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FURTHER STUDY ON (L, M)-FUZZY TOPOLOGIES AND
(L, M)-FUZZY NEIGHBORHOOD SYSTEMS

H. ZHAO, S. G. LI AND G. X. CHEN

ABSTRACT. Following the idea of L-fuzzy neighborhood system as introduced
by Fu-Gui Shi, and its generalization to (L, M )-fuzzy neighborhood system, the
relationship between (L, M)-fuzzy topology and (L, M)-fuzzy neighborhood
system will be further studied. As an application of the obtained results, we
will describe the initial structures of (L, M)-fuzzy neighborhood subspaces and
(L, M)-fuzzy topological product spaces.

1. Introduction and Preliminaries

In this paper, based on the idea of (L, M)-fuzzy topological space introduced
by T. Kubiak and A. Sostak [6, 7], and the notion of (L, M )-fuzzy neighborhood
system as a generalization of L-fuzzy neighborhood system of Fu-Gui Shi [10], the
relationship between (L, M)-fuzzy topology and (L, M )-fuzzy neighborhood system
will be further studied. As an application of the obtained results, we will describe
the initial structures of (L, M)-fuzzy neighborhood subspaces and (L, M)-fuzzy
topological product spaces.

The following preliminaries will be used throughout this paper, which can be
found in [3, 8.

A complete lattice L is called completely distributive, if one of the following
conditions hold (the second then follows as a consequence [3]):

(CD1)
A(Ves)= v (Awo).

i€l \i€J; fellJi \iel
(CD2)

\/ (/\ am‘) = /\ (\/ %f(i)) ’
iel \ieJ; fellJ: \iel
where for each i € I and j € J;,a;; € L and f € [[J; means that f is a mapping
f: I —JJ; such that f(i) € J; for each i € I.

An element a # 0 in a lattice is called coprime if ¢ < bV ¢ implies a < b
or a < ¢ for all b,c € L. Further, a is said to be join irreducible if a = bV ¢
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implies @ = b or a = ¢ for all b,c € L. The set of all coprime elements (resp. join
irreducible elements) of L is denoted by Copr(L) (resp. J(L)). It can be verified
that if L is distributive, then a € L is coprime iff it is join irreducible, which means
Copr(L) = J(L). So, for convenience, we usually use J(L) to stand for the set of all
coprime elements of L if L is distributive. If L is a completely distributive lattice
and x < \/,cp ¥, then there must be t* € T such that = < g+ (here 2 < a means:
K C L,a <\ K = Jy € K such that x<y). Some more properties of <I can be
found in (8].

In the rest of the paper, L and M always denote Hutton algebras. A Hutton
algebra L, is a completely distributive lattice with order-reversing involution with
the least element 0 and the greatest element 1. Recall that an order-reversing
involution ” on L is a map (=)' : L — L such that for any a,b € L, the following
conditions hold: (1) a < bimplies b’ < a’. (2) @’ = a. The following properties hold
for any subset {b; : i € I} € L: (1) (\V,;c;00)" = Nicr 055 (2) (Nier 00)' = Ve Ui
We notice that LX, the set of all L-subsets of X, is also a Hutton algebra with
pointwise order. Its smallest element and the largest element are denoted Ox and
1x, respectively. For each A € L, the L-subset A’ is defined A'(z) = (A(x))" for
each z € X. Clearly, J(LX) = {z) : * € X,\ € J(L)}, where x is defined by
zA(y) = A if y =z and zx(y) = 0 otherwise.

Definition 1.1. (Kubiak and Sostak [6, 7]) An (L, M)-fuzzy topology on a set X
is a map 7 : L*X — M such that

(LMFT1)
T(1x)=T(0x)=1;
(LMFT2)
VUV eLX, TWUAV)>TU)ATV);
(LMFT3)

WU sjedyc 7|\ Ui | = \ TW).
JjeJ JjeJ
T (U) can be interpreted as the degree to which U is an open L-set, 7*(U) = T (U’)
will be called the degree of closedness. The pair (X,T) is called (L, M)-fuzzy
topological space. A mapping f: X — Y from an (L, M)-fuzzy topological space
(X, T1) to another (L, M)-fuzzy topological space (Y, 73) is said to be continuous if
T1(f<(B)) > To(B) for each B € LY. The category of all (L, M)-fuzzy topological
spaces and their continuous mappings is denoted by (L, M)-FTOP.

