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SOME PROPERTIES OF FUZZY NORM OF LINEAR
OPERATORS

M. SAHELI, A. HASANKHANI AND A. NAZARI

ABSTRACT. In the present paper, we study some properties of fuzzy norm
of linear operators. At first the bounded inverse theorem on fuzzy normed
linear spaces is investigated. Then, we prove Hahn Banach theorem, uniform
boundedness theorem and closed graph theorem on fuzzy normed linear spaces.
Finally the set of all compact operators on these spaces is studied.

1. Introduction

The concept of fuzzy metric spaces was initially introduced by O. Kaleva and
S. Seikkla [5], who proved a fixed point theorem for such spaces. C. Felbin [2]
introduced the concept of fuzzy norm and showed that every finite dimensional
normed linear space has a completion. J. Xiao and X. Zhu [8] modified the definition
of fuzzy norm and studied the topological properties of fuzzy normed linear spaces.
In [3] we defined a new norm of on operator and studied some its properties. In [4]
we considered the norm of the operator defined.in [1] by T. Bag and S.K. Samanta
and we studied bounded inverse theorem and compact operators on fuzzy normed
linear spaces. In this paper, by an example, we show that the definition of the
fuzzy norm of operators was given in:[1], does not have fuzzy Felbin’s norm of
operators. So we consider norm:of operator defined in [3] and we study bounded
inverse theorem and compact operators on fuzzy normed linear spaces.

Our main result in the present paper, include two parts:

Part I, bounded inverse theorem is one of the basic theorems in classical analysis.
We investigate this theorem for fuzzy normed linear spaces. We present a coun-
terexample to show that this theorem is not generally true on fuzzy normed linear
spaces. We now define strongly complete and bounded strongly complete fuzzy
normed linear spaces, and investigate their properties. In particular, bounded in-
verse theorem is true for these spaces. Finally, we obtain properties of fuzzy normed
linear spaces when the inverse of a given operator is bounded.

Part II, we prove Hahn Banach theorem, uniform boundedness theorem and
closed graph theorem in fuzzy normed linear spaces.

Part III, we study some basic properties of compact operators on fuzzy normed
linear spaces.
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2. Preliminaries

Definition 2.1. [8] A mapping 1 : R — [0,1] is called a fuzzy real number with
a-level set [n], = {t: n(t) > «a}, if it satisfies the following conditions:

(N1) there exists ty € R such that n(tg) = 1.

(N2) for each a € (0,1], there exist real numbers i, < 77 such that the a—level
set [n]a is equal to the closed interval [n,, nt].

The set of all fuzzy real numbers is denoted by F(R). Since each r € R can be
considered as the fuzzy real number 7 € F'(R) defined by

- 1, t=r
T(t)‘{ 0 . t#n
it follows that R can be embedded in F(R).

Definition 2.2. [5] The arithmetic operations 4+, —, x and / on F(R) x F(R) are
defined by

= sup (min(n(ﬂC)a’V(y)))v
t=z+y

sup (min(n(z);7(y)))s

t=x—y

tszug(min(n(x% YY),
)

= tiUI/) (min(n(z),v(y))),

—
3
|
2
N
—~
~
~ ~— ~ ~—
I

which are special cases of Zadeh’s extension principle.
Definition 2.3. [5] The absolute value |n| of '€ F(R) is defined by

In|(t) = { Bnax(n(t)an(_t)) : iig

Definition 2.4. [5] Let n. € F(R). If n(t) = 0, for all ¢ < 0, then 7 is called a
positive fuzzy real number. The set of all positive fuzzy real numbers is denoted
by FT(R).

Lemma 2.5. [5] Let 9,y € F(R) and [n]o = [0, ,n2], Ve = Ve ,75]. Then

i) I+ a = e+ V3570 + 74

i) [n = yla= o =98 na = Val

i) X Yo =1[77;71;,n$ﬂ] forn,v € F*(R)

i) [1/nla = [?(7 E] if ng >0

v) [Infla = max(0,n5, —nd), max(|ng |, Ing])]-

Lemma 2.6. [5] Let [a®,b%], 0 < o < 1, be a family of non-empty intervals.
Assume

a) [a®t, 0] D [a*2,b2], for all 0 < a1 < ag,

b)[ lim aa’“,kli_{IDlO b = [a®, b], whenever {ay} is an increasing sequence in (0, 1]

k——oo
converging to o,
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c)—o0 < a®* < b* < 400, for all a € (0,1].
Then the family [a®, b*] represents the a-level sets of a fuzzy real number n € F(R).

Conversely, if [a®,b%], 0 < a < 1, are the a-level sets of a fuzzy number n € F(R),
then the conditions (a),(b) and (c) are satisfied.

Definition 2.7. [5] Let n,v € F(R) and [n]a = [n,,78], [V]a = 15,74 ], for all
a € (0,1]. Define a partial ordering by n <~ if and only if 5, <+, and nf <~7,
for all @ € (0,1]. An strict inequality in F(R) is defined by n < « if and only if
ne <7, and nt < ~F, for all a € (0,1].

Lemma 2.8. Let n € F(R). Thenn € F(R) if and only if 0 < 1.

