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Abstract

We investigate the stability problems of the n-dimensional Cauchy-Jensen type and the n-dimensional Pexiderized
Cauchy-Jensen type fuzzy number-valued functional equations in Banach spaces by using the metric defined on a fuzzy
number space. Under some suitable conditions, some properties of the solutions for these equations such as existence
and uniqueness are discussed. Our results can be regarded as important extensions of stability results corresponding to
single-valued functional equations and set-valued functional equations, respectively.
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1 Introduction

In set-valued analysis, a functional inclusion is called stable if any function which satisfies this inclusion approximately
is near to a true solution of the functional inclusion (see [@, B, [5, 21, B7]). Nikodem and Popa [28] considered the
general solution of set-valued functions satisfying linear inclusion relation, which can be regarded as a generalization
of the additive single-valued functional equation. By means of the inclusion relation, Park et al. [23, BO] investigated

the stability of some set-valued functional equations. Jang et al. [9] and Chu et al. [I3] studied the stability of
an n-dimensional additive set-valued functional equation and an n-dimensional cubic set-valued functional equation,
respectively.

Some interesting results concerning the Cauchy-Jensen functional equation

(552 + 1 (55Y) = s

and the general linear functional equation with real constants a, b, A, B,

flax +by) = Af(x) + Bf(y), (1)

, 29, 39]. In particular, the equation (O) includes the linear equation for
t and b = B =1 —t, then () has the form

[tz + (1 —t)y) =tf(x)+ (1 —-1)f(y),
).

Clearly, the equation (M) also includes the
A-B=1.

have been obtained in [B, 7
A=aand B=b. Ift€ (0,1),a=A

and its solution is called an affine function (see, among others, [24, B3]
Cauchy equation for a = b= A = B = 1 and the Jensen equation for a = b
The functional equation

flx+y) =g(x) + h(y),

with three unknown functions f,g,h treated by Pexider [B1], which is known as the Pexiderized Cauchy equation.
In the case f = g = h, this equation reduces to Cauchy equation. The Pexiderized Cauchy equation has a simple
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interpretation: The value of f at x 4+ y is the sum of two values, of which one depends only on z, and the other only
on y (separation of variables).

In 1991, Nikodem [27] investigated the stability of the Pexider Cauchy equation. This paper seems to be the first
one concerning the stability problem of the Pexider Cauchy equation. Solutions and the stability of various Pexiderized
Cauchy and Pexiderized Cauchy-Jensen functional equations in several variables have been investigated by several
authors (see, among others, [I2, [4, 6, P2, P35, P6]).

The stability of the Cauchy-Jensen and the general linear type fuzzy number-valued functional equations in Banach
spaces by using the metric defined on a fuzzy number space investigated by Wu and Jin [89], which are generalizations
of the main results obtained in [I7, 23]. We refer the reader to [I, B, 9, 00, I, 85, B8, BR] for some recent works and
discussions on this topic.

The purpose of this paper is to extend the single-valued and set-valued functional equations to fuzzy number-valued
functional equations and investigate the stability problems of the n-dimensional Cauchy-Jensen type fuzzy number-

valued functional equation
Z?:l Li G E?:Li;éj z; — (n— 1)z, .
(=) ey . = f(e). &)
j=2
and the n-dimensional Pexiderized Cauchy-Jensen type fuzzy number-valued functional equation

fi (M) + ij <Zi_1’i# e ij) = fot1(z1), (3)
=2

n n

in Banach spaces via the metric defined on a fuzzy number space. Under some suitable conditions, some properties of
the solutions for these equations such as existence and uniqueness are discussed. Notice that the supremum metric, as
a generalization of the Hausdorff metric, is applied to characterize the fuzzy number-valued functional inequality.
It has been shown that the stability of Cauchy, Jensen, Cauchy-Jensen, Pexiderized Cauchy, Pexiderized Jensen,
Pexiderized affine, Pexiderized linear and Pexiderized general linear type fuzzy number-valued functional equations
can be obtained as special cases from our results. Therefore, the results obtained in the present paper improve and
extend the corresponding results in previous works [I2, 7, 23, 27, B0, 39].