The following Definition 1.2 and Lemma 1.3 were introduced by Shi [10] for an
L-fuzzy topology and can be easily transformed to an (L, M)-fuzzy topology as
follows.

Definition 1.2. An (L, M)-fuzzy neighborhood system on a set X is a map N :
LX — ML) satisfying the following conditions:
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(LMFN1)

N(x)(@x) =1, N0x)(zx) =0 (V zx € J(LY));
(LMFN?2)

NO)(zx\) =0 VU e LXVaye JLX),z\ £U);
(LMFN3)

NUAV)(zx) = NU)(z2) AN(V)(22) VU,V € LXVxy € J(LY));
(LMFN4)
NO)) =\  /\ N(V)) (where VU € LX 25y, € J(LY)).

eA<V<U y,<V

N (U)(z) is called the degree to which ) belongs to the neighborhood of U. The
pair (X, N) is called (L, M)-fuzzy neighborhood space. A mapping f: X — Y
from an (L, M)-fuzzy neighborhood space (X, N}) to another (L, M )-fuzzy neigh-
borhood space (Y, N3) is said to be continuous if No(U)(f ™ (zx)) < N1(f(U)) ()
for each U € LY and each z) € J(LX). The category of all (L, M)-fuzzy neighbor-
hood spaces and their continuous mappings is denoted by (L, M )-FNS.

Lemma 1.3. (L, M)-FTOP is isomorphic to (L, M)-FNS.
Proof. Step 1: Define Ny : LX — M7E™) by
NrU) ()= \/ TV) (VU € L, vay € J(LY)).
A<V <U

Then N7 is an (L, M)-fuzzy neighborhood system induced by 7.
In fact, (LMFN1) and (LMFNZ2) are easily obtained.
(LMFN3) If A < B, then by the definition of N7, we have

Nr(A)(zy) < Ny (B)(zy) (V A, B € LX V) € J(LX)).
Hence
Nr(UAV)(@2) S N7(U) (@) ANT(V)(z2) (VU V € L¥ Vay € J(LY)).
On the other hand, if a <N7(U)(zx) ANT(V)(zy), then
a<aNr(U)(z) = \/ T(E), anda<aNr(V)(@y)= \/ T(G).
@y <E<U 2y <GV
Further, there exist E and G such that
A< E<Uuzy<G<V,and a < T(E), a <T(G).

So
A< EANG<UAV,and a < T(E)AT(G) <T(EAG).
Hence
a<T(EAG)< \/  T(M)=NrUAV)(xs).

TA<M<UAV
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This shows
NT(UAV)(@2) 2 N (U) (@) ANT(V)(22)-
(LMFN4) We first show that

/\ NT l"u (1)

JTASPY
By the definition of A, we can easily obtain

NEAWC IR

n<IX
On the other hand, if a < A N7 (U)(z,), then a < N7 (U)(zp) = V  T(G)
<IN 2, <G<U
for each p < A. Further, there exists G% € LX such that z, < Gm“ < U and
a <T(Gy,). Assuming = \/ G,,, we have 2y < F < U and

pn<AA
0< N\ T(Go) <T(\ Go) =TE) S \/  T(V)=Nr(U)(xy).
I I A<V U

This shows

zy) > \ Nr(U)(zp)

p<IA
Now, let z) <V < U and u <1 A, then we have

< N\ Nr(V)(yp) < Nr(V)(@) < N7 (U) ().

YV
So
NrO) )=\ T < 'V A Nr(W() < NrU)().
A<V <U oA<V<U y, <V
Hence
Nr@) @<\ A\ NrWD) < N\ Nr(U) () = Nr(U) ().
ASV<U y,<V n<AX
Therefore,

Nr@)() =\ A\ Nr(V) ()

2A<V<U g, <V
Step 2: Define Ty : LX — M by
= A\ NU)(z)) (VU € L¥).