Definition 2.9. [2] Let X be a vector space over R. Assume the mappings
L,R:[0,1] x [0,1] — [0, 1] are symmetric and non-decreasing in-both arguments,

and that L(0,0) = 0 and R(1,1) = 1. Let ||.|| : X — FT(R). The quadruple
(X, |Ill, L, R) is called a fuzzy normed linear space (briefly, FNS) with the fuzzy
norm ||.||, if the following conditions are satisfied:

Fy) if © # 0 then 0<121;1 [=lo >0,

(

(Fy) ||| = 0 if and only if x = 0,

(F3) ||rz| = |7|||z|| for z € X and r € R,
(Fy) for all z,y € X,

(FuL)llz + yll(s + 1) = L([lz[|(s), [yl () svhenever s < [lz|\, ¢ < |ylly and
s+t <|z+yly,
(FuR)|z + yll(s + 1) < R(llz[|(s), [yll(t)) whenever s > |z[l;, ¢ > [ly[l; and

s+t >z +yll

Lemma 2.10. [8] Let (X, |.||, L, R) be an FNS.

(1) If L < min, then (FyL) holds whenever ||z + y||;, < |zl + llvlly, for all
a€(0,1) and z,y € X.
(2) If L > min, ghen ||z + vyl < llzllg + llylla, for all « € (0,1] and z,y € X
whenever (FyL) holds.
(3) If R > max, then (FiR) holds whenever ||z + y||T < ||z|| + |lyllE, for all
a € (0,1] and z,y € X.
(4) I R <(max, then o+ iz < lallf + o2, for all a € (0,1] and 2,y € X
whenever (FyR) holds.

In what follows L(s,t) = min(s,t) and R(s,t) = max(s,t), for all s,t € [0,1].
We write (X, ||.||) or simply X when L and R are as above.
The following result is an analogue of the usual triangle inequality.

Theorem 2.11. In a fuzzy normed linear space (X, |.||), the condition (Fy) is
equivalent to
lz+yll <zl + [yl

Proof. The proof is a consequence of Lemmas 2.16 and 2.7. ([l

Definition 2.12. [8] Let (X, ||.||) be a FNS.
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i) A sequence {x, } C X issaid to be converge tox € X ( lim x,, = x), if lim ||z, —
n—oo n—oo
z||F =0, for all « € (0,1].
ii)A sequence {z,} C X is called Cauchy, if lim |z, — 2|l =0, for all a €
m,n—00
(0,1].
Definition 2.13. [8] Let (X, |.||) be a FNS. A subset A of X is said to be
complete, if every Cauchy sequence in A converges in A.
Definition 2.14. [8] Let (X, |.||) and (Y,].|]) be fuzzy normed linear spaces. A
function ¢ : X — Y is said to be continuous at z € X, if lim p(z,) = ¢(x)
n—oo
whenever {z,} C X and lim z, = z.
n—oo
Definition 2.15. [7] Let X, Y be fuzzy normed linear spaces such that

SUP e (0,1 12/l < +oo, for all z € X and T': X — Y be a linear operator. Then
IT||~ is called a fuzzy norm of T if

[T~() = lim sup |[Tz|(#)
a—s0t

llzllE=1
Theorem 2.16. [1] The fuzzy real number | T||* defined by
71" () = sup{or € (0,1 « t € [TII5, ITWE"1},
where

1Tl = sup Tl /llzlli and [T =" sup |Tz|/|lzlls
z(#0)eX z(#0)eX

is a fuzzy norm of T.

Definition 2.17. [3] Let (X, ||.||) and (Y,].||) be fuzzy normed linear spaces. Fur-
thermore, let T : X — .Y be a linear operator. The operator T is said to be fuzzy
bounded, if there is a fuzzy real number 7 such that

ITx]| < nl|z||, for all x € X.
The set of all fuzzy bounded linear operators, T : X — Y, is denoted by B(X,Y).
Remark 2.18. The set B(X,Y) is a real vector space.

Definition 2.19. [3] Let (X, ||.]|), (Y,].]|) be fuzzy normed linear spaces and T :
X ==Y a fuzzy bounded linear operator. We define || T’|| by,

(ITlla =Tsup sup [Tz|; , inf{nT :[|Tz| <nlz(]}], for all a € (0,1].
Ba|z||; <1

Then ||T|| is called the fuzzy norm of the operator T

Notation 2.20. We write ||T||; = sups_, SUP|I )~ <1 |Tz[|5 and
ITNG = inf{ng : [Tzl < nllell}, ie. (ITNa = (1Tl IT3], for all o € (0, 1].

Theorem 2.21. [3] The vector space B(X,Y) equipped with the norm defined in
definition 2.19 is a fuzzy normed linear space.
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Lemma 2.22. [3] Let T : X — Y be a fuzzy bounded linear operator and (X, ||.||),
(Y, ||l be fuzzy normed linear spaces. Then | Tx| < ||T||||z|, for all x € X.

Theorem 2.23. [3] Let (X, ||.]|) be a finite dimensional fuzzy normed linear space.
Then every linear operator on X is fuzzy bounded.

Theorem 2.24. [3] Let T : X — Y be a fuzzy bounded linear operator and
(X 1D, (YLD be fuzzy normed linear spaces. Then ||T|| < n whenever || Tx| <

el (n € F(R)).

Theorem 2.25. [3] Let (Y,|.||) be a complete fuzzy normed linear space and
(X, |IlD be a fuzzy normed linear space. Then B(X,Y) is complete fuzzy normed
linear space.

Definition 2.26. [4] Let X be a fuzzy normed linear space. The fuzzy normed
linear space X is called a strongly complete, if normed linear spaces (X, |.||1),
(X, ]I-ll5) are complete, for all « € (0,1].

Example 2.27. Let X be a complete normed linear space. Define two fuzzy norms
lz]l1 and ||z||2 as follows:

Hlh]a = [l lz[] and {[lz]l2]a = [l [z]l/a], for alla'€ (0, 1] and all z € X.

It is easily verified that (X, ||.]|1) and (X, ||.]|2) are strongly complete fuzzy normed
linear spaces.

