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FUZZY SUBGROUPS OF THE DIRECT PRODUCT OF A
GENERALIZED QUATERNION GROUP AND A CYCLIC
GROUP OF ANY ODD ORDER

J. M. OH

ABSTRACT. Bentea and Tarnduceanu (An. Stiint. Univ. Al I. Cuza las, Ser.
Noua, Mat., 54(1) (2008), 209-220) proposed the following problem:Find
an explicit formula for the number of fuzzy subgroups of a finite hamiltonian
group of type Qs X Zy where Qg is the quaternion group of order 8 and n
is an arbitrary odd integer. In this paper we consider more general group:
the direct product of a generalized quaternion group of any even order and a
cyclic group of any odd order. For this group we give an explicit formula for
the number of fuzzy subgroups.

1. Introduction

Let G be a group with a multiplicative binary operation and identity e, and let
w: G — [0,1] be a fuzzy subset of G. Then p is said to be a fuzzy subgroup of G
if (1) p(xy) > min{u(z), p(y)}, and (2) p(z=t)> u(z) for all z,y € G. The set
{p(x) | = € G} is called the #mage of p and is denoted by u(G). For each a € u(G),
the set ug := {z € G | u(x) > a}is called a level subset of p. It follows that yu is a
fuzzy subgroup of G if and only if its level subsets are subgroups of G (see [3]).

For given two fuzzy subgroups p and v in G, p and v are equivalent, written as
w~ v, if plz) > p(y) < v(z) > v(y) for all z,y € G. It follows that u ~ v if and
only if 1 and v have the same set of level subgroups (see [13]). Hence there exists a
one-to-one correspondence between the collection of the equivalence classes of fuzzy
subgroups of GG and the collection of chains of subgroups of G which end in G. This
notion of equivalence relation was used in [2, 11, 13] in order to enumerate fuzzy
subgroups.of certain families of finite groups. We call a chain of subgroups which
ends in G rooted (or more exactly G-rooted). Otherwise we call it unrooted. There
is another equivalence relation on the set of fuzzy subgroups used by Murali and
Makamba [4,5, 6, 7] in order to enumerate fuzzy subgroups of certain families of
finite abelian groups. In this paper we follow the notion of the equivalence relation
used in [2, 11, 13].
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It is still an open problem to determine the numbers of fuzzy subgroups of
arbitrary finite abelian groups. As a partial result about the numbers of fuzzy sub-
groups of abelian groups Tarnauceanu and Bentea [11] gave an explicit formula for
the number of fuzzy subgroups of a finite cyclic group of any order by finding its
generating function of one variable. The author [8] did a similar work by finding
its generating function of multi-variables. As this problem to non-abelian groups
Bentea and Tarnauceanu [2] gave an explicit formula for the number of fuzzy sub-
groups of a hamiltonian group of type Qg x Zy» where Qg is the quaternion group
of order 8 and p is an odd prime number, and then propose the following problem:
Find an explicit formula for the number of fuzzy subgroups of a finite hamiltonian
group of type Qg X Z,, where n is an arbitrary odd integer. In this paper we consider
more general group: the direct product of a generalized quaternion group of any
even order and a cyclic group of any odd order. For this group we give an explicit
formula for the number of fuzzy subgroups.

This paper is organized as follows. In section 2 we present some definitions and
results. In section 3 we find a generating function of multi-variables for the number
of fuzzy subgroups of the direct product of a generalized quaternion group and a
cyclic group of any odd order, and then give an explicit formula for that number.

2. Preliminaries

Given a group G let C(G), U(G) and R(G) bethe collection of chains of subgroups
of G, of unrooted chains of subgroups of G and of rooted chains of subgroups of G,
respectively. Let C(G) :=|C(G)|, U(G) :=U(G)| and R(G) := |R(G)].

The following simple observation is useful for enumerating chains of subgroups
in the lattice of subgroups of a given finite group.

Proposition 2.1. Let G be a finite group. Then R(G) = U(G) + 1 and C(G) =
R(G)+U(G) =2R(G) — 1.

