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MEET-CONTINUITY ON L-DIRECTED COMPLETE POSETS

S. SU, Q. LI AND L. GUO

ABSTRACT. In this paper, the definition of meet-continuity on L-directed com-
plete posets (for short, L-dcpos) is introduced. As a generalization of meet-
continuity on crisp dcpos, meet-continuity on L-dcpos, based on the gener-
alized Scott topology, is characterized. In particular, it is shown that ev-
ery continuous L-dcpo is meet-continuous and L-continuous retracts of meet-
continuous L-dcpos are also meet-continuous. Then, some topological prop-
erties of meet-continuity on L-dcpos are discussed. It is shown that meet-
continuity on L-dcpos is a topological invariant with respect to the generalized
Scott topology, and meet-continuity on L-dcpos is hereditary with respect to
generalized Scott closed subsets.

1. Introduction

In the past three decades, quantitative domain theory has formed a new branch
of domain theory and has attracted much-attention. Rutten’s generalized (ul-
tra)metric spaces [11], Flagg’s continuity spaces [4] and Wagner’s Q-categories [12]
are actually examples of quantitative domains. The main idea of these examples is
to provide a metrization of the order relation in domains, which often means that
one can use some other lattice instead of 2 quantify the order. This idea suggests
that we can deal with quantitative domain theory via fuzzy set theory (see e.g.[19]).
In[1,2,3], L-posets were.introduced as the basic framework for quantitative domain
theory. Recently, taking complete Hetying algebras as structures of truth values,
Zhang and Fan [19,22] introduced the notions of L-dcpo, continuous L-dcpo, gener-
alized Scott topology and L-complete lattice. Taking complete residuated lattices
as structures of truth values, Yao [13,14,17] proposed the notions of L-way-below
relation, L-domain and L-Scott topology. However, based on our knowledge, meet-
continuity on L-dcpos is still not given in the literature.

As is well-known, in domain theory, the classical definition of meet-continuity for
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a directed complete meet-semilattice L is that a A (\/ D) = \/ cp(a A d) for every
a € L and every directed subset D C L. Therefore, in order to generalize meet-
continuity from crisp posets to L-posets, one at least has to introduce a binary meet
operation on L-posets. In the many-valued setting, Zhao and Zhang [23] proposed
a kind of meet Q-semilattices; Yao [15] introduced a kind of L-frames and then suc-
cessfully established a fuzzy version of Parpert-Parpert-Isbell-adjunction between
the category of the related L-locales and the category of stratified L-topological
spaces in [16]. Based on the above works, one may be able to construct a fuzzy
version of meet-continuity. On the other hand, the classical meet-continuity can be
equivalently characterized by the Scott topology as cl,({x N |D) = |z, whenever
x < \/ D (see e.g.[6]). It provides a suitable approach to generalizing the notion of
meet-continuity on depos. More precisely, a depo X is meet-continuous if < \/ D
implying cl,({x N} D) = |z for every z € X and every directed subset D.C X. In
our opinion, this kind of definition of meet-continuity constructs a close connection
between topology and order structure. Hence, this paper is devoted to construct-
ing meet-continuity on L-dcpos by the generalized Scott _topology. We show that
meet-continuity on L-dcpos generalizes meet-continuity on crisp dcpos, and that
meet-continuity is a topological invariant and is a hereditary property.

The main idea of L-ideal and generalized Scott topology defined in [19] comes
from the literature [4]. As shown in [4], this kind of definition of ideal and Scott
topology is appropriate for quantitative domain theory including ordinary domain
theory, metric domains, ultrametric domains and other examples, such as proba-
bilistic domains and structure spaces, which may be useful in programming language
semantics. As a result, our work is not only a generalization of ordinary domain
theory, but also provides a reference for the studies of other quantitative domain
systems.

The content of the paper is arranged as follows. In section 2, we recall some
known notions and results. In section 3, based on the generalized Scott topology,
we define meet-continuity on L-depos and then show that every continuous L-
dcpo is meet-continuous; and also that L-continuous retracts of meet-continuous
L-dcpos are meet-continuous. In section 4, some topological properties of meet-
continuity on L-depos are investigated. It is shown that meet-continuity on L-
dcpos is a topological invariance and also is hereditary. Finally, some conclusions
are presented in section 5.

2. Preliminaries

Suppose that L is a complete lattice and p,q € L. As defined in [5], p is said to
be wedge-below ¢, denoted p <« ¢, if for every subset A C L, ¢ < \/ A implies p < r
for some r € A. The relation << is called multiplicative if for every p,q,r € L,
p <K qand p <K rimply p<KqgAr.

A complete lattice L is said to be completely distributive if it satisfies the com-
plete distributivity law, i.e.,

/\ \/ Ljk = \/ /\%‘,f(j)

jEJ KEK()) feM jed
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holds for every family {x; 5 | j € J, k € K(j)} in L, where M is the set of functions
defined on J with the values f(j) € K(j).

Suppose that L is a completely distributive lattice and p € L. If p = a Vb implies
p =a or p=> for every a,b € L, then p is said to be V-irreducible.

A frame (or complete Heyting algebra) is a complete lattice L satisfying the
following infinite distributive law:

a/\(\/B)z\/{a/\b|b€B}

for every a € L and every B C L.
Suppose that L is a frame and a,b € L. We define a — b = \/{c € L|a A ¢ < b}.
Throughout this paper, L denotes a frame with T, L as the largest and smallest
elements respectively. The following definitions and theorems can be found in [7,
18, 19, 20, 22|, and for convenience of the readers, proofs of some results are given.