Remark 2.28. If X is a strongly complete fuzzy normed linear space, then X is a
complete fuzzy normed linear space.

Theorem 2.29. [4] Let X be a complete fuzzy normed linear space and suppose
that for every o € (0,1] there exists M, € R such that ||z||f/||z|, < M,, for all
x € X. Then the normed linear spaces (X, |.|1), (X, |.|l5) are complete spaces,
for all a € (0,1].

Theorem 2.30. [4] Let X be a strongly complete fuzzy normed linear space. Then,
for every o € (0,1], there exists M, € R such that ||z|t/||z||; < Ma, for all
zeX.

Corollary 2.31. Let X be a complete fuzzy normed linear space and suppose that
for every a € (0,1] there exists M, € R such that ||z||}/||z||; < Ma, forallz € X.
Then X s a strongly complete fuzzy normed linear space.

I

Corollary 2.32. Let X be a complete fuzzy normed linear space. Then X is a
strongly complete fuzzy normed linear space if and only if, for all a € (0,1], there
exists My, € R such that ||z||/||z]l, < Ma, for allz € X.

Definition 2.33. [6] A real valued functional p on a vector space X is called
subadditive if and only if

p(z+y) <p(x) +py), forall z,y € X,
and positive homogeneous if and only if

plax) = ap(x), forall @« > 0in R and z € X.
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Definition 2.34. [6] A real valued functional p on a vector space X is called
sublinear functional if p is a subadditive and positive homogeneous.

Definition 2.35. [8] Let (X, ||.||) be a fuzzy normed linear space and A C X. A
is called compact if every fuzzy open cover of A has a finite subcover.

Definition 2.36. [6] Let (X, ||.||) and (Y, ||.]]) be fuzzy normed linear spaces. An
operator T': X — Y is called a compact linear operator if T is linear and if for
every bounded subset M of X, the image T'(M) is relatively compact, that is the

closure T'(M) is compact.

Lemma 2.37. [4] Let (X, ||.]|) be a normed linear space and M C X. If M is
compact then M s compact.

3. Some Properties of Fuzzy Norm of Linear Operators

By the next Example, we show that if the condition’s sup, g, 2[4 < +oo is
deleted then the definition of the fuzzy norm of an operator.was given in Definition
2.15, does not have fuzzy norm.

Example 3.1. Let X = R(real number). Define two fuzzy real number ||z|; and
lz|l2 as follows:

llli]o = llel, 2] and [Jlz]ls]a = (2], |2]/a], for all a € (0,4 and all € X.

It is easily verified that ||.||; and |.||2 are fuzzy norms on X.
We define T : (X, ||.]l2) — (X, |I.|l1) by Tx =, for all z € X. Clearly T is
linear. Now we have

||T||gJr = QIE% sup HTx||Z§ = lim sup|z| =0, for all g € (0,1].

TllzlE=1 a0 [z] fa=1

Then ||T||~ = 0, hence T' = 0, which is a contradiction. Thus ||T'||~ which is defined
in Definition 2.15 is not. well defined.

Now by an example, we show that the definition of the fuzzy norm of operators
was given in [7], does not have the condition
ITz|| < IT)|”||=| in general .
Example 3.2. Let X = C[0,1] be the set of all continuous functions on [0, 1].
Consider the norms || f|l; = fol |f(z)|dz and || f|l2 = sup{|f(z)| : 0 <z < 1}, for all
f € C[0,1], on C[0,1]. It is easily checked that the norm ||.||2 is complete and the

norm||.||; is mot complete on C[0,1] and || f||1 < ||fll2, for all f € C[0,1]. We now
define fuzzy numbers ||.|| and ||.||" as follows:

WS e = 1Al ([ £llo], for all v € (0,1] and f € C[0, 1,

and
WA e = [Ifll2 [[f]l2], for all a € (0,1] and f € C[0, 1],

It is clear that ||.|| and |.||’ are fuzzy norms on C0,1].
Define T : (X, ||.||) — (X, ||.II") by T(f) = f, for all f € X. We have

lim sup ||Tf|\; = lim sup |[fllz =1, forall g€ (0,1].

+ +
=0Tk =1 a=0F | fll,=1
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Hence T is bounded. Now we obtain that

T3~ = lim sup [Tf|z = lim sup [|fll2=1,
’ a=0F | f1f =1 b asor Il fll2=1

T3 = lim su Tf|IF = lim su =1,

75 = Jim s V2715 = Jm sup 5]

for all g € (0,1]. But we have
ITflla = lIfll2 £ I = IITIZ[If]lo in general .

Now by an example, we show that the definition of the fuzzy norm of operators
was given in [1], does not have fuzzy Felbin’s norm of operators.

Example 3.3. Let X = R(real number). Define two fuzzy real number ||z||; and
lz|l2 as follows:

lzll1]a = [l |2|] and [||z]2]a = [|2], |2|/c], for all @ € (0,1] and all z € X.

It is easily verified that ||.||; and |.||2 are fuzzy norms on X.
We define T : (X, ||.|l2) — (X, |l.]l1) by Tz = z, for all z € X. Clearly T is
linear. Now we have

T2l / 2ll30 = |21/ (2]/e) = a
and
T2l 12ll20 = li/lae) =1
Thus [||T]|*]a = [e, 1], for all « € (0,1]. Hence 0<inf<1 7|5~ =0, so || T||* defined
ax

in [1] is not fuzzy Felbin’s norm of operators.

4. Bounded Inverse Theorem

In this section, the bounded inverse theorem on fuzzy normed linear spaces is
studied. In the following example, we show that the bounded inverse theorem in
fuzzy normed linear spaces is not valid in general. In this regard, the notion of
strongly complete space is defined.

