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SOME PROPERTIES OF FUZZY NORM OF LINEAR

OPERATORS

M. SAHELI, A. HASANKHANI AND A. NAZARI

Abstract. In the present paper, we study some properties of fuzzy norm
of linear operators. At first the bounded inverse theorem on fuzzy normed

linear spaces is investigated. Then, we prove Hahn Banach theorem, uniform

boundedness theorem and closed graph theorem on fuzzy normed linear spaces.
Finally the set of all compact operators on these spaces is studied.

1. Introduction

The concept of fuzzy metric spaces was initially introduced by O. Kaleva and
S. Seikkla [5], who proved a fixed point theorem for such spaces. C. Felbin [2]
introduced the concept of fuzzy norm and showed that every finite dimensional
normed linear space has a completion. J. Xiao and X. Zhu [8] modified the definition
of fuzzy norm and studied the topological properties of fuzzy normed linear spaces.
In [3] we defined a new norm of on operator and studied some its properties. In [4]
we considered the norm of the operator defined in [1] by T. Bag and S.K. Samanta
and we studied bounded inverse theorem and compact operators on fuzzy normed
linear spaces. In this paper, by an example, we show that the definition of the
fuzzy norm of operators was given in [1], does not have fuzzy Felbin’s norm of
operators. So we consider norm of operator defined in [3] and we study bounded
inverse theorem and compact operators on fuzzy normed linear spaces.

Our main result in the present paper, include two parts:
Part I, bounded inverse theorem is one of the basic theorems in classical analysis.

We investigate this theorem for fuzzy normed linear spaces. We present a coun-
terexample to show that this theorem is not generally true on fuzzy normed linear
spaces. We now define strongly complete and bounded strongly complete fuzzy
normed linear spaces, and investigate their properties. In particular, bounded in-
verse theorem is true for these spaces. Finally, we obtain properties of fuzzy normed
linear spaces when the inverse of a given operator is bounded.

Part II, we prove Hahn Banach theorem, uniform boundedness theorem and
closed graph theorem in fuzzy normed linear spaces.

Part III, we study some basic properties of compact operators on fuzzy normed
linear spaces.
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2. Preliminaries

Definition 2.1. [8] A mapping η : R −→ [0, 1] is called a fuzzy real number with
α-level set [η]α = {t : η(t) ≥ α}, if it satisfies the following conditions:
(N1) there exists t0 ∈ R such that η(t0) = 1.
(N2) for each α ∈ (0, 1], there exist real numbers η−α ≤ η+α such that the α−level
set [η]α is equal to the closed interval [η−α , η

+
α ].

The set of all fuzzy real numbers is denoted by F (R). Since each r ∈ R can be
considered as the fuzzy real number r̃ ∈ F (R) defined by

r̃(t) =

{
1 , t = r
0 , t 6= r,

it follows that R can be embedded in F (R).

Definition 2.2. [5] The arithmetic operations +, −, × and / on F (R)×F (R) are
defined by

(η + γ)(t) = sup
t=x+y

(min(η(x), γ(y))),

(η − γ)(t) = sup
t=x−y

(min(η(x), γ(y))),

(η × γ)(t) = sup
t=xy

(min(η(x), γ(y))),

(η/γ)(t) = sup
t=x/y

(min(η(x), γ(y))),

which are special cases of Zadeh’s extension principle.

Definition 2.3. [5] The absolute value |η| of η ∈ F (R) is defined by

|η|(t) =

{
max(η(t), η(−t)) , t ≥ 0
0 , t < 0.

Definition 2.4. [5] Let η ∈ F (R). If η(t) = 0, for all t < 0, then η is called a
positive fuzzy real number. The set of all positive fuzzy real numbers is denoted
by F+(R).

Lemma 2.5. [5] Let η, γ ∈ F (R) and [η]α = [η−α , η
+
α ], [γ]α = [γ−α , γ

+
α ]. Then

i) [η + γ]α = [η−α + γ−α , η
+
α + γ+α ]

ii) [η − γ]α = [η−α − γ+α , η+α − γ−α ]

iii) [η × γ]α = [η−α γ
−
α , η

+
α γ

+
α ] for η, γ ∈ F+(R)

iv) [1/η]α = [
1

η+α
,

1

η−α
] if η−α > 0

v) [|η|]α = [max(0, η−α ,−η+α ),max(|η−α |, |η+α |)].

Lemma 2.6. [5] Let [aα, bα], 0 < α ≤ 1, be a family of non-empty intervals.
Assume

a) [aα1 , bα1 ] ⊃ [aα2 , bα2 ], for all 0 < α1 ≤ α2,

b) [ lim
k→−∞

aαk , lim
k→∞

bαk ] = [aα, bα], whenever {αk} is an increasing sequence in (0, 1]

converging to α,
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c)−∞ < aα ≤ bα < +∞, for all α ∈ (0, 1].

Then the family [aα, bα] represents the α-level sets of a fuzzy real number η ∈ F (R).
Conversely, if [aα, bα], 0 < α ≤ 1, are the α-level sets of a fuzzy number η ∈ F (R),
then the conditions (a),(b) and (c) are satisfied.

Definition 2.7. [5] Let η, γ ∈ F (R) and [η]α = [η−α , η
+
α ], [γ]α = [γ−α , γ

+
α ], for all

α ∈ (0, 1]. Define a partial ordering by η ≤ γ if and only if η−α ≤ γ−α and η+α ≤ γ+α ,
for all α ∈ (0, 1]. An strict inequality in F (R) is defined by η < γ if and only if
η−α < γ−α and η+α < γ+α , for all α ∈ (0, 1].

Lemma 2.8. Let η ∈ F (R). Then η ∈ F+(R) if and only if 0̃ ≤ η.

Definition 2.9. [2] Let X be a vector space over R. Assume the mappings
L,R : [0, 1]× [0, 1] −→ [0, 1] are symmetric and non-decreasing in both arguments,
and that L(0, 0) = 0 and R(1, 1) = 1. Let ‖.‖ : X −→ F+(R). The quadruple
(X, ‖.‖, L,R) is called a fuzzy normed linear space (briefly, FNS) with the fuzzy
norm ‖.‖, if the following conditions are satisfied:

(F1) if x 6= 0 then inf
0<α≤1

‖x‖−α > 0,

(F2) ‖x‖ = 0̃ if and only if x = 0,

(F3) ‖rx‖ = |r̃|‖x‖ for x ∈ X and r ∈ R,

(F4) for all x, y ∈ X,
(F4L)‖x + y‖(s + t) ≥ L(‖x‖(s), ‖y‖(t)) whenever s ≤ ‖x‖−1 , t ≤ ‖y‖−1 and
s+ t ≤ ‖x+ y‖−1 ,

(F4R)‖x + y‖(s + t) ≤ R(‖x‖(s), ‖y‖(t)) whenever s ≥ ‖x‖−1 , t ≥ ‖y‖−1 and
s+ t ≥ ‖x+ y‖−1 .