For a fixed positive integer k we define a function \ as follows.
AMzy) =1 — 2z,
M&py Tty g @)= N@p, 21, .. 2j41) — (L + M@k, Zp—1, ..., Tj41))T;
forany j=k—1,k—2,...,1.
Proposition 2.2. (8] Let Z,, be the cyclic group of order

n :p,f1p§2 pgk
where pi,...,p, are distinct prime numbers and B, ..., are positive integers.
Then the number R(Z,) of fuzzy subgroups of Z,, is the coefficient of xllxg2 e xf"
of
( ) :

XBi1,o B (Thoy ooy X1) = —— .

A Pr A(Jﬁk,...,xl)
Let Z be the set of all integer numbers. Given distinct positive integers iy, ..., i

we define a function

Ty ey :Zk - Zka(xla"'axk) = (yh' -'ayk)
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where

K7 ifl#d;forallj=1,...,¢
ve= x¢—1 {=1i; for some j such that j =1,...,¢.

Given a positive integer o, the generalized quaternion group Qge+2 of order 22+2
has the following presentation:

Qoat2 = <a,b | a

Most of our notations are standard and for undefined group theoretical termi-
nologies we refer the reader to [9, 10]. For a general theory of solving a recurrence
relation using a generating function we refer the reader to [1, 12].

a+1 _ _
2 =e b =a"bab ' =a 1>.

3. The Number of Chains of Subgroups of Qa+2X Zy,

Throughout the section we assume that

n = p,f1p,§2 . 'p,][jk
where p1,...,p, are distinct odd prime numbers and f, ..., B are non-negative
integers.
Let Z, := (c| ™ =e) be the cyclic group of order n. For any prime factors
Diy s Digs - - -5 Di, of 1 let
Zn/pazl i, = <Cp'i1 ~..pz‘t>
be the subgroup of Z,, of order n/p;, - - - p;

Let

+1

Qoar2 X Ly := <a7b,c |a® =e,b® =a*bab t =a !, " = e>

be the direct product of the generalized quaternion group Qga+2 of order 242 and
the cyclic group Z,, of order n.

Lemma 3.1. Assume that B1,..., B are positive integers. The group Qqa+2 X Zn,
has three index 2. subgroups (a,c) = Zoa+1 X Ly, <a2,b, c> > Qgot1 X Ly and
<a2,ab, c> = Qaat1 X Ly, and one index p; subgroup (a,b,c’?) = Qgatz X Ly p,
where 1 = 1,2,...,k.

Proof. Let G := Qoa+2 X Z,. Clearly the subgroup H := (a,¢) =& Zgat+r X Zy, i
index 2 subgroup of G. Let K be an index 2 subgroup of G with K # H. Then
G = HK and
H||K|  2otip2otlin
|[HNK|  |HNK]
Thus |[H N K| = 2%*n and so HN K = <a2,c>. Therefore one can see that H =
<a2,b, c> > Qgat1 X L, or H = <a2,ab, c> > Qgat1 X L.

Let M be an index p; subgroup of G where i = 1,2,... k. Then |M| = 2%"2n/p;.
Since

202y = |HK| =

| M]|@20+2|
|M N Qasz|’
we have (a,b) < M. Now it is easy to see that M = (a,b, Pi) = Qgat2 X Z

|G| = [MQga+2| =
(|

m/p;-
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By Lemma 3.1
U(Qgat2 X Zn) = C((a,¢) = Lyat+r X Zn)| JC({a®,b,c) = Qpat1 X Zn)
k
Jc((a?,ab,c) = Qgatr x Zn) | C{a,b,cPi) 2 Qqava X Zy p,)-
i=1

Using the inclusion-exclusion principle one can see that
U(Q2a+2 X Zn) = 20(Q2a+1 X Zn) + C(Z2a+1 X Zn) — 2C(Z20¢ X Zn)
+ Z (71)t+1C(Q2a+2 X Z"/Pil‘“l’it)

1<ig < <ig <k,
1<t<k

+2 E (—1)tC(Q2a+1 X Zn/Pil "'pit)
1<iy <---<iy <k,
1<t<k

+ Z (_l)tc(zza+1 X Zn/pil---pif)
1<iq < <iy <k, )
1<t<k

+2 E (71)t+1C(Z2(~ X Z"/Pil i, )
1<ip<---<ip <k,
1<t<k

Further, by Proposition 2.1 we have
R(Qoa+2 X Zp) = 4R(Qoat+1 X Zp) + 2R(Zga+1 X ZLy) — AR(Zoo X Zy,)