2.1. L-dcpos.

Definition 2.1. An L-poset is a pair (X, e) such that X isasetande : XxX — L
is a mapping, called an L-order, that satisfies for every z,y,2 € X,

(1) e(z,z) =T;

(2) e(z,y) Nely, z) < e(, 2);

(3) e(z,y) =e(y,z) =T implies . = y.

A poset (X, <) can be seen as an L-poset (X, e<),in whiche< : X x X — L =
{L, T} defined as follows:
T <
e< (@) = { !

L zLy (1)

for every z,y € X. In_ the sequel, (X,e<) will be always defined as above for a
poset (X, <).
Definition 2.2. Let (X,e) be an L-poset. ¢ € L¥ is called an L-directed set on
X if
(1) there exists € X such that | < ¢(z);
(2) for every z1,23 € X and every aq,as,a € L with a1 < ¢(x1), as <& o(x2)
and a <& T, there exists z € X such that a & p(z), a1 K e(z1,x), and
o K 6(1’2, .Z’)
Definition 2.3. Let (X,e) be an L-poset. ¢ € L¥ is called an L-lower set if for
every @,y € X, p(z) Ne(y,z) < p(y).
If ¢ is an L-directed set and L-lower set, then we call ¢ an L-ideal. We use

D (X) to denote the set of all L-directed sets on X and I (X) the set of all
L-ideals on X.

Definition 2.4. Let (X, e) be an L-poset, let 2o € X, and let ¢ € LX. Consider
the following conditions:

(1) for every x € X, p(x) < e(x,x0);
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(2) for every y € X, A\ cx (@) = e(z,y) < e(x0,9).
xo is called a join of ¢, denoted Uy, if it satisfies (1) and (2); xq is called an upper
bound of ¢ if it satisfies (1).

Corollary 2.5. Let (X,e) be an L-poset and let ¢ € L. If the join of ¢ emists,
then it is unique.

Proposition 2.6. Let (X,e) be an L-poset, let o € LX, and let xg € X. Then
zo = U iff Npex @(@) = e(z,y) = e(wo, y) for every y € X.

Definition 2.7. An L-poset (X, e) is called an L-directed complete poset (for short,
L-dcpo) if every L-directed set on X has a join.

Let (X, e) be an L-poset, let € X, and let p € LX. |z € LX and [y € LX are

defined as follows:
Lo(y) = e(y.2), Loy) = \/ @) Aely, ')
x'eX

for every y € X. It is simple to check that |¢ is an-L-lower set and ¢ < |y
pointwisely.
Proposition 2.8. The following conditions are equivalent for an L-poset (X, e)
and ¢ € LX:

(1) U exists;

(2) Uly exists.
And if these conditions are satisfied, then Up=L1|p.

Lemma 2.9. If (X, e) is an L-dcpo, then Lp =< holds for every L-lower set .

2.2. Generalized Scott Topology. Let/ (X, e) be an L-poset. We introduce the
following notations for z € X, a € L, E€ X and ¢ € L*:
tr={ye X |axelz,yl} T,oa={yeX|a<e(z,y)},
Pr={yeX|akely,x)}, l,oa={ye X |a<e(y,x)},

toF = 1oz lwe F}, 1, F = J{tz |z € F},
5a() = {z € X | a << p(x)}.

Note. 10z and T,z are exactly P?(z) and P,(z) introduced in [19], respectively. In
our opinion, the notations of 19z and 1,z are more intuitive. Moreover, according
to the reviewer’s advice, we use d,(¢) to denote o,(¢) defined in [19].

Definition 2.10. Let (X, e) be an L-dcpo and let U C X. Then U is generalized
Scott open if for every ¢ € Dy (X), | |¢ € U implies the existence of a <& T and
x € X such that a <« ¢(z) and 1,2 C U. The collection of all generalized Scott
open subsets of X is a topology, called the generalized Scott topology, denoted
oe(X) (for short, o.). The collection of all generalized Scott closed subsets of X is
denoted by v.(X) (for short, 7.).

Let (X,e) be an L-decpo. Then we have 7.(X) ={AC X | X\ 4 € 0.(X)} by
Definition 2.10.
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Corollary 2.11. Let (X,e) be an L-poset and let U C X. If U is a generalized
Scott open set, then for every x € U, there exists a << T such that T, C U.

Proof. For every z € X, it is obvious that |z € Dy (X) and Uz = x. Since U is
a generalized Scott open set, there exist a <€ T and z € X such that a << e(z, x)
and T,z C U. Then for every y € 1,2, we have a < e(z,z) Ae(z,y) < e(z,y), which
implies t,z C 1,z C U. (I

Proposition 2.12. Let (X, e) be an L-dcpo and let U C X. The following are
equivalent:
(1) U is a generalized Scott closed set;
(2) for every ¢ € Dp(X), the property that a € p(z) or t,xNU # O for every
a <& T and every x € X implies, Up € U.

Proof. By Definition 2.10, it follows that U is a generalized Scott closed set iff X \ U
is a generalized Scott open set iff for every ¢ € D (X), | |¢ € X\ U implies the
existence of a <« T and = € X such that a <« p(z) and 1,2 C X \ U iff for every
¢ € Dr(X), the property that a & ¢(z) or T,& N U.#£ @ for every a <& T and
every ¢ € X implies that Up € U. O

By Proposition 2.12, we immediately obtain the following result.

Corollary 2.13. Let (X,e) be an L-depo and let U C X. If for every ¢ € Dy (X),
the property that a << @(x) and t,2 NU # (. for every a << T and every x € X
implies that Uy € U, then U is a generalized Scott closed set.

Proposition 2.14. Let L be a completely distributive lattice, let (X,e) be an L-
poset, and let x € X. Then for every b <« T, |,x is generalized Scott closed.

