000021)LR 0.000025,0.000025)LR 0.000028,0.000028)LR 0.00003,0.00003)LR

9 (0.000032,0.000035, (0.000033,0.000039, (0.000034,0.000042, (0.000034,0.000042, (0.000034,0.000043, (0.000034,0.000043,
0.000001,0.000001)LR 0.000002,0.000003)LR 0.000003,0.000003)LR 0.000003,0.000004)LR 0.000003,0.000004)LR 0.000003,0.000003)LR

10 (0.0000082,0.0000093, (0.0000085,0.00001, (0.0000086,0.0000106, (0.0000086,0.0000106, (0.000009,0.000011, (0.000009,0.00003,
0.0000002,0.0000005)LR 0.0000005,0.000001)LR 0.0000006,0.000001)LR 0.0000006,0.000001)LR 0.000001,0.000001)LR 0.000001,0.000002)LR

11 (0.000374,0.000379, (0.000437,0.000451, (0.000448,0.000471, (0.000452,0.000483, (0.000455,0.000494, (0.000457,0.000503,
0.000001,0.000002)LR 0.000004,0.000005)LR 0.000007,0.000009)LR 0.00001,0.000012)LR 0.000013,0.000016)LR 0.000015,0.000019)LR

12 (0.0000021,0.0000024, (0.0000011,0.0000015, (0.0000011,0.0000015, (0.0000011,0.0000016, (0.0000011,0.0000016, (0.0000011,0.0000016,
0.0000001,0.0000002)LR 0.0000001,0.0000002)LR 0.0000001,0.0000003)LR 0.0000001,0.0000003)LR 0.0000001,0.0000003)LR 0.0000001,0.0000003)LR

13 (0.001642,0.001714, (0.001676,0.001835, (0.001707,0.001944, (0.001736,0.002037, (0.00176,0.002109, (0.00178,0.002165,
0.000025,0.000025)LR 0.000058,0.000116)LR 0.00009,0.00009)LR 0.000119,0.000118)LR 0.000143,0.000143)LR 0.000163,0.000163)LR

Table 6. Solution of Fuzzy Kolmogorov’s Differential Equations

for Sub-System R2 Obtained by Using Proposed Method

p̃j(t) for t=60 p̃j(t) for t=120 p̃j(t) for t=180 p̃j(t) for t=240 p̃j(t) for t=300 p̃j(t) for t=360
j (pj1(t), pj2(t), (pj1(t), pj2(t), (pj1(t), pj2(t), (pj1(t), pj2(t), (pj1(t), pj2(t) (pj1(t), pj2(t),

αL
j (t), α

R
j (t))LR αL

j (t), α
R
j (t))LR αL

j (t), α
R
j (t))LR αL

j (t), α
R
j (t))LR αL

j (t), α
R
j (t))LR αL

j (t), α
R
j (t))LR

1 (0.681444,0.635114, (0.600728,0.541703, (0.547756,0.487123, (0.512688,0.454965, (0.48945,0.436, (0.474049,0.424813,
−0.038835,−0.034395)LR −0.051437,−0.040379)LR −0.05586,−0.038837)LR −0.056003,−0.035215)LR −0.054088,−0.031619)LR −0.051372,−0.028711)LR

2 (0.077829,0.084789, (0.070633,0.075201, (0.065921,0.069611, (0.062802,0.066318, (0.060736,0.064376, (0.059366,0.063231,
0.006676,0.003555)LR 0.004787,0.002042)LR 0.003848,0.00172)LR 0.003443,0.001832)LR 0.003332,0.002061)LR 0.00337,0.002283)LR

3 (0.048441,0.052512, (0.042938,0.045117, (0.039332,0.040802, (0.036946,0.038259, (0.035364,0.036761, (0.034316,0.035876,
0.00406,0.001976)LR 0.002586,0.000749)LR 0.001846,0.00047)LR 0.001523,0.000542)LR 0.001426,0.000708)LR 0.001447,0.000876)LR

