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FIXED POINTS OF FUZZY GENERALIZED CONTRACTIVE
MAPPINGS IN FUZZY METRIC SPACES

A. AMINI-HARANDI

ABSTRACT. In this paper, we introduce a new concept of fuzzy generalized
contraction and give a fixed point result for such mappings in the setting of
fuzzy M-complete metric spaces. We also give an affirmative partial answer to
a question posed by Wardowski [D. Wardowski, Fuzzy contractive mappings
and fixed points in fuzzy metric spaces, Fuzzy Set Syst., 222(2013), 108-114].
Some examples are also given to support our main result,

1. Introduction

Kramosil and Michalek [8] introduced the notion of fuzzy metric spaces. The
conditions which they formulated were modified later by George and Veeramani [1]
in order to obtain a Hausdorff topology in fuzzy metric spaces. The paper of Gra-
biec [2] started the study of fixed point theory in fuzzy metric spaces. In [4] Hadzié
and Pap studied fixed point theory for multivalued mappings in probabilistic metric
spaces and applied their result in fuzzy metric spaces in the sense of Kaleva and
Seikkala [6]. In [3] Gregori and Sapena extended the Banach fixed point theorem
to fuzzy contractive mappings of complete fuzzy metric spaces. In [17] the authors
discussed the unique existence of fixed points for mappings in fuzzy metric spaces
in the sense of Kaleva and Seikkala. For more on fixed point theory for contrac-
tion type mappings in fuzzy metric spaces, see [4, 9, 10, 11, 13, 15] and references
therein.

Recently, Wardowski [16] introduced a new concept of a fuzzy H-contractive map-
pings, as a generalization of the fuzzy contraction due to Gregori and Sapena [3], and
formulated the conditions guaranteeing the convergence of a fuzzy H-contractive
sequence to a unique fixed point in a fuzzy M-complete metric space.

In the present paper, motivated by the work of Wardowski [16], we introduce a
new concept of fuzzy generalized contraction, as a generalization of the fuzzy H-
contractive, by replacing the constant k£ by a function « and then give a fixed point
result for such mappings in the setting of fuzzy M-complete metric spaces. Some
examples are given to support our main result. We also give an affirmative partial
answer to a question posed by Wardowski [16].

Now we recall some basic definitions and the properties about fuzzy metric spaces.
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Definition 1.1. [12] A binary operation * : [0,1]? — [0,1] is called a continuous
t-norm if the following conditions are satisfied

(1) * is continuous;

(2) axb="bxa;

(3) axb<cxdfora<eb<d

(4) (axb)xc=ax(bxc);

(5) ax0=0,ax1=a;
for all a,b,¢,d € [0,1].

For ay,as,...,a, € [0,1] and n € N, the product a1 * ag * ... * a,, will be denoted
by T[], a;. Some typical examples of continuous t-norms are ab, min{a,b} and
max{a + b —1,0}. For details concerning t-norms the reader is referred to [7].

Definition 1.2. [1] A triple (X, M, «) is called a fuzzy metric space if X is a
nonempty set, * is a continuous t-norm and M : X? x (0, 00).— [0, 1] is a fuzzy set
satisfying the following conditions:
GV1) M(z,y,t) > 0;
GV2) M(z,y,t) =1z =y;
M(z,y,t) = M(y, o, t);
M(z,z,t+ ) > M(z,y,t) « M(y, z,5);
M(z,y,t) : (0,00) — [0,1] is a continuous mapping;
for all z,y,2z € X and s,t > 0.

Definition 1.3. [1] Let (X, M, x) bea fuzzy metric space. A sequence {xz,} is
called an M-Cauchy sequence if lim,p, » oo M (2, Tp,t) = 1, for each ¢ > 0.

Definition 1.4. [1] Let (X, M, %) be a fuzzy metric space, {z,} be a sequence in
X and let x € X. Then
lim z, =¢< lim M(z,,z,t)=1VYt>0.

n— o0 n—oo

Definition 1.5. An M-complete fuzzy metric space is a fuzzy metric space in
which every M-Cauchy sequence is convergent.

