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Abstract

A hesitant fuzzy number (HFN) is important as a generalization of the fuzzy number for hesitant fuzzy analysis and takes
some applications that were discussed in recent literature. In this paper, we develop the hesitant fuzzy arithmetic, which
is based on the extension principle for hesitant fuzzy sets. Employing this principle, standard arithmetic operations on
fuzzy numbers are extended to HFNs and we show that the outcome of these operations on two HFNs are an HFN.
Also we use the extension principle in HFSs for the ranking of HFNs, which may be an interesting topic. In this paper,
we show that the HFNs can be ordered in a natural way. To introduce a meaningful ordering of HFNs, we use a new
lattice operation on HFNs based upon extension principle and defining the Hamming distance on them. Finally, the
applications of them are explained on optimization and decision-making problems.

Keywords: Hesitant fuzzy number, extension principle on hesitant fuzzy sets, arithmetic operations on hesitant fuzzy
number, ordering of hesitant fuzzy numbers.

1 Introduction

Generally, a hesitant fuzzy number (HFN) is a special case of a hesitant fuzzy set (HFS) of the real line. HFNs could
play a fundamental role in arithmetic operations in a hesitant fuzzy environment, analogous to the role played by the
fuzzy numbers in fuzzy mathematics. Using these numbers we can do the calculations more easily [34]. So, arithmetic
operations and ranking of HFNs are important topics.

HFNs are a generalization of fuzzy numbers. Arithmetic operations, ordering and comparison of fuzzy numbers play
a key role in decision-making and optimization problems. The first concepts of fuzzy arithmetic on fuzzy numbers were
introduced by Dubois and Prade [12]. Over the years, fuzzy arithmetic improved and played an important role in many
applications, such as fuzzy control, decision-making, approximate reasoning, optimization and statistics with imprecise
probabilities [21, 23]. Different methods have been given for the ranking of fuzzy numbers. Some of these strategies
can only be used in certain environments, and some others can be used only when the membership functions have
certain properties such as normal, triangular, trapezoidal and so on. Jain [22] proposed a method using the concept
of maximizing set to order the fuzzy numbers. A standard form to extend the natural ordering of real numbers to
fuzzy numbers was suggested by Bass and Kwakernaak [B]. Dubios and Prade [[2] used maximizing sets to order fuzzy
numbers. Yager [@7, &8 proposed four indices, which is employed for the purpose of ordering fuzzy quantities in [0, 1].
Cheng [d] used the distance between the centroid point and the original point (0,0) to order the fuzzy numbers. Chu
and Tsao [I0] used the area between the centroid point and the original point as an index of ranking fuzzy numbers.
Mahmodi Nejad and Mashinchi [P9] proposed a novel method, based on the areas on the left and the right sides of
fuzzy numbers for ranking fuzzy numbers. In the following, many researchers have developed methods to compare and
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to rank fuzzy numbers [2, [, B7,

o1

[1] .

Intuitionistic fuzzy number (IFN) is a generalization of fuzzy numbers. Mitchell [30] interpreted IFNs as an ensemble
of fuzzy numbers and introduced a ranking method for them. Grzegrorzewski [9] defined IFNs of a particular type and
introduced a ranking method by using the expected interval of an IFN. Li [25] introduced the concept of a triangular
IFN (TIFN) as a special case of the IFN and developed a new methodology for ranking TIFNs.

HFSs are another extension of the fuzzy sets. Many studies have focused on HFSs. In many real-world problems,
hesitant situations are very frequent, and HFSs make easy the handling of uncertainty caused by hesitation. By re-
viewing the specialized literature, we can observe the applicability and quick growth of them [l i, B, 0, [5, I6, 17, IR,
25, 26, 2R, B1, B2, BH, B6, 40, 41, 49, &3, 45, 49, 51]. Arithmetic operations, ranking and comparing of HFSs could play
a needed role in the decision-making, optimization, expert system problems, and so on, in hesitant fuzzy environments
[2, B4, BR]. So far, some kinds of operations and hesitant fuzzy ranking methods have been proposed while we have
a discrete reference set of HFSs. Xia and Xu [#4] developed a method to deal with multi-attribute decision-making
with anonymity based on a series of the hesitant fuzzy aggregation operators. Zhu et al. [62] proposed an approach to
address multi-attribute decision-making problems using the weighted hesitant fuzzy geometric Bonferroni mean and the
weighted hesitant fuzzy Choquet geometric Bonferroni mean operators. Gu et al. [20] investigated the evaluation model
for a risk investment with hesitant fuzzy information and employed the hesitant fuzzy weighted averaging operator to
aggregate the hesitant fuzzy information corresponding to each alternative. Farhadinia [I3] presented a series of score
functions for HFSs providing a variety of new methods for ranking HFSs. Ranjbar and Effati [33] proposed a general
definition of order for hesitant fuzzy elements whose members are fuzzy numbers. Also in [B4] they proposed a hesitant
fuzzy relationship for comparing two HFNs, as an HFS with some additional properties, based on expected intervals
by (a, k)-cut approach on them, and finally they give a new binary operation on HFNs. However this method has a
high computational volume by increasing the number of elements of HFNs and operators and has not directly used the
extension principle on HFSs. In this paper, by the extension principle for HFSs in [[], we propose standard arithmetic
operations on HFNs and introduce a partial ordering to compare two HFNs. Also, we propose a meaningful ordering
of HFNs based on the Hamming distance.

The rest of this paper has been organized as follows: In Section B , we review some concepts related to the paper.
In Section B we present a method for developing an HFN arithmetic based on the extension principle for HFSs. In
Section B, we propose a new partial and meaningful ordering of HFNs. In Section B, to illustrate the applicability of
the proposed technique, two examples are used. Discussion and comparative analyses of new arithmetic operation are
presented in Section B. Finally, some conclusions are given in Section [@.

2 Preliminaries

In the following, we review some necessary definitions and basic concepts, which are used in this paper.

Definition 2.1. [24] Let S be a set and R be a relation on S. We call R a partial ordering on S if it satisfies the
following properties:

(i) For all xz € S, it follows that (x,x) € R;
(i) If x,y € S and both (z,y) € R and (y,z) € R, then v = y;
(tii) If z,y,z € S and both (z,y) € R and (y,z) € R, then (z,z) € K.
We refer to property (i) as reflexivity, to property (ii) as anti-symmetry, and to property (iii) as transitivity.

A noteworthy feature of a partial ordering (as opposed to a total ordering, to be discussed below) is that not
every two elements of the set S need be comparable. For example, let us say that (4,B) € R if A C B. Now if
A={zeR:2<z<b5}and B={zr €R:3 <z <7}, then yet neither (4, B) € R nor (B, A4) € k.

