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Internal Force Tuning of Cooperative

Object Manipulation Tasks

R. Rastegari1 and S.A.A. Moosavian�

To manipulate an object with several cooperating manipulators, the Multiple Impedance Control
(MIC) is a model-based algorithm that enforces designated impedance on all cooperating
manipulators and the manipulated object. For tuning the inner object forces, it is needed to
model the inner forces/torques and include them in the MIC law. In this paper, a virtual linkage
model is introduced to determine the inner forces in the MIC law. Also, open loop and a
closed loop controllers are designed for inner forces tuning. The MIC law will be compared to
the relevant algorithms, i.e., Object Impedance Control (OIC) and Augmented Object Control
(AOC). Next, the MIC is used to manipulate an object on a planned path with desired inner
forces. The grasp condition is considered either solidly (with all cooperating end-e�ectors), or,
as exible. Finally, the e�ects of gain tuning on the variations of inner forces will be discussed.
The obtained results reveal the merits of the proposed scheme, in terms of system exibility and
good tracking errors, as well as inner forces tuning, even in the presence of impacts caused by
contact with the environment.

INTRODUCTION

In order to control interaction forces and system
response during contact tasks, force or impedance
control strategies are required. Hybrid position/force
control has been the basic strategy of several proposed
implementations [1,2]. However, because separate force
and position subspaces must be maintained and, as
control mode switching must be made at many points
during most tasks, hybrid control does not provide an
attractive interface. Unexpected situations make these
switching decisions even more di�cult, i.e., the set of
natural constraints may not be easily recognized.

Taking the dynamics of the object into consider-
ation, the mechanics of coordinative manipulation by
multiple robotic mechanisms have been discussed [3].
Assuming frictional grasp, a computational procedure
is proposed to obtain optimal internal forces. A
closed chain formulation in the dynamic control of
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two cooperative manipulators, with equal degrees of
freedom, has also been presented [4]. Di�erent issues
in the design of a multi-manipulator control system, an
environment for the programming and control of coop-
erative manipulators, have been discussed [5]. Also,
various distributed time-varying feedback control laws
have been presented for coordinating the motions of
multiple robots to capture and manipulate an object [6-
8].

For a single manipulator in dynamic interaction
with its environment, impedance control has been
proposed, which provides the compliant behavior of
the manipulator [9]. Impedance control enforces a
relationship between the external force(s)/torque(s),
acting on the environment, and the position, veloc-
ity and acceleration error of the end-e�ector. This
strategy has been extended for contact tasks involving
multiple manipulators [10]. A Cartesian impedance
controller has been presented to overcome the main
problems encountered in �ne manipulation, i.e., the
e�ects of friction (and unmodeled dynamics) on robot
performance and the occurrence of singularity con-
ditions [11,12]. The implementation of a combined
impedance and force control has been proposed to
exert a desired force on the environment and, at the
same time, generate a desired relationship between
this force and the relative location of the point of
interaction (contact), with respect to the commanded
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manipulator location [13]. Using an exact model of
the manipulator, an algorithm is developed, based on
feedback and feedforward control theories. Adaptive
schemes have also been presented to make impedance
control capable of tracking a desired contact force,
which has been described as the main shortcoming of
impedance control in an unknown environment [14-16].

Object Impedance Control (OIC), an extension
of impedance control, has been developed for robotic
arms manipulating a common object [17]. The OIC
enforces designated impedance, not of an individual
manipulator endpoint, but of the manipulated object
itself. A combination of feedforward and feedback
controls is employed to make the object behave like
reference impedance. It has been realized that applying
the OIC to a manipulation task of a exible object
may lead to instability [18]. Based on the analysis
of a representative system, it was suggested that, in
order to solve the instability problem, one should either
increase the desired mass parameters or �lter and lower
the frequency content of the estimated contact force.
Internal force control is often applied to compensate
for kinematics errors and dynamic interaction forces,
for multiple arm coordination. In grasping an object,
internal forces must be controlled to satisfy friction
constraints and prevent any slippage. In [19], based
on a physical representation, a model of internal forces
is proposed, which provides a realistic characterization
of these forces.

The Multiple Impedance Control (MIC) has been
developed for several cooperating arms manipulating
an object [20]. The MIC enforces a reference impedance
on both the manipulator end-points and the manipu-
lated object. This means that both the manipulator
end-e�ectors and the object are controlled to behave
like designated impedance in reaction to any disturbing
external force on the object. Hence, an accordant
motion of the manipulators and payload is achieved.
Besides, an object's inertia e�ects are compensated
for in the impedance law and, at the same time, the
end-e�ectors tracking errors are controlled. The MIC
algorithm can also be applied to space robotic systems,
in which the manipulators are mounted on a free-
ying base [21] or on wheeled robotic systems [22]. In
these cases, the formulation is adapted to consider the
dynamic coupling between the arms and the base, while
the manipulated object may also include an internal
source of angular momentum. Under the MIC law,
all participating manipulators, the mobile base and
the manipulated object exhibit the same impedance
behavior, as implied by the name \multiple". A non-
model-based version of this algorithm has recently been
developed [23], which does not need any information
about the system dynamics. Also, the virtual object
grasp linkage has been proposed, in order to control the
inner object forces in case the MIC law is applied [24].