Example 4.1. Let X = C[0,1] be the set of all continuous functions on [0, 1].
Consider the norms || f|l; = fol |f(z)|dz and || f|l2 = sup{|f(z)| : 0 <z < 1}, for all
f € C[0,1], on C[0,1]. It is easily checked that the norm ||.||2 is complete and the

norm||.||; is mot complete on C[0,1] and || f||1 < ||fll2, for all f € C[0,1]. We now
define fuzzy numbers ||.|| and ||.||" as follows:

(£ la = [If111, [1f]2], for all a € (0,1] and f € C[0, 1],
and
1 Ta = [ fll2: [ f]l2], for all a € (0,1] and f € C[0, 1],

It is clear that ||.|| and |.||" are fuzzy norms on C0,1].
Let {f,} be a Cauchy sequence in the fuzzy normed linear space X, i.e.

lim ”fn - fm||2 =0.
m,n—00
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Hence {f,} is a Cauchy sequence in the normed linear space (X, |.|]2) and since
the normed linear space (X, ||.||2) is complete, there exists f € X such that {f,}

converges to f, i.e. ]
Jim |[fn = fll2 =0.

Thus, by definition, {f,} converges to f in the fuzzy normed linear space (X, |.||)-
Hence the fuzzy normed linear space X is complete. Similarly, (X, ||.]|") is a com-
plete fuzzy normed linear space. Define T : (X, ||.||") — (X, ||.||) by T(f) = f, for
all fe X. Let f € X. We have

1
G :/0 Fldz < Il
On the other hand, we have
T2 = 112 < [1£lla-

Hence | T(f)|| < ||’ and thus T is a fuzzy bounded linear operator. T is bijective.
And T (X, |l.]) — (X, |I.]I") is defined by T~1(f) = f.
Now we show that 77! is not fuzzy bounded. Let

4n’z , 0<z<1/(2n)
fu(z) = { anP(x—1/n) , 1/2n)Lx<1/n
0 y 1/7’L§$§ 1d

for all n € N. We have )
Il = [ \fulde S
0

Consider .

1T (fn)ll2 = 2n.
As n — oo, |[T7Y(fn)|]l2 — oo. Hence Tt is not a fuzzy bounded linear
operator.

In the following Example, we show that there is a complete fuzzy normed linear
space that it is not strongly complete fuzzy normed linear space.

Example 4.2. Let X be fuzzy normed linear space in Example 4.1. We showed
that the fuzzy normed linear space X is complete. But since ||.||; is not complete,
the fuzzy normed linear space X is not strongly complete.

Now we study bounded inverse theorem on fuzzy normed linear spaces.

Theorem 4.3. Let X, Y be a complete fuzzy normed linear spaces, T : X — Y a
bijective fuzzy bounded linear operator and, for every o € (0,1], (X, [|.]I7), (X, ]-IIE)
and (Y, ||.||5) be Banach spaces. Furthermore, suppose there exists oo € (0, 1] such

that B
sup  sup |lz|lz < oo.
0<B=Leo |Ta|; <1

ThenT~1:Y — X is a fuzzy bounded linear operator.

Proof. Since T is fuzzy bounded we have | Tz|; < [|T|; |zl < |75 l=]lt, then
ITz||; < ITI;llz||lZ. Hence T : (X, ||.||Z) — (Y, |I.]l5) is a bounded linear oper-
ator. Since (X, |.||1), (Y,].|l;) are Banach spaces, by [6, open mapping theorem]
T (Y, ]Il7) — (X,]]-]£) is bounded; i.e.

sup [T 'yt < +oc. (1)
llylla <1
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We now show that supy_ s<; SUP| 7 <1 [zllg < +oo. If

sup  sup Hx||g = 400,
0<B=1 ) 5 <1
then for every n € N there exists 3, € (0,1] such that n < SUP| 7z <1 zl|5,-

Since {f,} C [0, 1], there exists a subsequence {f,, } such that 3,, — fo.
Casel: If By # 0, then there exists 51 € (0,1] and N € N such that 8; < §,, <1,
for all ny > N. We have

nE < sup ”‘TH,K;% < sup |zl £ sup |z|]f, for all ny > N.
ITz|l;, <1 1Tzll; <1 1Tzl 5, <1
Bry, Bny, B1

Hence SUP|| 1y <1 lz]l7 = +oo. Since T is fuzzy bounded,
<
1Tz, < Tl l=ll5, < T, =l

Thus T': (X, [|.[l;) — (Y;|l.l[5,) is a bounded linear operator. Since (X, ||.[;) and

(Y, ]l-Il5,) are Banach spaces, by [6, open mapping theorem] =1 (Y, I-l5,) —

(X, ]I.1I7) is a bounded linear operator; i.e. SUP|y) <1 1T~ Yy||T < oo, then
L <

SUP| 745 <1 lz]|;7 < +oo which is contradiction.

Case2: If By = 0, then 3,, — 0. Since 3,, = 0, there exists N € N such that
B < o, for all ng, > N. We have

ng < sup  zfl;, < sup sup |z], for all g > N.
ITel5, <1 " 0<B=aq ||Tz| ;<1

Hence supy.s<aq, SUP 71> <1 [|zfl5 =00, which is a contradiction by hypothesis.

Thus supg.s<; SUP| 7y <1 lwll; < +oo. Therefore

sup. sup [Tyl < +oc. (2)
0<B<T|y| 5 <1
Hence by (1), (2) and [3, Lemma 5.7] 77! : Y — X is a fuzzy bounded linear
operator. O

Corollary 4.4. Let- X, Y be strongly complete fuzzy mormed linear spaces and
T: X — Y a bijective fuzzy bounded linear operator. Furthermore, suppose there
exists ag € (0,1] such that

sup  sup [[z[l5 < oo.
0<f<ao || Tz ;<1

Then T—':Y — X is a fuzzy bounded linear operator.