+2 > (D" R(Qaadz X Znjp,, -y, )
1<iy < <ig <k,
1<t<k

+4 Z (—1)tR(Q2a+1 X Zn/pil"'Pit)
1<iy <---<ig <k,
1<t<k

+2 E (_1)tR(Z2a+1 X Z"/pil'“pit)
1<iy <---<ip <k,
1<t<k

4 §j (—1)t+1R(22axzn/,,,.,l...pit). (1)
1<i)<---<it <k,
1<t<k

Let aq,8,,8,,...8, = R(Q2a+2 X Zn) and by 8, 8,,...8, = R(Zga+1 x Zn). Then
equation (1) becomes

AaBr, B0 = a—1,81,...80 + 200,818, — 4ba—1,8,,....8:
t+1
+2 Z (=1) Gaymsy iy (B1yeesBr)

1<iy<---<ig <k,
1<t<k

+4 Z (_l)taafl,ml...it (B1,--+5Bk)

1<iy < <ig <k,
1<t<k

+2 Z (_1>tb04,7ri1---it (B1,-Bk)

1<iy<---<ig <k,
1<t<k

+4 Z (_1)t+1ba*1,‘ﬂ'i1---it(ﬁlwuﬁk)' (2)

1<iy < <ig <k,
1<t<k
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Let k£ be a positive integer. We define

(oo}

B Bj
¢a,ﬁ1,...,ﬁk(xk7xk—l7"'7 Z Z Z Ay Bl,“.,ﬁ’kxk zkk 11 "‘lijJ,
B;=0 Br—-1=0 Br=0
o

00 oo
B Bj
¢a,ﬂ1,...,,3k(xk7xk717~-~7$j) = Z Z Z ba,ﬂl,...,ﬂkxikmkk 11 ,..ij

Bj=0 Br—1=0 Br=0

where j =k, k—1,...,1 and

wa7ﬂ17~~;ﬁk (mkvxkfla s xlay)

oo oo

=33 P I vap ey,

a=0 ;=0 —1=0B,=0

¢a,51,“,’5,€(£€k,xk,1,...,xl,y)
ﬁ
B S S N . M)
a=0 B;=0 Br—1=0 Br=0

From now on we explicitly find the function ¢4 s, ... g, (Tk, Tk21, - - . , 1, y) through
several lemmas.

Lemma 3.2. Let k be a non-negative integer- If k=0, then

Valy) =

and a, = 2272,

1—4y
If k=1, then
AMx1)a,p, (1) = (1 4+ AM21))2%a=1, (71) + da,p, (1) — 2¢00-1,6,(z1)].  (3)
If k > 2, then

)‘(xka s 7mj)¢0‘7517---»ﬁk (xka A 7"Tj)
=1+ XMag, -, 75)) [2va-1,1.....80 (Ths - - -, T5)
+ ¢a>517~~~y6k (mk’ s vxj) - 2¢0¢_1,61)~~-7ﬂk (xk’ IR xj)
+ > )T o Bt @ T5)

1<y < <ig<j—1,
1<t<j—1

+2 > (D) a7,y (Br ) (T -+ T5)

1<ig < <ig<j—1,
1<t<j—1

+ > (1) evims, s, Brveopi) (Ths -5 T5)

1<iy < <ip<j—1,
1<t<j—1

+2 > D) Gar iy Brep) @) | (D)

1<ig < <ig<j—1,
1<t<j—1
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foranyj=kk—1,...,2.
Proof. We first assume that k = 0. Equation (2) with k& = 0 gives us that

(o = 4041 +2by — 4bo—1. (5)
Taking Y o, y* to both sides of equation (5) we have

(1 = 4y)vba(y) = 2(1 = 2y)da(y)
because ag = R(Q2) = R(Zy2) = 2%, by = R(Z2) = 2. Since

> 2
o _ 2a+1 o
ba(y) QEZO U
we get that
4
wa(y) = ;
1 -4y

and hence a, = 22012,
Second we assume that k = 1. Equation (2) with k¥ =1 gives us that
U1, = 40a-1,8, + 2ba,p, — 4ba—1,8, + 20a,8, -1
— 401,81 = 2ba g, 4+ 4ba-1,5,-1. (6)