Denote by # the family of all onto and strictly decreasing mappings n : (0,1] —
[0,00). Note that if '€ H, then n(1) = 0, n and ™! are continuous.
In [16].the author introduced a new type of contraction in a fuzzy metric space as
a generalization of the fuzzy contraction due to Gregori and Sapena [3]. We can
read it as follows:

Definition 1.6. [16] Let (X, M, *) be a fuzzy metric space. A mapping T : X — X
is said to be fuzzy H-contractive with respect to n € H if there exists k € (0,1)
satisfying
n(M(Tx,Ty,t)) < kn(M(z,y,t)), Va,y€ X Vt>0.
Definition 1.7. [16] Let (X, M, %) be a fuzzy metric space. A sequence {z,} in X
is called fuzzy H-contractive with respect to n € H if the following holds:
n(M(In+17xn+27t)) < kn(M(ImanJ)), VneNVi> Oa

where k € (0,1).
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Now we recall the main result of Wardowski [16].

Theorem 1.8. [16] Let (X,M,*) be an M-complete fuzzy metric space and let
T:X — X be a fuzzy H-contractive mapping with respect to n € ‘H such that:

(a) Hle M(z, Tz, t;) # 0, for all x € X, k € N and any sequence {t,} C
(0,00), t, 1 0;
(b) r+s>0=n(rxs) <n(r)+n(s), forallr,s € {M(z,Tx,t):z € X,t > 0};
(¢) {n(M(x,Tx,t;)) : i € N} is bounded for any x € X and any sequence
{tn} € (0,00), tn 1 0.
Then T has a unique fized point x* € X and for each xy € X the sequence {T"xo}
converges to x*.

The following example shows that the conditions of Theorem 1.8 must be strength-
ened.

—lz—yl

Example 1.9. Let X = [0,00), a*xb = ab for all a,b > 0 and let M (z,y,t) = e~ ¢
for all z,y € X and each ¢ > 0. Then (X, M, x) is an M-complete fuzzy metric
space. Define a map 7' : X — X by Tx = 5. Now consider a.mapping n € H of
the form n(t) = —Int for each t € (0,1]. Then it is easy to see that T is fuzzy
‘H-contractive with respect to n with k = % and obviously 0 is a fixed point of 7" but
the condition (c¢) of Theorem 1.8 does not hold and so we cannot invoke Theorem
1.8 to show the existence of a fixed point for T'.

Now let X = [0,00), a b = ab for all a,b > 0 and let M(x,y,t) = e~1*=¥l for all
x,y € X and each t > 0. Let T : X % X be given by Tz = In(1 + z). Then T has
a fixed point, the conditions (a), (b) and (¢) of Theorem 1.8 hold but T is not a
fuzzy H-contractive with respect to any '€ H which has a non-zero left derivative
at 1. To show the claim, on the contrary, assume that there exists k € (0,1) such

that
plem! At e~y < e~z

for each z,y € [0, 00). Letting y = 0, we get

n(e” M) < ke,
for each x € [0, 00) and so

n(1) —n(ﬁ) S k:l —e (1) —nle™)
1 = 1 —x :
-3 l-mg 1-e

Then by letting x — 0%, we obtain n’_(1) > kn’ (1), a contradiction (note that
n’_(1) <0).
2. Main Results

To set up our main result in this section, we first give some definitions.

Definition 2.1. Let (X, M, %) be a fuzzy metric space and let A C X, We say that
A is bounded if for each ¢t > 0 there exists r € (0,1) such that M (z,y,t) > 1 —r
for each z,y € A.
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Definition 2.2. Let (X, M, x) be a fuzzy metric space. We say that M (z,y,.) is
continuous uniformly for z,y € X if for each ¢ty > 0 and each € > 0 there exists
6 > 0 such that

t>0, |t—to| <d=|M(x,y,t) — M(x,y,to)| <e, for each z,y € X.

Example 2.3. Let (X, d) be a metric space and let a xb = ab for each a,b € [0, 1].
For each t > 0, define M(x,y,t) = for all z,y € X. Then M(z,y,.) is

continuous uniformly for z,y € X.

t
t+d(z,y)

Example 2.4. Let X = (0,00), a xb = ab and M(z,y,t) = minfz.u} £ each

max{x,y}

z,y € X and any ¢t > 0. Then, M(z,y,.) is continuous uniformly forz,y € X.

Denote by S the family of all functions « : [0,00) — [0,1) such that
limsup a(s) < 1, for each t > 0.
s—t

Now we introduce fuzzy generalized H-contractive mappings as a generalization of
fuzzy H-contractions by replacing the constant k by a function a.

Definition 2.5. Let (X, M, *) be a fuzzy metric space. A mapping 7 : X — X is
said to be fuzzy generalized H-contractive with respect ton € H and o € S if T
satisfying

n(M(Tz, Ty, t)) < a(n(M(2,y, ) )n(M(z, y,t)), (1)

for all z,y € X and any t > 0.

