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FURTHER STUDY ON L-FUZZY Q-CONVERGENCE
STRUCTURES

B. PANG

ABSTRACT. In this paper, we discuss the equivalent conditions of pretopolog-
ical and topological L-fuzzy Q-convergence structures and define Tp, Th, Ta-
separation axioms in L-fuzzy Q-convergence space. Furthermore, L-ordered Q-
convergence structure is introduced and its relation with L-fuzzy Q-convergence
structure is studied in a categorical sense.

1. Introduction

Since Fischer [8] first introduced convergence structure based on filers in classical
sense, the theory developed rapidly. With the development of fuzzy set theory, the
classical filter has been generalized to different kinds of fuzzy filters [2, 9, 10, 12,
25]. Based on fuzzy filters, many researchers extended convergence structures to
fuzzy convergence structures and studied the relations between fuzzy topological
spaces and fuzzy convergence spaces: Using prefilters, Lowen [21, 22] considered
fuzzy convergence structures as a generalization of classical convergence structures.
Lee et al. [17, 18, 19] also introduced a kind of fuzzy convergence structure and
studied its separation. Yao [29] proposed the concept of L-fuzzifying convergence
structure which was built on L-filters of ordinary subsets and discussed the relations
between L-fuzzifying topological spaces and L-fuzzifying convergence spaces. In
[13], Jdger gave the concept of stratified L-fuzzy convergence structure based on
stratified L-filters and showed the resulting category has many good categorical
properties. Giiloglu and Coker [11] introduced the notion of I-fuzzy convergence
structure by.means of I-filters which converged to fuzzy points, and proved that this
kind of convergence structures and I-fuzzy topologies are one-to-one corresponding.
In [24], Pang and Fang introduced L-fuzzy Q-convergence structures and proved
that the category of L-fuzzy topological spaces and that of topological L-fuzzy Q-
convergence spaces were isomorphic. There are also some relating works in [14, 26,
27, 28].

Many researchers also studied properties of fuzzy convergence spaces. In [15],
Jager gave equivalent conditions of his pretopological and topological stratified L-
fuzzy convergence structures. Lee [18, 19], Minkler [23] and Jéger [16] all discussed
separation axioms in their fuzzy convergence spaces. Fang [6, 7] introduced the
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concept of stratified L-ordered convergence structure and studied its properties.
The aim of this paper is to consider these problems in L-fuzzy Q-convergence spaces.

The structure of this paper is as follows. In Section 2, we state some preliminary
concepts and their properties. In Section 3, some characterizations of pretopological
and topological L-fuzzy Q-convergence structures are given. In Section 4, we define
some separation axioms in L-fuzzy Q-convergence spaces and study their properties.
In Section 5, a new kind of convergence structure, named L-ordered Q-convergence
structure, is introduced. Moreover, the relations between L-ordered Q-convergence
structures and L-fuzzy Q-convergence structures are studied in a categorical sense.

2. Preliminaries

Let (L,\/, \,’) be a completely distributive De Morgan algebra. M (L) denotes
the set of all non-zero coprimes in L. The smallest element and the largest element
in L are denoted by 0 and 1, respectively. For a,b € L, we say “a is wedge below
b” in symbol a<b if for every subset D C L,\/ D > b implies a <.d for some d € D.
We denote 3(a) = {b|b<a}. Thus a =V B(a) holds for each a € L.

For a nonempety set X, LX denotes the set of all L-fuzzy subsets on X. The
smallest element and the largest element in LX are denoted by Ox and 1, respec-
tively. LX is also a completely distributive De Morgan algebra when it inherits
the structure of the lattice L in a natural way, by defining \/, A, < and ’ point-
wise. The set of non-zero coprimes in L¥ is denoted by pt(L¥). It is easy to see
that pt(L¥) is exactly the set of all fuzzy points.ay (A € M(L)). We say that xy
quasi-coincides with A, denoted by #1gA, if A £ A’(z) or equivalently xz) £ A’
The relation “does not quasi-coincide with” is denoted by —§. We define a residual
implication operation —: L x L — L as the right adjoint for the operation of binary
meets A by

a—b=\/{ceLlar c< b}
This operator plays a particular role in the sequel. We list some of its properties.

Lemma 2.1. [12] Suppose that (L,\/, \) is a completely distributive lattice and
— is the implication operation corresponding to N. Then for all a,b,c,d € L,
{a;}jcr, {bj}jes € L, the following conditions hold:
@)l —-a=a.

) a < buif and only if a — b= 1.
3) a— /\jeJ a; = /\jeJ(a — aj).

) vjeJaj —b= /\jeJ(aj —b).

)

Lemma 2.2. [6] Let S(—, —) be the fuzzy inclusion order of L-subsets, i.e., for any
C, Dc LX,
S(C,D)= M C(z) = D(x).
zeX
Then for all A, B € LX, {A;}icr € LX, the following statements hold:
(1) AKX B<= S(4,B) =1.
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(2) S( V Ai,A) = A S(4;, A).

3) S(Z AAi) = Z_ZIS(AAZ-).

Let f : X — Y be a mapping. Define f~ : LX — LY and f< : LY — LX
by f7(A)(y) = \V A(z)for Ac LX andy €Y, f©(B) =Bo f for Be LY,
J(z)=y
respectively. Then the following lemma holds.