Proof. Suppose that ¢ € D (X) with a <€ ¢(2') and 12" N,z # 0 for every a <K
T and every =’ € X, which implies that for every a << T and every z’ € X, there
exists z € 1,2’ such that z € [jzpie., a < e(2',z) and b < e(z,2). Then we have
anb<e(x z)Ne(z,x)<e(@, z). Insuch a case, it follows that for every y € X,
bAOY) =bA (Vo) @ = Vaccp) @A < e(@,2), Le, b < o(y) = e(a’, ).
Thus, we have b <A ey ¢(y) — e(z’,z) < e(Up, x), i.e., Up € |,z. Therefore, |,z
is generalized Scott closed by Proposition 2.12. ([

By Proposition 2.14, we know that if T < T, then |t x is generalized Scott
closed.

Definition 2.15. Let (X,ex), and (Y,ey) be L-posets and let f : X — Y
be a mapping. Then f is called L-monotone if for every z,y € X, ex(z,y) <

ey (f(z), f(y))-

Let (X,ex), and (Y,ey) be L-posets and let f : X — Y be an ordinary
mapping. One can define an L-powerset operator f7 : LY — LY as follows:
T7 ()W) = Vyex ©(x) Aey (y, f(x)) for every ¢ € LX and every y € Y.

Remark 2.16. (1) A non-empty set X can be seen as an L-poset (X, eX), in which
eX 1 X x X — L ={L, T} is defined as follows:
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X (1 _ T x=y
(%3] {L vy @)

for every z,y € X. Given an ordinary mapping f from X to Y, for every ¢ € L
and every y € Y,

@) =\ (e@) ne (y. f(2) = \/{el@) |2 € X,y = f(x)}.

zeX

Here f* is exactly the L-forward powerset operator of f [8, 9, 10],. Thus, the
L-forward powerset operator is a special case of the above operator.

(2) Let (X, <x), and (Y, <y) be posets, let f : X — Y be an ordinary mapping,
let A C X, and let B C Y. Consider (X, <x) and (Y, <y) respectively as the L-
posets (X, e<,) and (Y,e<, ), where L = {L, T}. Then for every y €Y,

7)) =T e dwe X, xalx) =T, ec, (y, f(z)) =T
S Ire Ay < f(z) eyelf(4).

This indicates that the above L-powerset operator fﬁ is a generalization of usual
image }f.

(3) An Q-category is a set A together with a binary function A : A x A —
such that (1) I < A(a,a) for every a € A; (2) A(a,b) x A(b;e) < A(a,c) for every
a,b,c € A. Then it is easy to check that (1) 2 isan Q-category when Q(a,b) =a — b
for every a,b € Q; (2) the opposite A°P of an Q-category A is also an Q-category,
where A% (a,b) = A(b,a) for every a,b € A. Let f: A — B be an Q-functor,
ie., f is a function between {-categories A and B with A(a,b) < B(f(a), f(b))
for every a,b € A. Then an Q-functor f~ : A°? — Q is defined as follows:
F7(@)(b) = Vyeq d(a) * B(b, f(a)), for every b € B and every ¢ € Q4" where
OA” denotes the set of all mappings from A% to Q. If Q = L, then f~ is exactly
g
Proposition 2.17. Let (X ex), (Y,ey) be two L-posets and let f : X — Y be an
L-monotone mapping. Then for every o € Di(X), f~ () € I(Y).

Definition 2.18. Let (X,ex) and (Y,ey) be L-dcpos. An L-monotone mapping
J X — Y is L-Scott continuous if it preserves joins of L-directed sets, that is
F(Ug) = W () forevery ¢ € Dy (X).

Proposition 2.19. Let (X,ex) and (Y,ey) be L-dcpos. If a mapping f : X — Y
preserves joins of L-directed sets, then f is L-monotone.

Proof. For every z,2' € X,

ex(w,a’) = la'(z) = 1/ () A ey (f(2), f(2))
<\ 1a'(@") Aey(f(a), f(="))

z'’'eX
— ) (f(2) < ey (f(x),Uf 7 (La'))
= ey (f(z), f(Ul2))) = ey (f(z), f(2')),
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which implies that f: X — Y is L-monotone. O

Theorem 2.20. Let L be a completely distributive lattice, let (X, ex), and (Y, ey)
be L-dcpos, and let f : X — Y be an L-monotone mapping. Then f is L-Scott
continuous iff f is topologically continuous with respect to the generalized Scott
topologies.

Proof. Necessity. Suppose that f is L-Scott continuous. Let V' C Y be a generalized
Scott open set and let ¢ € Dp(X) with Uy € f~1(V). Then it follows that
I_If*(gp) = f(Up). Since V is a generalized Scott open set, there exist a << T
and y € Y such that a << f7(¢)(y) = Vyex (@) Aey(y, f(z)) and T,y €V,
which implies that there exists z € X such that a <« ¢(z) and ¢ <« ey (y, f(z)).
Then for every ' € 1,2z, we have a < ex(z,2') < ey(f(x), f(z/))rand so a <
ex (3, £(@)) A ey (F(2), F(z')) < ex(y, f(z')), which implies that #(z') € 1, V.,
ie., 2’ € f~Y(V). Therefore, we have t,# C f~1(V). To sum up the above, it
follows that f=(V) is a generalized Scott open set.