A partial order R on a set S is a total or linear order if for all z,y € S, we have (z,y) € R or (y,z) € R. The expression
of partially ordered set indicates that the elements of the set can be ordered but that it may not be possible to specify
an ordering for every pair of elements.

A partially ordered set in which every pair of elements has both a least upper bound (LUB) and a greatest lower bound
(GLB) is called a lattice. Lattices have many special properties. Furthermore, lattices are used in many different
applications such as models of information flow and play an important role in Boolean algebra.
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In this paper, we want to define arithmetic operations on HFNs and a method to compare two HFNs. For this
purpose, in the following, we give some relevant concepts and notation.

Definition 2.2. [53] If X is a collection of objects denoted generically by x, then a fuzzy set Ain X is a set of ordered
pairs A= {(z,pnz(x)) | =€ X}, where py(x) is called the grade of membership or membership function of x in A.

Remark 2.3. When X = {x1,...,2,} is a finite set, a fuzzy set on X is expressed as

Ao 2": MAlixi)’
=1

where i ;(x;) is the grade of membership of x; in A. Also, when X = [a,b] is not finite, we write

A:/X“{U(”f),

where i 5(x) is the membership function of x in A for all z € [a, b].

Among the several types of fuzzy sets, there are sets on the real numbers under certain conditions, and they are
viewed as fuzzy numbers. In order to computational efficiency in arithmetic fuzzy, triangular and trapezoidal fuzzy
numbers are often used (see [63]).

In the following, we define the concept of the HFSs as an extension of the fuzzy sets, which was introduced in [g7].

Definition 2.4. [@2] Let X be a collection of objects denoted generically by x; then an HFS Hin X is a set of ordered
pairs as follows:

H= {(m,hf[(m)) | ze X}

The same as Remark 223 for fuzzy sets, when X is a finite set {x1,...,2,}, an HFS Hon X is expressed as

- n h :(;UZ)
H= T A
- T
where hﬁ(%) = {h}?(wz), ey hlg’)(xl)} with I(z;) = |h}:j(xl)| is the possible membership degrees of the element x; € X

to the set f:Ifori =1,...,n. Also, when X is infinite an HF'S H is written as
@)
H= / o
X T

where h}:}(m) ={pg (@), . e ()} with l(x) = |hﬁ(:c)| is the possible membership degrees of the element x € X to

the set H gwen by the membership functions pg;(x) for j =1,...,1(z).

Remark 2.5. An HFS U on X is uniformly typical if there is a number p such that l(x) < p for each x € X. In [1], a
uniformly typical HFS is abbreviated by UHFS. The characteristic of the each uniformly typical h(:] is well defined due

to finiteness as follows:

Char(h(:]) =max{l(z) : z € X}.
To be easily understood, we express the UHFS U while X is infinite and for all z € X , we have I(z) = p, by
0= {07y,

Definition 2.6. Let U= {UYP_, and V= {vi ?:1 be two UHFSs on X. We say that U is a hesitant fuzzy subset of
V, if there is a one-to-one function as ¢ : {L,....p} —{1,...,q} such that pg:(x) < pyew (), for all i€ {1,...,p}
and for all x € X, then we show it as Ucv.
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Definition 2.7. Let U = {UYP_, and V= {Vj}gzl be two UHFSs on X. We say that Uis a strong hesitant fuzzy
subset of V, if there is a one-to-one function as ¢ : {1,...,p} — {1,...,q} such that pii(x) = ppe (), for all
ie{l,...,p} and for all z € X, then we show it as UC V.

-

Remark 2.8. [t should be noted that if U C V then U
Char(h lj') < Char(h ‘:/)

I:/, but the opposite is not true. Also U - Vv implies that

In [@], it was defined a new principle that the mapping f : X — Y can be extended to £ UHFS(X) — UHFS(Y)
through the following definition.

Definition 2.9. [0] For each h(:] € UHFS(X) with characteristic p, we decompose hl:](x) = {h%;l)(x), ce h%;l(w))(x)}
where haﬁ(l)(a:) << hgﬁ(l(w))(a:) and l(z) < p for all x € X and there must be v € X with l(x) = p. Then the new

extension principle allows us to define a UHFS hIz/(y) nY by V= {(y, h‘:/(y)) | yeY}, where

h=(y) = U { sup {haz(j)(x):f(a:)zy,xeX}}.

v j=lp €7@ U

Clearly V is another UH F'S with characteristic p. By notational convenience, we also denote the standard decom-
position of the typical HFE h\:/(y) as

h(y) = {h%/(yk . ~7h%(y)},

where, h (y) = supweffl(y){hi(j)(a:) : f(z) =y, € X} for each j = 1,...,p. It should be noted that {sup@} = 0
A% U

when there is no z € X such that y = f(x).
In [B4], it was presented the definition of HFNs, while X is infinite as a special type of HFSs, as follows.

Definition 2.10. [B4] Let M be o UHFS with Char(h =) =p as M= {Mj}gzl. Then we call it an HFN, if

(1) MIeF, foralj=1,...,p,
(2) My M #0,
where F is space of fuzzy numbers and Mf is a 1-cut for the jth (j =1,...,p) element of the UHFS M.
The space of HENs is denoted by HF. In [34], the difference between HFSs and HFNs can be seen.

Definition 2.11. Let M = {Mj}§:1 be an HFN, with characteristic (x) = p for all x € X. Then the extension

principle allows us to define the HFN N in'Y induced by the HFN Min X through f: X —Y as N= {Nj}gzl, where

N ={(y,u5;(¥) ly=flx) z€X},

and
1

[N

. W

)

o _ ) SUWPzef-1(y) {bxren (@)} if f7(y)
/’(’NJ(y) {0 Zf fﬁl(y)

in which M°9) is the jth smallest membership function in M ordered by a one ranking function in fuzzy number.

In this paper, we use the Yager index from [AR] for ordering fuzzy numbers.

Example 2.12. Let X = R be a continuous reference set, and take the HEN M= {Ml, MQ}, where M* = (0,2,4) and
M? = (1,2,3) are two triangular fuzzy numbers (see Figure D). Let the function f : X — Y be given byy = 2z+1. Then

the extension principle on HFNs allows us to define the HFN N in'Y induced by the HFN M in X through f : X — Y
as follows:

N={N', N,
in which N' = (1,5,9) and N> = (3,5,7) (see Figure ).
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Figure 2: HFN N in Example 2712

Remark 2.13. If ]\jll, e ]\ZL are HFNs in X1,..., X, with the corresponding elements {Mf(j)}ﬁ»':l, cel, {]\;[Z(j)}?:l,
respectively. The extension principle of HFNs allows us to extend the crisp function y = f(z1,22,...,2Tn) to act onn

HFNs of X, such that N= f(Mj, ..., M,). Here the HFN N is defined by N = {Nj}le, where

N = {(y,pﬁj(y)) sy = f(z1,. . xn), (21, .., @n) € X1 X -+ ><Xn},

and o -
Lri(y) = sup min {Mla(]),...,Mg(J)}, (2)
y=f(z1,...,zpn)

forj=1,...,p.

