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THE CATEGORY OF T-CONVERGENCE SPACES AND ITS
CARTESIAN-CLOSEDNESS

Q. YU AND J. FANG

ABSTRACT. In this paper, we define a kind of lattice-valued convergence spaces
based on the notion of T-filters, namely T-convergence spaces, and show the
category of T-convergence spaces is Cartesian-closed. Further, in the lattice
valued context of a complete MV -algebra, a close relation between the cate-
gory of T-convergence spaces and that of strong L-topological spaces is estab-
lished. In details, we show that the category of strong L-topological spaces
is concretely isomorphic to that of strong L-topological T-convergence spaces
categorically and bireflectively embedded in that of T-convergence spaces.

1. Introduction

As pointed out by E. Lowen and R. Lowen in [14], the category of stratified
[0, 1]-topological spaces (or fuzzy topological spaces in the original terminology
of [13]) is not completely satisfactory for certain application in Algebra topology
or Functional analysis, here [0, 1] is the unital interval. The main reason is the
fact that it is not Cartesian-closed and hence there is no natural function space
for the sets of morphisms. In order to overcome this deficiency, by starting from
convergence theory in stratified [0, 1]-topological spaces developed by R. Lowen in
[13], E. Lowen et al. [14, 15] considered fuzzy convergence spaces as a generalization
of Choquet’s convergence spaces [1] and obtained the resulting Cartesian-closed
category containing the category of stratified [0, 1]-topological spaces as a fully
embedded subcategory:

For more general lattice L instead of the unital interval [0, 1], stemming from
stratified L-topological spaces, Jager [10] developed a theory of convergence based
on the notion of stratified L-filters, where L is a complete Heyting Algebra. The
resulting category, namely the category of stratified L-generalized convergence
spaces, has the desired structural property of Cartesian-closedness and contains
the category of stratified L-topological spaces as an embedded reflective subcate-
gory. The conyergence theory was developed to a significant extent in recent years
[3, 18,719, 11, 12, 16, 20, 21]. On this basis, in the same lattice valued context,
Fang [2] defined a subcategory of the category of stratified L-generalized conver-
gence spaces, namely the category of stratified L-ordered convergence spaces, which
also is Cartesian-closed and contains the category of stratified L-topological spaces
as an embedded reflective subcategory.
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Thus in case of the underlying lattice L being a complete Heyting Algebra, we see
that Jager and Fang all got nice conclusions. Regretfully, the idempotency about
the meet operation A of L is indispensable for Cartesian-closedness of the resulting
categories in [2, 10]. The requirement of idempotency is not very convenient because
the semigroup operation in most of underlying lattices (e.g., complete MV -algebras)
is not idempotent, but commutative.

Apart from the Cartesian-closedness depending on the idempotency of the meet
operation A, all convergence spaces mentioned above, such as fuzzy convergence
space, stratified L-generalized convergence spaces and stratified L-ordered conver-
gence spaces, start from a kind of stratified L-topological spaces. In fact, besides
stratified L-topological spaces, there exists another kind of lattice-valued topolog-
ical spaces, namely strong L-topological spaces introduced by Zhang [22], which
actually are probabilistic topological spaces [8, 9] in a complete MV -algebra.

Hence when the underlying lattice is possessed of a semigroup operation with
non-idempotency, it is necessary to find a kind of lattice-valued convergence spaces
starting from strong L-topological spaces such that the resulting category.is Cartesian-
closed and contains the category of strong L-topological spaces as an embedded
reflective subcategory.

By this paper, we try to propose a kind of lattice-valued convergence spaces based
on the notion of T-filters which was introduced by Hohle [9]; namely T-convergence
spaces, and show that when the lattice theoretical setting is a complete MV -algebra,
the category of T-convergence spaces is Cartesian-closed and the idempotency of
the semigroup operation is not required here. Further, we also want to establish
a close relation between the category of T-convergence spaces and that of strong
L-topological spaces in case the lattice L is a complete MV -algebra. In fact, we will
show that the category of strong. L-topological T-convergence spaces is concretely
isomorphic to that of strong L-topological spaces categorically, and the category of
T-convergence spaces contains that of strong L-topological spaces as an embedded
bireflective subcategory.

The paper is organized as follows: In Section 2, we provide the lattice theoreti-
cal context and recall some notions used in this paper. In Section 3, a concept of
T-convergence spaces is proposed and the category of T-convergence spaces is in-
troduced. Then after showing the category of T-convergence spaces is topological,
the Cartesian-closedness of the category of T-convergence spaces is obtained. In
Section 4, it is presented the relation between the category of T-convergence spaces
and that of strong L-topological spaces.

2. Preliminaries

A triple (L, <, %) is called a complete residuated lattice, if (L, <) is a complete
lattice with T and L respectively being the top and the bottom element of L, and
x: L x L — L, called a tensor on L, is a commutative, associative binary operation
such that

(1) = is monotone on each variable,
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(2) For each « € L, the monotone mapping « * (=) : L — L has a right adjoint
a— (=) : L — Lin the sense that a x § < y<= < a—~vyforal 5,y€ L,
(3) The top element T is a unit element for *, i.e. Txa =« for all « € L.

For a given complete residuated lattice, the binary operation — on L can be
computed by a = 8 =\/{y € L | axy < S} for all a, S € L. The binary operation
— is called the implication operation with respect to *. Some basic properties of
the tensor * and the implication operation — are collected in the following lemma;
they can be found in many works, for instance [4, 19, 22].