Taking Z,?le xfl to both sides of equation (6) one can see that

(1 =221)¢a,p, (1) = 2(1 = 21)[2¢a—1.6, (£1) + G5, (21) — 20018, (21)]-
because
Qo0 — 40,,1,170 - 2ba’() - 4ba,1’0 =0
by equation (5). Thus equation (3) holds.
From now on we assume that k > 2. We prove equation (4) by double induction
on k and j. If kK = 2, then equation (2) with k£ = 2 gives us that

o, py,pr = 401,81 62F 2bap1 .82 — 4ba—1,5,.5:
+ 200,81L1,8, T200,8, 8—1 — 200,8,—1,8.—1 — 406—1,8,-1,8,
—4ag=18, 8o—1 + 400—-1,8-1,8,—1 — 2ba,8,—1,8, — 2ba,By,8,—1
+2ba. 8 —18,—1 + 4ba—1,8,-1,8, + 4ba—1,8, fa—1 — 4ba—1,8,-1,8,—1- (7)

Taking ZZZ:l x52 of both sides of equation (2) one can see that

(1 —222)¢0,8,,6, (72) = 2(1 — 22) [20a-1,5,,6, (%2) + Pa,51,6.(72)
= 2001818, (T2) + V11,6, (72) — 20001, 1,8, (2)
—0a,p1-1,8: (T2) + 200-1,8, 1,8, (72)]
because
Ua,py,0 — [40a-1,8,0 + 2ba,p,,0 — 4ba—1,8,,0 + 20,8, -1,0 — 40a—1,8,-1,0
—2ba,8,—1,0 +4ba—1,8,-1,0] =0
by equation (2). Thus equation (4) holds for k = 2.
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Assume now that equation (4) holds from 2 to k — 1 and consider the case for k.
Note that the last four terms of the right side of equation (2) can be divided into
three terms respectively as follows.

2 Z (_1)t+1a0477r711---it(517---7519) = 20a,p,,...Bk—1,8c—1

1<iy <---<ig <k,
1<t<k

t+1
-2 Z (=D Qav,miy iy (B1seesBre—1,Br—1)

1<ig < <ig<k-—1,
1<t<k—1

+2 Z (_1)t+1a0477\'z‘1---it(ﬁly---vﬁk)’

1<ig < <ig<k-—1,
1<t<k—1

4 Z (7]‘)taa—17771'1~-~it(517~-7Bk) = —daa-1,....051.Br—1

1<iy <o <ig <k,
1<t<k

—4 Z (71)ta01_1777'i1~~it(ﬁ17---1ﬂk—175k_1)

1<iy < <ig<k—1,
1<t<k—1

+4 Z (71)ta0¢—177"i1-~it(ﬁlv---vﬁk)’

1<ig < <ipg<k=—1,
1<t<k—1

2 Z (_1)tba,7fi1-~-i,,(51,-~~,ﬂk) = =2ba,8,,....80-1,8u 1

1<ip < <iy <k,
1<t<k

-2 Z (_1)tba,m1-.-i,,(ﬁl,nwﬁk—lyﬂk*l)

1<ig < <ig<k-—1,
1<t<k—1

+2 Z (_1)tba,7ri1...it(Blwwﬂk)

1<i) < <ig<k—1,
1<t<k—1

and

4 Z (_1)t+1ba*1,m1---it(51,»--,@@) =4ba—1,81,....80-1,8:—1

1<igp<---<ig <k,
1<t<k

—4 Z (_1>t+1b0¢*17ﬂ'i1---it(517---,ﬁk—175k*1)

1<ip < <ip<k—1,
1<t<k—1

+4 Z (_1>t+1b0¢*1’77i1---it(Blw-wﬁk)'

1<ip < <ip<k-—1,
1<t<k—1
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Now taking 22:1 xf" of both sides of equation (2) we get that

(1- 21’k)wa,ﬂ11mﬁk (zr) = 2(1 — xx) [Zwafl,ﬂlﬁmﬁk (zk) + Pa,By ... B (zk)
= 2¢0-1,61,....5 (zx) + Z (71)t+1w0¢,7ﬁ'1...it(617-..,Bk)(Ik)

1<ip <---<ip<k-—1,
1<t<k—1

+2 > (D) %Patmi. s, (Brroi) (Th)

1<ig < <ig<k—1,
1<t<k—1

+ Z (*1)t¢a,m1.,.it(ﬂl,...,gk)(zk)

1<iy < <ig<k-—1,
1<t<k—1

+2 Z (D" oty o, (Brvei) (T)