Distance measure is a fundamental and important issue of theory of sets. For HFSs, the axiomatic definition of
distance measure was addressed by [46] as follows.

Definition 2.14. [d6] Let U and V be two HFSs on X = {x1,22,...,2n}. Then the distance measure between U and
V is defined as d(U, V) satisfying the following properties:

(1) 0<d(T, V) < 1;

u

(2) d(U, I:/) =0 if and only if U= 1:/;
(3) d(U, V) =d(V, D).
In most cases, [ = (x) # l\z/(m) For convenience, let [(x) = max{l= (x),l= (x)} for each z in X. To operate correctly,

we should extend the shorter one until both of them have the same length. Drawing on the well-known Hamming
distance, a hesitant normalized Hamming distance is defined as follows:

1 1 I(z4)

d(0,V) = =5 [l(xi) z_: |h%(j)(xi) - h%/(”(xi)ﬂ. (3)

i=1

Also, for any z € [a, b], a continuous hesitant normalized Hamming distance for M = {Mf(j)}le and N = {Z\fo(j)}?:l
is defined as follows:
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d(M,N) = i

Py b o
Z(*/ NT7D) — FeO))), (@)
a‘="'pJ,

J

b

where p is characteristic of HFNs M and 1§T, [aj,b;] is union of the support for both the fuzzy numbers M7 and N7 for
j=1,...,p, and a = min{a;} and b = max{b;}.
J J

3 New arithmetic operations on hesitant fuzzy numbers

The arithmetic of HFNs can be taken as a generalization of the fuzzy arithmetic. The modelling based on the hesitant
fuzzy arithmetic is expected to express the situation more realistically. In this section, we present a new method for
developing the HFN arithmetic based on the extension principle for HFSs. Recently, in [34], a new binary operation
x: R x R — R on HFNs is given as follows:

MxN = {MZ;N]}i:I,Z,..‘,n, j=1,2,...,m" (5)
where M = {M',...,M"} and N = {N',...,N™} € HF. Then it was shown that the outcome of the operation ¥ on
two HFNs is an HEN (see [34, Theorem 3.2 |). Section 6 shows that with increasing operators and characteristic of
each HFN, this definition has a high computational volume. To solve this problem, in this paper, we introduce a new
definition of arithmetic operations on the HFNs as follows.

Definition 3.1. let x denote any of the four basic arithmetic operations and let M= {MJ(J Y=y and N= {NY j)}
denote HFNs. Then, we define an HF'S on R, M*:N, by the result of Remark I3 as follows:

iR = | {Sup{mm (igoon (@) 1700, (0 }}} ©)

. Z=T*
J=1,..p v

for all z € R.

For convenience , we can denote (B) a M»;N( ) = {MeDIN")(z) ?:1'
Remark 3.2. In some cases, the cardinality of two HFNs is not equal; thus we should extend the shorter one until both
have the same length when we perform arithmetic operations on them. To extend the shorter one, the best way is to
add the same value several times in it. In fact, we can extend the shorter one by adding any value in it. The selection
of this value mainly depends on the decision-makers risk preferences. Optimists anticipate desirable outcomes and may
add the maximum value, while pessimists expect unfavorable outcomes and may add the minimum value [G6]. In this
paper, in such situations, we propose to add the maximum value.

More specifically, for basic arithmetic operations, we have

MeN(z) = U tmin e (oo (01, (")
MENE) = U { s fmin {igzoon (o). oo () (®)
MeNE) = U { s tmin (oo (o). 00 ()1 (9)
MENE = U { s tmin (it (s 0} (10)

Although M * N is an HFS, in the following, we show that it is an HFN, which is a subject of the following lemma

and theorem.

Lemma 3.3. Let V be an HFN. If UC V, then U is an HFN.
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Proof. Let U= {U}P_, and V= {vi }i—1, due to the U C V, we know by Definition EZ2 that there is a one-to-one

function as ¢ : {1,...,p} — {1,...,q} such that U = ve@ for all i € {1,...,p}. Since V is an HFN, we have
V¢(®) € F for each i € {1,...,p}. Hence U’ € F. On the other hand, it can be written

NweN =0 )

Now, since V € HF, we have Ni-1 Vi # 0. Hence, it follows from (L) that (\?_, Uj # 0. Hence, due to Definition
PIm, it shows U € HF. O

Notation 3.4. It should be noted that in Lemma I3, the condition A C B cannot be replaced by the weaker condition
A - B.

Theorem 3.5. Let x € {®,0,®,@}, and let M and N be two HFNs with equal characteristics. Then, the HES ]\Ztﬁ
in Definition @ is an HFN.

Proof. Let M = {M?}P_ and N = {N}_,. Also, let U = 1\:/_[1< = {U'}i=1....p, where UP = M7DIN(®) and let

V =MiN = {V@D}, ;. where V(i) = NeOFNG),

Now, consider function ¢ : {1,...,p} — {(4,4)}i j=1,...p that is defined by ¢(i) = (4,7). It is clear that ¢ is a
one-to-one function and for each i € {1,...,p} we have
i~ e @i e _ gl _ et

N
to Definition 274, it can be concluded that [:I \:/; On the other hand, according to [34, Theorem 3.2], we know
N U=M

So due 34,
V= 1\7[1 N € HF. Hence, from Lemma B3 we have »;N € HF, which completes the proof. O

The following example shows the new arithmetic operations on HFNs.

Example 3.6. Let M and N be two HFNs with the continuous reference sets as follows:

1= { o e @) @) o € R, F= {0 (g @ @)l < R,

where M' = (3,5,6,8), M? = (4,6,8), N' = (2,3,4) and N? = (1,3,6) (see Figure 3).

grade of membership
°
5

/
02 /

Figure 3: HFNs M and N in Example B8.