Lemma 2.1. Let (L, <,x*) be a complete residuated lattice. Then for all o, 3,7, €
L, {Bi}icr C L, the following conditions hold:
(a) T = a=aq,
(b) ax(a—B) <8,
(c) a<Bifand only ifa - =T,
(d) (a = B)x(B—7) <a—7,
(e) (a = B)x(y—=0) <(a*xv) = (B%0) and (a = B)A(y = ) <(any) =
(BNG),
(f) axV\;cp Bi = V,er(axBi),
(9) a = Nicr Bi = Nicr(a = Bi), hence (o = B) < (o — 7) whenever 3 <,
(h) (\/ielﬁi) — B = Nici(Bi = B), hence (o — B)> (y — ) whenever
a < 7.

A complete residuated lattice (L, <, %), denoted by L simply, is called a complete
MYV -algebra, if L satisfies the condition:

(MV) aVp=(a=pB)— B, Va, 8 € L.

A canonical example is the unital interval [0, 1] with the tensor a8 = max{a+
B8 — 1,0}, which means that ([0, 1], <, %)"is a complete MV-algebra such that 1 is
the unital element and the implication — with respect to * is given by a — 8 =
min{l — a+ 3,1} for all a;, B € [0, 1].

Throughout this paper, we will assume L to be a complete M V-algebra although
most of results are valid for more general lattice-valued cases.

In this paper, we will often use, without explicitly mentioning, the following
properties of a complete MV -algebra.

Lemma 2.2. [7] For all « € L and {B;}jes € L, then the following properties are
valid:

(MI) oA (\/jeJ ﬁ]) = \/jej(a A /Bj)>

(M2) aV (NjesBi) = Njes(aV By),

(M3) o = (/\je] ﬁj) = /\jeJ(a * ),

(M4) o — (vjeJ Bj) = Vies(a = Bj).

An L-subset on a set X is a map from X to L, and the family of all L-subsets
on X will be denoted by LX, called the L-power set of X. For any z € X, A(x) is

interpreted as the degree to which x is in A. By 1x and Ox, we denote the constant
L-subsets on X taking the value T and L, respectively. We don’t distinguish an
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element o € L and the constant function o : X — L such that a(z) = « for all
x € X. As usual, for a universal set X, the set of all subsets of X is denoted by
P(X), called the power set of X.

All algebraic operations on L can be extended to the L-power set LX pointwisely.
That is, for all A, B € LX and = € X,

(1) (AN B)(z) = A(z) A B(x),
(2) (Av B)(z) = A(z) v B(z),
(3) (AxB)(z) = A(z) * ()7

(4) (A= B)(z) = A(x) = B(z).

Let<p:X—>Ybeamap Define ¢~ : LX — LY and ¢ : LY — LX

respectively by o7 (4)(y) = \/ A( Yforall Ac LX andy €Y, o (B) = Boy
o(z)=

for all B € LY.

For a set X, there exists a binary map Sx(—,—) : LX x L¥ — L defined by
Sx(A,B) = A (A(z) = B(z)) for each pair (4, B) € L* x LX where — is the

reX

implication operation corresponding to *. For all A, B € L*X, Sx(A, B) can be
interpreted as the degree to which A is a subset of B. It was called fuzzy inclusion
order [22] or subsethood degree [4] of L-subsets.

Lemma 2.3. [2]Let X and Y be nonempty sets. For any A, B,C € L¥ and
E,F € LY, then the following statements hold:

(1) A< B if and only if T = Sx (A4, B).

(2) Sx(A,B) < Sx(B,C) = Sx(4,0C).

(8) Sx(A,BAC) = Sx(A,B)ANSx(A,C) and Sx(BV C,A) = Sx(B,A) A
Sx(C, A), hence Sx(C,A) < Sx(B,A) when B < C.

(4) If ¢ : X = Y is a map, then

Sx(A,B) < Sy (¢ (A),p7(B)) and Sy (E, F) < Sx (¢ (E), 9" (F)).

J. Gutiérrez Garcia and M.A. De Prada Vicente [5, 6] introduced the notion of
characteristic value of a family of L-subsets extending that of characteristic value
of a prefilter in{13] and provided the equivalent form of s-condition [9]. Thereby
they obtained the equivalent definitions of T-filter and T-filter base as follows.

Definition 2.4. [5, 6] Let X be a nonempty set. A T-filter is a nonempty subset
F of LX with the following properties:

(F1) If A€ LX with \/ Sx(C,A) =T, then A € F,
CeF
(F2) Ay A Ay € F for all Ay, Ay €,

(F3) V A(z) =T forall A€eF.
reX

The set of all T-filters on X is denoted by F; (X).