Sufficiency. Suppose that f is topologically continuous w.r.t. the generalized
Scott topologies. Let ¢ € Dy (X). Since f is L-monotone, it follows that

ey (U7 (9), F(Ue) = N\ T (@)() = ev(y, F(Up))

yey

= N\ (V o@) revly, f(2) = ex (y, f(LUg))

yeY zeX

= N e(@) = ex (f(@), f(Up))

zeX

> A @) —ex (@, Up) = ex(Up, Up) = T.
zeX
Conversely, let a << T with a Zeey (f (L), U (9)), ie., f(Lp) € Y\ (LU~ (o)),
which implies that LUp € f~1(Y \ (1 ,Uf (). Furthermore, since f~1(Y \
(ial_lf_*(go))) is a generalized Scott open set by continuity of f and Proposition 2.14,
there exist b << T-and 2 € X such that b << () and 1,2 C (Y \ (LUf 7 ().
On the other hand, since ¢ is an L-directed set, there exists 2/ € X such that
a << o(2') and b< ex(z,2'), e, 2’ € 1,z C 1Y\ (L ,Uf~ (¢))), which implies
that f(2') € Y\(ial_lf_}(ga)), ie.,a%ey(f(2),Uf (). But, since a << ¢(2') =
(@) ney (f(@), f(2) < V.ex o(z) Ney (f(2'), f(2)) = f7 (@) (f(2')), it follows
that a <'ey (f(a'), Uf_*(gp)), which is a contradiction. Therefore, for every a << T,
it follows that a < ey (f(LUg), Uf (), which implies that ey (f(Ug), LIf () =
T. To sum up the above, we have, f(Up) = Uf_’(gp), i.e., f is L-Scott continu-
ous. O

2.3. Continuous L-dcpos.

Definition 2.21. Let (X, e) be an L-dcpo, let 2,y € X, and let a € L. If for every
v € Dp(X), a <« e(y,Up) implies that a << ¢(z) and a < e(z, z) for some z € X,
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then z is called L,-way below y, denoted z <, y. x is said to be L—way below y,
denoted x <, v, if for every a K T, z <, ¥.

Definition 2.22. Let (X,e) be an L-dcpo and let B C X. If for every z € X,
there exists ¢ € Dp(B) such that z = UZT;_)(@) and 6a(g_)(cp)) C |,z for every
a < T, then B is called a basis for X, where ip is the embedding of B into X and
bz ={ye X |y <az}.

Definition 2.23. An L-dcpo (X, e) is said to be continuous if it has a basis.

Theorem 2.24. Let L be a completely distributive lattice, in which T is V-irreducible
and < is multiplicative, and let (X,e) be a continuous L-dcpo. Then for every
l#a<Tandeveryz € X, 2 ={y € X |z <, y} is a generalized Scott open
set and {ft,x |z € X, L #a <& T} is a basis for generalized Scott open sets.

Remark 2.25. Theorem 2.24 is exactly Lemma 4.12 and Corollary 4.14 in [19],
so for the proof of Theorem 2.24, the readers can refer to that of Lemma 4.12 and
Corollary 4.14 in [19].

3. Meet-continuous L-dcpos

In this section, based on the generalized Scott topology, we propose the meet-
continuity on L-dcpos, present equivalent descriptions of meet-continuous L-dcpos,
and discuss the relationships between meet-continuity and continuous L-dcpos.
Moreover, it is also shown that L-continuous retracts of meet-continuous L-dcpos
are meet-continuous.

Definition 3.1. Let (X,e) be an L-dcpo andlet @ € L. Then (X, e) is said to
be L,-meet-continuous if for every x € X and every ¢ € Dp(X), a < e(z,Up)
implies z € cly, (da(J) N L,x). (Xye€) is'said to be meet-continuous if for every
a <& T, (X,e) is L,-meet-continuous.

The definition above can be interpreted as follows: for every z € X and every
directed set ¢, x < Ugimplies = € cl,(l¢ N Jx), which is exactly the definition of
meet-continuity of [6] for erisp dcpos.

Theorem 3.2, Let (X,e) be an L-dcpo and let a € L. Then (X,e) is Ly-meet
continuous iff for every x € X and every p € I (X), a K e(x,Uyp) implies x €
clo, (da(0)N )
Proof. Necessity. Obviously.

Sufficiency.. Let ¢ € Dr(X) with ¢ << e(x,Up). Then Ly € I (X) and Up =
U, which yields a <« e(x, LLg). By the assumption and Lemma 2.9, we have z €
cly, (0a(Idp) Nl ) = cly, (da(L) N,x). Hence, (X, e) is L,-meet-continuous. O

The following lemma is a particular version of the remark made just after Propo-
sition 3.3 in [19].
Lemma 3.3. Let (X, <) be a dcpo. Then

(1) for every ¢ € Dr(X) and every a < T, 04() is a directed set on (X, <)
and Up =\ da(p);
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(2) for every directed subset D C X, xp is an L-directed set on (X,e<) and
Uxp = \/ D;
(3) for every subset A C X and every x € X, dt({xa) = 1A and |tz = |=x.

By Lemma 3.3, it follows that (X, <) is a dcpo iff (X, e<) is an L-dcpo.

Lemma 3.4. Let (X, <) be a decpo. Then for every L-directed set ¢ on (X, e<),
D={ye X |lo(ly) =T} is an ideal on (X, <).

Proof. Firstly, we show that D = {y € X | lp(y) = T} is a directed set. Since ¢
is L-directed, it follows that d+(p) = {y € X | p(y) = T} is directed on (X, <) by
Lemma 3.3 (1). Then there exists zy € X such that ¢(z¢) = T. Furthermore, since
o(x) < lp(x) for every z € X, lo(xo) = T, which implies D = {y € X | Lp(y) =
T} is non-empty. Now, let z1,29 € D, ie., lo(z1) = Jp(xze) = T. Since |p €
D (X), there exists z € X such that Jo(z) = T and T = e<(21,2) = e<(z2,2),
i.e., z€ D and 1 < z, x5 < 2. Thus, D is a directed set.