Lemma 2.3. [6] Let f : X — Y be a mapping. Then for A,B € LX, C,D € LY,
it holds that

S(A,B) < S(f7(A), f7(B)) and S(C,D) < S(fT(C),f* (D))
Definition 2.4. [12] A mapping F : LX — L is called an Lfilter on X iff for all
A Be L¥,

(F1) F(0x) =0,F(1x) =1
(F2) A< B= F(A4) < F(B);
(F3) F(AAB) = F(A) ANF(B).
It will be called stratified if it satisfies moreover,
(Fs) a ANF(A) < FlanA).
The family of all (stratified) L-filters on X is denoted by (F; (X)) Fr(X).

Example 2.5. [24] For each z) € pt(LX), we define ¢(z,) as follows:

X ~ _ ]-7 x)\(jAv
vaers qada={y 2

Then §(z)) is an L-filter.

For any mapping H : LX — L, we define a new mapping (H) : LX — L by

VAeLX, (H)(A)=\/ H(B).
B<A
Then we have the following definition.
Definition 2.6. [3, 4, 5] A mapping B : LX — L is called an L-filter base on X iff
for all A, B-€ LX,
(B1) B(0x) =0, V B(A) =1
AeLX

(B2) (B)(AAB)>=B(A)AB(B).

Note that if B is an L-filter base on X, then (B) is an L-filter and B is called an
L-filter base of (B).

Next we list some definitions and lemmas for L-filters. Since all these results are
similar to those for stratified L-filters in [12, 13] and they can be checked easily, we
will omit the proof.

On the set Fr(X) of all L-filters on X, we define an order by F < G if F(A4) <
F(A) for all A € LX. Then we have the following lemmas.
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Lemma 2.7. [12] In (Fr(X), <), every nonempty family {F;}ier of L-filters has
an infimum N\ F;, which can be calculated as
iel
(AF)@) = AF@), vaer®.
iel icl

Lemma 2.8. [12] For a nonempty family {F;}ic1 of L-filters, the followings are
equivalent:

(1) There exists an L-filter F such that F > F; for alli € I.

(2) ]:il(Al)/\"'/\ i”(An) =04 A N---NA, =0x (n eEN, Ay,--- A, € LX,
{i17"' 7ZTL} g I)

In the case of existence, we find

(\/E) (A) =\ V{Fu(A) A AFi (An) | A A e A Ay S A}
iel neN

as the supremum of {F;}icr in (FL(X),<). We denote it by \/
L-filters F and G, we write F VG € Fr(X) if F VG exists.

ier Fi- For two

Definition 2.9. [12] Let F € Fr(X) and f + X — Y be a mapping. Then
f7(F): LY - L, A— F(f(A)) is also an L-filter and is called the image of F
under f.

Lemma 2.10. [13] Let F € Fr(Y) and f + X = Y be a mapping. Then the
following are equivalent:

(1) fS(F): LX = L defined by f<(F)(A) = Ve (py<a F(B) is an L-filter on
X.

(2) VB € LY, f<(B) = 0x implies F(B) = 0.

In case f<(F) e Fr(X); we call f<(F) the inverse image of F under f. Obvi-
ously, f<(F) exists if f is surjective.

Definition 2.11. [1] (1) A category C is called a topological category over Set
provided that for any set X, any class J, and family ((X;,&;));es of C-objects and
any family (f;: X — X;)jes of mappings, there exists a unique C-structure £ on
X which is initial with respect to the source (f; : X — (X;,§;))jes. This means
that for a C-object (Y, ), a mapping g : (Y,n) — (X,£) is a C-morphism iff for all
jed fiog: (Y,n) — (X;,§) is a C-morphism.

(2) Let B be a category and E be a class of B-bimorphisms. A full subcategory
A of B is called bireflective in B provided that each B-object has an A-reflection
arrow in E as a bimorphism. This means that, for any B-object B, there exists an
A-reflection bimorphism 7 : B — A from B to an A-object A with the following
universal property: for any morphism f : B — A’ from B into some A-object A,
there exists a unique A-morphism f’: A — A’ such that f or = f.

For more notions related to category theory, we refer to [1].
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3. Equivalent Conditions of (Pre)Topological L-fuzzy Q-convergence
Structures

In this section, we discuss the equivalent forms of pretopological and topological
L-fuzzy Q-convergence structures. We first give the following definition.

Definition 3.1. [24] An L-fuzzy Q-convergence structure (L-fqcs, in short) on X is
defined to be a mapping ¢ : Fr(X) — LX such that Va, € pt(LX),F,G € Fr(X),
(LQFC1) zx < e(g(zy));
(LQFC2) F <G = c(F) < c(G).
The pair (X, c) is called an L-fuzzy Q-convergence space (L-fqc space, in
short), and it will be called pretopological if it satisfies
(LQFC3) x) < c(Fg,), where Fy = A\ F.
zx<e(F)
The pair (X, c) is called a topological L-fuzzy Q-convergence space if it
satisfies moreover,
(LQFC4) For all zy € pt(LYX), the L-filter F¢ has a base BS, such that BS (A4) <
By (A) for all A€ LX with y,4A.