AU

Then Ty is an (L, M )-fuzzy topology induced by N.
In fact, (LMFT1) is easily obtained from (LMFN1).
(LMFT2) VU,V € LX,

TNUAV)= N NUAV)@) = N\ W) (@) A N(V)(@y)]

T AIUAV AAUAV
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= (LA vt ( A o) -

(LMFT3) V{E;:je J} C LX,

TN(\/EJ‘): A N(\/Ej)(xk)Z/\ N\ N(E

jeJ Al V Ej JjeJ JjE€J zA\LE;
jeJT

Step 3: We show that
Nry =N.
In fact, YU € LX,Vxy, € J(LX), by (LMFN4), we have

N7 U)(z2) = \/ Tn(V) = \/ /\ NV)(yu) =

zA<V<U oAV U y, <V

Hence N7, = N.
Step 4: We show that

= N\ Nr(U (VU € LX) and Ty =T

zN<U
In fact, for each x) < U,

Hence,

N NrU) (@) = TU).

AU

Tn(U) AT (V).

113

On the other hand, if a<t A\ N7 (U)(z»), then a < N7(U)(z,) for each x) < U.

AU

Further, there exists V.., € L such that ) < V,, <U and a < T(V,, ). Obviously,

U=V V..So

AU
—T( \/ vm> > N\ T(Va,) > a
z\<JU AU
This shows
/\ Nr(U)(z)) < T(U).
AU
Hence
= N\ Nr(U (VU € LY).
z\<1U

Now, by the definition of Txr, we have

TvrU) = N\ Nr(U T(U) (VU € LX).

zN<U
Therefore, Ty =T.
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Step 5: If f: (X,71) — (Y, T2) is continuous with respect to (L, M)-fuzzy
topologies T; and 72, then

T(f=(U)) > T2(U) (VU € LY).

Hence
N (@)= \/ TV)< \V T (V)
f7(xA)SVLU AL<f(V)Sf=(U)
< N7 (f(U)) ().

Therefore f : (X,N7) — (Y,Np,) is continuous with respect to (L, M)-fuzzy
neighborhood systems N7, and N7, .

Step 6: If f: (X,N;) — (Y, N2) is continuous with respect to (L, M)-fuzzy
neighborhood systems N7 and N7, then

No(V) (f7 (22) SMI(FT (V) () (VW € LY Vay € J(LY)).

Hence
Tve(V)= N\ MaWw) < A NaWE7 @)= N\ MW7 (@)
yu<dV [ (zx)<V zAf (V)
< A MU =Ta (F7 (V).
zA<f (V)

Therefore f : (X, Ta,) — (Y, Tn,) is continuous with respect to (L, M)-fuzzy
topologies Tn;, and Ty, .
|

2. Further Study on (L, M)-fuzzy Topologies and (L, M )-fuzzy
Neighborhood Systems

Theorem 2.1. Let X be a nonempty set, let (Y, Ty) be an (L, M)-fuzzy topological
space, and let f : X — Y be a mapping. Define N': LX — MIEY) s follows:

NA)(x2) = N7 ([f7(A)]) (f7 (22)).
Then N is an (L, M)-fuzzy neighborhood system on X.
Proof. (LMFN1-LMFN2). N (1x)(zx) = N7, (1y)(f 7 (2x)) = 1. @) £ A, then
F7(22) £ [f7(A)]. In fact, if we have f7(xy) < [f7(A")]', thus
o < T @] S SO AN = @),
so () > ff7(A") > A’. Hence x\ < A, which is a contradiction. Therefore,
N(0x)(ax) = Ny ([F7 (L)) (f 7 (22)) = 0
and
N(A)(@2) = N7 ([f7 (A7 (@2) = 0 (V 2x £ A).
(LMFN3) For each A = A; A Ag, we have