Theorem 4.5. Let X, Y be a complete fuzzy normed linear spaces andT : X — Y
a bijective fuzzy bounded linear operator. Furthermore, suppose there exists M € R
such that ||z||t/||lz]l, < M, for allz € X and ||y||t/|lyll, < M, for ally €Y, for
all @ € (0,1]. Then T~':Y — X is a fuzzy bounded linear operator.
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Proof. By Corollary 2.32 X and Y are strongly complete fuzzy normed linear
spaces. Hence (X, |l4), (X, [I5), (V;[l1£), (Y |.I7) are Banach spaces, for all
€ (0,1]. Since T is fuzzy bounded,

ITzls <7l lzlla < 1Tl llzlly, for all z € X.

Thus || Tz|; < |7 |lz]lt, for all z € X, and hence T : (X, |.[|1) — (Y, |.ll2)
is bounded and linear. Since (X, ||.||}), (Y,||.]|;) are Banach spaces, by [6, open
mapping theorem] 771 : (Y, |.||5) — (X, ]|.]|Z) is a bounded linear operator; i.e.
sup |7 y||F < +oo. (3)
llylla <1
Since T is fuzzy bounded, [Ty < |TZ (=5 < ITIL N5 25 /ll]5. Then by
hypothesis ||Tz||f < M||T||%||z|;. Hence T : (X, ||.||5) — (Y, ||.||£).is a bounded
linear operator. Since (X, |.||7), (Y, ||.]|1) are Banach spaces, by [6, open mapping
theorem] 771 : (Y, [|.|£) — (X,].|l7) is a bounded linear operator; i.e.

Y e
lyld <1

Let |77, = SUD) |, 1+ <1 | T~y , for all @ € (0,1]. We have

1T lle < IT M allyld < IT~ allylalvlls /lylz, forall y € Y.
Then by hypothesis
1T ylle < IT~ allyllo M, for ally € Y. (4)

Now we have sup, .+, [T7'ylly < SUD||, 4< 1 T ty|T, ie. |77 Yo < T

for all a € (0, 1]. Then by (4), [Tl < [T allyllz M < [T~ llyll; M, for
all y € Y. Hence

sup sup [T yllg < [T 1M < +oo. (5)
O<asly|z <1

Thus by (3), (5) and [3, Lemma 5.7] T~ is a fuzzy bounded linear operator. [

Definition 4.6. Let X be a strongly complete fuzzy normed linear space. By
Corollary 2.32, forall a € (0, 1] there exists M, € R such that ||z||}/||z||; < Ma,
for all x € X. A strongly complete fuzzy normed linear space X is called bounded,
if sup M,, < +o0.

Corollary 4.7. Let X , Y be bounded strongly complete fuzzy normed linear spaces
and T : X — Y a bijective fuzzy bounded linear operator. Then T™1:Y — X is
a fuzzy bounded linear operator.

Next, we study the fuzzy normed linear spaces when the inverse of a given
operator is bounded.

Theorem 4.8. Let X, Y be fuzzy normed linear spaces, T : X — Y a bijective
fuzzy bounded linear operator and No = sup - <, |Tz||F < +oo, for all a € (0,1].

Furthermore, T~ is a fuzzy bounded linear operator. Then for every a € (0,1],
there exists M, € R such that ||z||1/||z|l, < Ma, for allz € X.
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Proof. Since T~ is a fuzzy bounded linear operator, ||[Tty||t < [T X ]ly|lE, for
ally € Y. Let x € X. T is bijective, there exists y € Y such that Tx = y. We have
lzlls = 1T~ yl1E < ITHE Iyl = 1T IS IT2lE < NallT7HIE N2z (6)
Let M, = N,|[T~Y|t. Then by (6), ||z||L/|z|l; < Ma, for all z € X. O

Theorem 4.9. Let X be a fuzzy normed linear space and sup - 7|3 < +oo,
for all « € (0,1]. Then, for every a € (0,1], there exists M, € R such that
Izll$ /2l < Ma, for allz € X.

Proof. Define I : X — X by I(z) = z. It is clear that I is a bijective fuzzy
bounded linear operator and I~! is a fuzzy bounded linear operator. We have

sup |[Iz||f = sup |z||f < +oo.
llzlla <1 llzlla <1
Then by Theorem 4.8 for every a € (0, 1] there exists M, € R such that ||z||T/||z|lz <
M,, for all z € X. (]

Theorem 4.10. Let X be a fuzzy normed linear space and suppose for every o €
(0,1] there exists M, € R such that ||z||t/||z|l; < Mgy for all x € X. Then
sup - <1 |12l < 400, for all a € (0,1].

Proof. By hypothesis we have ||z||{ < Mo |lz[3: Hence sup, -, [[z]|3 < Mo <
+o0, for all « € (0,1]. O

Corollary 4.11. Let X be a complete fuzzy normed linear space. The following
conditions are equivalent:

(i) For every o € (0,1] there exists My € R such that ||z||/||z|; < Ma, for all
reX .

(i) sup |, = <, 2|3 < +oo, for allec€ (0,1] .

(#ii) X is a strongly complete fuzzy normed linear space.

5. Hahn Banach Theorem

In the Hahn Banach theorem, the object to be extended is a linear functional f
which is defined on a subspace Z of a vector space X and has a certain boundedness
property which will be formulated in terms of a sublinear functional.