4 (0.125721,0.166747, (0.213389,0.26945, (0.271397,0.329903, (0.309835,0.365552, (0.335309,0.386578, (0.352192,0.398981,
0.029559,0.029782)LR 0.044066,0.037187)LR 0.049446,0.035899)LR 0.049984,0.032111)LR 0.04816,0.028246)LR 0.04538,0.025086)LR

5 (0.000813,0.00089, (0.000716,0.000758, (0.000652,0.000681, (0.000611,0.000636, (0.000583,0.000609, (0.000564,0.000594,
0.000075,0.000004)LR 0.000028,0.000017)LR 0.000034,0.000011)LR 0.000029,0.000012)LR 0.000027,0.000015)LR 0.000027,0.000017)LR

6 (0.008481,0.009508, (0.008024,0.008591, (0.007273,0.007621, (0.006741,0.007021, (0.006385,0.006663, (0.00615,0.006453,
0.000918,0.000593)LR 0.00061,0.000242)LR 0.000417,0.000126)LR 0.000324,0.000115)LR 0.000288,0.000142)LR 0.000283,0.000174)LR

7 (0.001132,0.001241, (0.000996,0.001056, (0.000907,0.000948, (0.000849,0.000884, (0.00081,0.000847, (0.000784,0.000825,
0.000105,0.000055)LR 0.000067,0.000023)LR 0.000048,0.000015)LR 0.00004,0.000017)LR 0.000037,0.00002)LR 0.000037,0.000024)LR

8 (0.001987,0.002179, (0.001747,0.001852, (0.001591,0.001661, (0.001486,0.001548, (0.001417,0.001482, (0.001372,0.001443,
0.000185,0.0001)LR 0.000118,0.000041)LR 0.000086,0.000026)LR 0.000069,0.000028)LR 0.000064,0.000035)LR 0.000065,0.000042)LR

9 (0.000092,0.000118, (0.000084,0.000105, (0.000078,0.000097, (0.000074,0.000092, (0.000072,0.00009, (0.000071,0.000088,
0.00002,0.000018)LR 0.000017,0.000014)LR 0.000015,0.000013)LR 0.000013,0.000013)LR 0.000014,0.000012)LR 0.000014,0.000013)LR

10 (0.000932,0.001221, (0.000931,0.001173, (0.000867,0.001077, (0.000819,0.001015, (0.000788,0.000979, (0.000767,0.000957,
0.000213,0.000205)LR 0.000191,0.000162)LR 0.000168,0.000141)LR 0.000154,0.000135)LR 0.000147,0.000134)LR 0.000144,0.000136)LR

11 (0.000129,0.0001651, (0.000117,0.000146, (0.000109,0.000135, (0.000103,0.000128, (0.0001,0.000125, (0.000098,0.000122,
0.000028,0.000024)LR 0.000024,0.00002)LR 0.000021,0.000018)LR 0.000019,0.000018)LR 0.000019,0.000017)LR 0.000019,0.000018)LR

12 (0.000226,0.00029, (0.000205,0.000256, (0.000191,0.000237, (0.000181,0.000225, (0.000175,0.000218, (0.000171,0.000214,
0.000049,0.000044)LR 0.000041,0.000035)LR 0.000037,0.000031)LR 0.000034,0.00003)LR 0.000033,0.000031)LR 0.000032,0.000031)LR

13 (0.000057,0.000073, (0.000051,0.000063, (0.000046,0.000057, (0.000044,0.000053, (0.000042,0.000051, (0.000041,0.00005,
0.000012,0.000011)LR 0.00001,0.000008)LR 0.000008,0.000006)LR 0.000008,0.000006)LR 0.000008,0.000006)LR 0.000008,0.000006)LR

14 (0.000592,0.000772, (0.000571,0.000712, (0.000521,0.000636, (0.000485,0.000589, (0.000461,0.000561, (0.000444,0.000544,
0.000135,0.000129)LR 0.000114,0.000092)LR 0.000096,0.000075)LR 0.000086,0.000069)LR 0.000081,0.000069)LR 0.000078,0.00007)LR