2 Preliminaries

In this section, we consider some basic concepts and results (see [B, B9]) which will be used in the sequel. From now
on, assume that X, Y are Banach spaces and B is a subspace of Y.
Suppose a function u : X — [0, 1] satisfies the following conditions:

1. [u]* ={z € X : u(z) > a} is a non-empty compact convex subset of X, for all @ € (0, 1],
2. [u]® = {z : u(z) > 0} is compact, where A denotes the closure of A.

Then wu is called a fuzzy number on X. The set of all fuzzy numbers on X is denoted by Xp.

For u,v € Xp and A € R, by Zadeh extension principle, we obtain the following properties about addition u+ v and
scalar multiplication \ - u (see [3, BY]):

(i) [+ 0] = [l + o],

(ii) [A - u]® = AJu]™.
Note that 0 is the zero element in Xp; ie., 0+u=u+0=u, for all u € Xp.

Defining the mapping D : Xr x Xp — [0,00) by

D(u,v) = sup dg([u],[v]),
a€l0,1]

where dp is Hausdorff metric. Then D satisfies the following properties:

(P1) D(A-u, A-v) = |A|D(u,v),

(P2) D(u+ w,v + w) = D(u,v),

(P3) D(u+v,w+e) < D(u,w)+ D(v,e)
for all A € R and w,v,w,e € X, and (X, D) is a complete metric space.

Let u,v € Xp. If there exists w € Xp such that u = v 4+ w, then w is called the Hukuhara difference (H-difference)
of u and v, and it is denoted by u — v (see [IR, Bd4]).
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Notation 2.1. Let A € R and u,v € Rp. If we denote ||ulp = D(u,0), then || - ||F has the properties of a usual norm
on Rp; e, |lullrp =0 iff u=0, A ullr = |\||lullr and ||u+v]|r < ||u||F + ||v]|F. Moreover, note that (Rp,+,-) is not
a linear space over R and consequently (Rp, | - ||F) cannot be a normed space (see [2] and [, Theorem 1 and Remark

2)).
3 Stability of the Cauchy-Jensen type fuzzy number-valued functional

equation in n variables

In this section, the stability of the equation (B) is established, in which f indicates a fuzzy number-valued mapping.
Several special cases are also considered.

Theorem 3.1. Let f: B — Xp be a fuzzy number-valued mapping such that

Do T . Dic1 iy T — (N —1);
D 1= 3
f (n 2.7 - ) | <e, )
j=2
for some € > 0 and for all x1,...,z, € B. Then there exists a unique additive mapping G : B — Xp such that

D (f(z),6(z)) <

n—1’
for all xz € B.

Proof. Setting 1 = nz and x; =0 (2 < i <n)in (@), we obtain

D () s ) < S (e 6

Let fo(z) = f(z) and fm(z) = - f(n™z), where m € N and = € B. Then, by (8) and the properties (P2) and (P3) of
D, we obtain

D (fm(2), fn-1(2)) = D (nfnf(nmx) + (), S ) + n,jlfmm—lx))

for all x € B. Thus the sequence {fm(m)} is Cauchy in Xp. Since (Xp,D) is complete, we can define G(z) =
limy;, 00 frm () for any x € B.
The next step is to show that G is additive. By (@), we can conclude that

D (g (B2 1$Z)+me< 211¢J$Zn_<”_1>xj>7fm(x1>

L (> nmy | O e i (e OE 7 W R £
=D nmf<n +7ijz::2f s /() | < T

n m
for all xy,...,x, € B. Hence,
noor. n T x—(n— 1z,
lim D fm (Zz_l mz) +me <Zzl,7,;&_] ( ) J) ,fm<x1) —0.
m—oo n — n
]_
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By the continuity of the metric D, we obtain