1<ig < <ig<k-—1,
1<t<k—1

+ Qa,Bi,.. 81,0 = [4aa*1’51,‘-~75k—1,0 + 2b0¢ﬁ1w-,ﬁk—1,0 V- 4b0¢*1,51,~~-ﬁk—1,0
t+1
+2 § : (1) Qo,miy iy (B, sBr—1,0)

1<ip<---<ipg<k—1,
1<t<k—1

+4 Z (_]‘)taa—l,ﬂ'il-»-it(511-~~75k—170)

1<ip<---<ipg<k-—1,
1<t<k—1

+2 Z (_1)tba,m1---it(517~~»7ﬁk7170)

1<ig <o<ip<k—1,
1<t<k—1

+4 Z (_1)t+1ba—1777i1~»it(ﬁlwnfﬁk—l’o)

1<ip < <ip<k-—1,
1<t<k—1

Note that by equation (2)

Aa,By,...,Brk—1,0 — [4a’a—1,517~~ﬁk—1,0 + 2b067ﬂ17~~n3k—170 - 4b0¢—1,51>~-7ﬂk—1,0
t+1
+ 2 Z (-1 * Aomiy iy (B1so,Br—1,0)

1<ip < <ip<k-—1,
1<t<k—1

+4 Z (_1)tao¢71,7|'i1...it(ﬁl,...,ﬁk71,0)

1<ip < <ip<k-—1,
1<t<k—1

+2 Z (_1)tba,m1---it(51,»--,@971,0)

1<ip < <ip<k-—1,
1<t<k—1

+4 Z (_1)t+1ba7177ri1---it(ﬁlynwﬁk—lvo) =0.

1<ip < <ipg<k—1,
1<t<k—1


www.sid.ir

Fuzzy Subgroups of the Direct Product of a Generalized Quaternion Group and ... 105

Thus equation (4) holds for j = k. Assume that equation (4) holds from k to j
and consider the case for j — 1. Note that the last four terms of the right side of
equation (4) can be divided into three terms respectively as follows.

Z (_1)t+1¢o¢,7r731...7¢t(ﬂl,...,ﬁk)(xkv"'7:Ej)

1<iy < <ig<j—1,
1<t<j—1

= 1/)01751,-~7,3j—2751—1—17ﬁj7~--75k (xk’ cee vxj)
1
- Yo DM am  BrrBs a1 185 (s T5)

1<y <---<ip<j—2,
1<t<j—2

+ > (=D Pam o Brres) (T -5 T5)

1<ig<---<ip<j—2,
1<t<j—2

2 Z (D) a1y, (Brreonp) Tk -+ T5)

1<iy < <ig<j—1,
1<t<j—1

= _2’(/}04*17517---,5]‘—27[3]‘—1*1,5]‘1-~»751€)(m’ﬂ " mj)
-2 Z (_1)t1/}a—1,7ri1...it([31,...,,Bj_Q,Bj_l_17[3j7“_75k)(SEk,...,:L'j)

1<iy < <ig<j—2,
1<t<j—2

+2 Z (D et m, oy (BrrBi) (Ths -+ T5)

1<i)<---<ip<j—2,
1<t<j—2

Z (=1 Pams,..s, (Ba i) @ - - - )

1<i<---<ip<j—1,
1<t<j—1

= —Papy,.. ByeasBy 1~ 1.8y ) (Th -5 )
- Z (_l)td)a,ml.-dt(517-",53'—2,51—1—1,3j7u~,5k)(mkv'"7xj)

1<i) <---<ig<j—2,
1<t<j—2

+ > (1) e, iy Brreonpi) T -5 25)

1<i) < <ig<j—2,
1<t<j—2

2 Z (_1)t+1¢a—17m1»-»7‘,t(ﬁh---ﬁk)(mkv"'7$j)

1<ig<---<ip<j—1,
1<t<j—1

= 2¢a*1,51,-wﬁj—mﬂj—l*Lﬁj,mﬁk)(x’f’ s ’xj)
1
_2 Z (_1)t+ d)a*l,ﬂ‘il...it(ﬁl,...,ﬂj_g,ﬁj_l—Lﬂj7___’ﬁk)(xk;,...73','3')

1<iy <---<ip<j—2,

1<t<j—2
+2 > (=)™ batimsy s, (Bros) (Ths -5 T5)