[7AN) =17 (AY Y Ay) = [T (AL VT (AY).
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Hence
N (A1 A Ag)(wn) = Ny ([F7 (AL A A2) ) (7 ()
= N7 ([F7(AD V7 (AD])(F 7 (2))
= N7 ([P (AN (@2)) AN ([F 7 (AD)) (7 (22))
= N(A1)(zx) AN (A2)(z).
Therefore, N (A1 A As)(xx) = N(A1)(xn) AN (A2)(zr).
(LMFN4) Step 1: We show that
NA) (@) = \/ Nr (B)(f7(x2) | F7(B) < A}
BeLY
If f<(B) < A, then A < f<(B’) and f7(4") < B, s0 A < f*(B’) and B <
(f7(A4"). Hence
N(A) () = Ny ([F7 (A7 (20) = Ny (B)(f 7 ()
Therefore,

N A)(xn) =\ ANK (B)(f 7 (@) | f7(B) < A

On the other hand, let BBZG?;_)(A’))’, we have f<(B) = (f< f7(4")), thus
(f7(B)) =ff7(A) = A,
so f<(B) < A. Hence
N(A) () = N7 ([F 7 (A)])(F7 (22))
=Nr (B)(f7 (@) £\ ANK(B)(f7 (22)) | f(B) < A}

BeLY
Step 2: We show that

NA) @)=\ A\ NV
cASV<Ay,aV
By Step 1, let a<AV(A)(zy). Then there exists B € LY satisfying f<(B) < A such
that aQNTY( )(f7(xA)), since

N7 (B)(f 7 (22)) = V N Nr (V)(z0)
= (22) <V <B 2V
So there exists V € LY satisfying f~(z)) < V < B such that a < /N7, (V)(2;) for
each z; V. Let U = f<(V), then ) <U < A for all y,, «U. By Step 1, we have

a N7 (V)(f 7 (yu)) S NU)(Yp)-
Hence N(A)(zy) <V A NV)(yu)-

zA<V<Ay,aV
On the other hand, let b € M and \/ A N(V)(y,) £ b. Then there
A<V <Ay,aV
exists a € a(b) (where a(b) is the largest maximal set of b (see [12])) such that

V A N(V)(y,) £ a. Further, there exists V € LY such that ), <V <
zA<V<Ay,aV
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Aand A N(V)(y,) £ a, thus N(V)(y,) £ a (Vy, V), and, in particular,
YV

N(V)() £ a (¥y4N).
By Step 1, we have
NV)ay) =\ INK (D)7 (@) | fT(D) < V]
DeLY

There exists D € LY such that f<(D) < V and Ng, (D)(f7(zy)) % a, and
therefore f< (D) < A. By Lemma 1.3 , we have

N7y (D)(f7 (22)) = A N7y (D)(f 7 (34)) £ 0.
I (z4)<f 7 (22)
By Step 1, we have N'(A)(zy) £ b. Hence N(A)(zx) > VA N(WV)(h). O

2x<V<AhaV

Theorem 2.2. Let N, Ty and f be defined as in Theorem 2.1 and define a mapping
f(Ty) : LY — M by
FET)A) = \ N4 (VA € LY).
T <A

Then
(1) f<(Ty) is the weakest (L, M )-fuzzy topology on X such that f is continuous.
(2) If (Z,Tz) is an (L, M)-fuzzy topological space and g : (Z,Tz) — (X, f<(Ty))
is a map, then g is continuous iff f o g is continuous.

Proof. (1) First, by Lemma 1.3 , we know that f<(7y) = Ty is an (L, M) fuzzy
topology on X. Second, we show that f is continuous, i.e., Tar(f<(4)) > Ty (A)
for each A € LY. In fact, by Lemma 1.3, we can obtain

(@)= N\ NETW)a) = A Ne (U@ @)

zAaf = (A) zAAf* (A)
> N\ N (@) = A N7 (A)(f7 (22)
TA<f(A) 7 (@a)f7 = (A)
> AN N A (@) =Tr(A).

F7 (=x)<A

Hence f is continuous.

Now, let Tx be an (L, M )-fuzzy topology on X such that f is continuous, and
let A e LX. If B= (f7(A"), then f~(B) < A. We only need to show that
Tx(A) > Ty (A) (VA € LX), In fact, since f : (X, Tx) — (Y, Ty) is continuous,
we have that f : (X, N7, ) — (Y, N7 ) is continuous, and then for all A € LX, we
have

N7 (A)(@2) =2 N7 (F (B))(@2) = N7y (B)(f 7 (m2) = N(A)(22).
For any A € LX, we have

Tx(A) = Ty, (A) = N\ Nr(4A > \ N4 =Tn(4).