We further show that D is a lower set. Let x; € D.-and let @y < xq, i.e.,

lp(r1) = T and e<(z2,21) = T. Furthermore, since g is an L-lower set on
(X, e<), we have Jp(z1) A e<(z2,21) < lp(x2) and s0 Jo(z2) = T, ie., xg € D.
This implies that D is a lower set. ([

Lemma 3.5. Let (X, <) be a depo and let U/ C X. Then.U-is a generalized Scott
open set on (X, e<) iff U is a Scott open set on (X, <).

Proof. Necessity. Suppose that U is a generalized Scott open set on (X, e<). Then
for every x € U with x < y, there exists a <« T such that 1,2 C U by Corollary
2.11. In such a case, y € T4z C 1,2 C U. Thus, U is an upper set on (X, <). Let
D be a directed set on (X, <) suchthat \/ D € U. By Lemma 3.3 (2), we have xp
is an L-directed set on (X,e<) and Wxp = \/ D, which implies Uxp € U. Then
there exist ¢ <€ T and y € X such that'a < xp(y) and 1,y C U, which means
that xp(y) =T and y € U, i.e;, y € DN U. To sum up the above, it follows that
U is a Scott open set on (X, <).

Sufficiency. Suppoese that U is a Scott open set on (X,<). Let ¢ is an L-
directed set on (X, e<) such that LUy € U. By Lemma 3.3 (1), we have é7(p) =
{z € X | p(z) =T} is a directed set on (X, <) and Uy = \/ d7(p), which implies
that \/07(p) € U. Then there exists x € X such that z € é1(¢) N U, i.e., there
exists © € U such that T <« T = ¢(z). Furthermore, since U is an upper set on
(X,<),wehave t+z ={y € X |z <y} CU. Hence, U is a generalized Scott open
set on (X, e<). O

Theorem 3.6. Let (X, <) be a depo. Then (X, <) is meet-continuous iff (X, e<)
is L1 -meet-continuous.

Proof. Suppose that (X, e<) is Lt-meet-continuous. For every z € X and every
directed subset D C X with « < \/ D, we have, T < e<(z,Uxp) = T and
Xp € Dr(X) by Lemma 3.3 (2). Then we have x € cl,_(07(lp) N ]+z) by the
Lr-meet-continuity of (X, e<). Furthermore, since o.(X) = o(X), 6t(Ixp) =D
and |tz = Jx by Lemma 3.3 (3), 3.5, we have = € cl,({D Nl]z). Therefore, (X, <)
is meet-continuous.
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Suppose that (X, <) is meet-continuous. For every z € X and every ¢ € D (X)
with T <« e<(z,Up), we have z < Up. Let D = {y € X | Jo(y) = T}. Then
by Lemma 3.3 (1), 3.4 and Proposition 2.8, D is an ideal on (X, <) and \V D =
V1D = Up = Ulp. Thus, it follows that « € cl,(} D N Jx). Furthermore, since
0.(X) = o(X), 0t(dp) = ID and |tz = Jx by Lemma 3.3 (3), 3.5, we have
z € cly, (07 (lp) Nlrx). Therefore, (X, e<) is Lt-meet-continuous. O

The theorem above means that meet-continuity on L-dcpos generalizes meet-
continuity on crisp dcpos. Next, we give an equivalent characterization of meet-
continuity on L-dcpos.

Theorem 3.7. Let L be a completely distributive lattice, in which <& is multiplica-
tive, let (X,e) be an L-dcpo, and let a <€ T. Then (X, e) is Lq-meet-continuous
iff to(UNd,z) € 0.(X) for every U € o.(X) and every z € X.

Proof. Necessity. Let U € 0.(X) and let x € X. Suppose ¢ € I(X) with Uy €
12(UNJ,z). Then there exists y € U N ],z such that a < e(y, Up). By L,-meet-
continuity of X, we have U N d4(p) N1,y # 0. This implies da(p) NTo(U N, z) D
8a(@)NTo(UNL,y) # 0, i.e., there exists z € §,(p) andz € 19 (UNJ,x). Then there
exists zo € U N,z such that z € 10z. Furthermore, since a <& ¢(z) A e(zg,z) <
©(z0), we have a <€ p(zp) and 19 zo C 10(U N ],x). Hence, T(U N|,x) € 0.(X).

Sufficiency. Let x € X and let ¢ € IL(X) with a < e(x;Up). If z & cly_ (da(p)N
1,x), then there exists U € 0.(X) such that'x € U and U N d,(¢) N,z = 0.
This implies 15(U N {,x) N da(p) = B. Since 12 (U.N J,x) € 0.(X), there exist
y € X and b « 1 such that b <« ¢(y) and 1y C 1,y € 1o(U N J,x). Note that
since ¢ € I (X), there exists z € X such that a << ¢(z), b « e(y, z). Hence,
1(UN,x) Nda(p) # O, which is a‘contradiction. O

Corollary 3.8. Let L be a completely distributive lattice, in which <& is multiplica-
tive, and let (X, e) be an L-depo. Then (X, e) is meet-continuous iff 10 (U (d,x) €
0e(X) for every U € o.(X), everyxz € X and every a < T.

Theorem 3.9. Let < be multiplicative on L. Then every continuous L-dcpo is
meet-continuous.