1<y <--<ip<j—2,
1<t<j—2
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Now taking 22‘571:1 xffll of both sides of equation (4) we have

[/\('rkv s ,3?]‘) - (1 + /\(xk’ s ’xj))xj—l] waﬁh---,ﬂk (xk’ s ’xj7$j—1)
= [1 + )\(Ik, . ,Ij) — (1 + /\(l‘k, . ,Ij))Ij_l] [2’!/104_17517.__,5,C (Ik, - ,xj,xj_l)
+ Gap, e (Thy -+ T, Tj1) = 20a-16,...8 (Thy - -+, 5, Tj—1)
+ Z (7]‘)t+11/}a,71'1'1.,.it(ﬂ17...,ﬁk)(wk?"'7xj7xj—l)

1<i) < <ig<j—2,
1<t<j—2

+2 Z (71)tw04—17771'1~~it(517~.-,Bk)(xk’"'735j7$j—1)

1<i) < <ig<j—2,
1<t<j—2

+ Z (71)t¢o¢,‘n’i1.,.it(ﬂl,...,ﬂk)(xka"'7xj’xj—1)

1<iy] < <ip<j—2,
1<t<j—2

+2 Z (D)™ Gty s, (Brroogi) @hrs - T, 1)

1<iyp < <ig<j—2,
1<t<j—2

because it holds by induction hypothesis that

)‘(Ik’ s 7xj)11[}(17[317---75j—2707ﬂj7---7ﬁk (x/ﬁ s 7xj)
- (1 -+ )\(l’k, L. ,xj)) [21Z)a_1”317___7@j_2’075j,__,75k (:ck, - ,:L‘j)
+ ¢a,ﬁ1,‘-»ﬁjfmoyﬁj,mﬁk (xk’ k- ’xj) - 2(1)01*17[317‘“7,3]‘727013]"u-’ﬁk (fkv ) xj)

1
+ Z (=)™ Devmiy iy (BroosBi—2.0,8;0s85) (Thes - -+ Tj)

1<iy < <ig <j—2,
1<t<j—2

+2 Z (=) Patmsy i, (Brres 2.0, i) (Ths - - )

1<i) <---<ip<j—2,
1<t<j—2

+ Z (_1)t¢a,ﬂi1.--it(B1 ,,,,, ﬁj_g,o,ﬁj,...,ﬁk)(wkh"'7xj)

1<iy < <ig<j—2,
1<t<j—2

+2 Z (_1)t+1¢a71,m1...it(ﬁ1 ..... B;-2,0,8;.8) (Ths - 25) | = 0.

1<y < <ip<j—2,
1<t<j—2

Thus equation (4) holds for j — 1, and the lemma is proved.
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Equation (4) with j = 2 gives us that

Mk, - T2)Va By, e (They - -, T2)
=1+ Mg, ..., 22)) 2%a-1.8,..8: Tk, ., T2)
+ ba s, e (Thy o3 T2) = 2001848, (Thy - - -, T2)
+ Vo818, i (Thy -+ T2) — 2V0—1.81-1,8s,... 85 (Ths - - -, T2)
— 0, B1—1,82,...0: (Thy - - -, T2) + 200—1,81-1.8s....81 (Ths - - -, T2)] . (8)

Taking Y5 _, 29 of both sides of equation (8) one can see that

Mzh, - T1)Vapr, e (They -, T1)
=1+ Mg, .-, 21)[2%a-181,....8: (Ths - - -, 1)
+ Papr e (Thy oy T1) — 20018, ... Bk (Thy - - -5 T1)]
+ M@y -, 22)80,0,80,....8: (Thes - - - 5 T2)
— (14 Xz, -, 22))[2%0=1,0,8,... 3Tk, - - 5T2)
+ 00,088k (Ehs - -, Z2) — 200-1.0 Ba,....8: (Zhs - - -, X2)]. (9)

Lemma 3.3. If k > 2, then

)\($k, s ax2)wa70,52,-~75k (xk, ) 1:2)
= (L+ Ak, 22)) [20a=1,0,80,. 81 (Thy - - - T2)
+¢a;07ﬁ2,~~~7ﬁk (l'kv B $2) - 2¢O¢*1,0,32,~-~ﬁk ('Tk’ (R IQ)] . (10)

Proof. If k = 2, then since 94,08, (2) = Yo g, (2) and ¢q 0,8, (r2) = da.p, (x2), the
equation

