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ON MINIMAL REALIZATION OF IF-LANGUAGES: A
CATEGORICAL APPROACH

V. K. YADAV, V. GAUTAM AND S. P. TIWARI

ABSTRACT. The purpose of this work is to introduce and study the concept
of minimal deterministic automaton with IF-outputs which realizes the given
IF-language. Among two methods for construction of such automaton pre-
sented here, one is based on Myhill-Nerode’s theory while the other is based
on derivatives of the given IF-language. Meanwhile, the categories of deter-
ministic automata with IF-outputs and IF-languages alongwith a functorial
relationship between them are introduced

1. Introduction

The study of fuzzy automata was initiated by Wee [25] and Santos [20] in 1960’s
after the introduction of fuzzy set theory by Zadeh [26]. Much later, a considerably
simpler notion of a fuzzy finite state machine (which is almost identical to a fuzzy
automaton) was introduced by Malik, Mordeson and Sen [16, 17]. Somewhat differ-
ent notions were introduced subsequently in [12, 13]. The usefulness of the concepts
of fuzzy automata has been shown inmumerous engineering applications such as
pattern recognition, clinical monitoring, and also used to model fuzzy discrete event
systems (cf., [15, 17, 18, 19]). After the introduction of intuitionistic fuzzy set (a
generalization of fuzzy set, which has been found to be highly useful in dealing
with vagueness) by Atanassov [2; 3], Jun [10, 11] generalized the concept of fuzzy
automata by introducing and studying the concept of an intuitionistic fuzzy finite
state machine (At this point, we mention that in several papers, e.g., [7], it has
been argued that the use of the term ‘intuitionistic’ for the concept introduced by
Atanassov [2], is inappropriate. Accordingly, we use in this paper the prefix ‘IF-’ in
place of intuitionistic fuzzy, thus for example, an intuitionistic fuzzy set is renamed
here as an ‘IF-set’. This terminology has already been used in [21, 22, 23, 28]).
Interestingly, the usefulness of IF-automata has been shown in the study of social
sciences (cf., [5, 6]).

A fairly general definition of a machine in a category has been introduced in
the literature by Arbib and Manes [1], which includes as particular cases, the lin-
ear systems (used in control theory), the standard automata with outputs, tree
automata and stochastic machines. An interesting problem in this context is the
realization problem, which says that given a behaviour, can we design a machine
which realizes it. This problem has been studied in fairly general category-theoretic
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setup by Goguen [8] and Arbib and Manes [1]. In particular, Arbib and Manes have
provided a minimal realization in the cases of linear systems, automata with out-
puts and tree automata. After the introduction of fuzzy languages [14, 24, 27],
recently, the similar concept has been studied in [9] for fuzzy languages in algebraic
setup. Chiefly inspired from [1, 8], in this paper, we study the concept of minimal
realization (i.e., minimal deterministic automaton with IF-outputs) which realizes
the given IF-language in category-theoretic setup. We use two concepts for such
construction, specifically, one is based on Myhill-Nerode’s theory and the other is
on the basis of derivatives of the given IF-language. In between, we also introduce
the concepts of run map, reachability, observability, category of deterministic au-
tomata with IF-outputs and category of IF-languages, and functors between these
two categories.

2. Preliminaries

In this section we recall the concept of IF-sets, which is to be used in the next
sections. Throughout, I denotes the interval [0, 1] and for a nonempty set X, X*
denotes the free monoid generated by X. We shall denote by e, the identity element
of X*.

Definition 2.1. [2] An IF-set A in X is a pair (A, As) of fuzzy sets in X, i.e.,
functions Ay, Ay : X — I, such that Ay (z) + Az(x) < 1; Vo € X.

(Ai(x) and As(z), appearing in the above definition, are usually interpreted
respectively as the degree of membership and the degree of non-membership of z
in A).

Remark 2.2. We shall usually denote the two parts of an IF-set A also as A; and
As and express A as (A1, 43). AnIF-set A = (A;, A3) in X will frequently be also
viewed as a function A : X = I x I, given by A(z) = (A1(x), Az(z)),z € X, with

3. Categories of Deterministic Automata with IF-outputs and
IF-languages

In this section, we introduce and study the categories of deterministic automata
with IF-outputs, and IF-languages. Also, we present a functorial relationship be-
tween these two categories.