Lemma 2.10. [8] Let (X, ‖.‖, L,R) be an FNS.

(1) If L ≤ min, then (F4L) holds whenever ‖x + y‖−α ≤ ‖x‖−α + ‖y‖−α , for all
α ∈ (0, 1] and x, y ∈ X.
(2) If L ≥ min, then ‖x + y‖−α ≤ ‖x‖−α + ‖y‖−α , for all α ∈ (0, 1] and x, y ∈ X
whenever (F4L) holds.
(3) If R ≥ max, then (F4R) holds whenever ‖x + y‖+α ≤ ‖x‖+α + ‖y‖+α , for all
α ∈ (0, 1] and x, y ∈ X.
(4) If R ≤ max, then ‖x + y‖+α ≤ ‖x‖+α + ‖y‖+α , for all α ∈ (0, 1] and x, y ∈ X
whenever (F4R) holds.

In what follows L(s, t) = min(s, t) and R(s, t) = max(s, t), for all s, t ∈ [0, 1].
We write (X, ‖.‖) or simply X when L and R are as above.

The following result is an analogue of the usual triangle inequality.

Theorem 2.11. In a fuzzy normed linear space (X, ‖.‖), the condition (F4) is
equivalent to

‖x+ y‖ ≤ ‖x‖+ ‖y‖.

Proof. The proof is a consequence of Lemmas 2.16 and 2.7. �

Definition 2.12. [8] Let (X, ‖.‖) be a FNS.

www.SID.ir


www.SID.ir

Arc
hive

 of
 S

ID

124 M. Saheli, A. Hasankhani and A. Nazari

i) A sequence {xn} ⊆ X is said to be converge to x ∈ X ( lim
n→∞

xn = x), if lim
n→∞

‖xn−
x‖+α = 0, for all α ∈ (0, 1].
ii)A sequence {xn} ⊆ X is called Cauchy, if lim

m,n→∞
‖xn − xm‖+α = 0, for all α ∈

(0, 1].

Definition 2.13. [8] Let (X, ‖.‖) be a FNS. A subset A of X is said to be
complete, if every Cauchy sequence in A converges in A.

Definition 2.14. [8] Let (X, ‖.‖) and (Y, ‖.‖) be fuzzy normed linear spaces. A
function ϕ : X −→ Y is said to be continuous at x ∈ X, if lim

n→∞
ϕ(xn) = ϕ(x)

whenever {xn} ⊆ X and lim
n→∞

xn = x.

Definition 2.15. [7] Let X, Y be fuzzy normed linear spaces such that
supα∈(0,1] ‖x‖+α < +∞, for all x ∈ X and T : X −→ Y be a linear operator. Then

‖T‖∼ is called a fuzzy norm of T if

‖T‖∼(t) = lim
α−→0+

sup
‖x‖+α=1

‖Tx‖(t).

Theorem 2.16. [1] The fuzzy real number ‖T‖∗ defined by

‖T‖∗(t) = sup{α ∈ (0, 1] : t ∈ [‖T‖∗−α , ‖T‖∗+α ]},

where

‖T‖∗− = sup
x(6=0)∈X

‖Tx‖−α /‖x‖+α and ‖T‖∗+ = sup
x(6=0)∈X

‖Tx‖+α/‖x‖−α

is a fuzzy norm of T .

Definition 2.17. [3] Let (X, ‖.‖) and (Y, ‖.‖) be fuzzy normed linear spaces. Fur-
thermore, let T : X −→ Y be a linear operator. The operator T is said to be fuzzy
bounded, if there is a fuzzy real number η such that

‖Tx‖ ≤ η‖x‖, for all x ∈ X.

The set of all fuzzy bounded linear operators, T : X −→ Y , is denoted by B(X,Y ).

Remark 2.18. The set B(X,Y ) is a real vector space.

Definition 2.19. [3] Let (X, ‖.‖), (Y, ‖.‖) be fuzzy normed linear spaces and T :
X −→ Y a fuzzy bounded linear operator. We define ‖T‖ by,

[‖T‖]α = [sup
β<α

sup
‖x‖−β ≤1

‖Tx‖−β , inf{η+α : ‖Tx‖ ≤ η‖x‖}], for all α ∈ (0, 1].

Then ‖T‖ is called the fuzzy norm of the operator T .

Notation 2.20. We write ‖T‖−α = supβ<α sup‖x‖−β ≤1
‖Tx‖−β and

‖T‖+α = inf{η+α : ‖Tx‖ ≤ η‖x‖}, i.e. [‖T‖]α = [‖T‖−α , ‖T‖+α ], for all α ∈ (0, 1].

Theorem 2.21. [3] The vector space B(X,Y ) equipped with the norm defined in
definition 2.19 is a fuzzy normed linear space.
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Lemma 2.22. [3] Let T : X −→ Y be a fuzzy bounded linear operator and (X, ‖.‖),
(Y, ‖.‖) be fuzzy normed linear spaces. Then ‖Tx‖ ≤ ‖T‖‖x‖, for all x ∈ X.

Theorem 2.23. [3] Let (X, ‖.‖) be a finite dimensional fuzzy normed linear space.
Then every linear operator on X is fuzzy bounded.

Theorem 2.24. [3] Let T : X −→ Y be a fuzzy bounded linear operator and
(X, ‖.‖), (Y, ‖.‖) be fuzzy normed linear spaces. Then ‖T‖ ≤ η whenever ‖Tx‖ ≤
η‖x‖ (η ∈ F (R)).

Theorem 2.25. [3] Let (Y, ‖.‖) be a complete fuzzy normed linear space and
(X, ‖.‖) be a fuzzy normed linear space. Then B(X,Y ) is complete fuzzy normed
linear space.

Definition 2.26. [4] Let X be a fuzzy normed linear space. The fuzzy normed
linear space X is called a strongly complete, if normed linear spaces (X, ‖.‖+α ),
(X, ‖.‖−α ) are complete, for all α ∈ (0, 1].

Example 2.27. Let X be a complete normed linear space. Define two fuzzy norms
‖x‖1 and ‖x‖2 as follows:

[‖x‖1]α = [‖x‖, ‖x‖] and [‖x‖2]α = [‖x‖, ‖x‖/α], for all α ∈ (0, 1] and all x ∈ X.
It is easily verified that (X, ‖.‖1) and (X, ‖.‖2) are strongly complete fuzzy normed
linear spaces.

Remark 2.28. If X is a strongly complete fuzzy normed linear space, then X is a
complete fuzzy normed linear space.

Theorem 2.29. [4] Let X be a complete fuzzy normed linear space and suppose
that for every α ∈ (0, 1] there exists Mα ∈ R such that ‖x‖+α/‖x‖−α ≤ Mα, for all
x ∈ X. Then the normed linear spaces (X, ‖.‖+α ), (X, ‖.‖−α ) are complete spaces,
for all α ∈ (0, 1].