AN@2)¥0,0,6: (72) = (L+M2)) [200a-1,0,8, (T2) +0a0,6,(72) — 200-1,0,8, (2)]
holds by equation (3). Assume now that equation (10) holds for k. Then by
equation (9) weget that

)\(l'k, cee axl)waﬁlw-*ﬁk (xkv ce vxl)
=1+ Mz, - 21)) 2%a-1,61,....60 (Ths - - -, T1)
+bapi, i (Ths -5 1) = 200188, (Ths - - -, 1))

which implies that

)\(l‘k+1, - ,xg)wa70752,_4_76k+1 ($k+1, - ,x2) = (1 + /\(l‘k_;,_l, - ,xg))x
[2wa—1707527~~-75k+1 ($k+17 s 7332) + ¢C¥70,/32,~~7Bk+1 (mk-‘rlv s 71'2)

_2¢a_1707ﬁ27~--75k+1 (xk+17 CER 'TQ)] .

Thus equation (10) holds for k + 1. O
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By equations (3), (9) and Lemma 3.3 it holds that

Mgy 21)%a,pr,. B (Thy oo T1)
=1+ Mk, 21)) [2¢a-1,61,....8, (Thes - - -, T1)
+¢a>61;~~7ﬂk<xk7"'7x1)_2¢04—17,817~-;5k(mk7""7x1)] (11)

for any positive integer k. Taking > o ; y* of both sides of equation (11) one can
see that

Ak, - z1) =20+ XMk, -, 21)Y] Yapa, Ty - -, 21, Y)
=1+ Mxp,--,21) 1 —2Y)Papy ... e (Thy - -5 T1,Y)
+ Mgy, x1)%0,64,.. 8 Xy - -+, T1)
—(1+XMzxk, -, 1))00.81,...8: @k - ., 21). (12)

Lemma 3.4. For any positive integer k,

Mk, -, 21)%0,81,. 86 (Thy - -, 1)
= (1 + )\(%k, ce 7x1))¢0,ﬂ1,...,6k (ack, R ,331). (13)
Proof. Note that ag g, g,...8, = B(Qaz X Zyp,) = R(Za2 X Zy,) and by g, 4.8, =

R(Zy x Zy,). Since n is a product of odd prime numbers, by Proposition 2.2 one
can see that

1 1 ’
= 1
Y0,1.....8 (Ths - -, 1) |: > /\(:Ek,..-,xl):| ’

Mz, oo, x1)

1 1
v Ty Ty) = 1+ :
d)O,ﬁ ) ﬁk( k 1) A(ka“)xl) |: )\(J;k’...,xl):|

Now it is easy to see that equation (13) holds. O
By Lemma 3.4 equation (12) becomes

wawglwn;ﬁk (xkv PERER y)
1
= |1+ g (@, .o, y). (14
A($k7...7m1)—2(1+/\(mk,...,x1))y} Pas 0 (T by (14)
Since ba. g, 8y,...8n = R(Zge+1 X Zy,) by the definition and n is a product of odd
prime numbers, by Proposition 2.2 one can see that
1

)\(QT]C, . 7.’1,‘1)

1 } 1
N a1)] 1 [1+m y

N T € I S T e [1 +

In summary we have proved the following.
Theorem 3.5. Let

n :pllﬁpéb . .pgk
where p1, ..., pr are distinct odd prime numbers and B1, . .., Bx are positive integers.

Let o be a non-negative integer. Let

a+1 — —
G := Qgat2 X Ly, = <a7b,c|a2 =e,b>=a%bab" ' =a l,c":e>
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be the direct product of the generalized quaternion group Qgar2 of order 2°12 and
the cyclic group Z,, of order n. Then the number R(G) of fuzzy subgroups of G is
the coefficient of y“xlﬂlxgz xik of

w%ﬁhm,ﬁk(xlﬁ'~~7x17y)
1
=1 o T, 15
+)\(xk,...,x1)2(1+)\(xk,...,x1))y]¢’51""’6’“<xk 7,y) (15)

1 1
)\(l‘k,..-,xl):| 1- [1+%} y

[CTY)

Mz, ... 21) [

The following is useful for specifically given integers n and «.