A continuous mapping between L-fqc spaces«(X,¢) and (Y, d) is a mapping f :
X — Y such that for all F € Fr(X), ¢(F) < fS(d(f~(F))). The category of
pretopological L-fqc spaces and continuous mappings is denoted by L-QPrFCS,
and L-QFTCS denotes the full subcategory of L-QPrFCS consisting of topological
L-fqc spaces.

For convenience, we denote the category of L-fqc spaces with their continuous
mappings by L-QFCS and call Fg, the neighborhood filter of zy.

Theorem 3.2. [24] The category L-QPrFCS of pretopological L-fuzzy Q-convergence
spaces is topological over Set.

Theorem 3.3. The category L-QFCS of L-fuzzy Q-convergence spaces is topolog-
ical over Set.

Proof. All necessary steps parallel to the proof of Theorem 3.2 (Proposition 4.7 in
[24]); which shows that the category L-QPrFCS is topological over Set. Hence the
proof is omitted. Here we only note that the mapping ¢* : Fr(X) — L% defined
by

VF € Fu(X), &(F) = N\ (7 (F)

el
is the initial structure w.r.t. a source {f; : X — (X, ¢;) bier in L-QFCS. O
Definition 3.4. (Product spaces) Let [] ¢; denote the initial structure w.r.t. the
iel
source {p; : X := [[ Xi = (Xi,¢i) bier in L-QFCS,; i.e.,

i€l

WF e FL(X), [[alF) = A\pi (@hF (F)).

el i€l
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Then ( 1T X:, 11 ci) is called the product space of {(X;,¢;)}ier-
i€l iel
Next we will give the characterizations of (pre)topological L-fuzzy Q-convergence
structures.

Theorem 3.5. Let (X, c) be an L-fuzzy Q-convergence space. The following con-
ditions are equivalent:
(LQFC3) =z < e(Fg,).

(LQPC1) zx < c(F) & Foy < F.

(LQPC2) o A Fi) = A c(F).

iel iel
Proof. (LQFC3)=(LQPC1) If x5 < ¢(F), then Fy, = A G <F. Conversely,

zx<e(9)
let 7, < F. Then by (LQFC2) and (LQFC3), we have

ry < o(Fy, ) < cofF).
(LQPC1)=(LQPC2) For each x, € pt(LY), it holds that
o< NeF) & Viel, zy <dF)
i€l

& Viel, Fo, <F (by (LQPCL))

& Fo, < N\FE
i€l

& X< c( /\.7'—1) ( by (LQPC1))
il

(LQPC2)=(LQFC3) By (LQPC2), it follows that

z) < /\ c(]:):c< /\ )-7:)0(-7:5)\)-
F

ox<c(F) @5 <e(

O

Remark 3.6. Generally, there are three different ways to characterize the pretopo-
logical condition of convergence structures. Lee [17] requires that the neighborhood
filter of a fuzzy point x) converge to ). The second form requires the convergence
structure be closed for arbitrary meets. Xu [27] defined his pretopological limit
structure in this way. Another form is that a filter F converges to x if and only if
F contains the neighborhood filter of x. Jager [13] and Yao [29] all adapted this
form in lattice-valued situation. Li and Jin [20] showed that pretopological strati-
fied L-convergence structures (stratified L-ordered convergence structures [6]) could
be characterized in both the first and the third form. From the above theorem, we
see that pretopological L-fuzzy Q-convergence structures can be characterized in
all the three ways.

The topological convergence structure is usually defined by the neighborhood fil-
ter, and sometimes it is characterized by the diagonal condition which is equivalent
to the former way [15]. The axiom (LQFC4) in L-fuzzy Q-convergence structure is
complicated and doesn’t satisfy each of the two ways. The following theorem will
give a simple characterization by means of the neighborhood filter F, .
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Theorem 3.7. Let (X, c¢) be a pretopological L-fuzzy Q-convergence space. Then
the followings are equivalent:

(LQFC4) For all zy € pt(LY), the L-filter F¢, has a base BS, such that BS, (A) <
By (A) for all A € LX with y,GA.

(LQTCS) Fi (A)= V A Fj(B)

Tx§B<Ayu.4B

Proof. (LQFC4)=(LQTCS) It suffices to prove F¢ (A4) < A\}é<A AB Fy.(B). By
TAGDXAYuq
(LQFC4), there exists an L-filter base BS, of Fg such that

Voyu € pt(LY), A€ LY, y.4A = B;, (A) < B, (A).
Take any o € M(L), o < Fy (A) = (Bs, )(A) = \ B¢, (B). Then there exists
B<A

B, such that B, < A and o < BS, (Ba.) < Fg, (Ba). For cach y,GBg; we have
Bg, (Ba) < By, (Ba) < Fy (Ba). Therefore B;A( o) < /N Fj (Bg). This means

YuqBa
that
a<B (Ba) < Fg (Ba)A N\ Fy.(Ba)
YudBa
< \/ (F /\ gu B)>
B<A yugB

VA Fo(B). (F(B) d@s)(B) =0 when oy ~dB )
) §B<Ay,GB

From the arbitrariness of , we get that 77, (4) < 'V A Fy (B).
rxGB<A quB

(LQTCS)=(LQFC4) Let Bf (4) = F5, (A) A /\ Fy.(A). We will check that

yuq

B¢ is just the L-filter base which satisfies (LQFC4).

