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FIXED POINT THEORY FOR CYCLIC p-CONTRACTIONS IN
FUZZY METRIC SPACES

Y. H. SHEN, D. QIU AND W. CHEN

ABSTRACT. In this paper, the notion of cyclic ¢p-contraction in fuzzy metric
spaces is introduced and a fixed point theorem for this type of mapping is
established. Meantime, an example is provided to illustrate this theorem. The
main result shows that a self-mapping on a G-complete fuzzy metric space has
a unique fixed point if it satisfies the cyclic p-contraction. Afterwards, some
results in connection with the fixed point are given.

1. Introduction

The contraction type mappings in fuzzy metric spaces play a crucial role in fixed
point theory. In 1988, Grabiec [5] first defined the Banach contraction in a fuzzy
metric space and extended fixed point theorems of Banach and Edelstein to fuzzy
metric spaces. Following Grabiec’s approach, Mishra et al. [11] obtained some com-
mon fixed point theorems for asymptotically commuting mappings on fuzzy metric
spaces in 1994. In 1998, Vasuki [21] offered a generalization of Grabiec’s fuzzy Ba-
nach contraction theorem and proved a common fixed point theorem for a sequence
of mappings in a fuzzy metric space: Afterwards, Cho [3] presented the concept
of compatible mappings of type (&) in-fuzzy metric spaces and studied the fixed
point theory. Several years later, Singh and Chauhan [20] introduced the concept
of compatible mapping and proved two common fixed point theorems in the fuzzy
metric space with the continuous triangular norm min. In 2002, Sharma [18] fur-
ther extended some known results of fixed point theory for compatible mappings in
fuzzy metric spaces. In the same year, Gregori and Sapena [6] introduced the no-
tion of fuzzy contractive mapping and gave some fixed point theorems for complete
fuzzy metric spaces-in the sense of George and Veeramani, and also for Kramosil
and. Michalek’s fuzzy metric spaces which are complete in Grabiec’s sense. Soon
after, Mihet [8] proposed a fuzzy Banach theorem for (weak) B-contraction in M-
complete fuzzy metric spaces. Recently, further studies have been done by different
authors [1, 2, 9, 10, 15, 17, 19]. Meanwile, some new notions of contraction map-
pings have been introduced, such as Edelstein fuzzy contractive mappings, fuzzy
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-contraction of (e, \) type, etc. Besides, Qiu et al. [13, 14] also obtained some
common fixed point theorems for fuzzy mappings under certain conditions.

In 2010, the concept of cyclic ¢-contraction is introduced by Pacurar and Rus
in Ref. [12]. Meantime, they constructed a fixed point theorem for the cyclic ¢-
contraction in a classical complete metric space. In addition, several problems in
connection with the fixed point are investigated. Based on these ideas the notion of
cyclic p-contraction in a fuzzy metric space is presented in this paper. Furthermore,
a fixed point theorem is established for a G-complete fuzzy metric space in the
sense of George and Veeramani. Then, some problems related to the fixed point
are discussed.

2. Preliminaries

For completeness and clarity, in this section, some related conceptsrand conclu-
sions are summarized and introduced below. Let N denote the‘set of all positive
integers.

Definition 2.1. [16] A binary operation 7' : [0,1] x [0,1]. — [0,1]ds called a
continuous triangular norm (in short, continuous t-norm) if it satisfies the following
conditions:

(TN-1) T is commutative and associative;
(TN-2) T is continuous;
(TN-3) T'(a,1) = a for every a € [0,1];
(TN-4) T'(a,b) < T(c,d) whenever a < ¢, b<dand a,b,c,d € [0,1].
An arbitrary t-norm 7" can be extended (by associativity) in a unique way to an n-

ary operator taking for (z1, 22, -, )€ [0,1]%;n € N, the value T(x1, 22, -+ , Zp)
is defined, in Ref. 7], by