15 (0.00008,0.000102, (0.000071,0.000087, (0.000065,0.000079, (0.000061,0.000074, (0.000058,0.000071, (0.000056,0.000069,
0.000017,0.000015)LR 0.000014,0.000011)LR 0.000012,0.000009)LR 0.000011,0.000009)LR 0.00001,0.000009)LR 0.00001,0.000009)LR

16 (0.000141,0.00018, (0.000124,0.000154, (0.000114,0.000139, (0.000107,0.00013, (0.000102,0.000124, (0.000099,0.000121,
0.00003,0.000026)LR 0.000023,0.000019)LR 0.000021,0.000016)LR 0.000019,0.000015)LR 0.000018,0.000017)LR 0.000018,0.000016)LR

17 (0.001076,0.001398, (0.001014,0.001274, (0.000941,0.001167, (0.000891,0.001104, (0.000858,0.001066, (0.000836,0.001044,
0.000241,0.000228)LR 0.000205,0.000173)LR 0.000181,0.000153)LR 0.000168,0.000147)LR 0.000161,0.000147)LR 0.000157,0.000149)LR

18 (0.002036,0.002617, (0.001806,0.002237, (0.001644,0.002005, (0.001537,0.001869, (0.001467,0.001788, (0.00142,0.001741,
0.000445,0.0004)LR 0.000353,0.000278)LR 0.000299,0.000233)LR 0.000271,0.000221)LR 0.000256,0.000222)LR 0.00025,0.000226)LR

19 (0.001296,0.002071, (0.002665,0.004017, (0.003587,0.005182, (0.004198,0.005869, (0.004603,0.006274, (0.004871,0.006513,
0.000461,0.00067)LR 0.000871,0.001086)LR 0.000641,0.00121)LR 0.001196,0.001217)LR 0.001237,0.001187)LR 0.001243,0.001148)LR

20 (0.004246,0.006735, (0.008165,0.012241, (0.010762,0.015486, (0.012483,0.017399, (0.013623,0.018527, (0.014379,0.019193,
0.001493,0.002136)LR 0.002645,0.003251)LR 0.003247,0.003566)LR 0.003532,0.00357)LR 0.003637,0.003474)LR 0.003648,0.003364)LR

21 (0.000147,0.00023, (0.000252,0.000375, (0.000322,0.00046, (0.000368,0.00051, (0.000398,0.00054, (0.000419,0.000557,
0.000051,0.000069)LR 0.00008,0.000096)LR 0.000096,0.000103)LR 0.000103,0.000103)LR 0.000105,0.000099)LR 0.000106,0.000097)LR

22 (0.001047,0.001684, (0.002312,0.003506, (0.003194,0.004636, (0.003782,0.005307, (0.004172,0.005703, (0.004431,0.005936,
0.000375,0.000556)LR 0.000763,0.000966)LR 0.00098,0.001101)LR 0.001086,0.001115)LR 0.001129,0.001089)LR 0.001138,0.001055)LR

23 (0.000201,0.000315, (0.000348,0.000518, (0.000445,0.000637, (0.00051,0.000707, (0.000553,0.000749, (0.000581,0.000773,
0.000069,0.000096)LR 0.000111,0.000133)LR 0.000132,0.000144)LR 0.000143,0.000144)LR 0.000147,0.000139)LR 0.000146,0.000135)LR

24 (0.000344,0.000539, (0.000604,0.000898, (0.000776,0.00111, (0.000889,0.001235, (0.000965,0.001308, (0.001015,0.001352,
0.000119,0.000165)LR 0.000193,0.000413)LR 0.000232,0.000251)LR 0.000248,0.000249)LR 0.000256,0.000243)LR 0.000256,0.000235)LR

Table 7. Solution of Fuzzy Kolmogorov’s Differential Equations
for Sub-System R1 Obtained by Using Proposed Method with