We' begin with the following concept of a deterministic automaton with IF-
outputs, which is similar to the concept of deterministic finite automaton with
vague (final) states in the sense of [4] with the difference that here we use IF-output
map instead of vague final states.

Definition 3.1. A deterministic automaton with IF-outputs is a 5-tuple
M = (Qa Xa 67 QO7B)a where

(i) @ and X are sets called the state-set and input-set, respectively.
ii) 0:Q x X — @ is a map called transition map.

(iii) 8:Q — I x I is an IF-set, also called an IF-output map.

(iv) qo € Q is a fixed state called the initial state.
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] B1/ 52
QxX Q Q
v
(©)
bxa (A) 1 (B) |b b 518,
RN
Q xX , Q Q
4

F1cURE 1. Commuting Diagram of Definition 3.3

Example 3.2. Let @ be the set of integers and X = {0;1,2;...}. Then M =
(Q,X,0,0,5) is a deterministic automaton with IF-outputs, where d : Q x X — @
is a map such that

g+ if ¢g>0

—lg+z| ifqg=0

q ifg<0,x=0

lg+=z| Afg<0,2#0

Vg€ Q,Vr € X, and §:Q — I x I is a map such that for all ¢ € @,
1, ifg=0

Pule) = { ﬁ, otherwise.

6(g,x) =

0, ifg=0
Balq) = { 1— L otherwise.

lq]”

Definition 3.3. Let M = (Q, X,4, q0,3) and M' = (Q’, X', ', ¢, 8") be determin-
istic automata with IF-outputs. A homomorphism f : M — M’ is a pair (a,b),
where a : X — X’ and b: Q — Q' are maps such that the diagrams in Figure
1 commute. In Figure 1 we use 1 for the singleton set {0} with 7(0) = ¢go and
7/(0) = ¢{. Also, M"is called the homomorphic image of M if f is onto.

Remark 3.4. (i)In Figure 1, the commutativity of Diagram (C) means (8]0b)(q) =
P1(q) and (B3 9b)(q) = B2(q),Vq € Q.

(ii) Throughout, we will use the notation A;/As in diagrams to denote an IF-set
A. Also, the commutativity of such diagrams will be the same as discussed in (i).

Proposition 3.5. The class of all deterministic automata with IF-outputs and
their homomorphisms form a category under component-wise composition of maps.

Proof. Let M = (Q,X,5,q0,8), M = (@', X", &g}, #) and M" = (Q", X", 5",
qy,8") be deterministic automata with IF-outputs and f = (a,b) : M — M’ and
g = (a',b): M — M" be their homomorphisms. To show that the composition
gof=(doab ob): M - M"” is a homomorphism, it is enough to show that
the diagrams in Figure 2 commute. The commutativity of Square (A) in Figure 2
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Q Q - ]

bob bob

\ B1/Bs

FIGURE 2. Diagram for Composition of Homomorpisms

5
QxX Q
bxa (4) b
Y 5/ Y
(b xa')o(bxa) Q x X' Q b ob
b xa (4=) b
Y Y
Q// >< X// - 1"
5

FIGURE 3. Diagram for Commutativity of Square (A) in Figure 2

follows from the commutativity of both diagrams (A') and (A”) in Figure 3. As,
for all (¢,z) € Q% X, ((0"0b) 06)(q,x) = V'(b(6(g, 7)) = V'((8" o (b x a))(q,z)) =
b'(6'(b(q), al@))) = (6”0 (V" x a"))(b(g), a(x)) = (8" o (' x a’) o (b x a)))(g, ). Thus
(B ob)od=06"0((t) xa')o(bxa)).