D|g (Zn‘nlx) 300 (E?“# G U ij) G(a) | =0,
j=2

n

meaning

n

g (Z% x) + fjg (E”‘L#J‘ kU 1)“) = G(a1), (6)
<

for all x1,...,x, € B. Letting 2; =0 (1 <i < n) in (B), we obtain G(0) = 0. Setting #; =z and #; =0 (2 <i < n)

in (B), we get
x
nG (%) = G(a), (7)
for all x € B. Setting z; =0 (3 <4 <n) in (B) and using (@), we have

n—1

G(z1+x2)+ %g (21 — (n = 1)x2) = G(x1), (8)

for all z1, 22 € B. Putting 1 = 1 + (n — 1)x2 in (B), one finds

n—1

1
G (21 +naz) + ~G (21) = G (21 + (n — )az), (9)
for all 21, z2 € B. Replacing 27 by 0 and z3 by z into (8) and using (@), one gets
G((n—1)z) = (n—-1)G(z), (10)

for all z € B. Replacing z1 by 0 and z2 by x into (8) and using (M), we obtain G(—x) = —G(z) for all z € B; that is,
G is odd. Setting x5 = 22 — 21 in (B), we get

n—1

G (2) + G (na1 — (n = )2) =G (o) (1)

for all 1,22 € B. Replacing x; by “X and x5 by —-*%4 into (II) and using (@), (I0) and the oddness of G, we have

G(z1 + x2) = G(21) + G(22),

for all z1, x5 € B; that is, G is additive.

By letting m — oo in (H), we immediately achieve D (f(z),G(z)) < c

n—1
Finally, we prove the uniqueness of G. Assume that there exist additive mappings G1,Gs : B — X satisfying the
last inequality. Then,

for all x € B.

D (61(2). Ga()) = D (mG (x), mGa())
< - (D (G1(ma). f(ma)) + D (f(m), nGa(m)))
< 2e
m(n—1)’

for all x € B and for any m € N. Since the right-hand side of the last inequality tends to zero as m — oo, we conclude
that G1(x) = Ga(x) for all 2 € B, as desired. O

From Theorem B, we easily obtain the following.

Corollary 3.2. ([89, Theorem 1]) If a fuzzy number-valued mapping f : B — Xp satisfes the inequality (A) withn = 2,
then there exists a unique additive mapping G : B — X such that

D(f(x),G(x)) <e, (12)
for all xz € B.
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In the next result, we establish the stability of the Cauchy type fuzzy number-valued functional equation.

Corollary 3.3. Let f : B — Xp be a fuzzy number-valued mapping such that

D(f(z)+ f(y) f(z +y)) <e, (13)
for some € > 0 and for all x,y € B. Then there exists a unique additive mapping G : B — X such that (I2) holds for
allz € B.

Proof. Substituting z = %-I-y and y = %5¥ in (I3) gives

o(s(432) 1(5) o) -

for all z,y € B. Then f satisfies the inequality (d) with n = 2. Then, by Theorem B, we find a unique additive
mapping G : B — Xp such that (I2) holds for all z € B. O

Now, we obtain the stability of the Jensen type fuzzy number-valued functional equation.
Corollary 3.4. If a fuzzy number-valued mapping f : B — Xp satisfes the inequality

r+y
2

D (2f< ), f(@) + f(y)) <e, (14)

for some € > 0 and for all z,y € B, then there exists a unique additive mapping G : B — Xp such that

D (f(x) = £(0),G(x)) < 2,
forallx € B.
Proof. Let g(x) := f(x) — f(0) for all z € B. Then g(0) = 0 and (I@) yields that

D (205 ) 0l0) + ) <. (15)

for all 2,y € B. Replacing « by = + y and y by 0 in (I3), we get

D (29(96 ;r Yy g(x + y)) <g, (16)

for all z,y € B. It follows from ([3) and (I8) that

Tty

D (g(z +y),9(z) +9(y)) =D (9(33 +y) + 29(7)7 2g(~ +y

2

)+ g(x) + g<y>)

T+y T4y
<D (gt + 02050 + 0 (20075060 + 9l0))
< 2e,
for all z,y € B. Using the same method as in the proof of Corollary B=3, we find a unique additive mapping G : X — Y
such that
D (g(x),6(x)) < 2e,

holds for all x € B. This completes the proof of this result. O

4 Stability of the Pexiderized Cauchy-Jensen type fuzzy number-valued
functional equation in n variables
In this section, the stability of the equation (B) is established, in which f indicates a fuzzy number-valued mapping.