Existing Representation of LR Flat Fuzzy Numbers
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p̃j(t) for t=60 p̃j(t) for t=120 p̃j(t) for t=180 p̃j(t) for t=240 p̃j(t) for t=300 p̃j(t) for t=360

j (pj1(t), pj2(t), (pj1(t), pj2(t), (pj1(t), pj2(t), (pj1(t), pj2(t), (pj1(t), pj2(t) (pj1(t), pj2(t),

αL
j (t), αR

j (t))LR αL
j (t), αR

j (t))LR αL
j (t), αR

j (t))LR αL
j (t), αR

j (t))LR αL
j (t), αR

j (t))LR αL
j (t), αR

j (t))LR

1 (0.872595,0.868478, (0.871845,0.867666, (0.871751,0.867573, (0.871739,0.867563, (0.871737,0.867561, (0.871737,0.867561,
−0.006287,−0.004941)LR −0.006333,−0.004979)LR −0.006333,−0.004977)LR −0.006333,−0.004977)LR −0.006334,−0.004976)LR −0.006334,−0.004976)LR

2 (0.073858,0.086077, (0.073796,0.085999, (0.073788,0.085991, (0.073788,0.085989, (0.073787,0.085989, (0.073787,0.085989,
0.009762,0.008216)LR 0.00975,0.008204)LR 0.009749,0.008202)LR 0.00975,0.008203)LR 0.009749,0.008023)LR 0.009749,0.008023)LR

3 (0.0034,0.003973, (0.003396,0.003969, (0.003396,0.003969, (0.003396,0.003969, (0.003396,0.003969, (0.003396,0.003969,
0.000457,0.000388)LR 0.000455,0.000388)LR 0.000455,0.000387)LR 0.000455,0.000387)LR 0.000455,0.000387)LR 0.000455,0.000387)LR

4 (0.000481,0.000562, (0.00048,0.000561, (0.00048,0.000561, (0.00048,0.000561, (0.00048,0.000561, (0.00048,0.000561,
0.000056,0.000063)LR 0.000055,0.000063)LR 0.000055,0.000063)LR 0.000055,0.000063)LR 0.000055,0.000063)LR 0.000055,0.000063)LR

5 (0.000119,0.000139, (0.000119,0.000139, (0.000119,0.000139, (0.000119,0.000139, (0.000119,0.000139, (0.000119,0.000139,
0.000009,0.00002)LR 0.000009,0.00002)LR 0.000009,0.00002)LR 0.000009,0.00002)LR 0.000009,0.00002)LR 0.000009,0.00002)LR

6 (0.006013,0.007112, (0.006755,0.007915, (0.006848,0.008007, (0.00686,0.008018, (0.006861,0.008019, (0.006862,0.008019,
0.000644,0.000865)LR 0.000789,0.000902)LR 0.000789,0.000901)LR 0.000789,0.0009)LR 0.000788,0.0009)LR 0.000789,0.0009)LR

7 (0.000026,0.000031, (0.000026,0.000031, (0.000026,0.000031, (0.000026,0.000031, (0.000026,0.000031, (0.000026,0.000031,
0.000002,0.000004)LR 0.000002,0.000004)LR 0.000002,0.000004)LR 0.000002,0.000004)LR 0.000002,0.000004)LR 0.000002,0.000004)LR

8 (0.000287,0.000393, (0.000287,0.000393, (0.000287,0.000393, (0.000287,0.000393, (0.000287,0.000393, (0.000287,0.000393,
0.000073,0.000083)LR 0.000073,0.000082)LR 0.000073,0.000082)LR 0.000073,0.000082)LR 0.000073,0.000082)LR 0.000073,0.000082)LR

9 (0.000041,0.000055, (0.000041,0.000055, (0.000041,0.000055, (0.000041,0.000055, (0.000041,0.000055, (0.000041,0.000055,
0.00001,0.000013)LR 0.00001,0.000013)LR 0.00001,0.000013)LR 0.00001,0.000013)LR 0.00001,0.000013)LR 0.00001,0.000013)LR