Example 2.5. Let [z]T = {4 € LX | A(z) = T} for given a point z € X. Then
[x]T is a T-filter, and called the point T-filter of x. In case X = {z}, a single
point set, [z]T is the unique T-filter on the X.
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Definition 2.6. [6] A nonempty subset B of L* is a T-filter base, if it satisfies the
following conditions:
(]R].) If Bl, By € B, then V SX(B,Bl AN BQ) =T,
BEB
(B2) \/ B(z)=T for all B € B.
reX

Remark 2.7. [6]Every T-filter base B generates a T-filter Fg defined by

Fg={AeL¥|\/ Sx(B,A) =T}
BeB
In this case, B C Fp holds and B is called a base of Fg. We could know every
T-filter F is a base of itself. And let B be any base of a T-filter F, then F = {4 €
LY |\ Sx(B,A) =T} is true.
BeB

Definition 2.8. [6] Let ¢ : X — Y be a map, F € F] (X), G € F[ (V).
(1) A T-filter o= (F) on Y generated by the T-filter base

{¢7(B)eL" | BeF}

is called the image of F under .
(2) If the class {9 (C) € LX | C € G} satisfies \/ «Cfy) =T forall C € G,
yeP(X)
then {¢*(C) € LX | C € G} is a T-filter base on X and a T-filter on
X generated by it is called the inverse image of G under ¢, denoted by
©<(G). In this case, we say the inverse image = (G) exists sometimes.

Remark 2.9. [6] Let ¢ : X — Y be a map, F € 7} (X) and G € F/ (V).
(1) By Remark 2.7, we have

o7 (@) ={Ce LY |\ Sy(¢7(B),C) =T}
BeF
In fact, ¢ (F) has another expression {C € LY | o (C) € F}.
(2) From Definition 2.8(2), we know that the inverse image ¢<(G) doesn’t
always exist, but if ¢ (G) exists, we have the following expression

P(C) = {Ae LY | \/ Sx(p(B),A) =T}
BeG
(3) The following are satisfied:
(i) if F C H for H € F/ (X), then ¢~ (F) C ¢~ (H),
(i) ¢= 0= (F) CF.

For more information on the categorical terminology we refer the reader to
[17]. By a category we mean a construct C whose objects are structured sets,
ie. pairs (X,€) where X is a set and ¢ a C-structure on X, whose morphisms
¢ (X,€) = (Y,n) are suitable maps from X to Y and whose composition is the
usual composition of maps. The forgetful functors will not be mentioned explicitly.
We simply write X for a categorical object (X, &) sometimes.
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Definition 2.10. [17] A category C is said to be topological if the following condi-
tions are satisfied:

(1) Existence of initial structures: For any set X, any family ((Xi,gi))iel of
C-objects indexed by a class I and any family (f; : X — X;)iesr of maps
indexed by I there exists a unique C-structure £ on X which is initial with
respect to (f; : X — X;);er in the sense that for any C-object (Y, 7), a map
g: (Y,n) = (X,€) is a C-morphism iff for every ¢ € I the composite map
fiog: (Y,n) — (X;,&) is a C-morphism.

(2) Fibre-smallness: For any set X, the class {£ | (X, &) is a C—object} of all
C-structures with the underlying set X, called C-fibre of X, is a set.

(3) Terminal separator property: For any set X with cardinality at most one,
there exists exactly one C-structure on X.

Definition 2.11. [17] A category C is said to be Cartesian-closed provided that
the following conditions are satisfied:

(1) For each pair (X,Y) of C-objects there exists a product X x Y in C.

(2) For any C-objects X and Y, there exists some C-object YX (called power
object) and some C-morphism evx y : YX x X =Y (called evaluation
morphism) such that for each C-object Z and each C-morphism ¢ : Z x
X — Y, there exists a unique C-morphism ¢*.: Z — Y X such that
evx,y o (p* X idx) = .

Definition 2.12. [17] Let A be a subcategory of a category C. A is said to be
reflective in C provided that for each X € |C| there exists an A-object X 4 and a
C-morphism vx : X — X 4 such that for each .A-object Y and each C-morphism
¢ : X — Y there is a unique A-morphism @ : X4 — Y such that ¢ = goyx. If
the C-morphism vx : X — X 4 is bimorphism, then A is said to be bire flective in
C, and yx is called bireflection.

3. The Cartesian-closedness of T-Conv

In this section; we define a kind of lattice-valued convergence spaces based on
the notion of T-filter, namely T-convergence spaces. The class of all T-convergence
spaces and continuous maps forms a category. We prove the category is topological
and Cartesian-closed which are very nice structural properties.

Definition 3.1. Let X be a nonempty set. A map lim : F] (X) — P(X) satisfying
the following conditions:

(TC1) Va € X, z € lim[z]T,

(TC2) VF, G € F/ (X),FC G = limF C limG,
is called a T-convergence on X, and the pair (X, lim) is called a T-convergence space.
The set of all T-convergences on X is denoted by C'T(X). We say F converges to
x instead of z € limTF .

A map ¢ : (X,1im*) — (¥,lim") between T-convergence spaces is said to be
continuous provided that z € lim™ F means o(x) € lim* = (F) for all z € X and
F e f;(X ). The class of all T-convergence spaces and continuous maps forms a
category, which is denoted T-Conv.
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Theorem 3.2. The category T-Conv is topological.

Proof. Firstly, the existence of initial structures can be proved as follows. Let X be
a nonempty set, {(X;,lim;)};cs a family of T-convergence spaces and {¢; : X —
(X;,lim;)} ey a family of maps. A structure map lim”™ : FJ (X) — P(X) on X
is defined by lim*F = {z € X | ¢;(x) € lim;p7 (F), Vj € J} for all F € F] (X).
Then it is easy to verify that lim* is a T-convergence on X, and we only check its
property of being initial below.

Let (Y,1im") be a T-convergence space and 1) : ¥ — X be a map. For any
y €lim” G, here y € Y and G € F] (Y), we can get

pjot: (Y, limy) — (Xj,lim;) is continuous for every j € J
= i (YY) = ¢j 0 v(y) € lim;(p; 0 ¥)7(G) = lim;p;” (¥~ (B)), V) € J
— 9(y) € lim™ ¢~ (G) (by the definition of lim™)
— 1 : (V,1im") = (X,1im”) is continuous.