If a(t) = k for each t € [0,00), where k € [0,1) is a constant, then T is a fuzzy
‘H-contractive map [16].
Now we are ready to state our main result.

Theorem 2.6. Let (X, M, *) be an M-complete fuzzy metric space such that
M(z,y,.) is continuous uniformly for x,y € X. Let T : X — X be a fuzzy general-
ized H-contractive mapping with respect ton € H and o € S. Assume that for each
r € X, Ox) ={x, Tz, T?x,...,T"x,...} is bounded. Then T has a unique fized
point x* € X qand for each xog € X the sequence {T™x¢} converges to x*.

Proof. Let g € X. Define the sequence {x,} in X by x, = T"z, n € N. From
(1), we have
n(M(‘TTH-lv L, t)) = U(M(Txna Txyp-1, t))
< Oé(T](M(LEn, Tn—1, t)))n(M(xTH Tn—1, t)) < T](M(l‘n, Tn—1, t))? (2)
for each n € N and ¢t > 0. From (2), we deduce that {n(M (zn,Zn—1,%))}n is a non-

negative non-increasing sequence of real numbers and so is convergent to r > 0.
We show that r = 0. On the contrary, assume that r > 0. Since

lim sup a(n(M (p, Tn—1,t))) < limsup a(s) < 1,
S—r

n—oo

then there exist ng € N and & € (0,1) such that
a(n(M(xy,xn—1,t))) < k, for n > ny. (3)
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From (2) and (3), we get
(M (xpi1, 20, t)) < kn(M(z,, xn—1,t)) for n > ng
and by taking the limit we have r < kr < r, a contradiction. Thus
nan;o n(M(xn,Tn-1,t)) =0
and hence

lim M(zn,zn-1,t) =1, V>0 (4)

n—00

Now, we show that {z,} is an M-Cauchy sequence. On the contrary, assume that
there exist subsequences {z,,, } and {z,,} such that

O<l:leH;OM(xmk,xnk,t) <1, (5)

notice that since O(xg) is bounded, then I > 0. Since
lim sup a(n(M (m,,, Tn,,,t))) < limsup a(s) <1,
k—oco

s—=n(l)

then there exists 0 < b < 1 such that

a(M(M(Tmy, Tn,,t))) < b for sufficiently large k. (6)
Since M (x,y,.) is continuous uniformly for z,y € X, then for each ¢ > 0 there
exists § > 0 such that

|M(x,y,t) — M(z,y,t+0)| <e¢ Yaz,y€X. (7)
Then from (1), (6) and (7), we get
M(zm,,, Tny,t) 2 M(Tm,,, Tn,,,t+ ) —€

o

> M(xmk,xmk+1, 5) * M($mk+1,xnk+1yt) * M(xnk,a:nk+1, 5) —€
1) 1)

= M(ZTmy, Tmp+15 5) s M(T@m,, TTn,,t) * M(Tn,, Tngti, 5) €

%) e (@M @y g 1))

2 M(:Emkammk-l-la 2

1)
n(M(xmmxnkat))) * M(xnkvmnkﬂy 5) —€

1) _ )
Z M(xmk y Tmp+1, 5) *1 1(577(M(33mk ) xnk7t))) * M(w’ﬂkvwnkJrlv 5) — €
for sufficiently large k. Letting k — oo, from (4) and the above, we obtain
L o) — . (8)

Since € > 0 is arbitrary, (8) yields I > n~(bn(l)) and so n(l) < bn(l). Hence
n(l) = 0, a contradiction (note that I < 1). Thus {x,} is a Cauchy sequence. By
the M-completeness of X there exists z* € X such that lim,,_, x, = z*. Then
limy, 00 (M (2, 25, t)) = 0. Since

n(M(T'T*, Tn+1, t)) < a(n(M(x*,x", t)))n(M(x*, Tn, t))

we get limy, o0 n(M(T2*, 2541,t)) = 0 and so x* = limy, o0 Tpt1 = T2*.
To prove the uniqueness, suppose that there exists y* € X, y* # z* such that
Ty* = y*. Then

n(M(z",y",t)) = n(M(Tz", Ty",t)) < a(n(M (", y", 1) )n(M(z",y", 1)),
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which gives n(M(z*,y*,t)) = 0. So, M(z*,y*,t) = 1, and hence z* = y*, a
contradiction. ([

In [16], Wardowski asked if the condition (a) in Theorem 1.8 can be omitted
for nilpotent norms? The following corollary shows that if M (x,y,.) is continuous

uniformly for z,y € X and O(z) is bounded for each z € X we can omit conditions
(a), (b) and (c) in Theorem 1.8.