10 (0.00001,0.000013, (0.00001,0.000013, (0.00001,0.000013, (0.00001,0.000013, (0.00001,0.000013, (0.00001,0.000013,
0.000002,0.000004)LR 0.000002,0.000004)LR 0.000002,0.000004)LR 0.000002,0.000004)LR 0.000002,0.000004)LR 0.000002,0.000004)LR

11 (0.000496,0.000689, (0.00057,0.000782, (0.000579,0.000793, (0.000581,0.000794, (0.000581,0.000794, (0.000581,0.000794,
0.000123,0.000163)LR 0.000137,0.000179)LR 0.000138,0.000179)LR 0.000139,0.000179)LR 0.000139,0.000179)LR 0.000139,0.000179)LR

12 (0.000002,0.000003, (0.000002,0.000003, (0.000002,0.000003, (0.000002,0.000003, (0.000002,0.000003, (0.000002,0.000003,
0.000001,0.000001)LR 0.000001,0.000001)LR 0.000001,0.000001)LR 0.000001,0.000001)LR 0.000001,0.000001)LR 0.000001,0.000001)LR

13 (0.002168,0.002969, (0.002168,0.002967, (0.002168,0.002967, (0.002168,0.002967, (0.002168,0.002967, (0.002168,0.002967,
0.000551,0.000622)LR 0.00055,0.000621)LR 0.00055,0.000621)LR 0.00055,0.000621)LR 0.00055,0.000621)LR 0.00055,0.000621)LR

Table 8. Solution of Fuzzy Kolmogorov’s Differential Equations
for Sub-System R2 Obtained by Using Proposed Method with

Existing Representation of LR Flat Fuzzy Numbers

2∑
j=1

αR
j (t)) and (R1(t), R2(t), αL(t), αR(t))LR = (R11(t), R12(t), αL

1 (t), α
R
1 (t))LR � (R21(t),

R22(t), αL
2 (t), α

R
2 (t))LR, of sub-system R1, sub-system R2 and whole system are com-

puted respectively and are shown in Table 9.

Fuzzy Reliability R̃1(t) R̃2(t) R̃(t)
−→

Time (t) ↓ (R11(t), R12(t), α
L
1 (t), α

R
1 (t))LR (R21(t), R22(t), α

L
2 (t), α

R
2 (t))LR (R1(t), R2(t), α

L(t), αR(t))LR

60 (0.938278,0.950753,0.006303,0.006302)LR (0.948376,0.959108,0.005398,0.00539)LR (0.88984,0.911874,0.011009,0.011203)LR

120 (0.936,0.948079,0.008314,0.006167)LR (0.947547,0.958096,0.005323,0.005312)LR (0.886903,0.908351,0.012815,0.010977)LR

180 (0.931181,0.942902,0.006055,0.006054)LR (0.947386,0.957802,0.005263,0.005149)LR (0.882187,0.903113,0.010605,0.010685)LR

240 (0.929278,0.940672,0.005894,0.005952)LR (0.947326,0.957642,0.005216,0.005199)LR (0.880329,0.900827,0.0104,0.010621)LR

300 (0.926532,0.937926,0.004503,0.005952)LR (0.947288,0.957527,0.005179,0.005159)LR (0.877692,0.898089,0.009041,0.010569)LR

360 (0.926873,0.9377,0.005775,0.005673)LR (0.947256,0.957436,0.005148,0.005126)LR (0.877986,0.897787,0.010213,0.010268)LR

Table 9. Fuzzy Reliability of Sub-System R1, Sub-System R2 and
Whole System Obtained by Using Proposed Method

The variation in reliability of sub-system R1, sub-system R2 and the whole sys-
tem corresponding to variation in time is depicted in Figure 3 to Figure 5 respec-
tively.
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Figure 3. LR Flat Fuzzy Number Representing Fuzzy
Reliability of Sub-System R1
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Figure 4. LR Flat Fuzzy Number Representing Fuzzy
Reliability of Sub-System R2
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Figure 5. LR Flat Fuzzy Number Representing
Fuzzy Reliability of Whole System
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8. Conclusion

On the basis of the proposed study, it can be concluded that it is better to use the
proposed method instead of existing method [15] for solving nth-order fuzzy linear
differential equations and it is better to use JMD LR flat fuzzy number as com-
pared to existing LR flat fuzzy number to solve nth-order fuzzy linear differential
equations.