Theorem 2.30. [4] Let X be a strongly complete fuzzy normed linear space. Then,
for every α ∈ (0, 1], there exists Mα ∈ R such that ‖x‖+α/‖x‖−α ≤ Mα, for all
x ∈ X.

Corollary 2.31. Let X be a complete fuzzy normed linear space and suppose that
for every α ∈ (0, 1] there exists Mα ∈ R such that ‖x‖+α/‖x‖−α ≤Mα, for all x ∈ X.
Then X is a strongly complete fuzzy normed linear space.

Corollary 2.32. Let X be a complete fuzzy normed linear space. Then X is a
strongly complete fuzzy normed linear space if and only if, for all α ∈ (0, 1], there
exists Mα ∈ R such that ‖x‖+α/‖x‖−α ≤Mα, for all x ∈ X.

Definition 2.33. [6] A real valued functional p on a vector space X is called
subadditive if and only if

p(x+ y) ≤ p(x) + p(y), for all x, y ∈ X,
and positive homogeneous if and only if

p(αx) = αp(x), for all α ≥ 0 in R and x ∈ X.
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Definition 2.34. [6] A real valued functional p on a vector space X is called
sublinear functional if p is a subadditive and positive homogeneous.

Definition 2.35. [8] Let (X, ‖.‖) be a fuzzy normed linear space and A ⊆ X. A
is called compact if every fuzzy open cover of A has a finite subcover.

Definition 2.36. [6] Let (X, ‖.‖) and (Y, ‖.‖) be fuzzy normed linear spaces. An
operator T : X −→ Y is called a compact linear operator if T is linear and if for
every bounded subset M of X, the image T (M) is relatively compact, that is the

closure T (M) is compact.

Lemma 2.37. [4] Let (X, ‖.‖) be a normed linear space and M ⊆ X. If M is
compact then M is compact.

3. Some Properties of Fuzzy Norm of Linear Operators

By the next Example, we show that if the condition’s supα∈(0,1] ‖x‖+α < +∞ is
deleted then the definition of the fuzzy norm of an operator was given in Definition
2.15, does not have fuzzy norm.

Example 3.1. Let X = R(real number). Define two fuzzy real number ‖x‖1 and
‖x‖2 as follows:

[‖x‖1]α = [|x|, |x|] and [‖x‖2]α = [|x|, |x|/α], for all α ∈ (0, 1] and all x ∈ X.
It is easily verified that ‖.‖1 and ‖.‖2 are fuzzy norms on X.

We define T : (X, ‖.‖2) −→ (X, ‖.‖1) by Tx = x, for all x ∈ X. Clearly T is
linear. Now we have

‖T‖∼+
β = lim

α−→0+
sup
‖x‖+α=1

‖Tx‖+β = lim
α−→0+

sup
|x|/α=1

|x| = 0, for all β ∈ (0, 1].

Then ‖T‖∼ = 0, hence T = 0, which is a contradiction. Thus ‖T‖∼ which is defined
in Definition 2.15 is not well defined.

Now by an example, we show that the definition of the fuzzy norm of operators
was given in [7], does not have the condition

‖Tx‖ ≤ ‖T‖∼‖x‖ in general .

Example 3.2. Let X = C[0, 1] be the set of all continuous functions on [0, 1].

Consider the norms ‖f‖1 =
∫ 1

0
|f(x)|dx and ‖f‖2 = sup{|f(x)| : 0 ≤ x ≤ 1}, for all

f ∈ C[0, 1], on C[0, 1]. It is easily checked that the norm ‖.‖2 is complete and the
norm ‖.‖1 is not complete on C[0, 1] and ‖f‖1 ≤ ‖f‖2, for all f ∈ C[0, 1]. We now
define fuzzy numbers ‖.‖ and ‖.‖′ as follows:

[‖f‖]α = [‖f‖1, ‖f‖2], for all α ∈ (0, 1] and f ∈ C[0, 1],

and

[‖f‖′]α = [‖f‖2, ‖f‖2], for all α ∈ (0, 1] and f ∈ C[0, 1],

It is clear that ‖.‖ and ‖.‖′ are fuzzy norms on C[0, 1].
Define T : (X, ‖.‖) −→ (X, ‖.‖′) by T (f) = f , for all f ∈ X. We have

lim
α→0+

sup
‖f‖+α=1

‖Tf‖+β = lim
α→0+

sup
‖f‖2=1

‖f‖2 = 1, for all β ∈ (0, 1].
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Hence T is bounded. Now we obtain that

‖T‖∼−β = lim
α→0+

sup
‖f‖+α=1

‖Tf‖−β = lim
α→0+

sup
‖f‖2=1

‖f‖2 = 1,

‖T‖∼+
β = lim

α→0+
sup
‖f‖+α=1

‖Tf‖+β = lim
α→0+

sup
‖f‖2=1

‖f‖2 = 1,

for all β ∈ (0, 1]. But we have

‖Tf‖−α = ‖f‖2 � ‖f‖1 = ‖T‖∼−α ‖f‖−α in general .

Now by an example, we show that the definition of the fuzzy norm of operators
was given in [1], does not have fuzzy Felbin’s norm of operators.

Example 3.3. Let X = R(real number). Define two fuzzy real number ‖x‖1 and
‖x‖2 as follows:

[‖x‖1]α = [|x|, |x|] and [‖x‖2]α = [|x|, |x|/α], for all α ∈ (0, 1] and all x ∈ X.
It is easily verified that ‖.‖1 and ‖.‖2 are fuzzy norms on X.

We define T : (X, ‖.‖2) −→ (X, ‖.‖1) by Tx = x, for all x ∈ X. Clearly T is
linear. Now we have

‖Tx‖−1α/‖x‖
+
2α = |x|/(|x|/α) = α

and

‖Tx‖+1α/‖x‖
−
2α = |x|/|x| = 1.

Thus [‖T‖∗]α = [α, 1], for all α ∈ (0, 1]. Hence inf
0<α≤1

‖T‖∗−α = 0, so ‖T‖∗ defined

in [1] is not fuzzy Felbin’s norm of operators.

4. Bounded Inverse Theorem

In this section, the bounded inverse theorem on fuzzy normed linear spaces is
studied. In the following example, we show that the bounded inverse theorem in
fuzzy normed linear spaces is not valid in general. In this regard, the notion of
strongly complete space is defined.

Example 4.1. Let X = C[0, 1] be the set of all continuous functions on [0, 1].