Tz'0:1-73i =1, Tin:1xi B T(Tin:_fxmxn) = T(ﬂfla T2, 7$n)-
Definition 2.2. [12] Let X be amonempty set, m a positive integer and f : X — X
an operator. X = |J X is a cyclic representation of X with respect to f if

i=1

(i) X;, 1 =1,2,--- ,m are nonempty sets;
(11) f(Xl) C X27' ) f(mel) C va f(Xm) C X1~

Definition 2.3. [4] A fuzzy metric space is an ordered triple (X, M, T) such that X
is a nonempty set, T"is a continuous ¢t-norm and M is a fuzzy set on X x X x (0, 00)
satisfying the following conditions, for all z,y,z € X, s,t > 0:

(FM-1) M(xyy,t) > 0;

(FM-2) M(x,y,t) =1 if and only if z = y;

(FM 3) (x7y,t):M(y7m,t);

(FM-4) T(M(x,y,t), M(y,2,8)) < M(z,z,t+ s);

(FM-5) M(x,y,-): (0,00) — (0, 1] is continuous.

Definition 2.4. [5] Let (X, M, T) be a fuzzy metric space. Then

(i) A sequence {z,} in X is said to converge to x in X, denoted by x,, — z, if and
only if lim M(x,,z,t) =1 for all t > 0, i.e. for each r € (0,1) and ¢ > 0, there
n—oo
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exists ng € N such that M (x,,z,t) > 1 —r for all n > ny.

(ii) A sequence {z,} is a G-Cauchy sequence if and only if nhHm M(2piyp, Tn,t) =1
for any p > 0 and t > 0.

(iii) The fuzzy metric space (X, M, T) is called G-complete if every G-Cauchy se-
quence is convergent.

Definition 2.5. A function ¢ : [0,1] — [0,1] is called a comparison function if it
satisfies

(i) ¢ is nondecreasing and left continuous;

(ii) ¢(¢) > t for all t € (0,1).

Lemma 2.6. If ¢ be a comparison function, then

(i) o(1) =1;

(i) lir+n e (t) =1 for all t € (0,1), where ¢™(t) denotes the composition of ¢(t)
n—-+0oo

with itself n times.

Inspired by the cyclic ¢-contraction in Ref. [12] we present the same notion in

fuzzy metric space, where P.;(X) denotes the collection of nonempty closed subsets
of X.

Definition 2.7. Let (X, M, T) be a fuzzy metric space, m a positive integer,

Ay, Aoy A € Py(X), Y = U A; and f:Y — Y an operator. If
=1

(i) U A; is cyclic representation of Y with respect to f;
=1

(ii) there exists a comparison function ¢ : [0,1] — [0, 1] such that

M(f(x), f(y),8) = ¢(M(z,y,t))
for any x € A;, y € A;41 and t > 0, where A,,+1 = Aj, then f is called cyclic
p-contraction in the fuzzy metric space (X, M, T).

Definition 2.8. Let (X, M, T) be a fuzzy metric space and let {f,,} be a sequence
of self-mappings on X« fp : X — X is a given mapping. The sequence {f,} is said
to converge uniformly to fo if for each € € (0,1) and ¢ > 0, there exists ng € N such

that M(fa(@), folw),t) > 1 ¢
for all n > ng and x € X.

3. Main Results
Theorem 3.1. Let (X,M,T) be a G- complete fuzzy metric space, m a positive
integer, Ay, Ag,--+ Ay € Py(X), Y U A, ¢ [0,1] — [0,1] a comparison
functwn and f:Y =Y an operator. Assume that
(C1) U A; is a cyclic representation of Y with respect to f;

(C2) f s a cyclic p-contraction.