Acknowledgements. The authors would like to thank to the editor and anony-
mous referees for various suggestions which have led to an improvement in both
the quality and clarity of the paper. I, Dr. Amit Kumar, want to acknowledge
the adolescent inner blessings of Mehar. I believe that Mehar is an angel for me
and without Mehar’s blessing it was not possible to think the idea proposed in this
paper. Mehar is a lovely daughter of Parmpreet Kaur (Research Scholar under my
supervision).

References

[1] S. Abbasbandy and T. Allahviranloo, Numerical solutions of fuzzy differential equations by
taylor method, Computational Methods in Applied Mathematics, 2 (2002), 113–124.

[2] S. Abbasbandy and T. Allahviranloo, Numerical solution of fuzzy differential equation, Math-
ematical and Computational Applications, 7 (2002), 41–52.

[3] S. Abbasbandy and T. Allahviranloo, Numerical solution of fuzzy differential equation by
Runge-Kutta method, Nonlinear Studies, 11 (2004), 117–129.

[4] S. Abbasbandy, T. Allahviranloo, O. Lopez-Pouso and J. J. Nieto, Numerical methods for
fuzzy differential inclusions, Computers and Mathematics with Applications, 48 (2004),
1633–1641.

[5] S. Abbasbandy, J. J. Nieto and M. Alavi, Tuning of reachable set in one dimensional fuzzy
differential equations, Chaos, Solitons and Fractals, 26 (2005), 1337–1341.

[6] T. Allahviranloo, S. Abbasbandy, N. Ahmady and E. Ahmady, Improved predictor-corrector
method for solving fuzzy initial value problems, Information Sciences, 179 (2009), 945–955.

[7] T. Allahviranloo, N. Ahmady and A. Ahmady, Numerical solution of fuzzy differential equa-
tions by predictor-corrector method, Information Sciences, 177 (2007), 1633–1647.

[8] T. Allahviranloo, E. Ahmady and N. Ahmady, N th order fuzzy linear differential equations,
Information Sciences, 178 (2008), 1309–1324.

[9] S. Bandyopadhyay, An efficient technique for superfamily classification of amino acid se-
quences: feature extraction, fuzzy clustering and prototype selection, Fuzzy Sets and Systems,
152 (2005), 5–16.

[10] S. Barro and R. Marn, Fuzzy logic in medicine, Physica-Verlag, Heidelberg, 2002.
[11] B. Bede, Note on numerical solutions of fuzzy differential equations by predictor-corrector

method, Information Sciences, 178 (2008), 1917–1922.
[12] P. T. T. Binh and T. Q. D. Khoa, Application of fuzzy markov in calculating reliability

of power systems, Proceedings IEEE PES Transmission and Distribution Conference and
Exposition Latin America, Venezuela, (2006), 1–4.

[13] J. J. Buckley, K. D. Reilly and L. J. Jowers, Simulating continuous fuzzy systems: I, Iranian
Journal of Fuzzy Systems, 2 (2005), 1–17.

[14] J. J. Buckley and T. Feuring, Fuzzy differential equations, Fuzzy Sets and Systems, 110
(2000), 43–54.

[15] J. J. Buckley and T. Feuring, Fuzzy initial value problem for Nth-order fuzzy linear differ-
ential equations, Fuzzy Sets and Systems, 121 (2001), 247–255.

[16] J. J. Buckley, T. Feuring and Y. Hayashi, Linear system of first order ordinary differential
equations: fuzzy initial conditions, Soft Computing, 6 (2002), 415–421.

www.SID.ir

www.SID.ir


Arch
ive

 of
 SID

38 S. Lata and A. Kumar

[17] Y. C. Cano and H. R. Flores, On the new solution of fuzzy differential equations, Chaos,
Solitons and Fractals, 38 (2008), 112–119.