Proof. Let a <€ T, let. € X, and let ¢ € Dp(X) with ¢ « e(z,Up). Since
(X, e) is continuous, (X, e) has a basis B C X such that z = I_IiAE;H(gb) for some
¢ € Dr(X) and 6;)(1?3/%(@) C |z for every b << T. Let U be a generalized
Scott-open neighborhood of x. Then uiAB/H(qS) € U. Since U € 0.(X), there exist
z € X andie < T such that ¢ « gﬁ(qﬁ)(z) and 1, z C U. Furthermore, since
in (¢) € D1(X), there exists zg € X such that a < EEH(@(ZO) and ¢ <« e(z, 29),
which implies 2o € U. Note that for every b <€ T, we have (51,(2'7;H (¢)) C Jpz, and
hence, zp <, x, which means zy € |,z. Since zp <, 2, ¢ < e(x, Uyp) implies that
there exists y € X such that a <€ ¢(y) and a << e(2p,y). Considering ¢ € I, (X),
we have Lp(z0) > lo(y) A e(z0,y) >> a, which implies zg € d,(J¢). Therefore, we
have, zo € U Nd,(dp) N, z, ie, UNd.(Jo) Nl,z # . By the arbitrariness of
U, we have z € cly, ({,2Nda(l¢)). This implies that (X, e) is L,-meet-continuous.
Therefore, (X, e) is meet-continuous by the arbitrariness of a. O
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Definition 3.10 (21). Let (X,ex), (Y,ey) be L-dcpos and let s : (X,ex) —
(Yyey), r: (Y,ey) — (X, ex) be L-Scott continuous mappings. Then a pair (s, r)
of mappings is called an L-continuous section-retraction-pair if ros = idx. In such
a case, we call (X, ex) an L-continuous retract of (Y, ey ).

Theorem 3.11. Let << be multiplicative on L and let (X, ex) be an L-continuous
retract of a meet-continuous L-dcpo (Y, ey). Then (X, ex) is also meet-continuous.

Proof. Let a << T, let x € X, and let ¢ € Dy (X) with ¢ <« ex(x,Up). Let U
be a generalized Scott open neighborhood of z. Since (X, ex) is an L-continuous
retract of (Y, ey ), there exist L-Scott continuous mappings s : (X, ex) — (Y, ey),
r: (Y,ey) — (X,ex) such that r o s = idx. By the L-Scott continuity of s,
it is known that s is an L-monotone mapping and s(U¢p) = LS (¢) for every
¢ € Dr(X), and hence, a < ey (s(x),s(Up)) = ey (s(x),Us7(p)) and 57 (p) €
Dr(Y) by Proposition 2.17. Since x = ros(z) € U € do(X) and r is L-
Scott continuous, it follows that s(z) € r=}(U) € o.(Y). Therefore, by the
meet-continuity of ¥, we have s(z) € cl,_(v)(6a(137 (¢)) N das(z)) and r—H(U) N
5a (137 () N 4y5(2)) = 1= (U) M 603 () N Lus(2)) %2 0. Chigose € +=1(T) 1
0.(57 () Nlgs(x)), ie, a K 57 (p)(y), a K ey (y,s(x)) and r(y) € U. Since
57 ()W) = V.ex 9(2) ANey(y, s(z)), there exists z € X such that a << ¢(z) and
a < ey (y,s(z)). Furthermore, since the pair((s,r) is an L=continuous retract, we
have, @ << ex (r(y),7 0 5(z)) = ex(r(y), ), a & ex (r(y),7 0 () = ex(r(y), 2),
and hence, a << lp(r(y)) = V., cx v(2) A ex(r(y),2). From the above discussion,
it follows that 7(y) € U N d.(le) Nl,z). By the arbitrariness of U, we have,
T € co,(x)(0a($0) N{4), ie., (X, ex) is Lg-meet-continuous. Thus, (X, ex) is
meet-continuous by the arbitrariness of a. O

On crisp dcpos, meet-continuity forces closer relationships between the Scott and
Lawson topologies. So we present the motions of generalized lower topology and
generalized Lawson topology, and discuss their relationships with the generalized
Scott topology on meet-continuous L-dcpos.

Definition 3.12. Let (X,e) be an L-dcpo and let a € L. We call the topology
generated by the-complements X\1,z (x € X) the L,-generalized lower topology
and denote it by we(X). we(X) = J{wa(X) | a € L,a < T} is called then the
generalized Jower topology.

Remark 3.13. It is obvious that cl,, ({z}) = T2, T.F = U{t,z |z € X} isa
generalized lower closed set for every finite subset F C X and w.(X) C o.(X°P).

Theorem 3.14. If (X, e) is an L-dcpo, then the generalized lower topology is Tp.

Proof. Let x,y € X with  # y. Since (X, e) is an L-dcpo, there exists a <€ T such
that a & e(z,y) or a & e(y, ), i.e., x € X\T,y ory € X\1,z. By the definition of
generalized lower topology, we have, X\1,y, X\T,2 € w.(X). However, y &€ X\1,v,
x ¢ X\T,z. So the generalized lower topology is Tp. (|

Definition 3.15. Let (X,e) be an L-dcpo. We call the topology generated by
0e(X) Uwe(X) the generalized Lawson topology and denote it by A.(X).
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Theorem 3.16. If (X, e) is an L-dcpo, then the generalized Lawson topology is T} .

Proof. For every x € X and every a <« T, we have {z} = |,z T,2. Now, |,z is
a generalized Scott closed set, while 1,2 is a generalized lower closed set. Hence,
{z} is a generalized Lawson closed set, which implies that the generalized Lawson
topology is T7. |

Lemma 3.17. Let L be a completely distributive lattice, let a € L, and let (X, e)
be a meet-continuous L-dcpo. Then the following assertions hold:

(1) f U € Xe(X), then 10U € 0.(X);

(2) f Y =12Y for Y C X, then int,,Y =int),Y;

3) f Y =12Y forY C X, thencl,,Y =cl).Y.