Then [ has a unique fized point x* € ﬂ A; and the iterative sequence {x,}n>0
i=1

(xn = f(xn-1), n € N) converges to =* for any starting point xo € Y.
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m
Proof. For any starting point g € Y = |J A;, since z,, = f(2,—1) (n > 1), we have
i=1

1=

M(zp, Tpy1,t) = M(f(xn-1), f(zn),t) for any t > 0.
Besides, for any n > 0, there exists i, € {1,2,---,m} such that z,, € A; and
ZTnt+1 € A;, 41. Therefore, we can obtain
M (2, Tni1,t) = M(f(zn-1), f(an),t) 2 o(M(2n-1, f(2n),1)).
Consider the definition of ¢, we get by induction that
M(zp, Tpy1,t) > @ (M(x0, x1,1)).
Thus, for any p > 0, we have
M(@n, Tntp,t) = T(M(2n, o1, /), M(Tns1, Tns2,t/p), -+, M(Tnip—158nstp, t/D))
> T(o"(M(zo,x1,t/p), " (M (w0, 21, t/p), -+, "7 (M (0,21, /D))
= TP " (M (w0, 21,1 /).
By Lemma 2.6, for every ¢ € {0,1,--- ,p — 1}, we obtain that
Jim @™ (M (20, 21,1/p) = 1.
According to the continuity of t-norm T, it can easily be verified that M (z,, zs4p,t) —

1 as n — oo. It shows that {x,},>0 is a G-Cauchy sequence in the G-complete

subspace Y. So there exists * € Y such that lim z, = z*.
n—oo

On the other hand, by the condition (C1), it follows that the iterative sequence
{Zn}n>0 has an infinite number of terms in-each A;, i = 1,2,--- ,m. Since YV
is G-complete, from each A;, i =/1,2,-+- ;m, one can extract a subsequence of
{n}n>0 which converges to z* as well. Because each A;, i =1,2,--- ,m is closed,

we conclude that z* € [ Agand thus () A; # 0.
=1 =1

(2 3

Set Z = () A;. Obviously, Z is also closed and G-complete. Consider the

i=1
restriction of f to Z, that'is, f|z : Z — Z. Next, we will prove that f|z has a
unique fixed point in Z C Y.
For the foregoing z* € Z, since f|z(z*) € Z and z,, € A4, , we can choose A; 11
such that f|z(x*) € 4, 1. Hence, for any ¢ > 0, we have

M(flz(x"),z*,t) = M(f(z"),2",t)
> T(M(f(x"), f(zn),t/2), M(2ni1,2%,1/2))
>T(p(x*, xn, t/2), M(xnt1,2",t/2)) = T(1,1) =1 as n — oo.
Clearly, we get f|z(z*) = z*, namely, «* a fixed point, which is obtained by iter-
ation from starting point xy. To show uniqueness, we assume that z € FL] A; is

=1
another fixed point of f|z. Since z*,z € A; for all i € N, we can obtain

M(Z‘*,Z,t) = M(fIZ(x*)7f|Z(Z)7t) = M(f('r*)7f(z)’t) > (p(M(JZ*,Z,t)) >
M(z*, 2, t).
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This leads to a contradiction. Thus, * is the unique fixed point of f|; for any

starting point xg € Z C Y.

Now, we still have to prove that the iterative sequence {zy },>0 converges to z* for
m

any initial point g € Y. Let z € Y = |J A;, there exists ig € {1,2,--- ,m} such
i=1

m

that z € A;,. As a* € [ 4, it follows that 2* € A;,+1 as well. Then, for any
i=1

t > 0, we have

M(f(x), f(z7),t) > p(M(z,z",1)).
By induction and Definition 2.4, we can obtain
M (2, 2", 1) = M(f"(x0), 2", t) = M(f"(x0), f(2"), )
= M(f(f" (o)), f(z*),1)
> @(M(f*~H(zo), 2%, 1))
> = " (M(xo, 27, 1)).
Supposing g # x*, it follows immediately that x,, — &* as n — oo. So the itera-

tive sequence {zy, }n>0 converges to the unique fixed point #* of f for any starting
point zg € Y. [

Example 3.2. Let X be the subset of R? defined by
X = {A7 B? C’ D’ E}7
where A = (0,0), B = (0,1), C = (1,1), D = (0,2), E = (3,3). ¢(r) = /7 for

all 7 € [0,1]. Define M(z,y,t) = e~ M(?y), where d(z,y) denotes the Euclidean
distance of R%. Clearly, (X, M, T) is a G-complete fuzzy metric space with respect
to t-norm T'(a,b) = ab.