Also, the commutativity of triangle (B) in Figure 2 follows from the commutativ-
ity of both the upper and the lower triangles in Figure 4. As ((b' 0 b) o 7)(0) =

(b 0b)(7(0)) = ((bo7)(0)) =b'(7/(0)) = (b o7)(0) = 77(0). Thus (b'ob)or = 7".
Finally, the commutativity of triangle (C') in Figure 2 follows from the commuta-
tivity of both the upper and the lower triangles in Figure 5. Since, for i = 1 and 2;
Bilg) = (B; o b)(q)= Bi(b(q)) = (B o V')(b(q)) = B (b'(b(q))) = B{((t' o b)(q)) =
(B o (b o b))(q). Thus B; = B o (W ob), i =1,2. O

We shall denote by DIFA, the category of deterministic automata with IF-
outputs. By abuse of language, we shall also denote the object-class of the category
DIFA by DIFA itself.
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Y
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Q

FIGURE 4. Diagram for Commutativity of Triangle (B) in Figure 2

1

Q B1/B2 /

B1/B;

' By /8,
Q

FIGURE 5. Diagram for Commutativity of Triangle (C') in Figure 2

Remark 3.6. Let D be the class of DIFA-objects and DIFA-morphisms with the
restriction that the first component of each DIFA-morphism is onto. Then D is
also a category. Obviously, it is a subcategory of DIFA.

Now, we introduce the concepts of run map, reachability map and observability
map of a deterministic automaton with IF-outputs.

Definition 3.7. For (Q, X,9,q,,8) € DIFA, the map § : @ x X — @ can be
extended to a map §* : Q X X* — @ such that

(i) 6*(q,e) =1,
(il) 0*(q,wz) = 6(0*(q,w),x),Vg € Q,w € X* and z € X,

6* is called the run map of M.

Example 3.8. In Example 3.2, (X,+) is a free monoid and ¢ is the run map of
M.
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Definition 3.9. (a) Let M = (Q, X, J,q,,3) € DIFA. The reachability map r
of M is a map r : X* — @ such that

(i) r(e) = go, and

(ii) r(wz) =d(r(w),z),Yw € X* and Yz € X.
(b) M is called reachable if r is onto.

Example 3.10. Consider the Example 3.8. The identity map on X* is reachable.

Remark 3.11. It can be easily seen that
(i) r(w) = 0*(go, w),Vw € X*.
(ii) r(ww') =6 (r(w),w),Yw,w" € X*.
(iii) The reachability of M = (Q, X, d,¢,,3) € DIFA only tells that for each
state ¢ € @ there exists w € X* such that 6*(go, w) = q.

Definition 3.12. Given M = (Q,X,0,q0,8) € DIFA; the map f, given by
(f);(w) = B1(0*(q,w)) and (fy),(w) = B2(6*(q,w)),Yw € X*, is called the IF-
language accepted by M in state q.

The IF-language fq, accepted by M in state/qo is called the IF-language ac-
cepted by M.

Remark 3.13. It can be easily seen that f,, = for, ie., (fg), = f1 o7 and
(fqo)g = 62 or.

Definition 3.14. (a) Given M = (@, X0, qo,5) € DIFA, the map o given by

o(q) = (01(q),02(9)), Vq € Q, where a1(q) = (fg), and 02(q) = (fq),, is called the
observability map.

(b) M is called observable if ¢ is one-one.

Remark 3.15. (i) Note that, for i = 1,2;0;(q0) = (fg)i, Where (fg,)i(w) =
(Bior)(w) = Bi(r(w)) = Bi(6*(qo0, w)), Yw € X*.

(ii) The observability of M € DIFA tells that different IF-languages are assigned
to distinct states.

Now, we introduce the concept of IF-languages for arbitrary sets and the category
of IF-languages.

Definition 3.16. (a) For a given set X, an IF-language isamap f: X* — I x [
such that fi(w) + fo(w) < 1,Vw € X*.

(b) A morphism between two IF-languages f : X* — I x I and f': (X')* > Ix1I
is a map a : X — X’ such that the diagram in Figure 6 commutes.

The map a* in Figure 6, is free extension of the map a in Definition 3.16(b) defined
inductively by a*(e) = ¢’ and a*(wz) = a*(w)a(z),YVw € X* and x € X.

Proposition 3.17. For a given set X, the class of IF-languages and their mor-
phisms form a category.

Proof. The proof is similar to that of Proposition 3.5. O
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f1/ f2

B —— e

“ fi/fz
(X)
FIGURE 6. Diagram for Definition 3.16(b)

r
X*

Q

1 * ’

) Q

FI1GURE 7. Commuting Diagram for Proposition 3.19

We shall denote by IFL, the category of IF-languages.

