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BOUNDEDNESS OF LINEAR ORDER-HOMOMORPHISMS IN
L-TOPOLOGICAL VECTOR SPACES

H. P. ZHANG AND J. X. FANG

ABSTRACT. A new definition of boundedness of linear order-homomorphisms
(LOH) in L-topological vector spaces is proposed. The new definition is com-
pared with the previous one given by Fang [The continuity of fuzzy linear
order-homomorphism, J. Fuzzy Math. 5 (4) (1997) 829—838]. In addition,
the relationship between boundedness and continuity of LOHs is discussed.
Finally, a new uniform boundedness principle in L-topological vector spaces
is established in the sense of a new definition of uniform boundedness for a
family of LOHs.

1. Introduction

Fang and Yan [5] proposed the notion of L-fuzzy topological vector space in
1997. According to the standardized terminology in [8], more accurately, it should
be called lattice-valued topological vector space (L-tvs), which is the extension of
both the notion of classical topological vector space ({0, 1}-tvs) and that of [0, 1]-
topological vector space ([0, 1]-tvs) due to Katsaras [9].

Wang [14] initiated the notion of order-homomorphism, which unifies and gener-
alizes the concept of ordinary mappings and that of Zadeh extension maps [2]. One
may refer to [10, 15] for detailed discussion about the theory of order-homomorphism
and its applications in fuzzy topology. Combining order-homomorphism with linear
structure, Fang [3] proposed the concept of (L-fuzzy) linear order-homomorphism
(LOH) and investigated its structure. From the subsequent works [4, 16, 17, 18]
about LOHs, we can conclude that LOH is relatively reasonable generalization of
the ordinary linear operator. In addition, it is proved by Yan [17] that LOH can
be seen as an application of fuzzy powerset operators for variable basis proposed
by Rodabaugh [8, 12, 13] to vector structure.

As is well known, boundedness of linear operators is a basic and important con-
cept in the theory of {0, 1}-tvs. So, it is natural and necessary to define rationally
the boundedness of LOH in the research of L-tvs. In 1997, Fang [4] introduced the
concept of boundedness of LOH and studied the relation between continuity and
boundedness of LOH. Moreover, Yan and Fang [18] defined uniform boundedness
for a family of LOHs and extended the famous uniform boundedness principle in
{0, 1}-tvs to general L-tvs.
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Quite recently, Fang and Zhang [6] proposed a new definition of boundedness of
LOH in [0,1]-tvs. In this paper, we intend to extend this definition from [0, 1]-tvs
to general L-tvs, that is, an LOH from one L-tvs to another is said to be bounded
if it maps bounded L-fuzzy sets into bounded L-fuzzy sets, which coincides with
boundedness of linear operators in {0, 1}-tvs in a more natural way compared with
that of Fang [4]. Further, a new definition of uniform boundedness for a family of
LOHs is introduced and the corresponding uniform boundedness principle in L-tvs
is established.

This paper is organized as follows. In Section 2, we recall some basic definitions
and notations to be used in the remaining parts of the paper. In Section 3, we
propose a new definition of boundedness of LOH and investigate the relationship
between the new definition and Fang’s. In addition, the relation between bounded-
ness and continuity of LOH is discussed. In Section 4, a new uniform boundedness
principle in L-tvs is established in the sense of a new definition of uniform bound-
edness for a family of LOHs. We draw a conclusion in Section 5.

2. Preliminaries

Throughout this paper, L and N denote Hutton algebras [8], i.e., complete and
completely distributive lattices equipped with order-reversing involutions ’. 07 (0x)
and 17 (1y) are their bottom and top elements, respectively. M (L) denotes the set
of all non-zero union-irreducible elements in L. The elements of M (L) are also called
molecules [11] in L. LX denotes the family of all L-fuzzy sets on X. Naturally, LX
is also a Hutton algebra and M (L¥) = {z) | z € X, A € M(L)}. An L-fuzzy set
which takes the constant value A € L on X is denoted by A. An L-fuzzy set on
X is called an L-fuzzy point if it takes the value 0 for all y € X except one, say,
x € X. If its value at « is A € L\ {01}, we denote this L-fuzzy point by z). A
lattice-valued topology d on X is called stratified, if it contains all constant L-fuzzy
sets on X. We always assume that the lattice-valued topologies referred to in the
present paper are all stratified and the lattices are regular (i.e., the intersection of
each pair of non-zero elements is not zero, or, equivalently, the top element is a
molecule). For other symbols which are not mentioned, we refer to [5, 11].