TN
Firstly, we prove BS is an L-filter base.
(B1) B, (0x) < 75, (0x) =0,
B, (4) V (F@n A Fi)
AeLX AeLX YudA

Fo A N\ Fu(ix) =1

yu(j(lx)

Vv

(B2) Take any A, B € L. Then

(BeWANB) = \VARR - N(e)
C<AAB
> B;,(AAB)

= FLAABA A Fy . (AAB)
Vua(ANB)
= FL@AFEBA N (FLAAF(B)
YudA,yuqB

(Yud(A A B) < yudA,yugB )

WV

BS, (A) ABS, (B).
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Secondly, we check that Bg, is an L-filter base of F .
B =\ B (B)

B<A
=V (F.m)a A F,B)
B<A vudB

V A F.(B)  (Fg,(B)=0when zx=4B)
zxGB<Ay,4B

FS(A).

Finally, for any z, € pt(LX), A € LX with z,GA, we have

Bi (A) = FL (A N\ F A
yu(iA
< N F.@
yu‘jA
= F, (AN N\ F (A) =B (A)
YudA
Therefore (LQFC4) holds. (]

Remark 3.8. In (LQTCS), we use the neighborhood filter ¢, to define topological
L-fuzzy Q-convergence structure and it’s more succinct than (LQFC4). Although
the diagonal condition is another way to define topological convergence structure
[15], we can’t find the diagonal condition of topological L-fuzzy Q-convergence
structure. So we will leave this problem for further research.

4. Separation Axioms

In this section, we introduce separation axioms to L-fuzzy Q-convergence space
and investigate some properties of the initial space with respect to separation ax-
ioms.

Definition 4.1. Let (X, ¢) be an L-fuzzy Q-convergence space. If it satisfies
(To) Var, Gu € PHLY), zx < c(G(yu)) and y, < c(d(zr)= v =1y,
then it is called a Ty-space. If it satisfies
(Th) Van, yu € pt(LY), zx < c(G(yu)) or yu < c(§(zr)= ==y,
then it is called a T3-space. If it satisfies
(Ty) Nz, y, € pt(LX), VF € Fr(X), zx < ¢(F) and yu < c(F)= ==y,
then it is called a T-space.

Proposition 4.2. Let (X, ¢) be a pretopological L-fuzzy Q-convergence space. Then
the following conclusions hold:

(1) (To) & Vax, yu € pt(LY), Fg, <qyu) and Fy < q(zn)= v =1y.
(2) (Tl) & Vo, Yu € pt(LX), -7:§>\ < Q(y/t) or ]:5“ < (j(x/\):> r=y.

(3) (Iz) & Vax, yu € pt(LY), F, Vs e FL(X) =z =y.
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Proof. By Theorem 3.5, the proof is easy and omitted. O

In crisp set theory, if a set of topological spaces {(X;, 7;)}ier satisfies Tp-axiom
(resp. Ty and T5), then their product space ( 1T X:, 11 Ti), as a special initial
i€l il
space, also satisfies Tp-axiom (resp. Ty and T5). For L-fuzzy Q-convergence space,
we also have similar conclusions.

Theorem 4.3. If all L-fuzzy Q-convergence spaces (X;,¢;) (i € I) are Ty-spaces
(resp. Ty, Ta-spaces) and the family of mappings (fi : X — X;)icr separates points
(i.e., for x # y there is an i € I such that f;(x) # fi(y)), then the initial space
(X, cX) is a Ty-space (resp. Ty, Ta-space).

Proof. We only prove Tj and the proofs of 77 and 715 are similar.
In order to prove that (X, c¥) is a Tp-space, we need only prove for any zy, Yu €
pt(LX) with  # y and 2\ < ¢*(§(y,)), it holds that y,, £ (§(x)).
By the definition of ¢X in Theorem 3.3, it follows that
2 < (dy) = N\ £ (7 (dya)-
iel
Then fi(z)x < ¢ (§(fi(y),)) for each @ € I. Since (f; : X — X;);er separates

points, there exists an ig € I such that f; ()% fiz(y): By To-axiom of (X;,, ¢;,),
we have

FioWu % cion(A(fio (2)0)) = €in(Fi5 (G(22))).
This implies
Yn % Iy (o (@(fig@)))) = £i5 (cio (fig (@(2))))-

Therefore
yu & N (il (@) = X (G(n).
il
Thus the initial space (X, ) is a Tp-space. O

Corollary 4.4. If all L-fuzzy Q-convergence spaces (X;,¢;) (i € I) are Ty-spaces
(resp. Ty, Torspaces), then their product space ( ITX:, 11 ci) is a Ty-space (resp.
iel el
Ty, Ts-space).
In Definition 4.1, the fuzzy points are arbitrary. If we refine them with the same
height, then the following separation axioms are obtained.

Definition 4.5. Let (X, c) be an L-fuzzy Q-convergence space. If it satisfies
(qTo) Vax, yx € pt(LY), ax < c(G(yn)) and yr < c(g(zr))= ==y,
then it is called a ¢Ty-space. If it satisfies
(qT1) Yz, ya € pt(LY), zx < c(d(yr)) or ya < c(d(an))= z =1y,
then it is called a ¢T3-space. If it satisfies
(qT) VY, ya € pt(LX), VF € FL(X), zx < c(F) and ys < o(F)= = =y,
then it is called a ¢T5-space.