Let f: X — X be given by

f(A)=f(B)=f(C)=f(D)=B, [f(E)=A
Set A1 = {A7B,C,D}, AQ — {B,D,E} f(Al) = {B} - AQ, f(AQ) = {A,B} -
Ay. According to Definition 2.2, X = A; U As is a cyclic representation of X
with respect to f." In addition, it can easily be verified that M (f(x), f(y),t) >
o(M(z,y,t)) for every & € Ay, y € Ag, and ¢t > 0. This shows that f is a cyclic
p-contraction. Hence, all the conditions of Theorem 3.1 are satisfied and then f
has a unique fixed point, that is, z = B.

Theorem 3.3. Let f: Y — Y be a self-mapping as in Theorem 3.1. If there exists
an iterative sequence {yn}tnen in'Y such that M (yn, f(yn),t) = 1 as n — oo for
any t > 0, then y, — =¥ as n — oo.

Proof. According to the proof of Theorem 3.1, we know that x* is the unique fixed
point of f for any starting point x¢ € Y. Therefore, for any ¢ > 0, we have

12 M(yn,z*,t) = T(M(Yn, f(yn), t/2), M(f (yn), f(x7),1/2))
> T(M(yn, f(yn), t/2), (M (yn, ,/2)))
= T(M(yn, f(yn), /2), " (M (20, z", 1/2))).
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Since M (yn, f(yn),t/2) — 1 and @™(M (zg,z*,t/2)) — 1 as n — oo, it means that
M (yn,x*,t) — 1 which is equivalent to saying that y,, — x* as n — co. O

Theorem 3.4. Let f: Y — Y be a self-mapping as in Theorem 3.1. If there exists
a convergent sequence {yptnen in'Y such that M (yni1, f(yn),t) = 1 as n = oo
for any t > 0, then there exists xg € Y such that M (yn, [™(z0),t) = 1 as n — .

Proof. For any t > 0, let y, € Y, n € N such that M (yn+1, f(yn),t) = 1, n — oc.
m
Set y as a limit of {y, }nen. By the proof of Theorem 3.3, we note that * € () A;

i=1
is the unique fixed point of f for any starting point xg € Y and t > 0. Therefore,
for any t = t1 + to with ¢1,t2 > 0 and n > 0, we have

M (yny1,2",t) = T(M (Ynt1, f(yn), 1), M(f(yn), f(2")5t2))-

Now, we show that M(y,4+1,2*,t) — 1 as n — oo for any ¢ > 0. Suppose
that M (yp41,2*,t) /~ 1, n — oo, there exists 0 < ¢ < L and ¢ > 0.such that
lim M (yp41,2%,t) = M(y,2*,t) = 1 — e. Then there exists 0.< to <t such that
n—oo

m
My, z*,t9) < 1—e€ and limsup M (y,,x*, o) = 1 — €. Since y, € Y = |J A; for

n— oo =1

m

each n > 0, there is i, € {1,2,--- ,m} such thatw, € A; . But z* € [ A;, so we
i=1

can choose A; 41 such that +* € A; 1. Therefore, we can obtain

M(y'rl-‘rlv 33*, t) > T(M(yn-i-lv f(yn)’ t— tO)’ @(M(yYH l‘*, tO)))? n > 0.

Thus, according to the continuity of {-norm 7', we have
1—e= lim M(ypt1,2*,t) = My, z*,t)
n—oo

Z lim sup T(M(yn-‘rlv f(yn)at - to), cp(M(yn, Jf*, to)))

n—0oQ

= T(hm sup M(yn+17 f(yn)a t— to), lim sup QO(M(yTH l'*, to)))

n—r o0 n— oo

= T(1;lim sup (M (yn, x*, t0)))

n—oo

= lim sup (M (yn, x*, to))

n—oo
=p(l—€)>1—F¢,

which is-a contradiction. Hence, M (y,x*,t) = 1, namely, y = 2*. Thus, for any
t > 0, we have M (yn, f™"(z0),t) = M(y,z*,t) as n — oo. O

Theorem 3.5. Let f : Y — Y be a self-mapping as in Theorem 3.1 and f, :Y —
Y, n € N. If the following conditions are satisfied:

(i) there exists a fived point x¥ for each fy;

(#) { fn}nen converges uniformly to f;

(i) the sequence {x}}nen i convergent.