Consider the norms ‖f‖1 =
∫ 1

0
|f(x)|dx and ‖f‖2 = sup{|f(x)| : 0 ≤ x ≤ 1}, for all

f ∈ C[0, 1], on C[0, 1]. It is easily checked that the norm ‖.‖2 is complete and the
norm ‖.‖1 is not complete on C[0, 1] and ‖f‖1 ≤ ‖f‖2, for all f ∈ C[0, 1]. We now
define fuzzy numbers ‖.‖ and ‖.‖′ as follows:

[‖f‖]α = [‖f‖1, ‖f‖2], for all α ∈ (0, 1] and f ∈ C[0, 1],

and

[‖f‖′]α = [‖f‖2, ‖f‖2], for all α ∈ (0, 1] and f ∈ C[0, 1],

It is clear that ‖.‖ and ‖.‖′ are fuzzy norms on C[0, 1].
Let {fn} be a Cauchy sequence in the fuzzy normed linear space X, i.e.

lim
m,n→∞

‖fn − fm‖2 = 0.
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Hence {fn} is a Cauchy sequence in the normed linear space (X, ‖.‖2) and since
the normed linear space (X, ‖.‖2) is complete, there exists f ∈ X such that {fn}
converges to f , i.e.

lim
n→∞

‖fn − f‖2 = 0.

Thus, by definition, {fn} converges to f in the fuzzy normed linear space (X, ‖.‖).
Hence the fuzzy normed linear space X is complete. Similarly, (X, ‖.‖′) is a com-
plete fuzzy normed linear space. Define T : (X, ‖.‖′) −→ (X, ‖.‖) by T (f) = f , for
all f ∈ X. Let f ∈ X. We have

‖T (f)‖1 =

∫ 1

0

|f |dx ≤ ‖f‖2.

On the other hand, we have
‖T (f)‖2 = ‖f‖2 ≤ ‖f‖2.

Hence ‖T (f)‖ ≤ ‖f‖′ and thus T is a fuzzy bounded linear operator. T is bijective.
And T−1 : (X, ‖.‖) −→ (X, ‖.‖′) is defined by T−1(f) = f .

Now we show that T−1 is not fuzzy bounded. Let

fn(x) =


4n2x , 0 ≤ x ≤ 1/(2n)
4n2(x− 1/n) , 1/(2n) ≤ x ≤ 1/n
0 , 1/n ≤ x ≤ 1,

for all n ∈ N. We have

‖fn‖1 =

∫ 1

0

|fn|dx = 1.

Consider
‖T−1(fn)‖2 = 2n.

As n −→ ∞, ‖T−1(fn)‖2 −→ ∞. Hence T−1 is not a fuzzy bounded linear
operator.

In the following Example, we show that there is a complete fuzzy normed linear
space that it is not strongly complete fuzzy normed linear space.

Example 4.2. Let X be fuzzy normed linear space in Example 4.1. We showed
that the fuzzy normed linear space X is complete. But since ‖.‖1 is not complete,
the fuzzy normed linear space X is not strongly complete.

Now we study bounded inverse theorem on fuzzy normed linear spaces.

Theorem 4.3. Let X, Y be a complete fuzzy normed linear spaces, T : X −→ Y a
bijective fuzzy bounded linear operator and, for every α ∈ (0, 1], (X, ‖.‖−1 ), (X, ‖.‖+α )
and (Y, ‖.‖−α ) be Banach spaces. Furthermore, suppose there exists α0 ∈ (0, 1] such
that

sup
0<β≤α0

sup
‖Tx‖−

β
≤1

‖x‖−β <∞.

Then T−1 : Y −→ X is a fuzzy bounded linear operator.

Proof. Since T is fuzzy bounded we have ‖Tx‖−α ≤ ‖T‖−α ‖x‖−α ≤ ‖T‖−α ‖x‖+α , then
‖Tx‖−α ≤ ‖T‖−α ‖x‖+α . Hence T : (X, ‖.‖+α ) −→ (Y, ‖.‖−α ) is a bounded linear oper-
ator. Since (X, ‖.‖+α ), (Y, ‖.‖−α ) are Banach spaces, by [6, open mapping theorem]
T−1 : (Y, ‖.‖−α ) −→ (X, ‖.‖+α ) is bounded; i.e.

sup
‖y‖−α≤1

‖T−1y‖+α < +∞. (1)
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We now show that sup0<β≤1 sup‖Tx‖−β ≤1
‖x‖−β < +∞. If

sup
0<β≤1

sup
‖Tx‖−β ≤1

‖x‖−β = +∞,

then for every n ∈ N there exists βn ∈ (0, 1] such that n ≤ sup‖Tx‖−βn≤1
‖x‖−βn .

Since {βn} ⊆ [0, 1], there exists a subsequence {βnk} such that βnk → β0.
Case1: If β0 6= 0, then there exists β1 ∈ (0, 1] and N ∈ N such that β1 ≤ βnk ≤ 1,
for all nk ≥ N . We have

nk ≤ sup
‖Tx‖−βnk

≤1
‖x‖−βnk ≤ sup

‖Tx‖−βnk
≤1
‖x‖−1 ≤ sup

‖Tx‖−β1≤1
‖x‖−1 , for all nk ≥ N.

Hence sup‖Tx‖−β1≤1
‖x‖−1 = +∞. Since T is fuzzy bounded,

‖Tx‖−β1
≤ ‖T‖−β1

‖x‖−β1
≤ ‖T‖−β1

‖x‖−1 .

Thus T : (X, ‖.‖−1 ) −→ (Y, ‖.‖−β1
) is a bounded linear operator. Since (X, ‖.‖−1 ) and

(Y, ‖.‖−β1
) are Banach spaces, by [6, open mapping theorem] T−1 : (Y, ‖.‖−β1

) −→
(X, ‖.‖−1 ) is a bounded linear operator; i.e. sup‖y‖−β1≤1

‖T−1y‖−1 < +∞, then

sup‖Tx‖−β1≤1
‖x‖−1 < +∞ which is contradiction.

Case2: If β0 = 0, then βnk → 0. Since βnk → 0, there exists N ∈ N such that
βnk ≤ α0, for all nk ≥ N . We have

nk ≤ sup
‖Tx‖−βnk

≤1
‖x‖−βnk ≤ sup

0<β≤α0

sup
‖Tx‖−β ≤1

‖x‖−β , for all nk ≥ N.

Hence sup0<β≤α0
sup‖Tx‖−β ≤1

‖x‖−β = +∞, which is a contradiction by hypothesis.

Thus sup0<β≤1 sup‖Tx‖−β ≤1
‖x‖−β < +∞. Therefore

sup
0<β≤1

sup
‖y‖−β ≤1

‖T−1y‖−β < +∞. (2)

Hence by (1), (2) and [3, Lemma 5.7] T−1 : Y −→ X is a fuzzy bounded linear
operator. �

Corollary 4.4. Let X, Y be strongly complete fuzzy normed linear spaces and
T : X −→ Y a bijective fuzzy bounded linear operator. Furthermore, suppose there
exists α0 ∈ (0, 1] such that

sup
0<β≤α0

sup
‖Tx‖−β ≤1

‖x‖−β <∞.