[18] Y. C. Cano, H. R. Flores, M. A. R. Medar, O. Saavedra and M. J. Gamero, The extension
principle and a decomposition of fuzzy sets, Information Sciences, 177 (2007), 5394–5403.

[19] J. Casasnovas and F. Rossell, Averaging fuzzy biopolymers, Fuzzy Set and Systems, 152
(2005), 139–158.

[20] B. C. Chang and S. K. Halgamuge, Protein motif extraction with neuro-fuzzy optimization,
Bioinformatics, 18 (2002), 1084–1090.

[21] S. L. Chang and L. A. Zadeh, On fuzzy mapping and control, IEEE Transactions on Systems,
Man and Cybernetics, 2 (1972), 30–34.

[22] Y. J. Cho and H. Y. Lan, The existence of solutions for the non linear first order fuzzy
differential equations with discontinuous conditions, Dynamics Continuous Discrete Impulsive
Systems Series A: Mathematical Analysis, 14 (2007), 873–884.

[23] W. Congxin and S. Shiji, Exitence theorem to the Cauchy problem of fuzzy differential equa-
tions under compactance-type conditions, Information Sciences, 108 (1993), 123–134.

[24] P. Diamond, Time-dependent differential inclusions, cocycle attractors and fuzzy differential
equations, IEEE Transactions on Fuzzy Systems, 7 (1999), 734-740.

[25] P. Diamond, Brief note on the variation of constants formula for fuzzy differential equations,
Fuzzy Sets and Systems, 129 (2002), 65–71.

[26] Z. Ding, M. Ma and A. Kandel, Existence of solutions of fuzzy differential equations with
parameters, Information Sciences, 99 (1997), 205–217.

[27] D. Dubois and H. Prade, Fuzzy sets and systems : theory and applications, Academic Press,
New York, 1980.

[28] D. Dubois and H. Prade, Towards fuzzy differential calculus: Part 3, differentiation, Fuzzy
Sets and Systems, 8 (1982), 225–233.

[29] O. S. Fard and A. V. Kamyad, Modified K-step method for solving fuzzy initial value problems,
Iranian Journal of Fuzzy Systems, 8 (2011), 49–63.

[30] H. R. Flores and Y. C. Cano, Robinsons chaos in set-valued discrete systems, Chaos, Solitons
and Fractals, 25 (2005), 33–42.

[31] H. R. Flores and Y. C. Cano, Some chaotic properties of Zadeh’s extensions, Chaos, Solitons
and Fractals, 35 (2008), 452–459.

[32] D. N. Georgiou, J. J. Nieto and R. Rodriguez-Lopez, Initial value problems for higher order
fuzzy differential equations, Nonlinear Analysis, 63 (2005), 587–600.

[33] R. Goetschel and W. Voxman, Elementary fuzzy calculus, Fuzzy Sets and Systems, 18 (1986),
31–43.

[34] J. M. Hua, Z. J. li and H. Ming, Fuzzy reliability of an iSCSI-based disk array system, Journal
of Communication and Computer, 4 (2007), 37–42.

[35] H. Z. Huang, X. Tonga and M. J. Zuob, Posbist fault tree analysis of coherent systems,
Reliability Engineering and System Safety, 84 (2004), 141–148.

[36] H. Z. Huang, M. J. Zuo and Z. Q. Sun, Bayesian reliability analysis for fuzzy lifetime data,
Fuzzy Sets and Systems, 157 (2006), 1674–1686.

[37] L. J. Jowers, J. J. Buckley and K. D. Reilly, Simulating continuous fuzzy systems, Information
Sciences, 177 (2007), 436–448.