Similarly, the following two propositions hold obviously and we omit the proof.
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Proposition 4.6. Let (X, ¢) be a pretopological L-fuzzy Q-convergence space. Then
the following conclusions hold:

(1) (¢To) & Vax, ya € pt(L™), Fg, <q(y) and Fy, < g(za)=> = =1y.
(2) (¢Th) & Yy, ya € pt(LX), Fg, < q(ya) or Ff, < qlza)= z=y.

(3) (qT) & VY, yx € pt(LY), Fo VI €FL(X)=z=y.
Proposition 4.7. If all L-fuzzy Q-convergence spaces (X;,¢;) (i € I) are qTp-
spaces (resp. qT1, qTa-spaces) and the family of mappings (fi : X — Xi)ier
separates points, then the initial space (X, cX) is a q¢Ty-space (resp. qTy, ¢Ty-space).
Next we discuss ¢Ty (resp. ¢Ti, qTs)-separation of product‘space of L-fuzzy
Q-convergence spaces. We first give the following lemma.

Lemma 4.8. Suppose that 0 € L is a prime. Let X; be a nonempty set, F; €
Fr(Xi) and p; : [[;er X;j — Xi be the projection mapping for.eachi € I. Then

(1) Vierpim (Fi) € Frlljer Xi)-

(2) P57 (Vier i (Fi)) = Fj for all j € I.
Proof. (1) It suffices to prove that (i) p;=(F;) exists for all i € I and (ii) \/,c; p;~ (F3)
exists.

For (i), condition (2) in Lemma 2.10 is trivially satisfied since p; is surjective.

For (ii), we need only verify that {p:=(F, )}16 1 satisfies condition (2) in Lemma
2.8. Let n =2 and A3 A A2 = 0x (X+=Tl;c; Xi). Then

P (F1)(A1) Apy (F2)(42)

- \/ .Fl(Bl) A \/ .FQ(BQ)

pi (B1)<A p5 (B2)< A2

= \/ \/ fl(Bl) /\.FQ(BQ)

pi (B1)SA1 ps (B2)< A2

el

< \/ ]:1(31) A\ ]:2(32)
i (B1)Aps (B2)SA1AA2
= \/ ]:1<B1) /\.FQ(BQ)
pi(B1)Aps (B2)=0x
= \{AB)AF(B2) | \/ Bilpi(x)) A Ba(pa(x)) = 0}
zeX
= \V{F(B1) A Fa(By) | \ Bi(x1) A By(a3) = 0}
(xl Iz)EXl X Xo
= \/{.7:1(31 /\.7:2 BQ \/ Bl xl \/ B2(x2) :0}
T1€X1 T2E€Xo
< \/ Fi(a) AN Fa(B)
aAB=0

0. (0 is a prime)
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This proves \/,.; pi~(Fi) € ]:L(Hjel X;).
(2) Take any A; € LXi. Then

7 (V7)) (4))

V i (F) (f(45))

iel i€l
> p; (F)(p; (4;))
= V F;(Bj)
P (By)<pi(4))
= Fi(4).

From the arbitrariness of A;, we obtain p;”(\/,;c;pi~(Fi)) = Fj forall je . O

Proposition 4.9. Suppose that 0 is a prime. Let (X;,¢;) (i € I) be L-fuzzy Q-

convergence spaces. Then they are all qTy-spaces (resp. T, qTz-spaces) if and

only if their product space ( 11 X:, 11 cz-) is a qTy-space (resp--qTh; qTs-space).
iel  4el

Proof. We only prove ¢T». By Proposition 4.7, the necessity is obvious. It is enough

to prove the sufficiency.

In order to prove (X;,,¢i,) (Vig € I) is a qT5-space, we need only prove that for
any (mio)kv (yio)k € pt(LXio)’ ]:io € ]:L(Xio) with Lig 7é Yio and (mio)k < G (]:io)’
it follows that (yi,)x £ cio(Fig)-

Take z, y € [[ X; such that p;, ()= xi,, Pig(y) = yi, and p;(x) = p;(y) for

il
i # 1. By Lemma 4.8 (1), we define F € ]-'L< 11 Xi) as follows:
i€l
Fi= \/p::(]:l)a
iel

where F; = §(p;(x)x) for i #.ig and F; = F;, for i = ig. By Definition 3.4 and
Lemma 4.8 (2), it-is easy to check that

oy < (TTe) () = Ao (@ (F).
iel i€l
Since ( I1X:, TI ci) is a qT2-space and z # y, it follows that
iel i€l
o (ITe) @) = Api @ (7).
icl i€l
If ¢ # ig, then by Lemma 4.8 (2), we have
pi(y)x = pi(x)x < ci(q(pi(2)n)) < cilpy” (F))-
This implies that
Pio (W) % cio (P (F)) = cig(Fiy ).
Therefore (y;,)x £ ¢io(Fiy), as desired. O
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5. L-ordered Q-convergence Structures
In [6], Fang defined fuzzy inclusion order in F1(X) in the following way:
VF, Ge Fr(X), Sp(F.6)= N F(4) —G(A).

AeLX
Inspired by this, we modify the axioms (LQFC2) and (LQFC3) in the definition of
L-fuzzy Q-convergence structures and construct a new kind of convergence struc-
tures. Furthermore, the relations between them are discussed.