Next, since the class of all T-convergences on X belongs to the set 2(P(X)fLT(X)),
here 2 = {0, 1}, the T-Conv-fibre of X is a set.

Finally, let X = {z} be a singleton. F/ (X) = {[z]+} holds by Example 2.5.
Then the structure map lim : 7} (X) — P(X) is only determined by lim[z]t = {z}.
Thus lim is the unique T-convergence on X.

From all above, we get that the category T-Coenv is topological. (I

Every topological category has products [17], so the condition (1) in Definition
2.11 is automatically fulfilled by the category of T-convergence spaces.

Let (X,lim™) and (Y,1lim"") be T-convergence spaces and px : X x Y — X and
py : X XY — Y be the projection maps. The product of (X, limX) and (Y, limY)
is denoted by (X x Y, lim™ % limy) explicitly. Of course, for any F € 7} (X x Y),
(z,y) € (lim™ x lim™)F if and only if z € lim™ p3 (F) and y € lim" p3 (F).

The set of all continuous mappings from (X,lim”) to (V,lim") is denoted
by Ct(X,Y). In the category Set of sets and maps, there exists the evalua-
tion map evxy : CT(X,Y) x X — Y defined by evxy(p,x) = ¢(z) for all
(p,x) € CT(X,Y) x X. In order to explore the Cartesian-closedness of T-Conv,
we need some lemmas and propositions in preparation for it.

Lemma 3.3. Let F; € F/ (X;) and B; be a base of F;, here i = 1,2. Then
B ={B) x By | B € B, and B, € By}
is a T-filter base, where for any B; € B; (i=1,2),
By x Ba((z1,22)) = B1(21) A Ba(x2), Y(x1,22) € X7 X Xo.
Proof. For any A,C € B, there exist A1,C; € By and As, Cy € By such that A =
A1 xAsand C = C1xCy.  \ Sx,(Bi, A;) =T (i = 1,2) follows immediately from
Remark 2.7. From this, we observe that \/ S, (Br, A;)ASx, (Ba, As) = T. Since

B, €B;
i=1,2
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for each B; € B; (Z =1, 2), SX1><X2 (B1 X By, A1 X AQ) = SXl (B1, Al)/\SXQ(BQ’ Ag)
holds owing to Lemma 2.1 (e), we conclude that

\/ SXlXXQ(Bl X BQ,Al X Ag) =T.

B;€B;
i=1,2
Certainly, \/ Sx,xx,(B1 X Ba,C1 x C3) = T. From all above, we obtain that
213
\/ SX1><X2 (Bl X BQ,A A\ C)
B;€B;
i=1,2
= \/ SX1><X2 (Bl X B, (A1 X Ag) A (01 X 02))
B;€B;
i=1,2
=\ Sxixx,(B1 X By, A1 X Ag) ASx,xx,(B1 % Ba, C1 % Cs)
B;€B;
i=1,2
(by using Lemma 2.3 (3))
:—l—7

i.e. B satisfies (B1).
For any B; € By and By € By, we have

\/ Bix By((x1,22)) = \/ Bil@1)ABy(as) =T

@i € X5 z; €Xq
i=1,2 1=1,2

since \ Bj(z;) =T for i = 1,2 holds by B; satisfying (B2). Then the condition
z,€X;
(B2) is satisfied by B. O

Let F; € F/ (X;) for i = 1,2. Because every T-filter is a base of itself, from
Lemma 3.3 above; {Bi x By | B; € F;,i = 1,2} is a T-filter base, which generates a
T-filter, denoted by F; x Fg. And from Remark 2.7, F; x Fy can be determined by

Fl X FQ = {A S LXlXXZ | \/ SX1><X2(BI X BQ,A) = T}

B;€F;
i=1,2

Let ; : X; = Y; (i=1,2) be a map. By Remark 2.7 and Definition 2.8, we know
{p7?(By) € LY | B; € F;} is a base of ;7 (F;). So

is a T-filter base from Lemma 3.3 and generates a T-filter 7" (F1) X @3 (Fa).
In addition, we could check that (¢1 X ¢2)7(B1 X Ba) = 77 (B1) X 95’ (B2) is
true. Then {(p1 X v2)7(B1 X Ba) | B; € F;,i = 1,2} equals
{1 (B1) x @3 (B2) | B; € Fy,i = 1,2}
and is also a T-filter base. And it generates a T-filter (¢1 X @2)™ (F1 x Fy) by
Definition 2.8. So we can get the following lemma.
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Lemma 3.4. Let ¢ : X1 — YY) and ¢ : Xo — Yy be two maps, F; € ]-"LT(Xl),
]F2 € fE(XQ) Then (Cp X 1,[)):>(]F1 X FQ) = (pé(Fl) X ’lz}é(Fg)

Lemma 3.5. Let (X x Y, lim* xlimy) be the product of two T-Conv-objects

(X,lim™) and (Y,lim"). Ifpx : X xY = X and py : X xY — Y be the

projection maps, then for any F € F] (X) and G € F] (Y) the following are valid:
(1) pX(FxG)=TF, (2) py (FxG) =G.