Definition 2.1. [15] Let (LX,6) be a lattice-valued topological space and x) €
M(LX). P € L¥ is called a closed R-neighborhood of xzy, if P € §' and z) £ P.
The set of all closed R-neighborhoods of z is denoted by 1~ (xy).

A € LX is called an R-neighborhood of z, if there exists P € 5~ (z) such that
A < P. The set of all R-neighborhoods of z is denoted by n(z)).

U C n(xy) is said to be an R-neighborhood base of z if for each P € n(xy),
there exists @@ € % such that P < Q.

Definition 2.2. [14, 15] A mapping ¢ : L — N is called an order-homomorphism
if the following conditions hold:
(1) »(0r) = On;

(2) @ is union-preserving, i.e., o(\ a;) = V ¢(a;) for all {a;};cr C L;
i€l il
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(3) ¢V is complement-preserving, i.e., for each b € N, Y (V') = (pV(b))’, where
¢V is the right adjoint of ¢ (see [8, 12, 13]), i.e., ¥ (b) = \/{a € L | p(a) < b}.

Obviously, if ¢ : L — N is an order-homomorphism, then

¢V (1n) =1g and ¢ (0n) = ¢ ((1n)") = (¢"(1n)) = (1L) = 0.
Definition 2.3. [15] Let (LX,6x) and (NY,dy) be two lattice-valued topological
spaces and F : LX — NY be an order-homomorphism. Then F is said to be
continuous, if F¥(B) € §x for every B € dy.

When L = N, a mapping f : X — Y is said to be continuous, if the Zadeh
extension map [2] F : LX — LY of f is a continuous order-homomorphism.

F is said to be continuous at the molecule e € M(LX), if FV(Q) is an R-
neighborhood of e in (L, §x) for each R-neighborhood @ of F(e) in (NY,&y).

Remark 2.4. It is not difficult to show that an order-homomorphism F : LX —
NY is continuous iff it is continuous at e for each e € M (LX) (see [15] for detail).

In the sequel, X and Y always denote vector spaces over K (K =R or C). For
simplicity, 6 denotes the zero elements of both X and Y.

Definition 2.5. [1, 5] Applying the extension principle of Zadeh to addition and
scalar multiplication, we define the addition and scalar multiplication of L-fuzzy
sets on X as follows. For A, B € LX and k € K,

(A+B)(z)= V (Aly) A B(2)),

yt+z=x

(kA)(z) = A(x/k), whenever k # 0,

{ V Aly), x=4,
(0A4)(z) = ¢ vex
0, x #0.

In particular, for L-fuzzy points xy, y, and k € K, we have
Ty + Yu = (gj =+ y))x/\/t and kfﬂ)\ = (k’x))\

Definition 2.6. [5] Let § be a lattice-valued topology on X. The pair (LX,4) is
called an L-tvs if the following two mappings (the addition and the scalar multipli-
cation on X):

(1) f: X xX =X, (z,y) »2x+y and

(2) g: KxX = X, (k,z) — ka
are both continuous, where X x X and K x X are equipped with the corresponding
product lattice-valued topologies d x § and Jx X J, respectively, and Jg denotes the
usual topology on K.

Definition 2.7. [4] Let (L¥,6) be an L-tvs. An L-fuzzy set B on X is said to be
A-bounded (A € M(L)), if for each @ € n(fy), there exist t > 0 and p € L with
p & N such that B A p < tQ’. B is said to be bounded if it is A-bounded for each
Ae M(L).

Definition 2.8. [3] A mapping F': LX — NY is called an LOH, if it is an order-
homomorphism satisfying the following linearity condition:
F(kiA+ kyB) = k1 F(A) + ko F(B) for each A, B € L%, ky, ks € K.
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Remark 2.9. A typical example of LOH is the Zadeh extension map F : LX — LY
of an ordinary linear operator f : X — Y.

The following is a decomposition theorem of LOH.

Lemma 2.10. [3] The mapping F : LX — NY is an LOH iff there exist an ordinary
linear operator f : X — Y and a finitely meet-preserving order-homomorphism
@ : L — N such that F is the bi-induced mapping [7] of [ and ¢, i.e.,

F(A)(y)= V @A) foral Ac LX,yeY.

f(@)=y

Remark 2.11. (1) By Lemma 2.10, in the sequel, we shall use (f, ¢)™ and (f, »)*
instead of F' and F'", respectively. These notations are taken from [8].

(2) Tt is not difficult to see that the Zadeh extension map F : LX — LY of
an ordinary linear operator f : X — Y is exactly the LOH (f,idr)™, where idy,
denotes the identity mapping on L.