Then T−1 : Y −→ X is a fuzzy bounded linear operator.

Theorem 4.5. Let X, Y be a complete fuzzy normed linear spaces and T : X −→ Y
a bijective fuzzy bounded linear operator. Furthermore, suppose there exists M ∈ R
such that ‖x‖+α/‖x‖−α ≤M , for all x ∈ X and ‖y‖+α/‖y‖−α ≤M , for all y ∈ Y , for
all α ∈ (0, 1]. Then T−1 : Y −→ X is a fuzzy bounded linear operator.
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Proof. By Corollary 2.32 X and Y are strongly complete fuzzy normed linear
spaces. Hence (X, ‖.‖+α ), (X, ‖.‖−α ), (Y, ‖.‖+α ), (Y, ‖.‖−α ) are Banach spaces, for all
α ∈ (0, 1]. Since T is fuzzy bounded,

‖Tx‖−α ≤ ‖T‖−α ‖x‖−α ≤ ‖T‖−α ‖x‖+α , for all x ∈ X.
Thus ‖Tx‖−α ≤ ‖T‖−α ‖x‖+α , for all x ∈ X, and hence T : (X, ‖.‖+α ) −→ (Y, ‖.‖−α )
is bounded and linear. Since (X, ‖.‖+α ), (Y, ‖.‖−α ) are Banach spaces, by [6, open
mapping theorem] T−1 : (Y, ‖.‖−α ) −→ (X, ‖.‖+α ) is a bounded linear operator; i.e.

sup
‖y‖−α≤1

‖T−1y‖+α < +∞. (3)

Since T is fuzzy bounded, ‖Tx‖+α ≤ ‖T‖+α‖x‖+α ≤ ‖T‖+α‖x‖−α ‖x‖+α/‖x‖−α . Then by
hypothesis ‖Tx‖+α ≤M‖T‖+α‖x‖−α . Hence T : (X, ‖.‖−α ) −→ (Y, ‖.‖+α ) is a bounded
linear operator. Since (X, ‖.‖−α ), (Y, ‖.‖+α ) are Banach spaces, by [6, open mapping
theorem] T−1 : (Y, ‖.‖+α ) −→ (X, ‖.‖−α ) is a bounded linear operator; i.e.

sup
‖y‖+α≤1

‖T−1y‖−α < +∞.

Let ‖T−1‖α = sup‖y‖+α≤1 ‖T
−1y‖−α , for all α ∈ (0, 1]. We have

‖T−1y‖−α ≤ ‖T−1‖α‖y‖+α ≤ ‖T−1‖α‖y‖−α ‖y‖+α/‖y‖−α , for all y ∈ Y.
Then by hypothesis

‖T−1y‖−α ≤ ‖T−1‖α‖y‖−αM, for all y ∈ Y. (4)

Now we have sup‖y‖+α≤1 ‖T
−1y‖−α ≤ sup‖y‖+1 ≤1

‖T−1y‖−1 , i.e. ‖T−1‖α ≤ ‖T−1‖1
for all α ∈ (0, 1]. Then by (4), ‖T−1y‖−α ≤ ‖T−1‖α‖y‖−αM ≤ ‖T−1‖1‖y‖−αM , for
all y ∈ Y . Hence

sup
0<α≤1

sup
‖y‖−α≤1

‖T−1y‖−α ≤ ‖T−1‖1M < +∞. (5)

Thus by (3), (5) and [3, Lemma 5.7] T−1 is a fuzzy bounded linear operator. �

Definition 4.6. Let X be a strongly complete fuzzy normed linear space. By
Corollary 2.32, for all α ∈ (0, 1] there exists Mα ∈ R such that ‖x‖+α/‖x‖−α ≤Mα,
for all x ∈ X. A strongly complete fuzzy normed linear space X is called bounded,
if supMα < +∞.

Corollary 4.7. Let X , Y be bounded strongly complete fuzzy normed linear spaces
and T : X −→ Y a bijective fuzzy bounded linear operator. Then T−1 : Y −→ X is
a fuzzy bounded linear operator.

Next, we study the fuzzy normed linear spaces when the inverse of a given
operator is bounded.

Theorem 4.8. Let X, Y be fuzzy normed linear spaces, T : X −→ Y a bijective
fuzzy bounded linear operator and Nα = sup‖x‖−α≤1 ‖Tx‖

+
α < +∞, for all α ∈ (0, 1].

Furthermore, T−1 is a fuzzy bounded linear operator. Then for every α ∈ (0, 1],
there exists Mα ∈ R such that ‖x‖+α/‖x‖−α ≤Mα, for all x ∈ X.
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Proof. Since T−1 is a fuzzy bounded linear operator, ‖T−1y‖+α ≤ ‖T−1‖+α‖y‖+α , for
all y ∈ Y . Let x ∈ X. T is bijective, there exists y ∈ Y such that Tx = y. We have

‖x‖+α = ‖T−1y‖+α ≤ ‖T−1‖+α‖y‖+α = ‖T−1‖+α‖Tx‖+α ≤ Nα‖T−1‖+α‖x‖−α . (6)

Let Mα = Nα‖T−1‖+α . Then by (6), ‖x‖+α/‖x‖−α ≤Mα, for all x ∈ X. �

Theorem 4.9. Let X be a fuzzy normed linear space and sup‖x‖−α≤1 ‖x‖
+
α < +∞,

for all α ∈ (0, 1]. Then, for every α ∈ (0, 1], there exists Mα ∈ R such that
‖x‖+α/‖x‖−α ≤Mα, for all x ∈ X.

Proof. Define I : X −→ X by I(x) = x. It is clear that I is a bijective fuzzy
bounded linear operator and I−1 is a fuzzy bounded linear operator. We have

sup
‖x‖−α≤1

‖Ix‖+α = sup
‖x‖−α≤1

‖x‖+α < +∞.

Then by Theorem 4.8 for every α ∈ (0, 1] there exists Mα ∈ R such that ‖x‖+α/‖x‖−α ≤
Mα, for all x ∈ X. �

Theorem 4.10. Let X be a fuzzy normed linear space and suppose for every α ∈
(0, 1] there exists Mα ∈ R such that ‖x‖+α/‖x‖−α ≤ Mα, for all x ∈ X. Then
sup‖x‖−α≤1 ‖x‖

+
α < +∞, for all α ∈ (0, 1].

Proof. By hypothesis we have ‖x‖+α ≤ Mα‖x‖−α . Hence sup‖x‖−α≤1 ‖x‖
+
α ≤ Mα <

+∞, for all α ∈ (0, 1]. �

Corollary 4.11. Let X be a complete fuzzy normed linear space. The following
conditions are equivalent:

(i) For every α ∈ (0, 1] there exists Mα ∈ R such that ‖x‖+α/‖x‖−α ≤Mα, for all
x ∈ X .

(ii) sup‖x‖−α≤1 ‖x‖
+
α < +∞, for all α ∈ (0, 1] .