Theorem 5.1. Hahn Banach Theorem (Extension of linear functionals).
Let X be a real vector space and {pa }ac(0,] a family of sublinear functionals on X
such that

pa(z) < pg(x), for alla < p and all x € X.
Furthermore, let f be a linear functional which is defined on a subspace Z of X and
satisfies

f(x) < pa(x), for alla € (0,1] and all x € Z.

Then f has a linear extension f from Z to X satisfying

f(z) <palx), forall o€ (0,1] and all z € X.
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Proof. Proceeding stepwise, we shall prove:
(a) The set E of all linear extensions g of f satisfying

g9(x) < po(z), for all a € (0,1]

on their domains D(g) can be partially ordered and Zorn’s Lemma yields a maximal
element f of F.

(b) f is defined on the entire space X.

(¢) An auxiliary relation which was used in (b).

We start with part

(a) Let E be the set of all linear extensions g of f which satisfy the condition

g9(x) < pa(z), for all a € (0,1] and all x € D(g).

Clearly, E # 0, since f € E. On E we can define a partial ordering by g < h that
is h is an extension of g. For any chain C' C E we now define g by

g(z) =g(z) ifze D(g)(gel).

It is clear that g is an upper bound of C. Since C' C E'is arbitrary, Zorn’s Lemma
implies that E contains a maximal element f. By the definition of F this is a linear
extension of f which satisfies

f(x) < pa(x), for all a € (0,1] and all @ € D(f). (7)

(b) We now show that D(f) is equal to X. Suppose that this is false. Then we can

choose y; € X — D(f) and consider/the subspace Y7 of X spanned by D(f) and y;.
A functional g; on Y; is defined by

g1y + Ay1) = f(y) + Ac, (8)

where c is any constant. It is clear that g, is a proper extension of ]”v Consequently,
if we prove that g1 € E, by showing that

g1(z) < pa(z), for all o € (0,1] and all x € D(g1), (9)

this will contradict the maximality of f so that D(f) # X is false and so D(f) = X
is true.
Accordingly, we finally show that g; with a suitable ¢ in (8) satisfies (9). We

consider y and z in D(f). From (7) we obtain

fo)—f2)=fly—2) < paly—2)
= paly+y1 —y1—2)
S pa(y+y1)+Pa(_y1_Z)v

for all « € (0,1]. Now we have

—pa(—t1 — 2) = F(2) < paly + 1) — f(y), for all a € (0,1]. (10)
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Let @ < 3. Hence by (10) we have

—ps(—y1—2) = f(2) < —pal-y1—2)— f(2)
< paly+uy) — fly)
< paly+w) — fly). (11)

Suppose that a,, = 1/n. By (10) there exists ¢, € R such that

SUp (—pa, (—91 —2) = f(2)) S en < inf_(pa, (y+u1) — F(y)), (12)
2€D(f) yeD(f)

for all € (0,1]. Hence BY (11) and (12)

SUp (—pay (—y1 — 2) — f(2)) < co < inf_(pa,(y +31) — f(y)), forall n € N.
zeD(f) yeD(f)

Then there is a subsequence {c,, } of {¢,} such that ¢,,, — ¢. Let.a € (0, 1], then
there exists N7 > 0 such that 1/n; < «, for all n,, > N;. Thus by (11)

sup_(—pa(—y1 —2) = f(2) S cn, < inf_(paly + ya) =S (1)-
D(f)

z€D(f) ye
Hence B B
sup_(—pa(—y1—2) = f(2)) <c < mi (paly +y1) — f()), (13)
zeD(f) y€D(f)
for all @ € (0,1]. So
—pa(—y1 — 2) = F(2) < ¢ < paly + 1) = [ (W), for all 2,y € D(f), (14)

for all a € (0,1].
Now we prove (9). Let A < 0. By (14) we have

—Pal=y1 — @/ A)y) — F(1/Ny) <,

multiplication by.—\ >0 gives

Apa (=11 — (1/\)y) + f(y) < —Ae.
From this and (8), using y + Ay1, we obtain the desired inequality

91(z) = f(y) + A < =Apa(—y1 — (1/N)y) = pa(Ay1 +y) = pa(z), for all a € (0,1].
For A >0 by (14) we have

¢ < pal(1/N)y +y1) — f((1/N)y),
multiplication by A > 0 gives

Ae < Apa((1/N)y +31) = f(y) = pal@) — fy).
From this and (8),

g1(x) = f(y) + Ac < pa(z), for all o € (0,1].
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Theorem 5.2. Hahn Banach Theorem (Extension of linear functionals).
Let X be a real vector space and {pa }ac(0,1] @ family of sublinear functionals on X

h that
such tha pa(z) < polx), for alla < p and all x € X.

Furthermore, let f be a linear functional which is defined on a subspace Z of X and
satisfies
f(@) < palx), for all a € (0,1 and all x € Z.

Then f has a linear extension f from Z to X satisfying

f(@) < palx), forall o € (0,1] and all x € X.
Proof. This is similar to the proof of Theorem 5.1 g

Theorem 5.3. Hahn Banach Theorem (Generalized). Let X be a real vector
space and {pa fae(o,1] @ family of real valued functionals on X which are subadditive
and for every scalar \ satisfy

Pa(Az) = |Apa(z), for all a € (0,1] and allax € X.

And
" Pa(x) < pg(x), for all o < B and all x € X.

Furthermore, let f be a linear functional which is defined on a subspace Z of X

and satisfies
|f(z)| < palz), for all a € (0,1] and all x € Z. (15)

Then f has a linear extension f from Z to X satisfying

|f(2)| < palz), for allac (0,1] and all x € X.

Proof. (15) implies f(z) < pa(®); for all & € (0,1] and all z € Z. Hence by
Theorem 5.1 there is a linear extension'f from Z to X such that

f(z) < pdalx), forall o € (0,1] and all z € X.