Using () for the operator ©, we have A = ]\?E@

(2) = {(1‘, {1 (@), pze(2)}) |2 € R}, where

0 for z € (=00, 5], 0 for s € (<00,
%5 f07’ S [57 8], s for e [5 9}, )
pi(r) =141 for x € [8,9], f g0 (2) = 1111— 9]
12-x == for z € ]9,14],
’ Jor € 19:121 0 for z € [14, ).
0 forxz € [12,0), )
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Using (8) for the operator ©, we have B= ]\zf@ ]\:f(z) = {(m, {pp (), ppe(2)}) |2 € R}, where

0 for z € (—o0, —1], 0 Jor € (—00, 2]

el for z € [-1,2], 42 fora e [-2 ’3} ’
ppi(z) =<1 forxz € 2,3, pge(x) =< .° Y

6 T forx € [3,7],

3 Jorw € 13,6, 0 for x € [7,00).

0 for x € [6,00), ’

Using (@) for the operator ®, we have C= ]\:4@ ﬁ(z) = {(m, {pea (), pee(z)}) |z € R}, where

0 for x € (—o0, 6]
b 0 for x € (—o0,4],
VBT FI-7
( ) xf fforx E[ [6, 15]], ( ) \/41:1»975 fOT’JI c [4’ 18]7
pen(x) =41 orz € (15,18, M (T) = \/?
3— /52 18,48
4— /T forze[18,32), o forze[ls 4],
0 for z € [32, 00), 0 for x € [48,00).
Using (D) for the operator @, we have D= ]\:4@ ]\:f(z) = {(x, {pp: (@), ppe(z)})|z € ]R}, where
3
0 forx € (—oo,z], 9
3 5 0 fO’I’J}E(*OO7*],
4f+_23 forx e[, =], 2 3
~ _ 54 3 } _ 6x—4 fOTl‘ c [772],
/’LDI (.’L') 1 fOTI' c [7 2] MDQ (fE) 3z+42 3
s 37 s forz € [2,8],
) for x € [2,4], 0 for x € [8,00).
0 for x € [4,00),

The four arithmetic operations performed in this example are illustrated in Figure J.

B

grade of membership

Figure 4: Illustration of arithmetic operations on HFNs in Example B8.

Remark 3.7. For more convenience in practical calculations, the HFNs ]\:4(83 ]\:f(z) and ]\7[@ ﬁ(z) whose elements are

not necessarily triangular and trapezoidal fuzzy numbers, can be approximated by a suitable triangular and trapezoidal
fuzzy numbers using the concept of left and right divergence (see [@, B]). The HFN so obtained the approximation
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of the given HFN, is called. For example, a possible approximation of C = ]\:4@ ]\:f(z) i Fxample B4, is the HFN

C={(6,15,18,32), (4,18,48)}.

4 Partial and meaningful ordering of hesitant fuzzy numbers

To introduce a meaningful ordering of HFNs, we first extend the lattice operations on fuzzy numbers to HFNs. Let F
denote the set of all fuzzy numbers. In [P4], it was shown that the pair (F, <) is a distributive lattice, where < is a

partial ordering defined as: o s R
ASB < LUB(A,B) =B, (12)

where s
LUB(A7 B) (C) = Supc:max{a,b} mm{,uA (Cl)7 1232] (b)}

The linear ordering of real numbers does not extend to fuzzy numbers, but in [24], it was shown that fuzzy numbers
with the pair (F, <) can be ordered partially in a natural way. To introduce a meaningful ordering of HFNs, we first
extend the lattice operation LU B on fuzzy numbers, to the corresponding operations on HFNs. For this purpose, for

any two HFNs M and N, by using Remark B2 we define

LUB(M,N) = {LUB(NI"D), N70)}?_ . (13)
The next theorem shows that LU B(l\:/[7 ﬁI) is an HFN.

Theorem 4.1. Let M, N € HF. Then LUB(M, N) € HF.

Proof. Let [ : R? — R and let 2 [y = max{z, y}. Based on Definition B, LUB(I\:/I, lif) =M gﬁf, since LUB(I\:/[, lif) is

a new binary operation in (B) and max is a continuous operator. Hence it follows from Theorem B3 that LUB(I\:/I, liT)
is an HFN. O

Recall that HIF denotes the set of all HFNs. Let é be a relation defined as follows:

M<N & LUB(M,N)=N. (14)
In the following, we show the pair (HF, 5) is a partial ordering. This is a subject of the following lemma and theorem.
Lemma 4.2. Let M= (M and N= {N}P_, be two HFNs. Then A?g N& Mo <SN°D, foralli=1,...,p.
Proof. We first show that for each i =1,...,p

NI <R 5100 < §o0).
Let M = N. From () we have LUB(I\:/I, lif) = ﬁl, which implies that
~ () (i) 1P (1P
(LUBQITO, NO)? | = (N7

Therefore LUB(M°® N°®) = N°@) for each i = 1,...,p. Hence, from (I2), for i = 1,...,p, we have M@ < No),
The proof of the reverse relation is analogous. O

Theorem 4.3. The relation 5 introduced in (I4) on HF is a partial ordering.

Proof. We should show that the relation satisfies in three properties reflexivity, anti-symmetry and transitivity. The
reflexivity property is clear, namely, for each M € HF, we have LUB(M, 1\7[) = M, that is, M p M.
For anti-symmetry property, let both M S N and N = M be true. Therefore

LUB(M,N) = N, (15)

LUB(N,M) = M. (16)



106 M. Rangbar, S. M. Miri, S. Effati

Due to [24, Theorem 4.3 |, we have o o
LUB(M,N)=LUB(N, M), (17)

hence, from ([3) and (I7), it can be concluded

LUB(M,N) = LUB(N, M). (18)

Therefore, from (IH), (IH), and (IV), it is clear that M = N. Finally, we prove the transitivity property. For each
M, N, U € HF, let both M S N and N S U be true. Then from Lemma B2, for each i = 1,...,p, we get

i < jo0), (19)
No® < o), (20)
Since the relation < is a partial ordering (see [24]), hence for each i = 1,...,p, we have
M@ <o), (21)
Thus, due to Lemma B2, we have M = I:J, which completes the proof. O

The set (HF, <) is not linearly ordered; thus some HFNs are not directly comparable. In the following, we propose
a new method to compare two HFNs based upon the definition of the Hamming distance. We compare two HFNs M
and N by the following steps:

1- At first, we determine their LUB(I\:/I, ﬁI)
2- Then, we calculate the Hamming distances d(LUB(l\:/I, ﬁl), 1\:/1) and d(LUB(l\:/I, lil), lif) by (@),

3- Finally, we have

M<N < d(LUB(M,N),M) > d(LUB(M,N),N) (22)
Remark 4.4. It should be noted that if ]\Zfé J\:/, then J\:4§ ]§7, but the opposite is not true.

Example 4.5. Let M and ]\:Cbe two HFNs with the continuous reference sets in Example 8. We compare M and N.
At first, we obtain LUB(]\;[,N) as follows:

LUB(M, N) = {LUB(M°™, N*W), LUB(M"® , N°®)},

where
LUB(M°D, N°Wy = pre®  LUB(M°®, N°@) = 3@,

Therefore we have LUB(]\Z ﬁ) - M. Hence, due to ([[4), we have ﬁé M and by Remark f4, we get ]\:4§ N.