Then, x} — x* as n — o0.
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Proof. Suppose that {z}},en converges to T*. Since {f, }nen converges uniformly
to f, by Definition 2.6, for any € € (0,1) and ¢ > 0, there exists an ng € N such
that M (fn(z), f(z),t) > 1 — ¢ for all n > ng and z € Y. That is, for every z € Y,
M (fn(x), f(2),t) = 1 as n — oo. By induction, for any ¢ = t1 + to with ¢1, to > 0,
we can obtain

Mz}, 2", t) = M(fn(z}), f(x*), t1 + t2)
> T(M(fn(r), f(zn), t1), M(f(zr), f(z7), t2))
= T(M(fn(zn), f(@3),t1), o (M (27, 2", t2))).
Similarly, we assume that ) /4 z* as n — o0, i.e., there exist n € (0,1) and ¢t > 0

such that lim, o M(x}, z* t) M(z*,2*,t) = 1 —mn. Then there exists 0 < tog < t
such that M (z*,z*,tg) < 1 —n and limsup M (z},x*,t9) = 1 — n.Therefore, we

n— oo
have

1—n= lim M(z,,z",t) = M(@",x",t)
n— o0
> limsup T(M (f(25), £(5), ¢ — to)sp( M@, 2", 1))

n—r00

= T(1, limsup p(M (5, 2", o))

n—r00

= limsup p(M(z;,,z", to))

n— 00
=¢(l—-n)>1-n,

which is a contradiction. Hence, M (x¥,z*/t) = 1 as n — oo, i.e., ¥ — z* as
n — 00. (Il

Theorem 3.6. Let f: (X, M,Ty) =(X, M, Ty) be a self-mapping as in Theorem
3.1, if (X,M,T3) is a G-complete metric space with Ty(a,b) < Ty(a,b) for all
a,b € [0,1], then f: (X, M,Ts) — (X, M, T5) has the same unique fixed point.

Proof. The result can be easily obtained from the proof of Theorem 3.1. O

Theorem 3.7. Let (X, M;,T) and (X, Mo, T) be two fuzzy metric spaces. m a
positive integer, A1, Az, A € Py(X), Y =L, A; and f : Y — Y an operator.
Assume that

(i) Y =X, A; is a eyclic representation of Y with respect to f;

(ii) My (z,y,t) > Ma(z,y,t) for any v,y €Y and t > 0;

(iii) (X, My, T) is a G-complete metric space;

() f(Y, My, T) — (Y, M1, T) is continuous;

(v) f: (Y, M3, T) — (Y,Ms,T) is a cyclic p-contraction with ¢ : [0,1] — [0,1] a
comparison function.

Then the sequence {f™(xo)}n>0 converges to x* in (X, M1, T) for any starting point
xo € Y and x* is the unique fized point of f.

Proof. According to Theorem 3.1, let g € Y, the condition (v) ensures that the
iterative sequence {f™(zo)}n>0 is a G-Cauchy sequence in (Y, M, T). By the con-
dition (ii), it is easy to verify that {f™(zo)}n>0 is also a G-Cauchy sequence in
(Y, M;,T). Due to the condition (iii), {f™(zo)}n>0 converges to z* in (Y, M7, T)
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for any starting point zg € Y. Furthermore, the condition (iv) implies the unique-
ness of z*. O

4. Conclusion

In this paper, we presented the notion of cyclic p-contraction in a fuzzy metric
space and constructed a fixed point theorem for this type of mapping in a G-
complete fuzzy metric space. Noted that the iterative sequence induced by the cyclic
p-contraction could converge to the fixed point for any starting point. Moreover,
some problems related to the fixed point were discussed. In our future research, we
intend to establish a fixed point theorem for cyclic ¢-contractive mappings in an
M-complete fuzzy metric space.
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