[38] O. Kaleva, Fuzzy differential equations, Fuzzy Sets and Systems, 24 (1987), 301–317.
[39] O. Kaleva, The cauchy problem for fuzzy differential equations, Fuzzy Sets and Systems, 35

(1990), 389–396.
[40] A. Kaufmann and M. M. Gupta, Introduction to fuzzy arithmetics: theory and applications,

Van Nostrand Reinhold, New York, 1985.
[41] Y. Kleiner, R. Sadiq and B. Rajani,Modelling the deterioration of buried infrastructure as a

fuzzy Markov process, Journal of Water Supply Research and Technology, 55 (2006), 67–80.
[42] A. Kumar, P. Kaur and J. Kaur, Fuzzy optimal solution of fully fuzzy project crashing prob-

lems with new representation of LR flat fuzzy numbers, Lecture Notes in Computer Science,
6743 (2011), 171–174.

www.SID.ir

www.SID.ir


Arch
ive

 of
 SID

A New Analytical Method for Solving Fuzzy Differential Equations 39

[43] A. Kumar, J. Singh and P. Kumar, Fuzzy reliability and fuzzy availability of the serial process
in butter oil processesing plant, Journal of Mathematics and Statistics, 5 (2009), 65–71.

[44] M. Kurano, M. Yasuda, J. Nakagami and Y. Yoshida, A fuzzy approach to Markov decision
processes with uncertain transition probabilities, Fuzzy Sets and Systems, 157 (2006), 2674–
2682.

[45] Y. Liu and H. Z. Huang, Reliability assessment for fuzzy multi-state systems, International
Journal of Systems Science, 41 (2010), 365–379.

[46] M. S. El Naschie, On a fuzzy Khler manifold which is consistent with the two slit experiment,
International Journal of Nonlinear Sciences and Numerical Simulation, 6 (2005), 95–98.

[47] J. J. Nieto, A. Khastan and K. Ivaz, Numerical solution of fuzzy differential equations under
generalized differentiability, Nonlinear Analysis: Hybrid Systems, 3 (2009), 700–707.

[48] M. Oberguggenberger and S. Pittschmann, Differential equations with fuzzy parameters,
Mathematical and Computer Modelling of Dynamical Systems, 5 (1999), 181–202.

[49] T. Onisawa, An application of fuzzy concepts to modelling of reliability analysis, Fuzzy Sets
and Systems, 37 (1990), 267–286.

[50] S. Pederson and M. Sambandham, The Runge-Kutta method for hybrid fuzzy differential
equations, Nonlinear Analysis: Hybrid Systems, 2 (2008), 626–634.

[51] M. L. Puri and D. A. Ralescu, Differentials of fuzzy functions, Journal of Mathematical
Analysis and Applications, 91 (1983), 552–558.

[52] S. Seikkala, On the fuzzy initial value problem, Fuzzy Sets and Systems, 24 (1987), 319–330.
[53] D. Singer, A fuzzy set approach to fault tree and reliability analysis, Fuzzy Sets and Systems,

34 (1990), 145–155.
[54] I. Uprety and Zaheeruddin, Fuzzy reliability of gracefully degradable computing systems, Pro-

ceedings International Conference on Methods and Models on Computer Science, (2009), 1–4.
[55] L. V. Utkin, Fuzzy reliability of repairable systems in the possibility context, Microelectronics

Reliability, 34 (1994), 1865–1876.
[56] L. V. Utkin and S. V. Gurov, A general formal approach for fuzzy reliability analysis in the

possibility context, Fuzzy Sets and Systems, 83 (1996), 203–213.
[57] D. Yuhua and Y. Datao, Estimation of failure probability of oil and gas transmission pipelines

by fuzzy fault tree analysis, Journal of Loss Prevention in the Process Industries, 18 (2005)
83–88.

Sneh Lata, School of Mathematics and Computer Applications, Thapar University,
Patiala, 147004, India

E-mail address: sneh.thaparian@gmail.com

Amit Kumar∗, School of Mathematics and Computer Applications, Thapar Univer-
sity, Patiala, 147004, India

E-mail address: amit rs iitr@yahoo.com

*Corresponding author

www.SID.ir

www.SID.ir