Remark 3.18. Let L be the class of IFL-objects and IFL-morphisms with the
restriction that the first component of each IFL-morphism is onto. Then L is also
a category. Obviously, it is a subcategory of IFL.

Proposition 3.19. Giwen M = (Q, X, 4, q0,5), M' = (Q',X',¥,q),8) € DIFA
with reachability maps r : X* — Q and r' : (X')* — Q' respectively, and DIFA -
morphism (a,b) : M — M’ the diagram in Figure 7 commutes.

Proof. We prove this by induction on the length of strings in X*. Let w € X*. For
] = 0, (Bo r)(e) = b(r(e)) = blao) = b and (' 0 a*)(e) = r*(a*(€)) = r'(€) = gb.
Thus the diagram in Figure 7 commutes for |w| = 0. We now assume that the result
is true for all strings of length less than or equal to n, i.e., for all w € X* such that
lw] < n, (bor)(w) = (1 0 a*)(w), ie., b(r(w)) = r'(a*(w)). Then (bor)(wz) =
b(r(wz)) = b(d(r(w),z)) (from Definition 3.3) = §'(b(r(w)),a(x)), as (a,d) is a
DIFA-morphism. Furthermore, (7’ o a*)(wz) = '(a*(wz)) = 7'(a*(w)a(z)) =
8 (b(r(w), a(x))) follows from the fact that the result is true for all strings of length
less than or equal to n. Hence the diagram in Figure 7 commutes for |w| = n+1. O

Proposition 3.20. Let E : DIFA — IFL such that E(M) = f,,,VM € DIFA
and for all DIFA-morphism (a,b) : M — M', E(a,b) = a. Then E is a functor.
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r B1/ B2
Q

a* b B1/B;

AN /

(X) , Q

F1GURE 8. Commuting Diagram of Proposition 3:20

5107"/5207"

a ’ ’ / ’
Biow /Byor

NG

(X)

F1GURE 9. Commuting Diagram Equivalent to Diagrams in Figure 8

Proof. We will only show that 'a’ is an IFL-morphism. Since (a,b) is a DIFA-
morphism each of the diagram in Figure 8 commutes. The diagram in Figure 8 lead
us to the commutativity of the diagram in Figure 9. Also, as f;, = (Bi0o7,fB207)
and f; = (81 or',By on'), the diagram in Figure 9 states that ‘a’ is indeed an
IFL-morphism. (]

Inspired from Proposition 3.20 and Remarks 3.11, 3.15, we now introduce the
following concept of minimal realization of a given IF-language.

Definition 3.21. M € DIFA is a realization of an IF-language f if E(M) = f.
Further the realization M is minimal if M is both reachable and observable.

4. Minimal Realization of IF-language

In order to present two approaches to construct minimal deterministic automa-
ton with IF-outputs for the given IF-language, we divide this section into two
subsections.

4.1. Minimal Realization Based on Myhill-Nerode’s Theory. This subsec-
tion is towards the construction of minimal realization of the given IF-language
based on Myhill-Nerode’s theory. We begin with the following.
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Proposition 4.1. Given an IF-language f : X* — I x I there exists a deterministic
automaton with IF-outputs Ny, which realizes f.

Proof. Define a relation ~ on X* by wy &~ ws iff fi(wiw) = f1(wow) and fo(wiw) =
fo(wow), YVw € X*. Then = is an equivalence relation on X*. Now, let Q; =
X*/ == {[w] : w € X*}, where [w] = {w' € X*: w = w'}, and define the maps d
and (f as:
05 : Qf x X — Qy such that é¢([w], z) = [wz], and
By Qp — I x I such that (By)1([w]) = fi(w) and (B)2([w]) = f2(w).