We have
—f(@) = f(—2) < pa(=2) = pa(z), for all & € (0,1] and all z € X.

Hence

[f(z)| £ pa(z), for all @ € (0,1] and all x € X.

O
Theorem 5.4. Hahn Banach Theorem (Generalized). Let X be a real vector

space and {pa}ae(o,l] a family of real valued functionals on X which are subadditive
and for every scalar A satisfy
Pa(Az) = |Apa(z), for all a € (0,1] and all z € X.

And
" pa(z) < palx), for alla < p and all z € X.

Furthermore, let f be a linear functional which is defined on a subspace Z of X and
satisfies

|f(@)] < palx), for all a € (0,1] and all z € Z.
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Then f has a linear extension f from Z to X satisfying

|f(x)] < palx), foralla € (0,1] and all z € X.
Proof. This is similar to the proof of Theorem 5.3 O

Theorem 5.5. Hahn Banach Theorem (Fuzzy normed spaces). Let f be a
fuzzy bounded linear functional on a subspace Z of a fuzzy normed space X. Then
there exists a linear functional f on X which is an extension of f to X and has the
same norm, _

1= 11£II-

Proof. Useing Theorems 5.3 and 5.4, we have
£ (@) < [Ifllallzllo, for all x € Z and all a € (0, 1].

Now we define
pa(x) = | flIZ 1z, for all z € X and all o €(0,1].

Using Theorem 5.3, there exists a linear functional fon X which is an extension
of f and satisfies

lf (@) < fllallzll,, for all z € X and all o € (0,1].

‘We have
Ifllzlzlls < NI l]ls, for all z.€X and all o € (0,1].

Thus

If(@)| < [IfIIE]|=|lE, for all x € X and all « € (0,1].

So we obtain that N
A< N1£]I-

Since f is an extension of f, wethave || f|| < || f]|, and so the proof is completed. [

Uniform boundedness theorem states that if X is a Banach space and a sequence

of operators T,, is bounded at every point € X, then the sequence is uniformly
bounded.

Theorem 5.6. Uniform Boundedness Theorem. Let {T,} be a sequence of
fuzzy bounded linear operators T, : X — Y from a strongly complete fuzzy normed
linear space X into a fuzzy normed linear space Y such that

|To|| < 1ev for alln € N,
where 1, s a fuzzy real number. Then there is a fuzzy real number n such that

Tl <n, for alln € N.

Proof. Since T,, : X — Y is a linear operator and (X, |.||) a Banach space, for
any « € (0,1], it follows from Theorem 4.7.3 of [3] that there exist a real number
d,, such that

|TllE < da, for all a € (0,1].
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We define a, = inf{dg : 8 € (0,1]} and b, = inf{dg : 0 < § < a}, for all @ € (0,1].
We have that the closed interval [aq, bs] is nested, for any « € (0,1]. So there is a
fuzzy real number 7 such that

a=mr,nt]=[ sup asg, inf bgl, for all « € (0,1].
Mla = e na] =1 sup as, inf bl (0,1]

Now we obtain that ||T,[; < [T,[lf < |Tn]7 < d,, for all v € (0,1]. Hence

IT.]l5 < ag, for all € (0,1]. Thus ||T,||7 < ng, for all a € (0,1]. Moreover, we

have || T, [|£ < | T0|lf < dg, for all B < a. So ||T|| < ba, for all a € (0,1]. Since
|1 TllE < bo < bg, for all B < a,

it follows that ||T,,||f < nt, for all @ € (0,1]. Hence ||T,|| <. 0

Theorem 5.7. Let X be strongly complete fuzzy normed linear space and Z a
closed subspace of X. Then Z is a strongly complete fuzzy normed linear space.

Proof. Let {x,} be a Cauchy sequence in a normed linear space (Z,||.[[I). Z is a
subspace of X, hence {z,,} is a Cauchy sequence in a normed linear space (X, |.||1).
Since X is a strongly complete fuzzy normed linear space, there exists x € X such
that lim, o ||z, — z||F = 0. Let o < 8. We have ||z, — x||g < ||z, — z||f. Hence

limy, o0 |20 — x||}' = 0. Let 8 < a. Now we have
lon —2llg < llon — 2llq <lon= 2l
Thus limy, oo ||2n — 7|5 = 0. By Theorem 4.7. in [8], we obtain that
lon — @[l < Mgllwn =zl 5,

hence limy, o0 ||Tn — ac||zgr = 0. So lim, e ||z — xHE =0, for all 8 € (0,1]. Then
lim, .o , = x. Since Z is_ a closed subspace of X it follows that x € Z. Thus
the normed space (Z, ||.||%) is complete. similarly, the normed space (Z, ||.||7) is
complete. Hence Z is a strongly complete fuzzy normed linear space.

Definition 5.8. (Closed linear operator). Let X and Y be fuzzy normed linear
spaces and T : D(T) — Y a linear operator with domain D(T) C X. Then T is
called a closed linear operator if its graph

G(T) = {(Ivy) RS D(T)’y = T‘T}

is closed in the normed space X x Y, where the two algebraic operation of a vector
space in X x Y are defined as usual, that is

(w1,91) + (22, 92) = (21 + 22,91 +¥2), c(x,y) = (cv,cy),
and the norm on X x Y is defined by
[, )l = llzll + [lyll-

Theorem 5.9. Closed Graph Theorem. Let X and Y be strongly complete
fuzzy normed linear spaces and T : D(T) — Y a closed linear operator, where
D(T) C X. Then if D(T) is closed in X, the operator T is bounded.
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Proof. Tt is clear that X x Y with the norm defined in Definition 5.8, is strongly
complete. Since G(T) C X xY and D(T) C X are closed, it follows from Theorem
5.7 that G(T') and D(T) are strongly complete fuzzy normed linear spaces. We
consider the mappin

ppme P:G(T) — D(T)

(z,Tx) — x .
P is linear, bounded and bijective. Since supg.g<; SUD|| p(, 72| 5 <1 [zl =1 < oo,
it follows from Corollary 4.4 that P~! is bounded. Now we have
ITe] < ITall + o) = [P~ @)l < 1P~ |z, for all z € D(T).