Proof. In the proof, we only show the conclusion (1) for example. In general,

px (A x B)= A foreach A €F, B € G since for all z € X,

pX(AxB))= \/ AxB(xy)=A)r\ Bly) =Al) AT = Alx),

px (z.y)== yeY
where \/ B(y) = T owing to B € G. Thus for each C € L*,C € p%(F x G)
yey
if and only if \/  Sx(px(4Ax B),C) =T,ie \ Sx(A,C) = T, which is
A€F,BeG A€F
equivalent to C' € F. Consequently, p3 (F x G) =TF. O

Lemma 3.6 (Jéger [10]). If p € C7(X,Y), then 7 (A) =evyy (1, x A) holds for
any A € LX, here 1, € LETXY) such that 1,(p) =T and 1,(1)) = L for # .

Now, we begin to confirm the existence of power object and the continuity of
the evaluation map by the following propositions.

Proposition 3.7. Let (X, limX) and (Y, limy) be two T-Conv-objects. A map
lime : F/ (C7(X,Y)) = P(Cr(X.Y))
is defined for all H € F| (C7(X,Y))), by
limeH = {¢ € C1(X,Y) | Vo € X, VF € F] (X),
z € lim*F = p(z) € limyevzy(H x F)}.

Then lime is a T-convergence on C1(X,Y).
Proof. We have to check the map lim¢ satisfies the axioms (T'C1) and (TC2). The
axiom (TC2) follows immediately from the definition of limc.

To check the map lim satisfies the axioms (TC1), we have to show ¢ € lime[p]T
holds for each ¢ € Ct(X,Y), where [p]T = {D € LETXY) | D(p) = T} is
the-point T-filter of ¢ on C7(X,Y). And it suffices to check = € lim® F implies

o(z) € limyeviy([@h x ) for all x € X and F € F] (X) by the definition of
lime. In fact, we firstly observe that for each C' € o= (F),

T= \/ Sy (¢7(A),C)
A€F
= \/ Sy (evXy (1, x A),C) (by Lemma 3.6)
A€F
< \/ Sy (evXy(E),C) (here, 1, x A € ([¢]T x F) for A € F),
E€[p]T xF
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which deduces C' € ev¥ y ([¢]T X F) by Remark 2.9 (1). Thus from the arbitrariness
of C, ¢ (F) C ev¥y ([¢]T x F) is obtained.

Finally, since z € lim™ F means ¢(z) € lim* ¢= (F) by the continuity of ¢ for
cach z € X, we have ¢(z) € lim" = (F) C limyevzy([gph x F) by using the
property of lim” satisfying the axiom (TC2). O

Proposition 3.8. Let (X,lim”) and (Y,1im") be two T-Conv-objects. Then the
evaluation map evxy : (CT(X,Y) x X, lime x limX) — (Y, 1im") is continuous.

Proof. Firstly, we point out the fact that evy - (p?T(ny)(]K) xpx (K)) C evyy(K)
holds for each K € F (C7(X,Y) x X). To confirm the fact, it suffices to show
P (xv)K) x pX (K) € K. Since po_ x y)(4) x pxX (B) > A A B holds for all
A, B €K, we have

\/ Scrx,v)yxx(C,D) > \/ Scr(x,y)yxx(ANB, D)
CeK A,BEK

> \/ SCT(X,Y)XX(pg-,—(Xy)(A) x pX (B), D)
A,BEK
=T
for every D € pg_(x y)(K) x pX (K). Thus whenever D € pg_ x y(K) x p3 (K),
D € K follows from (1), which is to say p?T(ny)(K) x p¥ (K) C K holds.

Now, we show the continuity of evy y as follows:

Take any (p,z) € C7(X,Y) x X and any K'€ 7/ (C7(X,Y) x X) such that
(¢,2) € (lime x lim™ )K. Then ¢ € lime pZ, (x.y)(K) and z € lim™ p¥ (K) hold.
We have ¢(z) € hmyev?{y (ng(X,Y) (K) x p% (K)) from this and the definition of
lime. Finally, by usinghe fact above and the axiom (TC2), we conclude

evx y(p,x) = o(x) € limyeviy(K).
Consequently, evx y is continuous. O
Lemma 3.9. Let (X lim™), (V,1im") and (Z,1im?) be T-convergence spaces. If

the map .+ (Z x X, Jim? x lim™) — (Y, 1im"") is continuous, then for each z € Z,
the map ¥(zy—) : (X,1im™) — (Y,lim") is also continuous.

Proof. To show the continuity of ¢(z,—) for each z € Z, take any € X and
F € FJ(X) such that z € lim* F. (z,2) € (lim? x lim™)([z]T x F) follows from
z € lim?[z]7 and Lemma 3.5. Further, by the continuity of ¥, we observe that
P(z,—)(z) = P(z,x) € im" 7 ([2]T x F).
Notice that for A € [z]T and B € F, ¢y 7 (A x B) > ¢(z,—) 7 (B) holds because

VAxB)) =\ AWAB@) =\ B)=v(z—-)"(B)y)
P (u,v)=y P(z,v)=y


WWW.SID.IR
WWW.SID.IR

The Category of T-convergence Spaces and Its Cartesian-closedness 131

for all y € Y. From this, we observe that for C' € ¥~ ([z]T x F),

\ Sy (@(z—)(B),C) =\  Sy(¥7(AxB),C)=T,

BeF Aglz]T,BeF

which deduces C € 9(z, =)™ (F). Thus, = ([z]T x F) C ¢(z, =)~ (F) follows from
the arbitrariness of C'. Finally, by the axiom (TC2) we obtain that for each z € Z,

¥(z,—)(x) € im" = ([2]+ x F) C lim* (2, =)= (F).
In sum, the continuity of ¥(z, —) is proved as desired. O
Let (X, lim™), (;lim") and (Z,lim?) be T-convergence spaces and
¥ (Z x X, lim? x lim™) — (¥, lim")

be a continuous map. We define a map * : Z — C1(X,Y) by ¥*(z2) = ¢(z, —) for
all z € Z. Then by Lemma 3.9, ¥* is well-defined and the following lemma confirm
that 1* : (Z,1im%) — (C7(X,Y),lime ) is continuous.