(iii) X is a strongly complete fuzzy normed linear space.

5. Hahn Banach Theorem

In the Hahn Banach theorem, the object to be extended is a linear functional f
which is defined on a subspace Z of a vector space X and has a certain boundedness
property which will be formulated in terms of a sublinear functional.

Theorem 5.1. Hahn Banach Theorem (Extension of linear functionals).
Let X be a real vector space and {pα}α∈(0,1] a family of sublinear functionals on X
such that

pα(x) ≤ pβ(x), for all α ≤ β and all x ∈ X.
Furthermore, let f be a linear functional which is defined on a subspace Z of X and
satisfies

f(x) ≤ pα(x), for all α ∈ (0, 1] and all x ∈ Z.

Then f has a linear extension f̃ from Z to X satisfying

f̃(x) ≤ pα(x), for all α ∈ (0, 1] and all x ∈ X.
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Proof. Proceeding stepwise, we shall prove:

(a) The set E of all linear extensions g of f satisfying

g(x) ≤ pα(x), for all α ∈ (0, 1]

on their domains D(g) can be partially ordered and Zorn’s Lemma yields a maximal

element f̃ of E.

(b) f̃ is defined on the entire space X.

(c) An auxiliary relation which was used in (b).

We start with part

(a) Let E be the set of all linear extensions g of f which satisfy the condition

g(x) ≤ pα(x), for all α ∈ (0, 1] and all x ∈ D(g).

Clearly, E 6= ∅, since f ∈ E. On E we can define a partial ordering by g ≤ h that
is h is an extension of g. For any chain C ⊆ E we now define g̃ by

g̃(x) = g(x) if x ∈ D(g)(g ∈ C).

It is clear that g̃ is an upper bound of C. Since C ⊆ E is arbitrary, Zorn’s Lemma

implies that E contains a maximal element f̃ . By the definition of E this is a linear
extension of f which satisfies

f̃(x) ≤ pα(x), for all α ∈ (0, 1] and all x ∈ D(f̃). (7)

(b) We now show that D(f̃) is equal to X. Suppose that this is false. Then we can

choose y1 ∈ X −D(f̃) and consider the subspace Y1 of X spanned by D(f̃) and y1.
A functional g1 on Y1 is defined by

g1(y + λy1) = f(y) + λc, (8)

where c is any constant. It is clear that g1 is a proper extension of f̃ . Consequently,
if we prove that g1 ∈ E, by showing that

g1(x) ≤ pα(x), for all α ∈ (0, 1] and all x ∈ D(g1), (9)

this will contradict the maximality of f̃ so that D(f̃) 6= X is false and so D(f̃) = X
is true.
Accordingly, we finally show that g1 with a suitable c in (8) satisfies (9). We

consider y and z in D(f̃). From (7) we obtain

f̃(y)− f̃(z) = f̃(y − z) ≤ pα(y − z)
= pα(y + y1 − y1 − z)
≤ pα(y + y1) + Pα(−y1 − z),

for all α ∈ (0, 1]. Now we have

−pα(−y1 − z)− f̃(z) ≤ pα(y + y1)− f̃(y), for all α ∈ (0, 1]. (10)
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Let α ≤ β. Hence by (10) we have

−pβ(−y1 − z)− f̃(z) ≤ −pα(−y1 − z)− f̃(z)

≤ pα(y + y1)− f̃(y)

≤ pβ(y + y1)− f̃(y). (11)

Suppose that αn = 1/n. By (10) there exists cn ∈ R such that

sup
z∈D(f̃)

(−pαn(−y1 − z)− f̃(z)) ≤ cn ≤ inf
y∈D(f̃)

(pαn(y + y1)− f̃(y)), (12)

for all α ∈ (0, 1]. Hence BY (11) and (12)

sup
z∈D(f̃)

(−pα1(−y1 − z)− f̃(z)) ≤ cn ≤ inf
y∈D(f̃)

(pα1(y + y1)− f̃(y)), for all n ∈ N.

Then there is a subsequence {cnk} of {cn} such that cnk −→ c. Let α ∈ (0, 1], then
there exists N1 > 0 such that 1/nk ≤ α, for all nk > N1. Thus by (11)

sup
z∈D(f̃)

(−pα(−y1 − z)− f̃(z)) ≤ cnk ≤ inf
y∈D(f̃)

(pα(y + y1)− f̃(y)).

Hence
sup

z∈D(f̃)

(−pα(−y1 − z)− f̃(z)) ≤ c ≤ inf
y∈D(f̃)

(pα(y + y1)− f̃(y)), (13)

for all α ∈ (0, 1]. So

−pα(−y1 − z)− f̃(z) ≤ c ≤ pα(y + y1)− f̃(y), for all z, y ∈ D(f̃), (14)

for all α ∈ (0, 1].
Now we prove (9). Let λ < 0. By (14) we have

−pα(−y1 − (1/λ)y)− f̃((1/λ)y) ≤ c,

multiplication by −λ > 0 gives

λpα(−y1 − (1/λ)y) + f̃(y) ≤ −λc.

From this and (8), using y + λy1, we obtain the desired inequality

g1(x) = f̃(y) + λc ≤ −λpα(−y1 − (1/λ)y) = pα(λy1 + y) = pα(x), for all α ∈ (0, 1].

For λ > 0 by (14) we have

c ≤ pα((1/λ)y + y1)− f̃((1/λ)y),

multiplication by λ > 0 gives

λc ≤ λpα((1/λ)y + y1)− f̃(y) = pα(x)− f̃(y).

From this and (8),

g1(x) = f̃(y) + λc ≤ pα(x), for all α ∈ (0, 1].

�
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Theorem 5.2. Hahn Banach Theorem (Extension of linear functionals).
Let X be a real vector space and {pα}α∈(0,1] a family of sublinear functionals on X
such that

pβ(x) ≤ pα(x), for all α ≤ β and all x ∈ X.
Furthermore, let f be a linear functional which is defined on a subspace Z of X and
satisfies

f(x) ≤ pα(x), for all α ∈ (0, 1] and all x ∈ Z.

Then f has a linear extension f̃ from Z to X satisfying

f̃(x) ≤ pα(x), for all α ∈ (0, 1] and all x ∈ X.

Proof. This is similar to the proof of Theorem 5.1 �

Theorem 5.3. Hahn Banach Theorem (Generalized). Let X be a real vector
space and {pα}α∈(0,1] a family of real valued functionals on X which are subadditive
and for every scalar λ satisfy

pα(λx) = |λ|pα(x), for all α ∈ (0, 1] and all x ∈ X.
And

pα(x) ≤ pβ(x), for all α ≤ β and all x ∈ X.
Furthermore, let f be a linear functional which is defined on a subspace Z of X

and satisfies
|f(x)| ≤ pα(x), for all α ∈ (0, 1] and all x ∈ Z. (15)

Then f has a linear extension f̃ from Z to X satisfying

|f̃(x)| ≤ pα(x), for all α ∈ (0, 1] and all x ∈ X.