Proof. (1) Suppose Up € 17U, where U € A(X) and ¢ € Dr(X). Then we can
find x € U with a <« e(z,Up). From the definition of the generalized Lawson
topology, there exist a generalized Scott open set V' and a finite set F' € X such
that = € V\1,F C U. By the meet-continuity of (X,e), it follows that = €
o, (8a(Jp) N ), 1e., VN (dp) N,z # 0. In addition, since z € V\1,F, we
have VAT, FNd.(Lp) Nl =V N, (Lp) N,z # O. Then UM, (@) Nl z # 0, ie.,
there exists y € U such that a <« ¢(y) and 10y C 10U. Therefore, 10U € o.(X).

(2) Suppose Y = 10Y for Y C X. Since g, C A., weshave int, Y C inty, Y.
From (1), it holds that int,,Y C 19(int).Y) = int,, (10(int),Y) C int, 10Y =
nt,, Y. Hence, int,,Y =1inty Y.

(3) Similar to the proof of (2). O

Lemma 3.18. Let (X,e) be an L-dcpo. Thendsx C U for every v € U € v.(X).

Proof. Suppose |tz ¢ U. Then there exists yo € |2 such that yo € X\U € 0.(X).
Thus, there exists b <« T such that 1,y0/C X \ U, which implies z € X \ U. It is
a contradiction. O

Theorem 3.19. Let L be a completely distributive lattice, in which < is multi-
plicative, and let T.<& T. If (X, e) is an Lt-meet-continuous L-dcpo, then oo(X )P
is a complete Heyting algebra.

Proof. Let 7.(X) = {A C X | X\ A € 0.(X)} be the generalized Scott closed
set lattice (ordered by set-theoretic inclusion). Then we have o.(X)? = ~.(X).
Let {A;]i € I} C ~v(X) be a family of generalized Scott closed sets such that
K € Ve Ai- Since \/ ;o Ay = clo, (U;ep Ai), it follows that K C J;c; Ai. Assume
that there exists x € K such that = ¢ \/,.;(K N A4;). Note that since \/,;(K N
A;) = clo (U;er (KK N A;j)), we can find a generalized Scott open neighborhood U
of x such that U N U;c;(KNA;) = UNKNU;c;4i = 0. By Theorem 3.7,
159U N ltx) € 0o(X). Since x € 19U Nlgz) and 2 € K C cly(U;e; Ai), we
have (J;c; A) N 15(U N l+2) # 0, which implies that there exist y € X and
iop € I such that y € A;; N 15(U N ltx). It means that there exists z € U
such that z € |+z N ]+y. Note that since both K and A;, are generalized Scott
closed sets, it follows that |+ C K and |ty C A;, by Lemma 3.18. Then we have

z € UNKNA;, CUNKN;c; As. Tt is a contradiction. Hence, K = \/,.;(KNA4;).
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This implies that 7.(X) is a meet-continuous lattice. Thus, 7.(X) is a complete
Heyting algebra. ([

4. Topological Invariance and Heredity of Meet-continuous L-dcpos

In this section, we discuss the topological invariance of meet-continuity with
respect to generalized Scott topology and its heredity with respect to generalized
Scott closed subsets.

Let (X,e) be an L-dcpo and let A C X. For every ¢ € LA, we define 3 € LX

~ v Je(x) zeA
Plo) = {J_ reX—A (3)

Lemma 4.1. Let (X,e) be an L-depo and let A C X. If ¢ € Dr(A), then ¢ €
Dr(X) and Up = Up.

Proof. Firstly, we show ¢ € Dp(X).

(i) By the definition of ¢ and ¢ € Dr(A), there exists x € X such that 1 <
3(a).

(ii) For every x1,29 € X and every aj,as,a € L such that a1 <€ ¢(x1), as K
P(x2) and a <€ T, we have x1, 29 € A. Otherwise, if 27 € A’ythen §(z1) = L 2> a.
It is a contradiction. Note that since ¢ € D (A), there exists x € A C X such that
a <K p(r) = p(x), a1 K e(z1,7) and ay K e(w2, D).

We further show that Lip = Up. For every y € X, e(Up,y) = N,cx @(x) —
e(z,y) = Npea () = e(z,y) = Nyeap(x) = e(z,y), ie., Up = L.

Proposition 4.2. Let (X,e) be an L-depo. If A # () is a generalized Scott closed
set, then (A, e) is also an L-dcpo. Moreover, a subset of A is generalized Scott
closed in A iff it is generalized Scott closed in X .

Proof. Firstly, we show that (A, e)is an L-dcpo.

For every ¢ € Dy (A), by Lemma 4.1, we know that ¢ € D (X) and Up = Lg.
Now we show Up € A. Suppose that Lp € A, ie., Up € X \ A. Then there exist
a < T and y € X such that ¢« << ¢(y) and 1,y € X \ A. This implies y € X \ 4,
ie, ¢(y) = L ¥ a. Ipisa contradiction.

Secondly, we show that for every B C A, if B € 7.(X), then B € v.(A).

Let ¢ € Dp(A) which satisfies a & ¢(y) or T, N B # ) for every a << T
and every y € A. Then we have ¢(y) = ¢(y) and ¢ € Dy (X) by Lemma 4.1.
Furthermore; since B € ~.(X), we have Uy = Up € B by Proposition 2.12 and
Lemma 4.1. Therefore, we have B € v.(A) again by Proposition 2.12.

Finally, we show that for every B C A, if B € 7.(A), then B € v.(X).