Example 4.6. Let M= {M"(l),M"@)} and N = {N”(l),N"@)} be two HFNs with the continuous reference sets,
where M°M = (0,1,3), M°?) = (=2,1,2,5), N°D) = (0,2,3) and N°? = (1,2,3) are fuzzy numbers (see Figure ).
We want to compare M and N. At first, we obtain LU B(M, N) = {LUB(J\Z/"(U, N"(l)),LUB(J\;["(Q),N”(2))}, in which

LUB(M"(U,N"(U) — N”(l), LUB(Ma(z)’NU(z)) ” NU(Z),

where
0 r <1
rz—1 1<xz<?2
Hoop(iee 8-@) @) =4 5—z o
0 z>5

Figure @ show LUB(]\:I7 fo) In this example, according to (I3), we cannot compare M and ]\:]; in other words, ﬁé M.
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Figure 6: The lattice operation LUB on HFNs in Example B3.

Now, due to (22) we obtain d(LUB(]\;[,ﬁ), ]\:4) and d(LUB(Z\Z ]\:f),]ff), respectively, as follows:

ALV BT, )~

2 5
1 N -
( 52 / |ILUB(M?), Ny — ppoU)))
— </,

1 3 ~ ~ ~ 5 ~ _ _
:Z(/ |ILUB(MD) | NoW)) — ppe@))| +/ |ILUB(M°® N°@) — M73)|) = 0.1964
0

, and

S

“E n
gn
3

d(LUB( Z/ \ILUB(M?U), No@) — NoW)))

:3(/ ILUB(M°MW  N°W)y — No()) +/ ILUB(M?® N2 — N°@)|) = 0.1889.
0 1
Due to d(LUB(M, N), M) > d(LUB(M, N), N), we have M < N.

5 Applications of new arithmetic operations on HFNs

Proper arithmetic operations and ordering method on HFNs can be important in a hesitant fuzzy environment, and
by using these operations, we can do the calculations more easily. Also, those can be a very useful tool in several
applications of hesitant fuzzy sets such as decision-making, optimization and so on. For example, consider a hesitant
fuzzy linear programming (HFLP) problem as follows:

Max ¢ x

s.t. (23)
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where, ¢ = (C1,...,¢n), a; = (841,...,44), and x = (z1,...,2,)T. Also, (::j,f)l-, and a;; (j=1,2,...,n,i=1,2,...,m)
denote the hesitant fuzzy parameters, where the possibility distribution of hesitant fuzzy parameters is assumed to be
characterized by HFNs. We needed a arithmetic operations to determine optimal value in such problems.

In [34], to solve this problem, a new approach with a binary operation on HFNs was given, but we show that this
method has a high computational volume by increasing the number of elements of HFNs. In the following, an example
to illustrate the superiority of the new approach in optimization problems is provided.

Example 5.1. (see [34]) Consider the following HFLP problem with hesitant fuzzy parameters:

max z= 12x1 + §x2

s.t.
51‘1 + §x2 < 150
4:561 + 5562 S 8:0
x1, w2 2 0,

where
& = 12={(10,12,13), (11,12,15)}, & = 8 = {(7,8,9), (5.8, 12), (6,8,9, 11)},
G =2={(15,2,2.5),(1,2,3)}, 1o = 5= {(2,3,4), (0,3 5)(1:3,4,4)},
by = 100 = {(90, 100, 120), (80, 100, 115),( 85,95, 105 115)}, éy = 4 = {(3,4,5),(3,3.5,4.5,5),(2,4,6)},
Gy = 2=1{(1,2,3.5),(1.5,2,2.5), (0, 2,4)}, 5 = 80 = {(70, 80, 100), (60, 80, 110), (50, 70, 90, 120) }.

After solving this problem using the proposed approach in [53], the acceptable hesitant fuzzy optimal solutions are,
respectively, obtained as follows for k=2 and k = 3:

2%(0.6,2) = 1.0665, 25(0.6,2) = 31.4963 (24)

2%(0.9,3) = 4.8617, 25(0.9,3) = 25.1630. (25)

Now, by substituting the optimum solutions (Z4) and (Z4) in the objective function and using the binary operation on
HFNs in [5]], we obtain an HFN with characteristic p =6 for each optimum value as follows:

= 12215 8my = {(10,12,13)27(7,8,9)x3, (10,12, 13)27(5, 8, 12)a35, (10,12, 13)215(6,8,9, 11)a3, (11,12, 15)x]
.8,9)2%, (11,12, 15)236(5, 8, 12)a%, (11, 12, 15)2% (6, 8,9, 1)z }.

Now, for k =2 and k = 3 we have, respectively.

7°(0.6,2) = {(231.1390,264.7683,297.3311), (168.1464, 264.7683, 391.8199), (199.6427, 264.7683, 296.2646, 360.3237),
(232.2055, 264.7683,299.4641), (169.2129, 264.7683, 393.9529), (200.7092, 264.7683, 296.2646, 362.4567) }

7(0.9,3) = {(224.7579,259.6443, 289.6690), (174.4318, 259.6443, 365.1581), (199.5949, 259.6443, 284.8037, 339.9951),
(229.6196, 259.6443, 299.3923), (179.2935, 259.6443, 374.8814), (204.4565, 259.6443, 284.8073,349.7184) }

Figures [T and 8 show the HFNs % (0.6,2) and Z (0.9,3) using the binary operation on HFNs in [34], respectively.

grade of membership

Figure 7: Optimum value for k = 2 as a HFN in Example 571 by the binary operation on HFNs in [34].
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Figure 8: Optimum value for k¥ = 3 as a HFN in Example 571 by the binary operation on HFNs in [34].

Now, use the new arithmetic operations defined in this paper, for this example. Since the cardinality of two HFNs
12 and 8§ are not equal, at first, due to Remark B3, we should extend the shorter one until both have the same length.
Therefore B B

¢ = 12 ={(10,12,13), (11,12,15), (11,12,15)}, & = 8= {(7,8,9), (5,8,12),(6,8,9,11)}.

Now, we use the optimum solutions (84) and (Z3) and substitute them in the objective function. Using the new
arithmetic operations, then we obtain an HFN with characteristic p = 3 for each optimum value as follows:

7= ]f?:ﬂl @ §x2 = {(10, 12,13)21®(7,8,9)x3, (11,12,15)25D(5, 8, 12)z5, (11,12, 15)210(6, 8,9, 11):8;}.
Now, for k =2 and k = 3 we get, respectively.

(0.6,2) = {(231.1390, 264.7683,297.3311), (169.2129, 264.7683, 393.9529), (200.7092, 264.7683, 296.2646, 362.4567) }
(0.9, 3) = {(224.7579, 259.6443, 289.6690), (179.2935, 259.6443, 374.8814), (204.4565, 259.6443, 284.8073, 349.7184)}

N& NS?