Lemma 3.10. Let (X, lim™), (V,lim") and (Z,1im?) be T-convergence spaces. If
v (Z x X, lim? x limX) — (Y, limy) s a continuous mapping, then the mapping
V* 1 (Z,1im?) — (C7(X,Y),lime ) is continuous:

Proof. Take any z € Z and G € F; (Z) such'that z € lim? G. We have to show
V*(2) = (2, —) €limed* (G).

For this, assume that z € lim™ I, here z € X and F € F](X). Then we have
(z,z) € (lim? x1im™)(G x F).

Immediately, ¥ (z, —)(z) = 1(z, &).€ lim* )= (G x F) follows from the continuity of
. Further by means of evxy o (¢* X idx) = 9 and Lemma 3.4, we observe

lim" ¢~ (G x F) = lim" (evx,y o (v* x idx)) ™ (G x F) = lim" evy (v* (G) x F).
Hence 1*(z) =4 (z, —) €limg ¢*~ (G) is obtained from the definition of limg. [

Let (X;1im™) and (Y,1im"") be two T-Conv-objects. From Propositions 3.7, 3.8
and Lemma 3.10, there are the T-Conv-object (C7(X,Y),lim¢c ) and the contin-

uous map evy,y : (C7(X,Y) x X,lime x 1imX) — (Y,1im"") such that for each
T-Conv-object (Z,1im?) and each continuous map

Y (Z x X, 1im? x lim™) — (Y, lim"),

there exists a unique continuous map * : (Z, limZ) — (CT (X,Y),lime ) satisfying
the equality evx y o (9" xidx) = 1. Thus by the definition of Cartesian-closedness,
we obtain the following theorem.

Theorem 3.11. The category T-Conv of T -convergence spaces is Cartesian-closed.
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4. Relation Between T-convergences and Strong L-topologies

In this section, we show that there is a close relation between T-convergences and
strong L-topologies on a universal set X. In details, we will demonstrate that the
category of strong L-topological spaces is concretely isomorphic to that of strong
L-topological T-convergence spaces categorically and embedded in the category
T-Conv of T-convergence spaces as a bireflective subcategory.

Firstly, we recall the definition of strong L-topological spaces [22] as follows.

Definition 4.1. Let X be a nonempty set. A strong L-topological space is a pair
(X,7), where T a subset of LX such that the following conditions are satisfied:
(STl) Ox, 1x €T,
(STQ) Ui ANUsy € 1 for all Ul, U, € T,
(ST3) Ve, U; € T for every family {U; | j € J} C,
(ST4) axU etforall « € L and U € T,
(ST5) a« U etforalae Land U € 7.

If (X,7) is a strong L-topological space, then T is_called a strong L-topology
on the set X. The set of all strong L-topologies on X is denoted by ST.(X). A
map ¢ : (X, 1) — (Y,d) between strong L-topological spaces is called continuous
map provided that o (V) € 1 for each V € §. We denote the category of strong
L-topological spaces and continuous maps by STOP(L).

Definition 4.2. Let X be a nonempty set. Ifif = {U”},cx is a family of T-filters
satisfying the axiom

(N) Vee X, VB eU" B(z)=T,

we call U a system of T-neighborhoods on X. And if a system of T-neighborhoods
U still satisfies the axiom

(TT) For any x € X and each B € U”, there exists B* € U? with B* < B such
that for every y € X, thereexists B, € UY satistying B*(y) < Sx(By, B),
U is called a strong L-topological system of T -neighborhoods on X.

Example 4.3. (1) Let (X,;lim) be a T-convergence space. We denote Uiy, =

{UE Yeex, where U = {F € 7] (X) | z € limF} for each z € X. Then Ui, is

a system of T-neighborhoods.

(2) Let (X, 1) be a.strong L-topological space. For each z € X, U% is defined

by U2 = {B € LX | \/ U(z) *Sx(U,B) = T}. Then {U%},cx is a strong L-
Uet

topological system of T—eneighborhoods on X. The detailed contents of the proof

see [9):

Definition 4.4. A T-convergence space (X,lim) is said to be strong L-topological
provided that {U}, };ex satisfies the axioms (TT) and

(TP) z € lim U, for all z € X.

The set of all strong L-topological T-convergences on X is denoted by STCT (X).
The category of strong L-topological T-convergence spaces and continuous maps is
denoted by T-STConv.
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Example 4.5. Let (X, T) be a strong L-topological space. The structure map
lim, : 7} (X) — P(X) induced by T is defined by

lim.F = {z € X | U% C F}, forall F € F} (X), (1)
Then (X,lim;) is a strong L-topological T-convergence space.