Viw] € Qf and Va € X.
Both the maps are well defined, which is shown as under:

Let wy,wy € X* such that [wq] = [we]. Then wy =~ wy. Now,

= fi(lww) = fi(waw) and fo(wiw)/ = folwsw),Vw € X*
= filw1) = fi(ws) and fa(w1) = falwz)

= (Bp)i([wi]) = (Bp)1([we]) and (By)2([wil)= (By)2([w2]),
= ((B)1, (Br)2)([wi]) = ((Br)1s (Bg)2) ([we])

= (Br)([wi]) = (Br)([w2]),

and thus 3y is well-defined.
Again, let wy,ws € X* such that [wi]= [ws]. Then w; =~ ws. Now,

w1 = Wy

wy Rwy = fi(wiw) = fi(wew) and fa(wiw) = f2(wow), Vw € X*
= fi(wzw) = fi(weazw) and fo(wizw) = fo(wzw), Vo € X
= wix ~ wyx,Vr € X
= Juiz] = [waa], Ve € X

= O([wi], 2) = 65 ([wa], ),

and so dy is well-defined: Thus Ny = (Qy, X, 0y, [e], B¢) is a deterministic automa-
ton with IF-outputs. Also, by induction, it is easy to verify that d; can be extended
to 67 : Qp X X* — @y such that §}([w],w) = [ww'].

Finally,
E(Ng)(w) = fg(w)
= ((fre)r(w), (fe1)2(w))
= ((Br)r(07([e], w)), (Br)2(87([e], w)))
= ((Br)a([w]), (Br)a([w]))
= (fi(w), f2(w))
= flw).
Thus E(Ny) = f. Hence Ny realizes f. O

Proposition 4.2. The realization N¢ of IF-language f : X* — I x I is minimal.
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(0.2,0.4) (0.3,0.5) (0.2,0.4)

(0.3,0.4)

FIGURE 10. Minimal Deterministic Automaton with
IF-outputs for Example 4.3

Proof. Let [w] € Q¢. Then r(w) = 6*([e],w) = [ew] = [w]. Thus r is onto, and so

Ny is reachable. Also, let w1, ws € X* such that.o([w;]) = o([w2]).

Now, o(fun]) = o([uw])

= (i = Ffwapr and (fwi))2 = (fus))2, Voo € X
Jrwo)1(w) = (frws))1(w) and

= (S (Frn))2(@) = (flwz))2(w), Yw € X*
= (B3 ([w], w)) = (Br)ldp([w2], w)) and
(B5)2(8% ([w], w)) = (B5)2(0 ([wal w)), vw € X*
= (Bp)a([wrw]) = (Bp ([waw]) and (By)2([wiw]) = (Bf)2([waw]), Vw € X*
= filwiw) = fi(waw) and fo(wiw) = f2(waw), Vw € X*
= (filwiw), frlurw)) = (fi(waw), fo(waw)),Vw € X~

=  fww) = fwow),Vw € X7,

and so w; A~ wq or [wy] = [ws], whereby o is one-one. Hence Ny is minimal
realization of f. O

Example 4.3. Consider an IF-language f: X* — I x I such that

(0.2,0.4), if w=-e,ab,aab
) (03,0.5), fw=a
flw) = (0.3,04), ifw=uaa
0, otherwise

over monoid generated by X = {a,b}. Then the minimal deterministic automaton
with IF-outputs, which realizes f is given in Figure 10. Also, it can easily verified
that the reachability map r : X* — @ is onto, i.e., Ny is reachable and the
observability map o is one-one. Thus realization N; of IF-language f is minimal.

The following is a functorial relationship between the categories L and D.
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) B B
0 x 4 0, o (B)1/(Br)2
"
(©)
bxa 4 1 (B) b b By )1/ (By)2
Tf’
Qp x X* Qy Qy

dgr
FiGURE 11. Commuting Diagram of Proposition 4.4

Proposition 4.4. Let N : L — D be a map which sends each f € L to Ny, and to
each L-morphism a : f — f’ to (a,b) : Ny — Ny, where:b: Qs — Qy is the map
such that b(Jw]) = [a*(w)]. Then N is a functor.

Proof. We only show that for given L-morphism a : f — f’, (a,b) : Ny — Ny,
where b: Qf — Qy is the map such that b([w]) = [a*(w)] is a D-morphism. First,
we show that the map b: Qy — @y is well-defined, which is shown as under:

Let wy,wy € X* such that [wq] = [ws]. Then wy ~ws. Now,

wy Rwy = fr(ww) = fi(wew)and fo(wiw) = fo(wew),Vw € X*
= (fioa")(wiw) = (fi o@")(waw) and (f3 0 a”)(wiw)
= (f§oa™)(wow),Yw € X*, (As'a’ is an L — morphism)
= fi(@" (wi)a’(w)) = fi(a*(w2)a"(w)) and fi(a”(wi)a”(w))
= (fi(@ (w2)a*(w)), Va*(w) € X"
= _a*(wy) =~ a(w2)
= [a"(w)] = [a"(w2)]
= b(fwi]) = b([we]).