Figures @ and ID show the HFNs % (0.6,2) and 7 (0.9,3) by using the new arithmetic operations, respectively.  In

Figure 9: Optimum value for £ = 2 as a HFN in Example 61 by using the new arithmetic operations.

Figure 10: Optimum value for k£ = 3 as a HFN in Example Bl by using the new arithmetic operations.

this problem, the obtained optimal solutions by mew arithmetic operations are a strong subset of the obtained optimal
solutions in [B4].

The following example is another application of the proposed arithmetic operations and ordering method on HFNs
in a hesitant fuzzy decision-making (HFDM) problems.

Example 5.2. Suppose that at a university, the post of a professor is vacant, and two candidates A; and As remain. A
committee has convened to decide which applicant is the best qualified for the job according to two attributes educational
capabilities (x1) and research capabilities (x2). The committee has three members with different evaluations in a hesitant
fuzzy environment and they have identified the following hesitant fuzzy decision matriz that the possibility distribution
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Table 1: Hesitant fuzzy decision matrix by three members in Example 63.

[ | |

Ay a1 = {(0.6,0.8,1), a2 = {(0.4,0.5,0.6,0.7),
(0.7,0.8,0.9), (0.4,0.6,0.8),
(0.5,0.7,0.9,1)} (0.3,0.5,0.6,0.7)}
Ao as1 = {(0.4,0.5,0.7), a3z = {(0.6,0.7,0.9, 1),
(0.3,0.4,0.6,0.8), (0.7,0.8,1),
(0.4,0.5,0.8) } (0.5,0.8,0.9) }

of its elements is assumed to be characterized by HFNs (see Table @). The hesitant fuzzy weights of attributes x1 and
o are, respectively, given as follows:

w1 = {(0.3,0.6,0.7), (0.4,0.6,0.7), (0.3,0.5,0.7,.0.8) }, wz = {(0.3,0.4,0.5,0.6), (0.3,0.4,0.7), (0.3,0.35,0.45,0.6) } .

Based on the extension of Bonissone’s approach in the fuzzy decision-making problems [@] with the help of the
approximated algebraic operations for HFNs in Section 3, we can quickly compute the performance of alternative A; (i =

1,...,n) with respect to attributes, x; (j=1,...,m) using
- m
U, = Zw} @; a{j. (26)
j=1

The hesitant fuzzy utility of A1 is computed using Eq.(26) as

Uy = ) ® an ® W @ ais = {(0.24,0.59,0.81,1.11), (0.4,0.68,0.78, 1.05), (0.3,0.64,0.8, 1.36)}.

Similarly, we can obtain
U =y @ a3, @ @ajzy = {(0.24,0.52,0.72, 1.1), (0.34,0.58,0.75,1.09), (0.33,0.57,0.67, 1.34)}.
Due to Eq.(22), we can show d(LUB(U:h U:;)7[/i) < d(LUB(U:h Uz)7lf~2)7 therefore U;; < U:1

To show the correctness of the obtained results, we can use the fuzzy group decision-making by taking the average
value of evaluations three members of the committee (see Table B). By Bonissone’s approach in the fuzzy decision

Table 2: Fuzzy decision matrix by taking the average value of the three members in Example b2.

| o | -

Ay | 0.8=(0.6,0.77,0.83,0.97) | 0.6 = (0.37,0.53,0.6,0.73)
As | 0.5 =(0.37,0.47,0.53,0.77) 0.8 = (0.6,0.77,0.83,97)
w | w; = (0.33,0.57,0.363,0.7) | wa = (0.3,0.38,0.45,0.63)

making problems [@], the fuzzy utility of A1 and As is, respectively, computed as follows:
Uy = (0.31,0.64,0.79,1.17), Uy = (0.30,0.56,0.71,1.17).

We find that the ordering for Ay and As remains the same, but the results of group decision-making problem in the
hesitant fuzzy environment are more desirable than the results obtained in fuzzy environment, because we can see more
information in the hesitant fuzzy approach in the results.

6 Discussion and comparative analyses

While modelling certain problems in the decision-making, optimization, physical sciences and engineering, it is often
observed that the parameters of the problem are not known precisely but rather lie in an interval. In the past, such
situations have been handled by the application of interval arithmetic which allows mathematical computations to be
performed at intervals and obtains meaningful estimates of desired quantities also in terms of intervals. Arithmetic of
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fuzzy numbers can be taken as a generalization of the interval arithmetic where rather than considering intervals at
one level only, several levels in [0, 1] are considered. HFNs are the major generalization of fuzzy numbers to describe
situations in which they permit the membership degree of an element of a set to be represented in several possible
values between 0 and 1.

In the different applications for HFNs, hesitant fuzzy arithmetic operations can be perform in order to solve math-
ematical equations that use HFNs. Thus, using a suitable arithmetic for these numbers is very important. According
to Definition 210 an HFN is a special type of HFSs. In many studies, the members from elements of the HFSs got
some values in the interval [0,1] with a discrete and finite reference set of X, but in this paper for an HFN we use a
and infinite reference set of X on the real numbers.

In this paper, we use the extension principle in HFSs for the new arithmetic operation, which has the following
advantages:

(1) Reducing the volume of calculations.
(2) Using the knowledge of experts in all problem-solving processes.
(3) More effective than the fuzzy approach in group decision-making problems.

For example, for (1), consider an HFLP problem similar to Example 51 with n variables and HFNs with characteristic
pi for i = 1,2,...,n, based on the binary operation () in [34]. We have an HFN as an optimal solution with
p1 X p2 X -+ X p, elements, but by applying the new arithmetic operations (&©) in this paper, we have an HFN as

an optimal solution with p = max{p1,p2,...,pn} elements. Therefore, the new approach significantly reduces the
computational volume to determine the optimal solution (see Table B).

Table 3: Complexity comparison of the new arithmetic operation with binary operation in [34] in an HFLP problem.

Methods Binary operation in [34] ‘ New arithmetic operation ‘
Characteristic of PL X P2 X ... X Pn P
Computational volume p1 X Pp2 X ...X ppn (n—1)p

Table @l shows a complexity comparison for the binary operation in [34] with the new arithmetic operations on the
HFDM problem similar to Example b2, based on the extension of Bonissone’s approach in the fuzzy decision-making
problems [B], with m attributes, n alternatives and HFNs with characteristic p. In fact, the information obtained by
the new arithmetic operation is the strong hesitant fuzzy subset of the information obtained by the binary arithmetic
operation.

Table 4: Complexity comparison of the new arithmetic operation with binary operation in [84] in an HFDM problem.