Hohle [9] demonstrated that a strong L-topological space (X, T) could induce a
strong L-topological system of T-neighborhoods {UZ},cx (see Example 4.3 (2)).
Besides, he also showed a strong L-topological system of T-neighborhoods U can
induce a strong L-topology given by

T ={Uel* U< \/ Sx(BU)VzeX}.
BeU=
Significantly, for the proofs of the above contents, it is dispensable that the condition
Lemma 2.2 (M4) (i.e. — preserving arbitrary union) which holds in the context of
a complete MV-algebra.
Notice that if (X,lim) is a T-convergence space, {Uf. }rex is a system of T-
neighborhoods on X. Naturally, we can get a strong L-topology

Tim ={U € LY |U(z) < \/ Sx(B,U),Vx € X}. (2)
BeUy;

lim

In fact, there exists a bijection between the set STCT(X) of all strong L-
topological T-convergence structures on a set X and the set STy, (X) of all strong
L-topologies on the X. We need a lemma in preparation for it.

Lemma 4.6. Let (X,lim) be a T-convergence space. Then
(1) for every x € X, U2 C U iswalid.

Tlim

(2) if (X,lim) is a strong L-topological, then for any x € X, Ufj = UZ_ holds.
Proof. (1) Take any € X and let B € U2 . ie. \/ U(zx)*Sx(U,B) =T

Tlim’ U
€Tlim

by Example 4.3 (2). From the formula (2) and Lemma 2.3 (2), we observe that
U € 13, means

U@) < \/ Sx(C,U)

Ceug
<V (8x(U.B) - Sx(C,B))
Ceug
=8x(U,B)— \/ 8x(C,B),
ceuvg,,
which is to say U(z) * Sx(U,B) < \/ Sx(C,B). By the arbitrariness of U, we
ceug,.
get T= '\ U(z)*Sx(U,B)< \/ Sx(C,B). From this and (F1), B € Uf
UETiim CeUg

lim

holds, i.e. U7, ~C Uj is obtained and the proof of the conclusion is completed.
(2) Let (X, hm) be a strong L-topological space. For any x € X, we only need
to show U% C UZ by using (1). Now take any B € UZ  and define B € L¥

Tlim
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by B(y) = \V Sx(A,B) for each y € X. Then B(z) = T and B < B follows
AU},

lim

respectively from B(z) = \/ Sx(A,B) > Sx(B,B) =T and for each y € X
AeUg

lim

Bly)= \/ Sx(4B) < \/ (A —»Bw)= \ (T—B()=B).

AelY, AelU¥ AelU¥

lim lim lim

In the following, we additionally confirm B € Ty, is also true by means of the
axiom (TT). In fact, for each y € X, the axiom (TT) tell us A € U}, implies there
is A* € U with A* < A such that for all z € X, there exists A, € U}, to satisfy

lim

A*(2) < Sx(A., A). Then we get Sx(A, B) < Sx(A*, B) because for all z € X
(S;Z}(f ( 4‘4,, B ) < <f;;xj ( 4‘1.;, s 4‘1.) — (5;4)( ( 1‘1,2 y B )

< A*(z) —» Sx(4.,B)
<A'(2) = (\/ Sx(C B)
CEU

lim
= A*(2) = B(2).
From this, we conclude that for all y € X,
Bly)= \/ sx(4,B) < \/ Sx@4B)< \/ Sx(C.B).

AelUY A*eUV CEUu

lim lim lim
Namely, B € Ty, by the definition of Tj;,. From all above, we have
\/ U@)*Sx(U,B) > Blays Sx(B,B) = T
UETlim

ie. B € U7,  holds. Finally, Uf

lim

C U7, follows from the arbitrariness of B. [J

Theorem 4.7. Let X be a nonempty set.
(1) Given a strong L-topology T on X, then Tim, = T.
(2) Given a strong L-topological T -convergence lim on X, then lim,, = lim.

Proof. (1) By theformula (2), we know

Tim, = (U € LX |U@) < \/ Sx(A,U), Vo e X}.
AEU”

lim~

From Example 4.3 and the formula (1), we observe that for all z € X,
Uf, = [\{F € F[ (X) | # € limF} = ({F € F (X) | U¥ C F} = U2,
Above all, Ty, = {U € LY | U(x) < '\ Sx(A,U), Vo € X}. In fact, U € T if
AeUz

and only if U(xz) < \/ Sx(B,U) holds for every z € X (see [9]). Then Tjipm, =T
BelUz
is true.
(2) In order to show lim.,, = lim, take any F € F] (X).
lim;, F={ze X |U2 CF}={xeX|U;, CF}

Tlim
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follows from Lemma 4.6 (2). Further, for each z € X and F € F} (X), we have

2z € lim,, F <= Ujj, CF <= z € limF.

X
lim
Consequently, lim, = lim is true. O

Corollary 4.8. Let X be a nonempty set. Then there is a bijection between the
set of all strong L-topological T-convergences and the set of all strong L-topologies
on X.

In order to explore the relation between the category of strong L-topological
spaces and that of T-convergence spaces, the following theorem is indispensable.

Theorem 4.9. Let (X, 7) and (Y,8) be strong L-topological spaces, (X, lim™) and
(Y, limY) be T-convergence spaces. Then the following are valid:

(1) If ¢ : (X,7T) = (Y, 9) is a continuous map, then ¢ : (X,limg) — (Y, limg) is
a continuous map.