TA<MA TA<MA
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So Tx > Tar- Hence Ty is the weakest (L, M)-fuzzy topology on X such that f is
continuous.

(2) If g is continuous, then fog is continuous. Now, suppose fog is continuous.
we need to show that Tz(g (A4)) > Ta(4) (VA € L¥). By Lemma 1.3, we only
need to show that

N7 (g7 (A)(20) 2 N7y (A) (97 (22)) = N(A) (g7 (24)) (Vo € J(L?), VA € L¥).
In fact, for a <N(A)(g7 (21)), there exists f<(B) < A such that

a <N (B)(f7 (97 (21)))-

Hence

a Ny (B)(F~ (97 (20))) < N7y (9 (F(B))(22) < Ny (9 (A)) (2).
Therefore, N7, (9 (4))(2x) > N(A)(g~ (). 0

Theorem 2.3. Let X be a nonempty set, let {(X;,T;) }ier be a collection of (L, M)-
fuzzy topological space and let f;j : X — X; be a mapping for each j € I. Define

N LY — M7 py

N A ) =\ AN A7 @) N F(A) < Ap,
JCIfinite \J€J jedJ
where I is an index set. Then
(1) N is an (L, M)-fuzzy neighborhood system on X.
(2) Define a mapping Trr : LX — M as follows:

Tn(A) =\ N(A) (@)
TA<dA

Then Ty is the weakest (L, M )-fuzzy topology on X such that each f; is continuous
for each j € I, and Ty =\ f(To).
jerl
(3) If (Z,Tz) is an (L, M)-fuzzy topological space and g : (Z,Tz) — (X, Tyr)
a function, then g is continuous if and only if fj0g (j € I) is continuous.

Proof. (1) (LMFN1)-(LMFN2) are easily obtained.
(LMFN3) If A < B, then we can easily obtain N'(A)(zy) < N(B)(z,). Hence

N(AAB)(zx) < N(A)(zx) AN(B)(22).

On the other hand, suppose that a < N(A)(zx) A N(B)(zx). There exist finite
subsets Ji, Jy of I, A; € LXi (Vj € J1), B; € LXi (V] € J3) such that

N F(A) <A N f7(B) < B,

Jje€J1 Jj€J2

aa N\ N7 (A4)(f7 (z2),and aa \ N7, (B;)(f; (x2)).

JE JEJ2
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Let J = J; U Jy. Taking A; =1 (Vj € J — Ji), we may suppose that J = Ji,
Taking B; =1 (Vj € J — J2), we may suppose that J = Jy. Let C; = A; A B for

every j € J Then A f7(Cj) <AABanda< A N(C )(fﬁ(x,\)) Therefore
jed jeJ

N(A A B)(w2) 2 N(A)(22) AN (B) ().
(LMFN4) Suppose that a <N (A)(xy). Then there exists a finite subset J of I
and A; € LY (Vj € J) such that
N 7 (4) S A, aaNT (A)(f;7 (22)) (V5 € ).
jeJ

Since

NP =\ N NEB)W,),

£ @SB SA; v <B;

there exists f;”(vx) < B; < Aj such that a< A N7;(B;)(yy,) - Let

yﬂjQBj
B = /\ f;_(BJ)
jeJ
then zy < B < A. For all y, <« B, we have
a<a [\ N7 (B; < N\ N7, (B) (5 () < N(B)(yy)-
yuf‘Bj jeJ

Hence
NA)@) < N\ NB) )
z\<B<Avy,<B
On the other hand, suppose that b € M and

VA NB

z\<B<Avy,<B

Then there exists a € a(b) such that

VAL

zA<B<Avy,dB

Further, there exists B € LX such that zy < B < A and A N(B)(y.) % a.
yudB

Hence N (B)(y,) % a for any y, < B. In particular, N (B)(z,) £ a for each v <\
(this is because z, Jx)y < B = x4 < B). By the definition of AV, there exist finite
subsets Jy of I, B; € LY (Vj € Ji) such that A ff(B;) < B (thus we have
JEJ1
A fi(Bj) <A)and A Nz (Bj)(f; (z4)) £ a. By (1), we can obtain
JEJ1 JjE€J1