Methods Binary operation in [34] ‘ New arithmetic operation ‘
Characteristic of U; p>m P
Computational volume np?™ n(2m — 1)p

Tables 3 and 4 show that the new arithmetic operation for HFNs can reduce the computational volume in large-scale
problems. This means that if the characteristic of the input HFNs is large or the numbers of operators are large, the
use of new arithmetic operation is recommended for hesitant fuzzy arithmetic. In addition, to the calculations with
HFNs allow the incorporation of uncertainty on parameters and use the evaluations of various experts.

Also for (2) and (3) in Example B2, by these arithmetic operations, we use the knowledge of experts in all problem-
solving processes, and it is more effective than the fuzzy approach by aggregating the opinions of experts. Generally,
the arithmetic calculations on HFNs can be done by two different approaches: (a) The extension principle approach
(b) The interval arithmetic approach. In this paper, we use the extension principle approach for this purpose. In later
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studies, the interval arithmetic approach on the (o, k)-cuts of given HFNs can be investigated. Accordingly, developing
computational methods for the implementation of hesitant fuzzy arithmetic operations contributes to the more effective
use of HFNs in different applications.

There are many different methods for ordering or comparing the fuzzy numbers. In the same way, given the
importance of this issue for HFNs, in this paper, we introduce a meaningful ordering of HFNs by the extension principle
which may be required in the final selection of decision options after performing arithmetic operations on HFNs. Due
to the existence of various methods in the order of fuzzy numbers, the study and research on the order for HFNs can
be an interesting topic in the future.

7 Conclusions

In this paper, a new arithmetic operations and ordering method on HFNs based on the extension principle were
introduced. The selection of proper arithmetic operations and ordering method for HFNs have many applications in
different fields such as optimization problems, decision-making problems, expert systems, and so on. In an application,
we showed that the new approach reduces the computational volume to obtain optimal solutions in the special case of
the HFLP problems. However, this issue can be important in hesitant fuzzy set environments while we use HFNs.

Acknowledgement

The authors wish to express their appreciation for several excellent suggestions for improvements in this paper made
by the referees.

References

[1] J. C. R. Alcantud, V. Torra, Decomposition theorems and extension principles for hesitant fuzzy sets, Information
Fusion, 41 (2018), 48-56.

[2] A. 1. Ban, L. Coroianu, Simplifying the search for effective ranking of fuzzy numbers, IEEE Transactions on Fuzzy
Systems, 23 (2015), 327-339.

[3] S. Bass, H. Kwakernaak, Rating and ranking of multiple-aspect alternatives using fuzzy sets, Automatica, 13 (1977),
47-58.

[4] C. R. Bector, S. Chandra, Fuzzy mathematical programming and fuzzy matriz games, Springer, Berlin, 2005.
[5] B. Bede, Mathematics of fuzzy sets and fuzzy logic, Springer, Heidelberg, 2013.

[6] P.P. Bonissone, A fuzzy sets based linguistic approach: Theory and applications, in: M.M. Gupta, E. Sanchez (Eds.),
Approximate Reasoning in Decision Analysis, North-Holland, Amsterdam, (1982), 329-339.

[7] F. J. Cabrerizo, M. A. Martinez, M. J. Cobo, S. Alonso, E. Herrera-Viedma, Hesitant fuzzy sets: A bibliometric
study, 5th International Conference on CoDIT, (2018), 659-664.

[8] N. Chen, Z. Xua, M. Xia, Correlation coefficients of hesitant fuzzy sets and their applications to clustering analysis,
Applied Mathematical Modelling, 37(4) (2013), 2197-2211.

[9] C. H. Cheng, A new approach for ranking fuzzy numbers by distance method, Fuzzy Sets and Systems, 95 (1998),
307-317.

[10] T. C. Chu, C. T. Tsao, Ranking fuzzy numbers with an area between the centroid point and original point, Computers
and Mathematics with Applications, 43(1-2) (2002), 111-117.

[11] R. Chutia, B. Chutia, A new method of ranking parametric form of fuzzy numbers using value and ambiguity,
Applied Soft Computing, 52 (2017), 1154-1168.

[12] D. Dubios, H. Prade, Operations on fuzzy numbers, International Journal of Systems Science, 9 (1978), 613-626.

[13] B. Farhadinia, A series of score functions for hesitant fuzzy sets, Information Sciences, 277 (2014), 102-110.



Arithmetic operations and ranking of hesitant fuzzy numbers by extension principle 113

[14] B. Farhadinia, F. Javier Cabrerizo, E. Herrera Viedma, Horizontal representation of a hesitant fuzzy set and its
application to multiple attribute decision making, Iranian Journal of Fuzzy Systems, 16(5) (2019), 1-13.

[15] X. Gou, X. Wang, Z. Xu, F. Herrera, Consensus based on multiplicative consistent double hierarchy linguistic
preferences: Venture capital in real estate market, International Journal of Strategic Property Management, 24
(2019), 1-23.

[16] X. Gou, Z. Xu, Double hierarchy linguistic term set and its extensions: The state of the art survey, International
Journal of Intelligent Systems, 36(2) (2021), 832-865.

[17] X. Gou, Z. Xu, H. Liao, Group decision making with compatibility measures of hesitant fuzzy linguistic preference
relations, Soft Computing, 23 (2019), 1511-1527.

[18] X. Gou, Z. Xu, W. Zhou, Interval consistency repairing method for double hierarchy hesitant fuzzy linguistic
preference relation and application in the diagnosis of lung cancer, Economic Research-Ekonomska Istrazivanja,
34(1) (2021), 1-20.

[19] P. Grzegrorzewski, The Hamming distance between intuitionistic fuzzy sets, in: The Proceeding of the IFSA 2003
World Congress, ISTANBUL, 2003.

[20] X. Gu, Y. Wang, B. Yang, A method for hesitant fuzzy multiple attribute decision making and its application to
risk investment, Journal of Convergence Information Technology, 6(6) (2011), 282-287.

[21] M. Hanss, Applied fuzzy arithmetic, Springer, Berlin, Germany, 2005.

[22] R. Jain, A procedure for multiple-aspect decision making using fuzzy sets, International Journal of Systems Science,
8(1) (1977), 1-7.

[23] A. Kaufmann, M. M. Gupta, Introduction to fuzzy arithmetic: Theory and applications, Van Nostrand Reinhold,
New York, NY, USA, 1991.

[24] G. J. Klir, B. Yuan, Fuzzy sets and fuzzy logic, theory and applications, Prentice Hall PTR, 1995.

[25] D. F. Li, A ratio ranking method of triangular intuitionistic fuzzy numbers and its application to MADM problems,
Computers and Mathematics with Applications, 60 (2010), 1557-1570.

[26] C. Li, H. Zhao, Z. Xu, Hesitant fuzzy psychological distance measure, International Journal of Machine Learning
and Cybernetics, 11 (2020), 2089-2100.