Corollary 3.6. Let G and a8, g, (Tk, ..., 21,Yy) be the group and the function
defined in Theorem 3.5. Then
OprtPattbiteay, 5 5@k - ®1Y)

M) = BT BBl @) - - (929) % (01 (O

@;=0,y=0,
1<i<k
We now want to find the coefficients of yo‘xflx52 X ~x’g’“ of

wa7ﬁl7~~56k(mk7 v >$17y) = ¢a,,31,...,5k($k;, A. . ,1’1,y)
1
- P BryeBi (Ths - -5 T1,Y
)\(‘Tkh"'wrl) _2(1+)\($k,,$1))y o ﬁk( )

explicitly. Note that

¢a7517---7ﬁk (‘rkv P 71‘1,2/)

_ 1 [1+ ! } 1
DY A 1
(Tk, .- 521) (@, -y 21) ] g - [HW] y
e ] :
A A2 A 1
(Thy- -5 21) (@ s @) ] g - [1+W] Y
e e e -
N(zp,. @ Mg, oya1) ] q S
( k 1) ( k 1) 1-2 {]‘ + X(mkw-wml)] y
Since
Pa,pr,....Bn (g5 21, y)
_ 1 [1+ ! } .
=N T 1 ’
T 200 ) NN N
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the coefficient of Yy of ¢a.g,,... 8, (Tk, ..., T1,Y) is

1 1 atl
{1+ ] .
/\(xk,...,xl) )\(a:k,...,xl)
Since
1 [1+ 1 ]a“_“f(aﬂ)[ 1 ]iﬂ“
Ny ran) | A@n- 1) io ) [ \awsra)

10=0
io+1

S e e |

i0=0 [H peTe— ,m)} &

the coefficient of y®z%" of ¢a s, g (Tk, ..., 21, Y) is

R fa+ 1Y (B +io 1 ot 1 o
Z( io )< 51 >|:)\(l‘k,...,$2>:| |:1+/\($k,,332):l ’

Zg:O

which is equal to

a+1l B . io+i1+1
B1+ 1o 1
ZOZ:OHZ:O( ><21>< A1 ) {)\(xk,...7x2)] '
o ﬂl B of

By continuing this process, one can.see that: the coefficient of y“xi* ...z}
(banBlv“'gBk(ka" w1,y) is

B ST 5

i0=0141=01i2=0 [ to r=1 5r+1

Similarly one can see that the coefficient of yaac?lxéb : xf’“ o xf’“ of
S
A2 (zpyoie, Mz, .-
(k) ) 1) (k7 ) 1—|:1+m:|y

is

at+l B1 P2 Br—1 a+1 ﬁl"‘l“!‘lo k—1 B Br+1+1+ 27“: Zm
PSS S (L), =)

10=0141=012=0 ir_1=0 '81 r=1 tr 57“-&-1
and the coefficient of y“mﬁle . xi’“ 3 acg" of

L] :
A (Tgy ..., x1) @k, -5 1) 1_2{1+W}y
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is

a+l B1 B2 Br—1 11
oS [(er),

: : : ) 20
1,(]:0 ’Ll:O 7,2:0 Zk_1:0

Bi+1+i0\ Y (6 5r+1+1+iim
51 H /L.r 5 "
r=1 r+1

Therefore we get the following.

Corollary 3.7. Let G be the group defined in Theorem 3.5. Then the number R(G)
of fuzzy subgroups of G is

R(G) =
a+l B1 B2 Br-1 . k—1 BT+1+ ZT: im
CEEEE eI N
’igzz()ilzz()l'g;) ikzo o &l 71;[1 br Br41
o [ 1> (51 14 io) = (5) <5T+1 APy “")
+(2 1)( o 5, 1;[1 y b 0 (16)

where if k =0, then R(Qga+2) = 229%2 and if k =1, then

R(Q2a+2 X Zpﬁl)
1

e af Kar) (ﬂlﬂtz‘()) L oot 1)(a¢+01) (51 +511+i0>] .

i0=0

Remark 3.8. If one adopts the equivalence relation on the set of fuzzy subgroups
of a given finite group G used by Murali and Makamba [4, 5, 6, 7], then one can
see that the number of fuzzy subgroups of G is equal to the number of chains of
subgroups of G« Thus by Proposition 2.1 the result of this paper leads us to the
number of fuzzy subgroups of Q9a+2 X Z,, under the equivalence relation by Murali
and Makamba.
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