Some special cases involving the stability of Pexiderized Cauchy, Pexiderized Jensen, Pexiderized affine, Pexiderized
linear and Pexiderized general linear type fuzzy number-valued functional equations are also presented.
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Theorem 4.1. Let fi,..., foy1: B — Xp be fuzzy number-valued mappings with f1(0) = --- = £,(0) = 0 such that
x; i1z T — (n—1)x;
D fl ( =1 > Zf] ( L7 n ]>7fn+1(x1) <57 (17)
for some € > 0 and for all x1,...,x, € B. Then there exists a unique additive mapping G : B — Xp such that
2n
D(fk(x)ag(x)) < n—le’ (k: 1727"'7”)3 (18)

n+1
n—1

D (fat1(2),G(z)) <

& (19)
forallx € B.

Proof. Letting x1 = x and x; = (7122”)# (2 <i < mn)in ([2), we get

D (“’) ng< 2) b)) <. (20)

for all z,y € B. Setting x = mﬂ’ and y = %5¥ in (20), we have
D ( )+Zf f+1(x+y) <e (21)
J 2n " 2 ’
for all z,y € B. Letting z; = —x (j = 2,...,n) separately, 1 =z and 2; =0 (i = 2,...,n and ¢ # j) in (I7A), we get
D (fj (%), fag1 (2)) <, (22)
for all € B, where j € {2,...,n}. Setting © = 2z and y = 0 in (E0), we have
D (fl (:L’) ) fn+1(x)) <g, (23)

for all € B. Tt follows from (22), (23) and the property (P3) of D that
D Z f] TL - 1)fn+1( ) < (n - 1)67 (24)
Jj=1,j#k

for all € B, where k € {1,...,n}. Putting z = 22 and y = (2n — 2)z in (EI), we obtain

ij )s fari(na) | <e, (25)

for all x € B. Using the inequalities (22) to (24) and the properties (P1) to (P3) of D, we conclude that

D (fr(nz), nfr(z))
= D (fx (nz) + fos1(n), fri1(nz) + nfi(z))
< D (f (nz), fot1(nz)) + D (fri1(nx),nfi(z))

<e+ D | fonr1(nx) Z fi(x Z [i (@) + fe(x) + (n — 1) fr(x)

j=1,j#k J=1,j#k
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<e+D fn+1(m‘)7ij(z) +D | Y fi@),(n— 1))

j=L.i#k

<e4+e+D Z fi(x), (n—1)fr(z)

J=L,j#k

=2+D Z fi(@)+(n—=1)for1(x),(n = 1) far1(x) + (0 — 1) fr(z)

J=Li#k

<2+D( D> fi(@),(n=Dfupa(@) | +D((n—1)fara(x), (n = 1) fi(2))

j=L.i#k

<2+ (n—-1e+D Z fi(@),(n—1)fnt1(x)

j=Li#k

<2+ (n—1De+ (n—1)e=2ne,

for all z € B, where k € {1,...,n}. Rewriting the above, we obtain

D (i) 3 futna)) <22,

for all z € B, where k € {1,...,n}. Then, by induction on m, it follows that

m—1

D (fie) i) < Y- e

J=0

for all x € B, where k € {1,...,n}. Using the same method as in the proof of Theorem B, we find a unique additive
mapping G : X — Y such that (I8) holds for k € {1,...,n}.
It follows from (23), (E4), (23) and the properties (P2) and (P3) of D that

D (fri1(nx),nfni1(x))

=D fn+1(n$)+2fj ($)7ij (m)+nfn+1(x)
j=1

Jj=1

n n

<D fn+1(m€),f1(90)+2fj($) +D f1($)+ij(x)7nfn+1(x)

Jj=2 j=2

%

I
-

=D £i @) fas1(na) | + D (fi(@), farr (@) + D [ D f (@), (n = 1) fasr(2)
j=2

j
<et+e+(n—1e=(n+1e,

for all x € B. We deduce from the last inequality that

n+1
n

g,

D (fn+1(x)7 Tllfnﬂ(n:c)) <

for all x € B. Then, by induction on m, we get

n+1
—e¢,
nJ

D (fn+1(m>, jmfm(nmx)) <y
j=1

for all z € B. Using the same method as in the proof of Theorem B, we find a unique additive mapping G : X — Y
such that (M) holds. O
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Now, we investigate the stability problem for the Pexiderized general linear type fuzzy number-valued functional
equation in n variables.