Hence T is bounded. [
6. Compact Linear Operators on Fuzzy Normed Linear Spaces

In this section, the compact operators on fuzzy normed linearspaces are studied.
We know that all ordinary compact operators on normed linear spaces are bounded.
But the following example shows that this is not true for compact operators on fuzzy
normed linear spaces.

Example 6.1. Let X = I'. Define fuzzy numbers ||.|| and ||.|o by

llzllla = [Sgl;lanl, > lan]] and [[flole = > fanl, Y lanl],
nz n=1 n=1 n=1

where x = {a,}, for all « € (0,1]. It is clear that ||.|| and ||.||o are fuzzy norms on
X. We define T : (X, ||.|) = (X, ]|l-]lo) by T{an} = {an/n}, for all {a,} € X. Tt is
easily checked that T is a compact linear operator.

now we show that T is not fuzzy bounded. If T is fuzzy bounded, then there exists
a fuzzy real number n > 0 such that ||Tz|lo < n|z||, for all z € X and hence
ITz|on < nallzlly, for all z € X and all'ev € (0,1]. However,

o
IT{an} loa/[{anla = i{an/mHloa/ sup lan| = > [an/n)/ sup lan| < 715 (16)
Let "z n=1 =

|1, n=1,.k
n= 0, n>k.

Then {a,} € X and by (16) we have Zi:l 1/n <n,,forall k € N. As k — o0
then 1, = 400, which is a contradiction.

Theorem 6.2. Let (X,|.]|) and (Y, ||.||) be fuzzy normed linear spaces and T :
X — Y a linear operator. Then T is compact if and only if it maps every bounded
sequence {x,} in X onto a sequence {Tx,} in'Y which has a convergent subse-
quence.

Proof. This is similar to the proof of[6, Theorem 8.1.3] O

Theorem 6.3. Let (X,|.])) and (Y,].|]|) be fuzzy normed linear spaces and T :
X — Y a linear operator.

(i) If T is bounded and dimT(X) < oo, then the operator T is compact.

(i) If dim X < oo the operator T is compact.
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Proof. (i) Let {z,,} be a bounded sequence in X and y,, = T'z,,. Since T is bounded
by Lemma 2.22, | Tz| < ||T||||z]|, for all z € X, hence || Tz, ||t < ||T||f||zn|7, for
all @ € (0,1] and n € N.

Since T : (X, |.]l) — (Y,].]l") is a bounded linear operator and dim T'(X) < oo,
by [6, Theorem 8.1.4 and Theorem 8.1.3] there is a y € Y and a subsequence {y1,}
of {y,} such that lim, e ||y1n — y||7 = 0.

Since T : (X, ||||f/2) — (Y, ||HT/2) is a bounded linear operator and dim T'(X) <
00, by [6, Theorem 8.1.4 and Theorem 8.1.3] there is a 4’ € Y and a subsequence
{y2n} of {y1n} such that lim, o0 [[y2n—y'||7/, = 0. Since [[y2n—y'IIT < lly2n—3'll{ 5
it follows that lim,, oo ||y2, —¥'||7 = 0. On the other hand, lim,, . ||y2, —y||7 = 0.
Hence y = y/.

Similarly, there is a subsequence {yriin} of {yrn} such that limup=ec ||Ykt+1n —
y||f'/k+1 =0, for all k € N. Consider the subsequence {yn,} of {yn}. We shell show
that lim, 0 ||Ynn — y||T = 0, for all « € (0,1].

Let a € (0,1] and 0 < € be fixed. There is a N3 € N such that 1/n <'a, for all
N1 <n.

We have lim, o0 [|[Ynyn — yHT/Nl = 0. Hence there existstNg € N such that
lynyn — y||f/N1 < g, for all Ny <n.

Let N = max{Ny, Na}. We now have [|[yn, =yl < |lyan—
N < n and the proof is complete by Definition 2.36.

(ii) Since dim X < oo, by Theorem 2.23,T" is bounded. Moreover dim7T'(X) <
dim X < oo. Hence by (i), T is compact. O

T/Nl < g, for all

Theorem 6.4. Let {T,,} € B(X,Y) be a sequence of compact linear operators
from a fuzzy normed linear space (X, ||.||) into a complete fuzzy normed linear space
Y\ If {T.} is uniformly operator convergent, say, ||T,, — T|| — 0, then the
limit operator T is compact.

Proof. This is similar to the proof of [6, Theorem 8.1.5] O

7. Conclusion

As the idea of the fuzzy norm on a linear space is relatively new, the systematic
development of the subject fuzzy functional analysis has just started. In this paper,
we have dealt with fuzzy normed linear space and have started studying fuzzy
operator theory. An attempt has been made to give a consistent definition of a
fuzzy bounded linear operator by rectifying some defects in its previous definition
given by Bag and Samanta [1], Xiao and Zhu [7]. Bounded Inverse Theorem and
compagct linear operators on fuzzy normed linear spaces are studied. This will open
up the possibility of studying fuzzy operator theory which would have a wide range
of applicability of fuzzy functional analysis.
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