Proof. (15) implies f(x) ≤ pα(x), for all α ∈ (0, 1] and all x ∈ Z. Hence by

Theorem 5.1 there is a linear extension f̃ from Z to X such that

f̃(x) ≤ pα(x), for all α ∈ (0, 1] and all x ∈ X.
We have

−f̃(x) = f̃(−x) ≤ pα(−x) = pα(x), for all α ∈ (0, 1] and all x ∈ X.
Hence

|f̃(x)| ≤ pα(x), for all α ∈ (0, 1] and all x ∈ X.
�

Theorem 5.4. Hahn Banach Theorem (Generalized). Let X be a real vector
space and {pα}α∈(0,1] a family of real valued functionals on X which are subadditive
and for every scalar λ satisfy

pα(λx) = |λ|pα(x), for all α ∈ (0, 1] and all x ∈ X.
And

pβ(x) ≤ pα(x), for all α ≤ β and all x ∈ X.
Furthermore, let f be a linear functional which is defined on a subspace Z of X and
satisfies

|f(x)| ≤ pα(x), for all α ∈ (0, 1] and all x ∈ Z.
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Then f has a linear extension f̃ from Z to X satisfying

|f̃(x)| ≤ pα(x), for all α ∈ (0, 1] and all x ∈ X.

Proof. This is similar to the proof of Theorem 5.3 �

Theorem 5.5. Hahn Banach Theorem (Fuzzy normed spaces). Let f be a
fuzzy bounded linear functional on a subspace Z of a fuzzy normed space X. Then

there exists a linear functional f̃ on X which is an extension of f to X and has the
same norm,

‖f̃‖ = ‖f‖.

Proof. Useing Theorems 5.3 and 5.4, we have

|f(x)| ≤ ‖f‖−α ‖x‖−α , for all x ∈ Z and all α ∈ (0, 1].

Now we define
pα(x) = ‖f‖−α ‖x‖−α , for all x ∈ X and all α ∈ (0, 1].

Using Theorem 5.3, there exists a linear functional f̃ on X which is an extension
of f and satisfies

|f̃(x)| ≤ ‖f‖−α ‖x‖−α , for all x ∈ X and all α ∈ (0, 1].

We have
‖f‖−α ‖x‖−α ≤ ‖f‖+α‖x‖+α , for all x ∈ X and all α ∈ (0, 1].

Thus
|f̃(x)| ≤ ‖f‖+α‖x‖+α , for all x ∈ X and all α ∈ (0, 1].

So we obtain that
‖f̃‖ ≤ ‖f‖.

Since f̃ is an extension of f , we have ‖f‖ ≤ ‖f̃‖, and so the proof is completed. �

Uniform boundedness theorem states that if X is a Banach space and a sequence
of operators Tn is bounded at every point x ∈ X, then the sequence is uniformly
bounded.

Theorem 5.6. Uniform Boundedness Theorem. Let {Tn} be a sequence of
fuzzy bounded linear operators Tn : X −→ Y from a strongly complete fuzzy normed
linear space X into a fuzzy normed linear space Y such that

‖Tnx‖ ≤ ηx, for all n ∈ N,

where ηx is a fuzzy real number. Then there is a fuzzy real number η such that

‖Tn‖ ≤ η, for all n ∈ N.

Proof. Since Tn : X −→ Y is a linear operator and (X, ‖.‖+α ) a Banach space, for
any α ∈ (0, 1], it follows from Theorem 4.7.3 of [3] that there exist a real number
dα such that

‖Tn‖+α ≤ dα, for all α ∈ (0, 1].
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We define aα = inf{dβ : β ∈ (0, 1]} and bα = inf{dβ : 0 < β ≤ α}, for all α ∈ (0, 1].
We have that the closed interval [aα, bα] is nested, for any α ∈ (0, 1]. So there is a
fuzzy real number η such that

[η]α = [η−α , η
+
α ] = [ sup

0<β<α
aβ , inf

0<β<α
bβ ], for all α ∈ (0, 1].

Now we obtain that ‖Tn‖−α ≤ ‖Tn‖+1 ≤ ‖Tn‖+γ ≤ dγ , for all γ ∈ (0, 1]. Hence

‖Tn‖−α ≤ aβ , for all β ∈ (0, 1]. Thus ‖Tn‖−α ≤ η−α , for all α ∈ (0, 1]. Moreover, we
have ‖Tn‖+α ≤ ‖Tn‖+β ≤ dβ , for all β ≤ α. So ‖Tn‖+α ≤ bα, for all α ∈ (0, 1]. Since

‖Tn‖+α ≤ bα ≤ bβ , for all β < α,

it follows that ‖Tn‖+α ≤ η+α , for all α ∈ (0, 1]. Hence ‖Tn‖ ≤ η. �

Theorem 5.7. Let X be strongly complete fuzzy normed linear space and Z a
closed subspace of X. Then Z is a strongly complete fuzzy normed linear space.

Proof. Let {xn} be a Cauchy sequence in a normed linear space (Z, ‖.‖+α ). Z is a
subspace of X, hence {xn} is a Cauchy sequence in a normed linear space (X, ‖.‖+α ).
Since X is a strongly complete fuzzy normed linear space, there exists x ∈ X such
that limn→∞ ‖xn − x‖+α = 0. Let α ≤ β. We have ‖xn − x‖+β ≤ ‖xn − x‖+α . Hence

limn→∞ ‖xn − x‖+β = 0. Let β ≤ α. Now we have

‖xn − x‖−β ≤ ‖xn − x‖
−
α ≤ ‖xn − x‖+α .

Thus limn→∞ ‖xn − x‖−β = 0. By Theorem 4.7. in [8], we obtain that

‖xn − x‖+β ≤Mβ‖xn − x‖−β ,

hence limn→∞ ‖xn − x‖+β = 0. So limn→∞ ‖xn − x‖+β = 0, for all β ∈ (0, 1]. Then
limn→∞ xn = x. Since Z is a closed subspace of X it follows that x ∈ Z. Thus
the normed space (Z, ‖.‖+α ) is complete. similarly, the normed space (Z, ‖.‖−α ) is
complete. Hence Z is a strongly complete fuzzy normed linear space. �

Definition 5.8. (Closed linear operator). Let X and Y be fuzzy normed linear
spaces and T : D(T ) −→ Y a linear operator with domain D(T ) ⊆ X. Then T is
called a closed linear operator if its graph

G(T ) = {(x, y) : x ∈ D(T ), y = Tx}

is closed in the normed space X ×Y , where the two algebraic operation of a vector
space in X × Y are defined as usual, that is

(x1, y1) + (x2, y2) = (x1 + x2, y1 + y2), c(x, y) = (cx, cy),

and the norm on X × Y is defined by

‖(x, y)‖ = ‖x‖+ ‖y‖.