Corollary 4.2. Let fi,..., for1: B — Xp be fuzzy number-valued mappings with f1(0) = --- = f,(0) = 0 such that

D <Z Aifi(xi),fnﬂ(z ai%‘)) <g, (26)
i—1 i=1

for all xy1,...,x, € B, where ¢,a;, A; > 0. Then there exists a unique additive mapping G : B — Xg such that

D(ful@).6(a)) € e, (b= 1.2 ) (27)
D(fusr(), 6(a)) < e, (28)

for allx € B.
Proof. Setting x; = £* for i =1,...,n in (28), we get
D (Z Aifi(;)afnJrl(Z xi)) <s, (29)
i=1 ¢ i=1
for all x1,...,z, € B. For i =1,...,n, define
T
Gi(z;) == Aif; (w) ) (30)

for all z; € B. Then, by (29),
D (Z Gi(@:), far1 () xz‘)) <e, (31)
i=1 i=1

;L:l,j;éi zj—(n—1)z;
n

>

n T
i—=1 Li
si=l2 and €Ty =

for all z1,...,x, € B. Letting z; = for i =2,...,n in (B0), we get

n

n
Ay n Yoy — (n— 1)y
D (Gﬂztj )+ Y Gy(FIA l>,fn+1<x1>> <,
i=2
for all x1,...,z, € B. Using the same method as in the proofs of Theorems Bl and B, the limits

. 1 m . 1 m . 1 m

lgn —Gi(n"z) == lim —G,(n"z) = lim — f, 11 (n"2),
m—o0 N, m—oo N m—oo N

exist for all z € B and are unique additive mappings satisfying

. 1 m 2n
D (Gk(x), W}gnoo n—mGk(n x)) < e (32)
. 1 m n—+1
D (fusale). Jim o priatm)) < 2 (33)
for all € B, where k € {1,...,n}. Now, (22) and (E8) follow from (BO), (82), (83) and the property (P1) of D. O

Corollary B2 with n = 2 implies the following.

Corollary 4.3. (Compare with [8Y, Theorem 2|). If fuzzy number-valued mappings f,g,h : B — Xp with f(0) =
g(0) = 0 satisfy the inequality

D (Af(z) + By(y), h(az + by)) <e, (34)
for all x,y € B, where €,a,b, A, B > 0, then there exists a unique additive mapping G : B — Xp such that

4

D(f(z),6(z)) < e, (35)
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forallx € B.

Notation 4.4. Let f,g,h: B — Xp be fuzzy number-valued mappings with f(0) = g(0) = 0. Then

(4) If f,g,h satisfy the inequality (Bd) with A = B = a = b = 1, then there exists a unique additive mapping
G : B — Xp such that (B3) to (B4) hold for A= B =1.

(ie) If f,g,h satisfy the inequality (BA) with A = B =a = b = %, then there exists a unique additive mapping
G: B — Xp such that (B8) to (82) hold for A= B = 1.

(ii1) If f,g,h satisfy the inequality (BA) with A = a =t € (0,1) and B = b = 1 —t, then there exists a unique
additive mapping G : B — X such that (83) to (B4) hold for A=t and B=1—1.

(i) If f,g,h satisfy the inequality (B4) with A = a and B = b, then there exists a unique additive mapping
G : B — Xp such that (B8) to (B2) hold for A=a and B =b.

5 Conclusions

In this paper, we proved the stability of several types of additive fuzzy number-valued functional equations, including
Cauchy, Jensen, Cauchy-Jensen, Pexiderized Cauchy, Pexiderized Jensen, Pexiderized affine, Pexiderized linear and
Pexiderized general linear type fuzzy number-valued functional equations. Our results generalized certain important
results obtained by other authors for these equations when they are a single-valued or a set-valued one. Obviously, this
paper provided us a novel idea to discuss the stability of functional equations from a more unified perspective. Certainly,
further work will focus on the stability of other types of (functional, difference, differential, integral) equations by using
this idea.
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