3. New Definition of Boundedness of LOH

In this section, we first propose a new definition of boundedness of LOH, then
investigate the relationship between the new definition and that given by Fang [4].
In addition, the relation between boundedness and continuity of LOH is discussed.

In [4], Fang gave the following definition of boundedness of LOH.

Definition 3.1. [4] Let (L%, 0x) and (NY,dy) be two L-tvses and (f, )~ : LX —

NY an LOH. (f,)™ is said to be A-bounded (A € M(L)), if it maps every A-

bounded L-fuzzy set in (L, dx) into a ¢()\)-bounded L-fuzzy set in (NY, dy).
(f,p)7 is called bounded if it is A-bounded for each A € M (L).

Now, we propose a new definition of boundedness of LOH, which coincides with
boundedness of linear operators in a more natural way.

Definition 3.2. Let (L¥,0x) and (NY,dy) be two L-tvses and (f, )~ : LY —
NY an LOH. (f, )™ is said to be bounded, if it maps every bounded L-fuzzy set
in (L, dx) into a bounded L-fuzzy set in (NY,dy).

Remark 3.3. In the sequel, for distinction, we rename bounded LOH in the sense
of Definition 3.1 as LOH bounded on each layer and when we speak about bounded
LOH, it will be in the sense of Definition 3.2.

Remark 3.4. Examples 3.6 and 3.7 in [6] show that the two kinds of boundedness
of LOH do not imply each other even in [0, 1]-tvs. So, they are different in gen-
eral L-tvs. However, under certain condition, boundedness on each layer implies
boundedness (see Theorem 3.7).

Lemma 3.5. [10] Let ¢ : L — N be an order-homomorphism. If ¢ is surjective,
then oY = idy, where idy is the identity mapping on N.

Lemma 3.6. Let ¢ : L — N be an order-homomorphism. If ¢ is surjective and
finitely meet-preserving, then oY (\) € M(L) for each A € M(N).
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Proof. Since ¢ is surjective, for each A € M (N), there exists p € L\ {0} such that
o(p) = A. Hence ¢V (A\) > pu > 0p.

Let o, € L with ¢Y(\) < aV 8, ie, o/ A3 < ¢Y(N). Hence, since ¢
is finitely meet-preserving, o(a’) A o(8') = (o’ A B) < w(pY (X)) < X, ie,
A < (@) V (e(B"). Since A € M(N), we have A < (p(a')) or A < (¢(8)),
ie, p@) < Norp(B)< N <= o <p'N)or 8/ <p'(N) < ¢Y(\) <aor
©Y(N) < B. So ¢¥(A) is a non-zero union-irreducible element in L, i.e., ¢V ()\) €
M(L). O

Theorem 3.7. Let (LX,5x) and (NY, 8y ) be two L-tvses and (f, )~ : LX — NY
an LOH. If (f,©)™ is bounded on each layer and @ is surjective. Then (f,@)™ is
bounded.

Proof. Let A € LX be an arbitrary bounded L-fuzzy set in (LX,dx). It suffices to
prove that (f,¢)~(A) is &-bounded in (NY,dy) for each A € M(N).

In fact, let A\ € M(N). Then ¢V(\) € M(L) by Lemma 3.6. Hence A is
" (A)-bounded since it is bounded, and so (f, )~ (A) is ¢(¢"(A))-bounded, i.e.,
A-bounded by Lemma 3.5. This completes the proof. O

Corollary 3.8. Let (L~X,0x) and (LY ,dy) be two L-tvses and f : X — Y be an
ordinary linear operator. If f (i.e., (f,idr)™ ) is bounded on each layer. Then f is
bounded.

Finally, we discuss the relation between boundedness and continuity of LOH.

Lemma 3.9. [4] Let (L~ ,0x) and (NY,8y) be two L-tvses and (f, o)~ : LX —
NY an LOH. If (f,¢)™ is continuous. Then (f, )~ is bounded on each layer.

Theorem 3.10. Let (LX,6x) and (NY,8y) be two L-tvses and (f, )~ : LX —
NY an LOH. If (f, )™ is continuous and ¢ is surjective. Then (f, )™ is bounded.

Proof. Tt follows directly from Lemma 3.9 and Theorem 3.7. (]

Corollary 3.11. Let (LX,5x) and (LY ,dy) be two L-tvses and f : X — Y be an
ordinary linear operator. If f (i.e., (f,idr)™ ) is continuous. Then f is bounded.