Theorem 5.9. Closed Graph Theorem. Let X and Y be strongly complete
fuzzy normed linear spaces and T : D(T ) −→ Y a closed linear operator, where
D(T ) ⊆ X. Then if D(T ) is closed in X, the operator T is bounded.
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Proof. It is clear that X × Y with the norm defined in Definition 5.8, is strongly
complete. Since G(T ) ⊆ X ×Y and D(T ) ⊆ X are closed, it follows from Theorem
5.7 that G(T ) and D(T ) are strongly complete fuzzy normed linear spaces. We
consider the mapping

P : G(T ) −→ D(T )

(x, Tx) 7−→ x .

P is linear, bounded and bijective. Since sup0<β≤1 sup‖P (x,Tx)‖−β ≤1
‖x‖−β = 1 <∞,

it follows from Corollary 4.4 that P−1 is bounded. Now we have

‖Tx‖ ≤ ‖Tx‖+ ‖x‖ = ‖P−1(x)‖ ≤ ‖P−1‖‖x‖, for all x ∈ D(T ).

Hence T is bounded. �
6. Compact Linear Operators on Fuzzy Normed Linear Spaces

In this section, the compact operators on fuzzy normed linear spaces are studied.
We know that all ordinary compact operators on normed linear spaces are bounded.
But the following example shows that this is not true for compact operators on fuzzy
normed linear spaces.

Example 6.1. Let X = l1. Define fuzzy numbers ‖.‖ and ‖.‖0 by

[‖x‖]α = [sup
n≥0
|an|,

∞∑
n=1

|an|] and [‖x‖0]α = [

∞∑
n=1

|an|,
∞∑
n=1

|an|],

where x = {an}, for all α ∈ (0, 1]. It is clear that ‖.‖ and ‖.‖0 are fuzzy norms on
X. We define T : (X, ‖.‖)→ (X, ‖.‖0) by T{an} = {an/n}, for all {an} ∈ X. It is
easily checked that T is a compact linear operator.
now we show that T is not fuzzy bounded. If T is fuzzy bounded, then there exists
a fuzzy real number η > 0 such that ‖Tx‖0 ≤ η‖x‖, for all x ∈ X and hence
‖Tx‖−0α ≤ η−α ‖x‖−α , for all x ∈ X and all α ∈ (0, 1]. However,

‖T{an}‖−0α/‖{an}‖−α = ‖{an/n}‖−0α/ sup
n≥0
|an| = (

∞∑
n=1

|an/n|)/ sup
n≥0
|an| ≤ η−α . (16)

Let

an =

{
1, n = 1, ..., k
0, n > k.

Then {an} ∈ X and by (16) we have
∑k
n=1 1/n ≤ η−α , for all k ∈ N. As k → ∞

then η−α = +∞, which is a contradiction.

Theorem 6.2. Let (X, ‖.‖) and (Y, ‖.‖) be fuzzy normed linear spaces and T :
X −→ Y a linear operator. Then T is compact if and only if it maps every bounded
sequence {xn} in X onto a sequence {Txn} in Y which has a convergent subse-
quence.

Proof. This is similar to the proof of[6, Theorem 8.1.3] �

Theorem 6.3. Let (X, ‖.‖) and (Y, ‖.‖) be fuzzy normed linear spaces and T :
X −→ Y a linear operator.
(i) If T is bounded and dimT (X) <∞, then the operator T is compact.
(ii) If dimX <∞ the operator T is compact.
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Proof. (i) Let {xn} be a bounded sequence in X and yn = Txn. Since T is bounded
by Lemma 2.22, ‖Tx‖ ≤ ‖T‖‖x‖, for all x ∈ X, hence ‖Txn‖+α ≤ ‖T‖+α‖xn‖+α , for
all α ∈ (0, 1] and n ∈ N.
Since T : (X, ‖.‖+1 ) −→ (Y, ‖.‖+1 ) is a bounded linear operator and dimT (X) <∞,
by [6, Theorem 8.1.4 and Theorem 8.1.3] there is a y ∈ Y and a subsequence {y1n}
of {yn} such that limn→∞ ‖y1n − y‖+1 = 0.
Since T : (X, ‖.‖+1/2) −→ (Y, ‖.‖+1/2) is a bounded linear operator and dimT (X) <

∞, by [6, Theorem 8.1.4 and Theorem 8.1.3] there is a y′ ∈ Y and a subsequence
{y2n} of {y1n} such that limn→∞ ‖y2n−y′‖+1/2 = 0. Since ‖y2n−y′‖+1 ≤ ‖y2n−y′‖

+
1/2

it follows that limn→∞ ‖y2n−y′‖+1 = 0. On the other hand, limn→∞ ‖y2n−y‖+1 = 0.
Hence y = y′.
Similarly, there is a subsequence {yk+1n} of {ykn} such that limn→∞ ‖yk+1n −
y‖+1/k+1 = 0, for all k ∈ N. Consider the subsequence {ynn} of {yn}. We shell show

that limn→∞ ‖ynn − y‖+α = 0, for all α ∈ (0, 1].
Let α ∈ (0, 1] and 0 < ε be fixed. There is a N1 ∈ N such that 1/n < α, for all
N1 ≤ n.
We have limn→∞ ‖yN1n − y‖+1/N1

= 0. Hence there exists N2 ∈ N such that

‖yN1n − y‖+1/N1
< ε, for all N2 ≤ n.

Let N = max{N1, N2}. We now have ‖ynn − y‖+α ≤ ‖ynn − y‖+1/N1
< ε, for all

N ≤ n and the proof is complete by Definition 2.36.
(ii) Since dimX < ∞, by Theorem 2.23, T is bounded. Moreover dimT (X) ≤

dimX <∞. Hence by (i), T is compact. �

Theorem 6.4. Let {Tn} ∈ B(X,Y ) be a sequence of compact linear operators
from a fuzzy normed linear space (X, ‖.‖) into a complete fuzzy normed linear space
(Y, ‖.‖). If {Tn} is uniformly operator convergent, say, ‖Tn − T‖ −→ 0, then the
limit operator T is compact.

Proof. This is similar to the proof of [6, Theorem 8.1.5] �

7. Conclusion

As the idea of the fuzzy norm on a linear space is relatively new, the systematic
development of the subject fuzzy functional analysis has just started. In this paper,
we have dealt with fuzzy normed linear space and have started studying fuzzy
operator theory. An attempt has been made to give a consistent definition of a
fuzzy bounded linear operator by rectifying some defects in its previous definition
given by Bag and Samanta [1], Xiao and Zhu [7]. Bounded Inverse Theorem and
compact linear operators on fuzzy normed linear spaces are studied. This will open
up the possibility of studying fuzzy operator theory which would have a wide range
of applicability of fuzzy functional analysis.
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