(2) If ¢ : (X,lim™) — (Y,lim") is a continuous map, then. o : (X, Tyux) —
(Y, iy ) is a continuous map.

Proof. (1) First, we point out the fact given in{9] that a map ¢ : (X, 1) — (Y,0) is
continuous if and only if ¢ is continuous at each x € X in the sense that U?(r) -
¢~ (U%) holds. Let # € X and F € F] (X) such that # € lim.F, equivalently
UZ C F. Then ¢~ (U%) C ¢~ (F) follows from (i) in Remark 2.9 (3). Because
the mapping ¢ : (X,7) — (Y,0) is continuous, which is to say Uf(z) C ¢~ (U%)
holds from the fact above. Hence Uf(z) C ¢~ (FF) is true, which already means that
p(z) € lims = (F). Consequently, the continuity of ¢ from (X, lim.) to (Y, limg)
is proved as desired.
(2) Firstly, we are going to show that o< (Uﬁif&) C Uf  x holds, here
Upx = {F € 7/ (X) | & € lim*F}

lim X

defined in Example 4.3 (1). For all C' € Uﬁ?, C(p(x)) = T holds by Example
4.3 (1). So ¢¢(U;§$3) exists from Definition 2.8 (2). For any F € F/ (X) with
z € lim™ F, by the continuity of ¢ from (X,1im™) to (Y,lim"), we have ¢(x) €
lim" = (F). Then US") C = (F) holds. From this and (ii) in Remark 2.9 (3),
PE(Uf) C 9= 0™ (F) CF
is valid. Hence we get
P (UER) C{F € FL(X) | 2 € lim™*F} = UZ, «.

limY
Now, we prove ¢ : (X, Tjjx) — (Y, 0,y ) is continuous. Take any V' € §);,,v,

and hence V(p(z)) </  Sy(B,V) for z € X. In this case, we observe that
BGU“"(”,Z

lim
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Vo Sx(Ae=(V)= /)  Sx(4e7(V))

AGUfimX Acp= (U;/i’;’”;/ )
>/ Sx(¢7(B),e" (V)
> \/ Sv(B)V) (by Lemma 2.3(4))
BeU?")

lim

> V(p(2)) = ¢~ (V)(2),
which is to say o= (V)(z) < \V Sx(A,¢7(V)) holds for all z € X. By
Aeus
definition of Ty, x, ¢ (V) € Tnx holds. Consequently, ¢ : (X, Tjyux) = (Y, 0jimy)
is continuous. (]

From Corollary 4.8 and Theorem 4.9, the following theorem is obtained.

Theorem 4.10. The category STOP (L) of strong L-topological spaces is concretely
isomorphic to the category T-STConv of strong L-topological-T-convergence spaces,
categorically.

The following theorem shows the category T-STConv is bireflective in the cat-
egory T-Conv in some detail.

Theorem 4.11. The category T-STConv of strong L-topological T -convergence
spaces is bireflective in the category T-Conv of T-convergence spaces.

Proof. Let (X,lim) be a T-Conv-object. We claim that idx : (X, lim) — (X, hAr;l)
is the bireflection of (X,lim) w.r.t/ T-STConv, where lim = limy, , i.e. for each
F € F/ (X), limF = {z € X | U%_ CF}. By Example 4.5, we know lim is a strong
L-topological T-convergenceron X. By Definition 2.12, we need to confirm
(1) idx : (X, lim) — (X, hAI;l) is continuous.
(2) For any contifuous map ¢ : (X,lim) — (Y,lim"), where (Y,lim") is a
T-STConv-object, ¢ : (X, hArgl) — (V,1im") is continuous.

In fact, for the conelusion (1), take any F € F] (X) and # € X such that
r € limF. Then Uf  C F holds. And by Lemma 4.6 (1), U7~ C Ufj . Hence
we further obtain Uf ~C F, ie. idx(z) =z € limF = liﬂrﬁ(idx)i(lﬁ‘), which can
deduces that id x is continuous.

For the conclusion (2), assume a map ¢ : (X,lim) — (Y, lim"") is continuous,
where (Y, lim") is a T-STConv-object and hence satisfies lim* = lims
Theorem 4.7. By Theorem 4.9 (1) and (2), ¢ : (X, Tiim) — (Y, 0jip,v ) is continuous
first, and then the map ¢ : (X, lim, ) — (Y,lims ) is continuous also, which is
to say that ¢ : (X, th) — (Y,1im") is continuous. O

By Theorems 4.10 and 4.11, we can get the following corollary.

Corollary 4.12. The category STOP (L) of strong L-topological spaces is embedded
in the category T-Conv of T-convergence spaces as a bireflective subcategory.
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5. Conclusions

In this paper, we proposed the concept of T-convergence spaces based on T-
filters. Afterwards, in the lattice valued context of a complete M V-algebra with-
out the idempotency of the semigroup operation, we proved the category of T-
convergence spaces is topological and further is Cartesian-closed. Additionally,
the category of strong L-topological spaces can be bireflectively embedded in the
category of T-convergence spaces.

Interestingly, we could study the corresponding subcategories of T-Conv by
generalizing the well-known categories of Kent convergence spaces, of limit spaces,
of pseudo-topological spaces to the many-valued setting as well as their categorical
relations. From the paper [3], we have known the category STOP(L) is a reflective
subcategory of the category L-OCS of L-ordered convergence spaces.. Then, is
there any link between the category T-Conv and the category L-OCS? We will
study these problems in the future.
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