Thus the map b is well-defined.

Again, in order to prove that (a,b) : Ny — Ny is a D-morphism, we have to show
that the diagrams in Figure 11 commute. To show the commutativity of square (A)
in Figure 11, let ([w],z) € Q5 x X. Then (64 o (bx a))([w],z) = dp (b([w]), a(x)) =
5 7r((a* (w)], a(z)) = [o*(w)a(z)] = [a*(wz)]. Also, (b6 b7)([w], 2) = b{ds (], 2)) =
b([wz]) = [a*(wx)]. Hence square (A4) in Figure 11 commutes. Commutativity of
Diagram (B) in Figure 11 follows from the fact that (boty)(0) = b(7,(0)) = b([e]) =
[a*(e)] = [¢/] = 74/(0). Lastly, to show the commutativity of the Diagram (C) in
Figure 11, let [w] € Q. Then for i = 1,2; ((B4)i o b)([w]) = (By)i(b([w])) =
(Br)ila*(W)]) = fi(a*(w)) = fi(w) = (Br)i(w]) (e, Definition 3.16 (b)), ie.
(Bf)iob = (By)1 and (By)2 0b = (Bf)2. Thus the Diagram (C) in Figure 11
commutes. Hence 3¢ ob = fy. (I
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4.2. Minimal Realization Based on Derivatives of IF-language. This sub-
section is towards the construction of minimal realization of a given IF-language
based on derivatives of the given IF-language. We begin with the following concept
of derivatives.

Definition 4.5. Let f : X* — I x I be an IF-language. The derivative of f
with respect to u € X* is a map f*: X* — I x I such that f* = (f{*, f&), where
fi(w) = f1(uv) and f3(v) = fo(uw),Vo € X*.

For given an IF-language f : X* — I x I, we put Qf = {f*:ue X*}.

Proposition 4.6. Given an IF-language f : X* — I x I, there exists N¥ € DIFA
which realizes f.

Proof. Let f: X* — I x I be an IF-language. Define the maps 6/ and 54 as :
67 Qf x X — Qf such that §/(g,2) = g*,Vg € Qf and Vo € X.
Bf 1 QF — I x I such that Bf(g) = g(e), i.e
B (1) = g1(e), and 5 (g2) = ga(e). Vg € QL4
The maps 67 and B/ are well defined, which are shown as follow:

Let g,h € Q7 such that g = h. Then Ju,v/€ X* such that g = f*, h = f* and
f* = f". Now,

g=h = f"=f”

S frw) = )R = w), Yo e X°

=  fi'(zw) = fi(zw), f3(zw) = f3(zw),Yw € X and Vo € X
=  g1(zw) = hi(2w),gs(zw) = he(2zw),Yw € X*and Yz € X
= ¢f(w) =hi(w), g5 (w) = h(w),YVw € X and Yz € X

= ¢*=h"VeeX

= 5f(g,x) =6/ (h,z),Vx € X,

and so §7 is well defined. Also, let h,k € Qf such that h = k. Then Ju,v € X*
such that h = f" and k = f*. Now,

h=k = [f%(w)=f"w),YVweX"
S frw) = f2w) and £ (w) = f3(w),Yw € X°
= = 110 ond £ = 500
= hi(e) = ki(e) and ha(e) = ka(e)
= B{(m) :/3{ (k1) and 3 (1) = Bf (k1)
= pl(h) =B (k)

and so A7 is well defined. Thus N/ = (Q7,X,é/, f¢,8/) € DIFA. Also, by
induction it is easy to verify that §/ can be extended to (6*)f : Q; x X* — Qy
such that (6*)7 (g, w) = g*,Vg € Qf and Yw € X*. Finally, it remains to show that
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E(NY) = f. For this, let w € X*. Then
E(N')(w) = f(w)

(fT (w), f3 (w))

(B (8% (f5,w)), BL((6)! (£5,w)))
= (B{ (1), B (f5))
= (BI85 (1))

(

(

fi'(e), f3'(e))
= (fi(we), fa(we))
= (fi(w), fa(w))
= flw).
Hence E(N7) = f, whereby N/ realizes f. a

Proposition 4.7. The realization N¥ = (Q7, X, 67, f¢, p¥)of IE-language f :
X* — I x I is minimal.