Suppose B € v.(X). By Proposition 2.12. there exists ¢ € Dy (X) such that for
every a < T and every x € X, a &« p(z) or 1,2 N B # @, but Uy ¢ B. Then we
have Up € X\ A € 0.(X) or Up € A\ B € 0.(4). If Up € X \ A € 0.(X), then
there exist z € X and b << T such that b << ¢(z) and 1,z € X \ A. This implies
that there exist b << T and 2z € X such that b << (z) and 1,z N B = (), which is
a contradiction. Similarly, we can prove that the case Up € A\ B € 0.(A). O
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By Proposition 4.2, we have the following theorem.

Theorem 4.3. Let (X,e) be an L-dcpo. Then for every generalized Scott closed
subset A, the relative generalized Scott topology on A agrees with the generalized
Scott topology of the L-dcpo (A, e).

Lemma 4.4. Let (X,e) be an L-dcpo and let A be a non-empty generalized Scott
closed set. Ifx € A and @ € Dp(A), then cly, (0a(19)N o) = clo, () (0a($0) N ),
where a € L.

Proof. Straightforward. O

Proposition 4.5. Let a € L, let (X, e) be an L,-meet-continuous L-dcpo, and let
A be a non-empty generalized Scott closed set. Then (A,e) is also an L,-meet-
continuous L-depo. In particular, lyx is an L,-meet-continuous L-depo for every
x € X and every b << T.

Proof. Let ¢ € Dp(A) with a << e(z, Up). From Lemma 4.1, we have Ly = L@ and
Up € A. Then, we have x € cly, (6.(9) N1,2) = clo, () (0a(P) 0 ,2) by Lemma 4.4
and the L,-meet-continuity of (X,e). Therefore, (A,e) is an L,-meet-continuous
L-dcpo by Definition 3.1. O

Corollary 4.6. Let (X,e) be a meet-continuous L-dcpo and let A be a non-empty
generalized Scott closed set. Then (A, e) is'also a meet-continuous L-dcpo. In
particular, |,x is a meet-continuous L-dcpo for every x € X and every a << T.

Lemma 4.7. Let (X,ex), (Y,ey) be L-depos and let 0.(X),0.(Y) be generalized
Scott topologies of (X,ex), (Y,ey), respectively. If f: X — Y is a homeomor-
phism w.r.t. generalized Scott topology, then for every x1,x9 € X, ex(x1,x2) =
ey (f(z1), f(x2)).

Proof. Straightforward. O

Theorem 4.8. Let (X,ex), (Yiey) be L-depos and let (X,0.(X)) = (Y,0.(Y)),
where 0.(X),0.(Y) are generalized Scott topologies of (X, ex), (Y, ey), respectively.
If (X, ex) is meet-continuous, then (Y, ey) is also meet-continuous.

Proof. Let a <« T,y €Y and Uy € D (Y) with a < ey (y, Lp). We show that for
every U € 0.(Y) with y € U, UNJ],yNda(lp) # 0. Since (X, 0.(X)) = (Y, 0.(Y)),
there exists-a homeomorphism f : XN—_>> Y. Then there exists x € X such that
Yy = fgx), € ["HU) € 0.(X) and f~1 () € I(X), which satisfies f~1(Ly) =

Lf=t (/Q_}By Lemma 4.7, we have a < ey (y,Up) = ey (f(x), f(LJ}:/lH(gp))) =
ex(z,Uf~1 (v)). Furthermore, since (X, ex) is meet-continuous, it follows that
S Nz N8, (9) = FHU) N @ Nda(f () # 0, e, there exists
Zo €_>X such that 29 € f~1(U), a < ex(xo,7) and a <« ]T:l%(go)(;vo). Note that
71 (@)(@o) = Vyey(0y) Aex(@o, f7HY) = Vyey (¥) Aey (f(zo).y) =
Lo(f(20)), so we have a << Lo(f(x0)). Hence, f(zo) € U and a < ey (f(xo),y) =
ey (f(zo), f(z)) = ex(xo,x) by the continuity of f and Lemma 4.7. To sum up the
above, we have U N ],y N d,(lp) # 0. Therefore, (Y,ey) is L,-meet-continuous,
and hence, (Y, ey) is meet-continuous by the arbitrariness of a. (I
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5. Conclusions and Further Work

Taking frames as the structure of truth values, we proposed the notion of meet-
continuity on L-dcpos, based on the generalized Scott topology. Moreover, we
showed that every continuous L-dcpo defined in [19] is meet-continuous, and also
that L-continuous retracts of meet-continuous L-dcpos are meet-continuous. Ad-
ditionally, we introduced the notions of generalized lower topology and generalized
Lawson topology. As a result of our study, it follows that meet-continuity forces
closer relationships between the generalized Scott and generalized Lawson topolo-
gies. Finally, we investigated some topological properties of meet-continuity on
L-dcpos. In particular, it is shown that meet-continuity is a topological invariant
and is a hereditary property.

Further Work: Similar to Flagg’s logical approach to quantitative domain
theory in [4], Zhang and Fan [19] defined L-dcpos and built the generalized Scott
topology (a crisp topology) on L-dcpos. As shown in [4], this kind of definition of
dcpos and Scott topology is appropriate for quantitative domain theory. Moreover,
many nice results have been obtained in [19, 21, 22], for example, the generalized
Scott topology is not only a generalization of Scott topology on ordinary domain,
but also keeps a lot of good properties of Scott topology. Therefore, this paper
carried L-dcpos and the generalized Scott topology as its/fundamental definitions
and concepts. On the other hand, Yao and Shi [13,14,17] redefined L-dcpos and
proposed the notion of L-Scott topology. The L-Scott topology is a stratified L-
topology and has some advantage. Naturally, one may be able to construct a
meet-continuity of L-dcpos by L-Scott topology. just like the meet-continuity of
crisp dcops by crisp Scott topology.
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