Definition 5.1. An L-ordered Q-convergence structure on X is defined to be a
mapping ¢ : Fr(X) — L¥ such that Vo) € pt(LX), F,G € Fr(X),
(LQFCI) zx < c(g(za));
(LOCS2) Sp(F,G) < S(c(F),c(G)).
The pair (X, ¢) is called an L-ordered Q-convergence space. It will be called
pretopological if it satisfies
(LOCS3) Sr(Fi,,F) < S(a, c(F)).
The pair (X, ¢) is called a topological L<ordered Q-convergence space if it
satisfies moreover,
LQTCS) F ()= VA F(B).
TxGB<Ay.qB
A continuous mapping between L-ordered Q-convergence spaces (X, ¢) and (Y, d)
is a mapping f : X — Y such that forall F € Fr(X), ¢(F) < f<d(f~(F))).

Let L-OQCS denote the category of L-ordered Q-convergence spaces with con-
tinuous mappings, and L-OQPrCS the full subcategory of L-OQCS consisting of
pretopological L-ordered Q-convergence spaces.

Theorem 5.2. An (pretopological, topological) L-ordered Q-convergence space must
be an (pretopological, topological) L-fuzzy Q-convergence space.

Proof. By Lemma-2.2 (1) and Theorem 3.5, the conclusion is obvious. O

The inversion of the above theorem doesn’t hold, the following example demon-
strate this.

Example 5.3. Let X = {z, y} and L = {0, 1, 1} be a chain. We define a mapping
c: Fo(X) = LX by
L, q(z1) < 7,

VF e Fr(X), z€ X, ¢(F)(z) = { 0 oth rwise.

Then it is easy to check (X, ¢) is an (pretopological) L-fuzzy Q-convergence space

in the sense of Definition 3.1. But on the other hand, the space (X,¢) is not
an (pretopological) L-ordered Q-convergence space. To see this, we introduce a
mapping F* : LX — L by

1, if A=1x,
1 .
X * o 29 if A(ZL’) = 1? A(y) # 13
vaelX, Fy=3 ¥ LTy
0, if A(z) = 0.
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It’s routine to verify F* € Fr(X).
In this case, for A € LX defined by A(z) = 1, A(y) # 1, we have q(z1)(A)=1>
3 = F*(A). This implies §(z,) £ F*. Further it holds that
Se(ary), 77) = N (i) (B) - F(B))

BelLX

1 1
= (1—>1)/\(1—>§)/\(0—>§)/\(0—>0)
1
2 )
which can be checked by considering the nine different L-sets B € L. But we also
obtain that

S(e(a(wy), o(F) = (elley)(@) = «(F)@)) A (@@ ) —eF)©)
< c(@(@y))(x) = o F) (@)
= (1-=0)
= 0.

It follows that 1
S(eld(ry), o(F)) =0 # 5 = Sw(aly), ).

This means that this L-fuzzy Q-convergence space (X, ¢) doesn’t satisfy the axiom
(LOCS2). Therefore we point out that an L-fuzzy Q-convergence space may not
be an L-ordered Q-convergence space.

Let X be a nonempety set,sand Cj,.(X) denote the fibre

{c:cis an L-ordered Q-convergence structure on X}

of X. We can define a partial order on Cj,.(X) as follows:
1 <caeid: (X, ¢) — (X, ¢1) is continuous.

That is to say

a<cevVreX, FeFr(X), ca(F)(z) < e1(F)(x).
Then the following theorem holds.
Theorem 5.4. (Cj,.(X), <) is a complete lattice.
Proof. Firstly, we define cq,, : Fr(X) — LX by

VF € FL(X), csm(F)=1x.

Obviously cg;, is the minimal element.
Secondly, let {¢;}jcs € Cioe(X). Define sup,c s ¢; : Fr(X) — LX as follows:

VF e FrL(X), z € X, (sugcj)(f)(x) = /\ ¢ (F)(x).
Je jeJ
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Then we claim that sup,c ; ¢; is an L-ordered Q-convergence structure on X.

(LQFCL) (supje s ¢;)(q(2r))(x) = é\J ¢j(q(zx))(z) = é\J/\ = A
J J
(LOCS2) For each F, G € Fr(X), it follows that

S((sup cj)(]:), (sup Cj)(g)>

jeJ jeJ

= A (Aa®@ = A @)

rzeX jeJ JjeJ

> A A@(F)@) = ¢(G)()) ( by Lemma 2.1 (5) )

> Sp(F, G).
Finally, it’s trivial to check that sup;c ; ¢; is the minimal upper bound. O
Lemma 5.5. [6] Let f: X — Y be a mapping. Then for oll F,/ G € Fr(X),
Sp(F,G) < Sp(f7(F), £7(9)).