N Nz (B @)= N\ ANTBHS @)= N\ N\ N (B (@) £b.

j€J1 JEJ1 YA YAX JE T
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By the definition of N, since A\ fi(B;) < A, we have N'(A)(x) £ b. This shows
JEJ1

\/ A NB) ) < N(A)(x»).

zA<B<Ag«<B

(2) By Lemma 1.3, it is obvious that T is an (L, M)—fuzzy topology on X. In
order to prove that f; : (X, Ty) — (Xj,7;) is continuous, i.e.,

T (f7(4) 2 Tj(4)) = Ty, (4) (VA; € LY. Vj € 1),

we need to prove that f; : (X,N) — (X;,N7;) is continuous. In fact, Va) €
J(LX), A; € L¥i, by the definition of N,

N5 (A (@x) = N7, (A5) (f57 (22))-

By Theorem 2.2, we have Ty > f~(T;) (Vj € I).
Hence
Tv>T =\ f5(T5).
jel
On the other hand, suppose that for every x) € J(L¥), A; € L*i and every

finite subset J C I and A f{(4;) < A. We have that
JjeJ

N7 (A)(@2) = N7 (\ £ (45)) ()

jeJ

= N\ N7 (f (4))(x2)

jeJ

> N\ N7 (A5)(f57 ()
jeJ
By the definition of N, we have N« > A. Further, by Lemma 1.3, we have
T =Tnye =Ty

Therefore Ty =V f7(7;).
jeI

Now, since f; : (X, Tar) — (X, 7;) is continuous, suppose that § is an (L, M)—fuzzy
topology on X such that f; : (X,0) — (Xj,7;) is continuous for each j € I.
By Theorem 2.2, we have 6 > fi=(7;) for each j € I, and therefore § > T* =
V 57(T5).
jerl

(3) Necessity is straightforward. Suppose that f;og is continuous for each j € I.
We show that g : (Z,N7,,) — (X, N) is continuous i.e.

N7, (g7 (A)(@x) = N(A) (g7 (w2)) (Var € J(LY),VA € LY).
In fact, suppose that a <A (A)(g7 (x))). Then there exists a finite subset J of T

such that A fi7(4;) < Aand a< A N7, (4;)((fiog9)7(zx)). I B= A f(4;),
jeJ i€t j€J
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then ¢ (B) < g (A) and
a< \ N7 (45)(f 0 9) 7 ()
JjeJ
< N N7 (£ 0 9)7(4) ()
JjeJ
= N7, (95 (N fi (A7) (@)
JjeJ

= N7, (9" (B))(2r) < N7,(9 (4))(22)-

3. Subspaces and Product Spaces

Theorem 3.1. Let (Y, Ny) be an (L, M)-fuzzy neighborhood system, let X be a
subset of Y, and let idy|x : X — Y be its respective embedding. Define N|x :

LX — MILY) gs follows:
Nx(A)(xr) = N7, ([Gidy |x)7 (AD]) ((idy|x) 7 (x2))
= Ny ([(idy [x) 7 (A)]) (zx)-
Then N|x is an (L, M)-fuzzy neighborhood system on X.
Proof. The proof of Theorem 3.1 is easily obtained from Theorem 2.1. |

Definition 3.2. If N|x be defined as in Theorem 3.1, then the pair (X,N|x) is
called a subspace of (Y, Ny).