Corollary 2.7. Let (X,M,*) be an M-complete fuzzy metric space such that
M(x,y,.) is continuous uniformly for v,y € X. Let T : X — X be a fuzzy H-
contractive mapping with respect to n € H. Assume that for each x € X, O(x) is
bounded. Then T has a unique fixed point x* € X and for each xo € X the sequence
{T"x0} converges to x*.

Proof. Let «(t) = k, for t € [0,00), where k € [0,1) is a constant, and apply
Theorem 2.6. (]

Now we illustrate our main result by the following examples.

Example 2.8. Let X = [-1,1], ax b = ab for all a,b > 0 and let M(z,y,t) =

(H%l)‘*”’3*?4| for all z,y € X and each ¢ > 0. Then (X, M, %) is an M-complete fuzzy

metric space. Define amap T : X — X by To'= 2—2 —1. Let x =0 and let {t,,} be
a sequence of positive numbers with lim,,_,~;t,, = 0. Then

7

nhﬁn;o M(z, Tz, t,) = nhﬁn;o M(0, —1,t,) = nlgl;o tnt:,_ 1

and so limy, 0o (M (2, Tz, t,)) = lim¢_,on(t) = co. Thus, the assumption (c) of
the above mentioned theorem of Wardowski does not hold and so we cannot invoke
Theorem 1.8 to show that the mapping 7" has a fixed point.
Now we show that the conditions of Corollary 2.7 are fulfilled. To show the claim
notice first that for each =,y € X, we have M (x,y,t) = (HLI)‘””_?’| > (77)? and
so O(x) is bounded for each x € X. It is straightforward to show that M (z,y,.) is
continuous uniformly for @,y € X. Let n(t) = —Int and let k = 5. We show that
T is a fuzzy H-contractive mapping with respect to 7. Let x,y € X then

mQ—yQ t+1
n(M(Tz, Ty, 1)) = |——[In(——)
¥y t+1 t+1
e =yl (=) < bl =yl (=) = kn(M (2, 3,1)).

It follows from Corollary 2.7 that 7" has a unique fixed point (2 — /8 is the unique
fixed point of T').

Example 2.9. Let X = [0,1], axb = ab for all a,b > 0 and let M(z,y,t) =

ﬁli’*yl for any z,y € X and ¢ > 0. It is easy to see that (X, M, %) is a complete

fuzzy metric space. Define a mapping 7' : X — X by Tz = In(1 4+ x) for each

x € [0,1]. For each z,y € X, we have M(z,y,t) > % and so O(z) is bounded for

each x € X. It is straightforward to show that M(z,y,.) is continuous uniformly
for x,y € X. We first show that T is not a fuzzy H-contractive map with respect
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to any 1 € H which has nonzero left derivative at ¢ = 1. On the contrary, assume
that there exists n € H and k € (0,1), such that
n(M(Tz,Ty,t)) < kn(M(z,y,t)), Vo,y >0V t>0.

Letting ¢t — 0" and taking y = 0, from the above, we get

1 1
i ra)) Skl Ve >0
ThCn n( 1 )
) ()
= (1) _ i s !
7’]/_(1) z—0t n( 1Jlrz)
Hﬁfl
S e e), M ()
= lim T = lim ————— <k,
z—0+ In(1 4 ) n(m) S0+ n(m)

a contradiction.
Now we show that T satisfies the conditions of Theorem 2.6. Let

I+t jf o< ¢
O‘(t):{ 1 ift=0

and let (s) = 1 — 1 for s € (0,1]. Then for any @ # y, we have (note that the

function 20+ ig strictly decreasing in (0,1))

t
n(M (T, Ty, 1) € DAL 2 V)

In(1+ |z —yl) W1+ |z—y|) |z -y

- t+1 |z — y| t+1
In(1+ ) | — |

l[z—y| t+1
T+1

oI o a0 1),

It follows from Theorem 2.6 that T has a unique fixed point (0 is the unique fixed
point of T').

3. Conclusions

In this work we introduce a new notion of fuzzy generalized H-contraction, which
is a generalization of fuzzy H-contraction recently introduced by Wardowski. Then
we give a fixed point result for such mappings in the setting of fuzzy M-complete
metric spaces. We also give an affirmative partial answer to a question posed by
Wardowski concerning the fixed point property of H-contractive mappings.
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