Lemma 5.6. Let (Y,cy) be an L-ordered Q-comvergence space, f be a mapping
from X toY. Define cx : Fr(X) — L such that

VF e Fr(X), ex(F)=[Tex (f7(F)).
Then cx is an L-ordered Q-convergence structure on X.
Proof. That cx satisfies (LQFC1) and (LOCS2) is verified as follows:
(LQFCI) ex(q(za))(@) = f5 (ey (F7(4(22)))) (@) = ey (@(f(2)2)(f(z)) = A.
(LOCS2) Take any F, G-€ Fr(X). Then
S(ex(F), ex(9)) ST ey (fT(F)), [T (ex (f7(9))))

> S(ey (f7(F)), ey (f7(9))) ( by Lemma 2.3 )
> Sr(f7(F), 17(9)
> Sp(F, G). (by Lemma 5.5)
Completes the proof. O

Theorem 5.7. The category L-OQCS of all L-ordered Q-convergence spaces is a
bireflective full subcategory in L-QFCS.
Proof. Let (X,¢) € |L-QFCS| and Ez = { ¢ | (X,¢) € |L-OQCS|, ¢ < ¢ }. By
Theorem 5.4, we define (X, ¢*) € |L-OQCS]| such that
VFeFLX), z€X, (F)a)= N cF)).
ceFEz
We claim that idx : (X,¢) — (X, ¢*) is the L-OQCS-reflection.
For this it suffices to prove:
(1) idx : (X,¢) — (X, ") is continuous.
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(2) For each L-ordered Q-convergence space (Y,cy), and each mapping f :
X — Y, the continuity of f : (X,¢) — (Y,cy) implies the continuity of
(X, ") = (Y,ey).
(1) is true since ¢* € Eg, that is to say,
" <eeVFeFrL(X), z€ X, ¢(F)(z) < " (F)(x).
(2) By definition, we need only prove
VF e FL(X), v € X, "(F)(z) < ey (f7(F))(f(2)).
By Lemma 5.6, cx defined by cx(F) = f(ey(f7(F))) is an L-ordered Q-
convergence structure on X. Further by the continuity of f : (X, ¢) = (¥; cy), we
have
e(F) (@) < f ey (f7(F))(@) = ex (F)().
Then from the arbitrariness of F and z, we obtain that cx < éand cx € Fz. This

shows cx < c¢*.
Therefore

< (F)(@) < ex(F) (@) = ex (f7(F)(f(2))-
The continuity of f: (X, c¢*) = (Y,cy) is proved. O

By Theorems 3.3 and 5.7, we have

Corollary 5.8. The category L-OQCS of @all L-ordered Q-convergence spaces is
topological over Set.

We write Cpoc(X) for the set of-all pretopological L-ordered Q-convergence
structures on X and still write < for the restriction of the order on Ciy.(X)
to Cpioc(X). Let {c;}jes be a nonempety family of pretopological L-ordered Q-
convergence structures on X: It can be checked that the supremum sup;c; of
{¢j}jes in (Cpioe(X), <) is also defined by

VF EFAX) w € X, (supe; ) (F)@) = N o(F)(@).
jed jed
Now we will discuss the relations between pretopological L-fuzzy Q-convergence

structures and pretopological L-ordered Q-convergence structures. For this the
following lemma is necessary.

Lemma 5.9. Suppose {(X,c;)}ier are all L-ordered Q-convergence spaces and

P SUPje g €j Cj
Sup ;¢ j ¢; 48 defined as above. Then Fg, > ‘\/J Fai
JjE

Proof. Take any z) € pt(LX), F € Fr(X). Then
Fay 079 = A F= AN F

TS (supje s ¢5)(F) AS A ¢ (F)(@)

vV oA P

JET ALe; (F)(x)

V Fs

JjeJ

WV
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The conclusion is proved. g
Theorem 5.10. (Cpioc(X), <) is a complete lattice.

Proof. The proof is the same as that of Theorem 5.4. It is sufficient to show that
sup;¢ ; ¢; satisfies (LOCS3).
Take x, € pt(LX), F € Fr(X). Then
S(mA, (s_ugc])(]—")) = /\ S(zx, ¢j(F)) ( by Lemma 2.2 (3))
€ !
jed

J

JjeJ
= 8F< \/ Fa, .7:) ( by Lemma 2.2 (2) )
jeJ
P 8F< ;l:pje, Cj, f). ( by Lemma 5.9 )
Hence sup;¢ ; ¢; satisfies (LOCS3). O

Theorem 5.11. The category L-OQPrCS of all pretopological L-ordered @Q-convergence
spaces is a bireflective full subcategory in L-QFPrCS.

Proof. The proof is the same as that of Theorem 5.6. We need only prove the
following conclusion.
For a mapping f : X — (Y,cy), where (Y,ey) is a pretopological L-ordered
Q-convergence space, the mapping cx : Fr(X) — L* defined by
VF € Fr(X), ex(F)=f"(ev (f7(F)))

is a pretopological L-ordered Q-convergence structure. For this it is enough to
prove that cx satisfies (LOCS3). First we have

fFED = 0N = A 3

za<cx (F) zrx<ex (F)
= AN FeH= A T3
Aey (f= (F)(f(=)) F(@)x<Ley (f=(F))
> A
f(@)x<ey (G)
= }—Jf‘(yx)x'
Then it follows that
Sr(FeY, F) < Sr(f7(FX), f7(F)) (by Lemma 5.4 )
< SF(]:;E;)A, = (F)) (by Lemma 2.2 (2) )
< S(f(@)n, ey (f7(F)))

A= ey (f7(F)(f())
A= ex(F)lx

8(3})\, Cx(]:)).
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This proves the conclusion. ([

From Theorems 3.2 and 5.11, the following result holds.

Corollary 5.12. The category L-OQPrCS of all pretopological L-ordered Q-convergence
spaces is topological over Set.