Theorem 3.3. NV|x(A) = \/{Ny(D)(zy) | D|x = A} (VA € LY).
Proof. Let [(idy|x)” (4")] = C, we have C|x = A. By Theorem 3.1,
Nlx(A)(zx) = Ny ([idy [ x) 7 (A)]) (zx) = Ny (C)(2a)

< VM (D)(@x) | DIx = A}
On the other hand, by the proof of Theorem 2.1(see (LMFN4)) and Theorem
3.1,

Nx(A)(xx) = \{N7, (B) (@) | (idy|x)7(B) < A}

= \/{Wy (B)(@) | (idy|x)*(B) < A} = \/{Ny(D)(2x) | D|x = A}.
O

Definition 3.4. For any set X, let {(X;,7;)};er be a family of (L, M)-FTOP-
objects, let X = [[ X,, and let p; : X — X, be the j-th projection. The
product (L,M)—fuzjze; topology on X, denoted by H T;, is the weakest (L, M)-
fuzzy topology on X such that p; is continuous. T}islpair (X, H T;) is called the
product space of {(X;,T;)}jer- e
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Theorem 3.5. (1) If T = HI'E', then T = \/Ip;_('ﬁ)
JE Jj€
(2) If (Y, Ty) is an (L, M)-fuzzy topological space, then a mapping g: Y — X
is continuous if and only if pj o g (Vj € I) is continuous.
(3) Vxy € J(LX), VA € LY and every index set I, we have

Nr(A)(ay) =\ {/\NT] )y (x2) |\ P (A <A}

Jcifinite \i€J jeJ
(4) If J is a finite subset of I and A= ] A;, and A; =1 when j & J, then
Jjel
= N\ NF(A) @} (@2). T(A) = A\ Ti(4;).
jel jeJ

Proof. By N = N7, and Theorem 2.3, we can easily obtain (1)—(3).
(4) We first show that

= A NT(A) @7 (@2)-
jerl

It is obvious when A = 1x or A = Ox. Without loss of generality, we assume
A # 1x and A # 0x. We also assume that A; # 1 for each j € J (if not , then we
have N7(A;)(p;” (2x)) = 1). By the definition of N7, it is obvious that

> \ N7 (4) (] (22))-
JjeJ

On the other hand, let J; be a finite subset of I, and let B; € L*i (Vj € Jy)
be such that B = A pi (B;) <A By A= [[ 4; = A pf (4;), we have J C J;

NISOA jeI jeJ
and B; < A; (Vj € J) . Hence,
/\ NTJ p] /\ NTJ p] )))
Jjen jeJ
< N\ N7, (4))(p5 (22))
jeJ
(by the definition of N7) < N7 (A)(xy).
Therefore, N7(A)(zx) = A N7;(4;)(p;” (1)) (2)
jeJ

Now, since p; : (X,T) — (X,,7T;) (Vj € J) is continuous, we have

=T(A\ 5 (4)) = N\ T (4) = N\ Ti(4;).

jes jeJ jeJ

In order to prove T(A) = A T;(4;), we need to show that T(4) < A T;(4,).
JjeJ JjeJ

If T(A) £ A T;(A;), then there exists jo € J such that T(A) £ T;,(4;,). By

JjeJ
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Lemma 1.3, we can obtain

T(A) = N\ NrA)(x) and Tio(di) =\ N7, (430) (,)-

T <A ijUQAJ'O

Hence N7(A)(zy) £ Tj,(Aj,) for each x5 < A. Further, there exists Yuj, Aj, such
that N7(A)(zx) £ N7, (Ajo)(Yu,,)- However, by (2), we have

Nr(A)(@x) = )\ N7, (4) (05" (22)) < N3, (Ajo) (W)
jeJ
which is a contradiction. O

4. Conclusions

In this paper, the relationship between (L, M)-fuzzy topology and (L, M)-fuzzy
neighborhood system is further studied, and the initial structures of (L, M)-fuzzy
neighborhood subspaces and (L, M)-fuzzy topological product spaces are given.
Similarly, we can also give the initial structures of (L, M)-fuzzy topological sub-
spaces and (L, M)-fuzzy neighborhood product spaces.

The construction of initial structures in the category of (L, M )-fuzzy topological
spaces through those in the category of (L, M)-fuzzy neighborhood systems really
looks rather interesting; the fact that the two categories are isomorphic, however,
enables researchers to substitute one of them with the other, to find a solution of a
complicated problem.

The related topic of (L, M )-fuzzy topological spaces will be studied further in our
subsequent papers (e.g. (L, M )-fuzzy topological groups and (L, M)-fuzzy topolog-
ical vector spaces), involving, possibly, product of the latter.
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