[27] H. Liao, Z. Xu, Fxtended hesitant fuzzy hybrid weighted aggregation operators and their application in decision
making, Soft Computing, 19(9) (2015), 2551-2564.

[28] H. Liu, L. Jiang, Optimizing consistency and consensus improvement process for hesitant fuzzy linguistic preference
relations and the application in group decision making, Information Fusion, 56 (2020), 114-127.

[29] A. Mahmodi Nejad, M. Mashinchi, Ranking fuzzy numbers based on the areas on the left and the right sides of
fuzzy number, Computers and Mathematics with Applications, 61(2) (2011), 431-442.

[30] H. B. Mitchell, Ranking intuitionistic fuzzy numbers, International Journal of Uncertainty, Fuzziness and Knowledge
Based Systems, 12 (2004), 377-386.

[31] J. A. Morente-Molinera, F. J. Cabrerizo, J. Mezei, C. Carlsson, E. Herrera-Viedma, A dynamic group decision
making process for high number of alternatives using hesitant fuzzy ontologies and sentiment analysis, Knowledge-
Based Systems, 195 (2020), 105657.

[32] M. Ranjbar, S. Effati, Symmetric and right-hand-side hesitant fuzzy linear programming, IEEE Transactions on
Fuzzy Systems, 28(2) (2020), 215-227.

[33] M. Ranjbar, A. V. Kamyad, S. Effati, Fuzzy classification as a decision making problem in hesitant environments,
International Journal of Information and Decision Sciences, 11(1) (2019), 22-35.

[34] M. Ranjbar, S. M. Miri, S. Effati, Hesitant fuzzy numbers with (o, k)-cuts in compact intervals and applications,
Expert Systems with Applications, 151 (2020), 113363.



114 M. Rangbar, S. M. Miri, S. Effati

[35] Z. Ren, Z. Xu, H. Wang, Normal wiggly hesitant fuzzy sets and their application to environmental quality evaluation,
Knowledge-Based Systems, 159 (2018), 286-297.

[36] K. Rezaei, H. Rezaei, New distance and similarity measures for hesitant fuzzy soft sets, Iranian Journal of Fuzzy
Systems, 16(6) (2019), 159-176.

[37] S. Rezvani, Ranking generalized exponential trapezoidal fuzzy numbers based on variance, Applied Mathematics
and Computation, 262 (2015), 191-198.

[38] R. M. Rodriguez, Z. S. Xu, L. Martinez, Hesitant fuzzy information for information fusion in decision making,
Information Fusion, 42 (2018), 62-63.

[39] M. Sakawa, Fuzzy sets and interactive multiobjective optimization, Plenum Press, New York, 1993.

[40] G. Sun, X. Guan, X. Yi, Z. Zhou, Grey relational analysis between hesitant fuzzy sets with applications to pattern
recognition, Expert Systems with Applications, 92 (2018), 521-532.

[41] M. Tang, H. Liao, Managing information measures for hesitant fuzzy linguistic term sets and their applications in
designing clustering algorithms, Information Fusion, 50 (2019), 30-42.

[42] V. Torra, Hesitant fuzzy sets, International Journal of Intelligent Systems, 25 (2010), 529-539.

[43] J. Wang, X. Ma, Z. Xu, J. Zhan, Three-way multi-attribute decision making under hesitant fuzzy environments,
Information Sciences, 552 (2021), 328-351.

[44] M. Xia, Z. Xu, Hesitant fuzzy information aggregation in decision making, International Journal of Approximate
Reasoning, 52(3) (2011), 395-407.

[45] Y. W. Xu, F. Y. Meng, N. Wang, Correlation coefficients of linguistic interval hesitant fuzzy sets and their appli-
cation, Iranian Journal of Fuzzy Systems, 16(4) (2019), 65-81.

[46] Z. Xu, M. Xia, Distance and similarity measures for hesitant fuzzy sets, Information Sciences, 181(11) (2011),
2128-2138.

[47] R. R. Yager, On choosing between fuzzy subsets, Kybernetes, 9 (1980), 151-154.
[48] R. R. Yager, A procedure for ordering fuzzy subests of the unit interval, Information Sciences, 24 (1981), 143-161.

[49] W. Zeng, R. Ma, Q. Yin, Z. Xu, Similarity measure of hesitant fuzzy sets based on implication function and
clustering analysis, IEEE Access, 8 (2020), 119995-120008.

[50] F. Zhang, J. Ignatius, C. P. Lim, Y. Zhao, A new method for ranking fuzzy numbers and its application to group
decision making, Applied Mathematical Modelling, 38(4) (2014), 1563-1582.

[51] X. Zhang, Z. Xu, Novel distance and similarity measures on hesitant fuzzy sets with applications to clustering
analysis, Journal of Intelligent and Fuzzy System, 28(5) (2015), 2279-2296.

[52] B. Zhu, Z. Xu, M. Xia, Hesitant fuzzy geometric Bonferroni means, Information Sciences, 205 (2012), 72-85.

[53] H. J. Zimmermann, Fuzzy set theory and its applications, Kluwer Academic Publishers, 1996.



Iranian Journal of Fuzzy Systems P

Volume 19, Number 1 (2022), pp. 208 Uiivedbity of

Sistan and Baluchestan

Arithmetic operations and ranking of hesitant fuzzy numbers by
extension principle

M. Ranjbar, S. M. Miri and S. Effati

Gl ol lal 5 38 50 (3B dlusl (Suvddy 9 gl Oldos

03y Lo 340 ) kaia;):s\fsj\é:l.xol)’lmasjdiiol};pq::fsj\é:.udii.a.A:aSe
‘_;‘}BQ@L«:’-Lﬂ64“.2.0Cﬁ_‘).}.M[{@Wh)ﬁ)gjébf‘_gjuéw)iwj4{'_}’.;';)}&;‘»\
(Jel pl S eslazal b (RO AR 330 3B slaas gazn o Jol wamg b)) 55,
6(’:"“6‘ Ol by b oo ‘_,;J:Mf 35 50 (5 3B sldel 4 (3B sluel (69, p 3 Ikl Sl Olhles

.C_,.w\.s:fé)'lé:.x.pdii::féjﬁs&3>53)ﬂ$u>awﬁjﬁ

cr:f@osu;w\:>fdjua|»\6@4§)5\ﬁ;:J.»L;)'BL;LM;}WJJGM)SJ‘A)'H»W
b oed S5 55 3350 (656 slel 4T s s DU Wlis ) 53 bl (S p s se LIS e oS
e St 8l 30 50 (636 el I la s (5 ES Bae Sl isd e S
23 S om o3linl T (555 Kl o 3 g5 Jol ol 33,0 56 slael (g5,

Ll o 0315 = asjfrw 3 Solaig Pl gy 2 6T 5,8 (ulys