Acknowledgements.The author would like to thank the anonymous reviewers for
their valuable comments and suggestions. This paper is supported by the Graduate
Scientific and Technological Innovation Project of Beijing Institute of Technology
(2013CX10039) and the National Natural Science Foundation of China (11371002,
11201437).

REFERENCES

[1] J. Addmek, H. Herrlich and G. E. Strecker, Abstract and concrete categories, Wiley, New
York, 1990.

[2] M. H. Burton, M. Muraleetharan and J. Gutierrez Garcia, Generalized filters I, Fuzzy Sets
and Systems, 106 (1999), 275-284.

[3] P. Eklund and W. Gahler, Basic notions for fuzzy topology I, Fuzzy Sets and Systems, 26
(1988), 333-356.

[4] P. Eklund and W. Gahler, Basic notions for fuzzy topology. II, Fuzzy Sets and Systems, 27
(1988), 171-195.

[5] P. Eklund and W. Gahler, Fuzzy filter functor and convergence, In: S.E. Rodabaugh, E. P.
Klement, U. Hohle, eds., Applications of Category Theory to Fuzzy Subsets, Kluwer Academic
Publishers, Dordrecht, 1992.

[6] J. M. Fang, Stratified L-ordered convergence structures, Fuzzy Sets and Systems, 161(16)
(2010), 2130-2149.

[7] J. M. Fang, Relationships between L-ordered convergence structures and strong L-topologies,
Fuzzy Sets and Systems, 161(22) (2010), 2923-2944.

[8] H. R. Fischer, Limerdume, Math. Ann., 137 (1959), 269-303.

[9] W. Géhler, The general fuzzy filter approach to fuzzy topology I, Fuzzy Sets and Systems, 76
(1995), 205-224.

[10] W. Géhler, The general fuzzy filter approach to fuzzy topology II, Fuzzy Sets and Systems,
76 (1995), 225-246.

[11] M. Gilogluand D. Coker, Convergence in I-fuzzy topological spaces, Fuzzy Sets and Systems,
151 (2005), 615-623.

[12] U: Hohle and A. P. éostak, Aziomatic foudations of fized-basis fuzzy topology, In: U. Hohle,
S. E. Rodabaugh, eds., Mathematics of Fuzzy Sets: Logic, Topology, and Measure Theory,
Handbook Series, Kluwer Academic Publishers, Boston, Dordrecht, London, 3 (1999), 123—
173.

[13] G. Jager, A category of L-fuzzy convergence spaces, Quaest. Math., 24 (2001), 501-517.

[14] G. Jager, Subcategories of lattice—valued convergence spaces, Fuzzy Sets and Systems, 156
(2005), 1-24.

[15] G. Jager, Pretopological and topological lattice-valued convergence spaces, Fuzzy Sets and
Systems, 158 (2007), 424-435.

[16] G. Jager, Lattice—valued convergence spaces and regularity, Fuzzy Sets and Systems, 159
(2008), 2488-2502.

[17] B.Y. Lee, J. H. Park and B. H. Park, Fuzzy convergence structures, Fuzzy Sets and Systems,
56 (1993), 309-315.

[18] B. Y. Lee, S. H. Sohn and J. H. Park, Separation azioms of fuzzy convergence spaces, Fuzzy
Sets and Systems, 75 (1995), 111-115.


www.sid.ir

164

B. Pang

[19] B. Y. Lee and S. H. Sohn, Fuzzy regular convergence structures, Fuzzy Sets and Systems,

101 (1999), 505-508.

[20] L. Q. Li and Q. Jin, On stratified L-convergence spaces: Pretopological axioms and diagonal

azioms, Fuzzy Sets and Systems, 204 (2012), 40-52.

[21] E. Lowen, R. Lowen and P. Wuyts, The categorical topological approach to fuzzy topology

and fuzzy convergence, Fuzzy Sets and Systems, 40 (1991), 347-373.

[22] E. Lowen and R. Lowen, A topological universe extension of FTS, in [5].
[23] J. Minkler, G. Minkler and G. Richardson, Regularity in fuzzy congvergence spaces, Fuzzy

Sets and Systems, 127 (2002), 281-289.

[24] B. Pang and J. M. Fang, L-fuzzy Q-convergence structures, Fuzzy Sets and Systems, 182

(2011), 53-65.

[25] A. A. Ramadam, Smooth filter structures, J. Fuzzy Math., 5 (1997), 297-308.
[26] W. C. Wu and J. M. Fang, L-ordered fuzzifying convergence spaces, Iranian Journal of Fuzzy

Systems, 9(2) (2012), 147-161.

[27] L. S. Xu, Characterizations of fuzzifying topologies by some limit structures; Fuzzy Sets and

Systems, 123 (2001), 169-176.

(28] W. Yao, On many-valued stratified L-fuzzy convergence spaces, Fuzzy Sets and Systems, 159

(2008), 2503-2519.

[29] W. Yao, On L-fuzzifying convergence spaces, Iranian Journal of Fuzzy Systems, 6(1)(2009),

63-80.

BIN PANG, SCHOOL OF MATHEMATICS, BEIJING INSTITUTE OF TECHNOLOGY, 5 SOUTH ZHONG-

GUANCUN STREET, HAIDIAN DisTrICT, 100081 BELJING, P.R. CHINA

E-mail address: pangbin12050163.com


www.sid.ir