Remark 3.12. Theorem 3.10 indicates that, under certain condition, continuity
of LOH implies boundedness of LOH. Thus, a natural question arises: when does
boundedness of an LOH imply its continuity? Note that this question has been
solved in [0, 1]-tvs (see Theorem 4.11 in [6]).

The answer in {0, 1}-tvs is that if the first space is first-countable, i.e., satisfies
the first axiom of countability, then boundedness of a linear operator implies its
continuity. Unfortunately, this is not the case in general L-tvs (even L = [0,1]) if
we define the first axiom of countability as follows:

An L-tvs (LX,6) is said to satisfy the first axiom of countability if there evists
a countable R-neighborhood base of 0y for each A € M(L).

To see this, let’s refer to Example 3.6 in [6]. It is not difficult to prove that the
first space is first-countable.

In the example, (Ty, ¢) " is bounded, but it is not bounded on each layer. Hence,
it is not continuous by Lemma 3.9.
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At the end of this section, we pose the above unsolved question as an open one.
Question: In general L-tvs, when does boundedness of an LOH imply its continu-
ity?

4. New Uniform Boundedness Principle in L-tvs

Yan and Fang [18] extended the famous uniform boundedness principle in {0, 1}-
tvs to L-tvs by introducing the concepts of uniform boundedness and equicontinuity
for a family of LOHs. In this section, we first propose a new definition of uniform
boundedness for a family of LOHs, which coincides with uniform boundedness for
a family of linear operators in the classical sense. Then, we establish a new uni-
form boundedness principle in L-tvs in the sense of the new definition of uniform
boundedness for a family of LOHs.

Definition 4.1. [18] Let (LX,8) be an L-tvs. An L-fuzzy set B is said to be
strongly A\-bounded (A € M (L)), if for each @ € 1n(f)), there exists ¢ > 0 such that
B < tQ'. B is said to be strongly bounded if it is strongly A-bounded for each
A€ M(L).

Remark 4.2. (1) Comparing the above definition with Definition 2.7, it is obvious
that, for an L-fuzzy set, strong A-boundedness implies A-boundedness for each
A € M (L), hence strong boundedness implies boundedness.

(2) Since A < p implies n(6y) € n(#,), strong p-boundedness implies strong
A-boundedness whenever A, u € M (L) with A < p. As a result, strong boundedness
is equivalent to strong 1;-boundedness (Note that 1;, € M(L) by the regularity
assumption on L).

Definition 4.3. [18] Let (LX,dx) and (NY, dy') be two L-topological vector spaces.
A family {(fa,Pa)” }aer of LOHs from LX to NY is said to be equicontinuous, if

there exists an order-homomorphism ¢ : L — N satisfying ¢ > \/ ¢, such that
ael
the following condition holds: for each A € M (L) and each R-neighborhood P of

fp(n) in (NY,0y), there exists an R-neighborhood W of 6 in (L, éx) such that
(fa,9a) 7 (W) < P'for alla € T.

Remark 4.4. (1) Since ¢ > ¢, for all a € T, each R-neighborhood of 6, (y) in
(NY,dy) is also an R-neighborhood of 6,y in (NY,dy). Hence, equicontinuity
of the family {(fa,¥a)” tacr of LOHs implies the continuity of (fa,pq)” for all
acl.

(2) By (1), it is not difficult to see that the family {(f, @)™} consisting of only
one LOH is equicontinuous iff (f,¢)™ is continuous.

Definition 4.5. [18] Let (LX,x) and (NY,dy) be two L-topological vector spaces.
A family {(fa, Pa)” }aer of LOHs from L¥ to NV is said to be uniformly bounded,

if there exists an order-homomorphism ¢ : L — N satisfying ¢ > \/ ¢, such
ael

that the following condition holds: for each A € M(L) and each A-bounded L-

fuzzy set A € LX, there exists a ¢(\)-bounded L-fuzzy set B € NY such that

(fa, 0a) 7 (A) < B for all a € T
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Remark 4.6. Tt is easy to show that the condition “there exists a ¢(\)-bounded
L-fuzzy set B € NY such that (fs,pa)”(A) < B for all a € I'.” is equivalent to

the condition “\/ (fa, o)~ (4) is ¢(N)-bounded.”
ael’

Now, we propose the following new definition of uniform boundedness for a family
of LOHs, which coincides with uniform boundedness for a family of linear operators
in the classical sense.