Proof. First we show that the observability map ¢ is one-one. Let wi,wy € X*
such that o(f**) = o(f™2). Then

o(f*) =o(f*?) = o(f*)w )=U(f’”2)(w) Yw € X7

= B (1 w)= BI6") (112, w)) and
B (f3" 5w)) = BI((8") (f5, w))
BL(FIANE b’l( 12") and B3 (f3") = 53 (f5")
P (e) = i7" (e) and £ (e) = [y (e)
1 (w) =117 (w) and fy (w) = 57 (w)
= fP= 2

Thus o is one-one. Finally, to show that the reachability map 7 is onto, let g € Q7.
Then there exists w € X* such that g = f*. Now, r(w) = (§*)f(f¢,w) = fv =
f* = g. Thus for each g = f* € Q7 there exists w € @ such that r(w) = g,
whereby r is onto. Herce the realization N7/ of IF-language f is minimal. O

R

Now, we provide another functorial relationship between the categories L and
D.

Proposition 4.8. Let N : L — D be a map which sends each f € L to NI, and
to each L-morphism a : f — f' to (a,b) : N¥ — NI where b: Q7 — Q7 is the
map such that b(f*) = f* (). Then N is a functor.

Proof. Similar to that of Proposition 4.4. (I

We close this subsection by providing an isomorphism between deterministic
automata with outputs Ny and N¥.

Proposition 4.9. Given an IF-language f : X* — I x I, the DIFA-object
NI =(Q7,X,d7, f¢, B) is isomorphic to DIFA-object Ny = (Qy, X, 5y, [e], By).
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5y 0 (Br)1/(Br)2

bxidx| (A 1 (B) |b b

Qf x X Q7 Qf

§f

FI1GURE 12. Commuting Diagram for Proposition 4.9

Proof. Define a map ¢ = (idx,b) : Ny — N/ such that b([w]) = f*, Yw € X*.
Then for given [w] € Qf,3 f* € Q7 such that b([w]) = f“.-Thus ¢ is onto. Also,
it is clear that ¢ is one-one. Finally, to show that ¢ = (idx,b) : Ny — N/ is
a homomorphism, we have to show that the diagrams in figure 12 commute. To
show the commutativity of square (A) in Figure 12, Let ([w],z) € Q5 x X. Then
(67 0 (b x idx))([w], x) = &7 (b([w]), x) = &7 (f*; @) = f*". Also, (bods)([w],z) =
b([wx]) = f**. Thus square (A) in Figure 12 commutes. Commutativity of diagram
(B) in Figure 12 follows from the fact that b(74(0)) = b([e]) = f¢ = 7/(0). Lastly,
to show the commutativity of diagram (C) in Figure 12, let [w] € Q. Then for
i =1 and 2; (8! ob)([w]) = 8! (b([w)) =B (*) = £(e) = fulw) = (B)s([u), i
B{ ob=(Bs)1 and 55 0b = (B¢)2. Thusthe Diagram (C) in Figure 12 commutes.
Hence the DIFA-object N/ =(Q/, X, 67, f¢, ) is isomorphic to DIFA-object
Nf:(vaXaéfa[e]vﬂf)' U

5. Conclusion

In this paper, we have tried to answer the question that “given an IF-language,
can we design a minimal deterministic automaton with IF-outputs, which realize
it” in_category theoretic setup. Specifically, we introduce and study two minimal
deterministic automata with IF-outputs which realize the given IF-language. The
construction of one such automaton is based on Myhill-Nerode’s theory, while con-
struction of the other is based on derivative of the given IF-language. Interestingly,
we have shown that both the realizations are isomorphic. In future, we will try to
introduce the concept of realization of IF-languages by monoids.
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