Definition 4.7. Let (LX,dx) and (NY, 6y ) be two L-topological vector spaces. A
family {(fa, o)™ Yaer of LOHs from LX to NV is said to be uniformly bounded, if
for each bounded L-fuzzy set A € LX, there exists a bounded L-fuzzy set B € NY
such that (fo,0a)”7(A) < Bforall a €T.

Remark 4.8. (1) It is easy to show that the condition “there exists a bounded
L-fuzzy set B € NY such that (fa,pa)”(A) < B for all a € T.” is equivalent to
the condition “ \/ (fa,%a)”(A) is bounded in (NY,§y).”

acll
(2) Tt is easy to see that uniform boundedness of a family {(fa,¥a)” taer

of LOHs in the sense of Definition 4.7 implies boundedness of each of the LOH
(fasPa)™-

Remark 4.9. For distinction, we rename uniform boundedness in the sense of
Definition 4.5 as p-uniform boundedness and when we speak about uniform bound-
edness, it will be in the sense of Definition 4.7.

The following theorem indicates that, under certain condition, p-uniform bound-
edness implies uniform boundedness.

Theorem 4.10. Let (L*,0x) and (NY,8y) be two L-topological vector spaces.
Suppose that {(fo, va)” tacr is w-uniformly bounded and ¢ is surjective and finitely
meet-preserving. Then {(fo, ©a)™ }acr is uniformly bounded.

Proof. By (1) of Remark 4.8, it suffices to show that for each bounded L-fuzzy set
A€ LY, \/ (fa,9a)” (A) is bounded in (NY, dy).

acl

In fact, for each p € M(N), ¢V (u) € M(L) by Lemma 3.6, hence A is ¢V (p)-

bounded, which implies that \/ (fa,@a)”(A) is p(p"(u))-bounded by Remark
ael
4.6, i.e., it is p-bounded by Lemma 3.5. So \/ (fa,¥a)(A) is bounded. This
ael
completes the proof. O

The following lemma is the uniform boundedness principle for a family of LOHs
obtained in [18].

Lemma 4.11. [18] Let (LX,8x) be an L-tvs and X be of second category on ev-
ery stratum. Let (NY,dy) be a regqular L-tvs and {(fo,0a)” tacr be a family of
continuous LOHs from (L, 6x) to (NY,6y). Suppose that there exists an order-

homomorphism ¢ : L — N satisfying ¢ > \/ @ such that for each x € X and
acl’
each A € M(L), By = \ (fa, o)~ (x1,) is strongly ¢()\)-bounded in (NY,6y).
ael
Then {(fa, Pa)” taer is equicontinuous and @-uniformly bounded.
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Remark 4.12. By (2) of Remark 4.2, the condition “for each x € X and each
A € M(L), B, is strongly ¢(A)-bounded” can be replaced by “for each z € X, B,
is strongly ¢(1r,)-bounded”

The following theorem is the new uniform boundedness principle in L-tvs in the
sense of the new definition of uniform boundedness for a family of LOHs.

Theorem 4.13. Let (LX,6x) be an L-tvs and X be of second category on every
stratum. Let (NY,dy) be a reqular L-tvs and {(fa, 9a)™ Yaer be a family of contin-
uous LOHs from (L*,0x) to (NY,8y). Suppose that there exists a surjective and

finitely meet-preserving order-homomorphism ¢ : L — N satisfying ¢ 2 \ ¢a
acl
such that for each x € X, By = V (fa,9a) " (x1,) is strongly ¢(11)-bounded in
ael’

(NY,0y). Then {(fa,Pa)” Yaer is equicontinuous and uniformly bounded.
Proof. Tt follows from Lemma 4.11, Remark 4.12 and Theorem 4.10. (]

In Theorem 4.13, letting L = N and ¢ = ¢, = idy, for each a € T', we can obtain
the following corollary, which is an extension of uniform boundedness principle in
{0,1}-tvs to L-tvs.

Corollary 4.14. Let (L~ ,0x) be an L-tvs and X be of second category on ev-
ery stratum. Let (LY ,8y) be a reqular L-tvs and {(fa,idr)” }acr be a family
of continuous LOHs from (LX,8x) to (LY,dy). Suppose that for each x € X,

B, = V [fa(x)]1, is strongly bounded in (LY ,6y). Then {(fa,idr)™ }aer is
ael
equicontinuous and uniformly bounded.

5. Conclusion

First, we proposed a new definition of LOH and compared it with that of Fang
[4]. Then, we discussed the relation between boundedness and continuity of LOHs.
Finally, we established a new uniform boundedness principle in L-tvs in the sense
of a new definition of uniform boundedness for a family of LOHs.
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