In this paper, �rst, the motion equations of a
cooperative robotic system, which includes three arms
to manipulate a common object in two cases of solid
and exible grasps, are derived. It should be noted
that, in the case of using large gains for reaching good
tracking, exibility at the grasp point (that is provided
by the Remote Compliance Centre (RCC)) is required,
in order to reduce the amount of contact force. The
virtual object grasp linkage is introduced and is used
to control the inner object forces. To this end, two
open-loop and closed-loop controllers are proposed.
Then, a conceptual comparison between the MIC law
and other relevant algorithms, i.e., Object Impedance
Control (OIC) and Augmented Object Control (AOC),
will be presented. Finally, the MIC law is applied to
three cooperative manipulators, which move a common
object. The various capabilities of this controller, in a
free motion of the object, also dealing with contact,
are examined and the obtained results are discussed.
These results reveal good tracking performance and
system exibility, as well as inner forces tuning, even
in the presence of impacts due to contact with the
environment.

DYNAMICS MODELING

The dynamics of each participating manipulator can be
obtained and expressed in the joint space as follows:

H(i)
�
q(i)
�
:�q(i) + C(i)

v

�
q(i); _q(i)

�
= Q(i); (1)

where the superscript i corresponds to the ith manip-
ulator and q(i) is the vector of generalized coordinates
(consisting of joint angles and displacements). Note

that H(i) is the ith manipulator mass matrix and C
(i)
v

contains all the gravity and nonlinear velocity terms.
The vector of generalized forces, Q(i), can be written
as follows:

Q(i) = Q(i)
app +Q

(i)
react +Q

(i)
dist.; (2)

where Q
(i)
react is the e�ect of the reaction load on the

ith end-e�ector, Q
(i)
dist is the e�ect of disturbance and

Q
(i)
app is the applied controlling force, which is divided

into two parts, motion-concerned and force- concerned
as follows:

Q(i)
app = Q(i)

m +Q
(i)
f ; (3)

where Q
(i)
m is the applied control force causing the

motion of the end-e�ector, while Q
(i)
f is the required

force to compensate the reaction load e�ects.
Next, two various grasp conditions, i.e., rigid and

exible, will be discussed.
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Rigid Grasp

Ignoring the constraints, the system Degrees Of Free-
dom (DOF), including n manipulators and the object
is as follows:

L =

nX
i=1

dofi + 6; (4)

where dofi is the ith manipulator DOF. The desired
motion of the object can be tracked, if the closed
chain of robotic arms contains six DOF or more. By
taking the constraints into account, the total DOF,
i.e. L, is reduced to (L � m), where m is the
number of grasp constraints that are described as
kinematics equations. Therefore, it is necessary to add
the kinematics constraint equations to the free-motion
equations of the object and the manipulators. To do
this, one needs to multiply each kinematics constraint
with a Lagrange multiplier and, then, add these terms
to the free motion equations [25]. Therefore, the
number of equations becomes L +m, where m is the
number of grasp constraints. Obviously, the number
of variables that must be determined is L + m, i.e.,
L variables plus m Lagrange multipliers. It should
be noted that the number of independent variables is
L �m, which is equal to the DOF of the constrained
system. Therefore, by developing an independent set
of dynamics equations, based on recognizing a set
of independent variables, or by means of methods
like the Natural Orthogonal Complement Method, the
computation cost will be reduced [26]. It is by solving
these equations that the motion characteristics of the
constrained robotic system will be determined.

As shown in Figure 1, the robotic system that
manipulates an object in planar motion has three DOF,

Figure 1. Manipulation of an object with three arms,
each with two DOF.

so the number of dynamics equations can be reduced
to 3, in terms of 3 independent variables. Then, to
determine other variables, one can use the kinematics
equations. As can be seen, three planar robots, each
with two DOF, have grabbed the object under a point
grasp condition. Point grasp means that, at the grasp,
a pivoted joint can be substituted. The grasp positions,
with respect to the object mass center, are shown in
Figure 1 as ~ro1, ~ro2 and ~ro3, where the angles of these
vectors, with respect to the object main direction, are
180�, 0�and 90�, respectively. For each grasp, two
kinematics constraints can be de�ned as follows:

l11:

�
cos(�11)
sin(�11)

�
+ l12:

�
cos(�11 + �12)
sin(�11 + �12)

�
=

�
xobj
yobj

�

� ro1:

�
cos(')
sin(')

�
; (5)

where lij and �ij represent the length and joint angle
of the jth link of the ith manipulator, ' is the object
angle, with respect to the inertial coordinate, and xobj
and yobj represent the object mass center position.
Similarly, for the other two robots, the following can
be obtained:�

xobj
yobj

�
+ ro2:

�
cos(')
sin(')

�
=

�
1:2
0

�

+ l21:

�
cos(�21)
sin(�21)

�
+ l22:

�
cos(�21 + �22)
sin(�21 + �22)

�
;

(6)

�
xobj
yobj

�
+ ro3:

�
� sin(')
cos(')

�
=

�
1:23
2:8

�

+ l31:

�
cos(�31)
sin(�31)

�
+ l32:

�
cos(�31 + �31)
sin(�31 + �31)

�
:

(7)

By taking the variation of these six constraints, the
following equation can be obtained:2
6666664

a11 a21 0 0 0 0 a31 a41 a51
a12 a22 0 0 0 0 a32 a42 a52
0 0 b11 b21 0 0 b31 b41 b51
0 0 b12 b22 0 0 b32 b42 b52
0 0 0 0 c11 c21 c31 c41 c51
0 0 0 0 c12 c22 c32 c42 c52

3
7777775

8>>>>>>>>>>>><
>>>>>>>>>>>>:

��11
��12
��21
��22
��31
��32
�xobj
�yobj
�'

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

= ~0:
(8)
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The free motion equations of three planar robots are
determined by Equation 1 and the object motion
equations can be described as follows:

mobj :�~robj = ~fo + ~fc; (9)

Iobj : �' = ~ro � ~fo + ~rc � ~fc + ~no + ~nc; (10)

wheremobj is the object mass, Io is the mass moment of
inertia about the normal axis of the planar plane and
~robj is the position vector of the object mass center,

with respect to the inertial coordinate; ~fo and ~fc are
the external and the contact forces, respectively, ~no is
the external torque and ~ncis the contact torque applied
on the object; ~ro is the position vector of the external
force and, �nally, ~rc is the position vector of the contact
force, with respect to the object center mass. By
multiplying each of these equations with a Lagrange
multiplier and adding the resulting terms to free motion
equations, the constrained motion equations of the
robotic system can be obtained. To this end, the
following parameters are de�ned:

C22 =

�
c31 c32
c41 c42

�
; B22 =

�
b31 b32
b41 b42

�
;

A22 =

�
a31 a32
a41 a42

�
; (11)

G22 =

�
c11 c12
c21 c22

�
; F22 =

�
b11 b12
b21 b22

�
;

E22 =

�
a11 a12
a21 a22

�
; (12)

C12 =
�
c51 c52

�
; B12 =

�
b51 b52

�
;

A12 =
�
a51 a52

�
; (13)

~�i =

�
�ij
�ij

�
; (14)

where ~�i contains Lagrange multipliers corresponding
to the ith manipulator. Then, the dynamics equations
of the constrained robotic system are derived as follows:

H1:�~q1 + Cv1 = Qapp1 +E22:~�1; (15a)

H2:�~q2 + Cv2 = Qapp2 + F22:~�2; (15b)

H3:�~q3 + Cv3 = Qapp3 +G22:~�3; (15c)

mobj :�~robj = ~fo + ~fc +A22:~�1 +B22:~�2 + C22:~�3; (15d)

Iobj : �' = ~ro � ~fo + ~rc � ~fc + ~no + ~nc +A12:~�1

+B12:~�2 + C12:~�3: (15e)

Second di�erentiation of Equations 5 to 7 yields the
acceleration kinematics equations as follows:

J1:�~q1 =� _J1: _~q1 + �~robj + ro1:

�
cos(')
sin(')

�
: _'2

� ro1:

�
� sin(')
cos(')

�
: �'; (16a)

J2:�~q2 =� _J2: _~q2 + �~robj + ro2:

�
cos(')
sin(')

�
: _'2

� ro2:

�
� sin(')
cos(')

�
: �'; (16b)

J3:�~q3 =� _J3: _~q3 + �~robj + ro2:

�
sin(')
� cos(')

�
: _'2

� ro3:

�
cos(')
sin(')

�
: �'; (16c)

where:

~qi =

�
�i1
�i2

�
: (16d)

Equations 15 and 16 make a system of 15 equations
with 15 unknown variables, which can be solved to
determine the unknown variables. The constrained
system has three DOF; so we can reduce the �fteen
motion equations to three dynamic motion equations,
in terms of �~q1 and �' as three independent variables:

�
K11 K12

K21 K22

�
:

�
�~q1
�'

�
=

�
V1
V2

�
; (17a)

where:

K11=mobj :J1�A22:E
�1
22 :H1�B22:F

�1
22 :H2:J

�1
2 :J1

� C22:G
�1
22 :H3:J

�1
3 :J1;

(17b)

K12 = mobj :ro1:

�
� sin'
cos'

�
�B22:F

�1
22 :H2:J

�1
2

:(ro1 + ro2):

�
� sin'
cos'

�
� C22:G

�1
22 :H3:J

�1
3

:

�
ro1

�
� sin'
cos'

�
� ro3:

�
cos'
sin'

��
; (17c)

K21 = �A12:E
�1
22 :H1�B12:F

�1
22 :H2:J

�1
2 :J1

� C12:G
�1
22 :H3:J

�1
3 :J1; (17d)
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K22 = Io �B12:F
�1
22 :H2:J

�1
2 :(ro1 + ro2):

�
� sin'
cos'

�

�C12:G
�1
22 :H3:J

�1
3 :

�
ro1

�
�sin'
cos'

�
�ro3:

�
cos'
sin'

��
:

(17e)

The right hand side of Equation 17a is de�ned as
follows:

V1 =�mobj :

�
_J1: _~q1 � ro1:

�
cos'
sin'

�
: _'2

�
+ ~fo + ~fc

+A22:E
�1
22 (Cv1 �Qapp1) +B22:F

�1
22 :

 
H2:J

�1
2

:

�
�

_J2: _~q2 + _J1: _~q1(ro1 + ro2):

�
cos'
sin'

�
: _'2

�

+ Cv2 �Qapp2

!
+ C22:G

�1
22 :

 
H3:J

�1
3 :

 
�

_J3: _~q3

+ J1: _~q1�

�
ro1

�
cos'
sin'

�
�ro3:

�
sin'
� cos'

��
: _'2

!

+ Cv3 �Qapp3

!
; (18a)

V2 = mc + no + (~ro � ~fo):k̂ +A12:E
�1
22 (Cv1 �Qapp1)

+B12:F
�1
22 :

 
H2:J

�1
2 :

 
�

_J2: _~q2 + _J1: _~q1(ro1 + ro2)

:

�
cos'
sin'

�
: _'2

!
+ Cv2 �Qapp2

!
+ C12:G

�1
22

:

 
H3:J

�1
3 :

 
�

_J3: _~q3 + _J1: _~q1 �

 
ro1

�
cos'
sin'

�

� ro3:

�
sin'
� cos'

�!
: _'2

!
+ Cv3 �Qapp3

!
: (18b)

Form the kinematics Equations 16, one can obtain �~q2
and �~q3 for the other two manipulators as follows:

�~q2=J�1
2 :

 
�

_J2: _~q2+ _J1: _~q1 � (ro1+ro2):

�
cos'
sin'

�
: _'2

+ J1:�~q1 + (ro1 + ro2):

�
sin'
cos'

�
: �'

!
; (19a)

�~q3 = J�1
3 :

 
�

_J3: _~q3 + _J1: _~q1 �

 
ro1:

�
cos'
sin'

�

� ro3:

�
sin'
� cos'

�!
: _'2 + J1:�~q1 +

 
ro1

�
� sin'
cos'

�

� ro3

�
cos'
sin'

�!
: �'

!
: (19b)

Therefore, Equations 17 will be solved �rst and,
then, by substituting the results into Equations 19,
the variables of the other two manipulators can be
obtained. Also, the Lagrange multipliers are obtained
from Equations 15. Next, the applied forces exerted by
the end-e�ectors on the object are derived as follows:

~fs3 = C22:~�3; ~fs2 = B22:~�2;

~fs1 = A22:~�1: (20)

Flexible Grasp

The existence of exibility in the grasp helps to
accomplish a manipulation task securely [27]. Be-
sides, usually, some exibility exists in the system,
for instance, at the robot joints, links and in the
object itself. Here, it is assumed that the exibility
of the system is concentrated at the grasp point, as
provided by the Remote Compliance Centre, RCC.
The motion dynamics of cooperative robots with such
exible elements that an object can be moved, is to
be derived. To this end, Equation 1 will describe
the motion equations of the cooperative manipulators.
At each grasp point, where a exible element exists,
the corresponding kinematics equations, described in
Equations 5 to 7, are omitted. Instead, the exible
element relates the motion of the end-e�ector and the
manipulated object. In other words, the kinematics
constraints should only be considered at the rigid grasp
points. Therefore, by solving the resulting equations,
the robotic system behavior and the manipulated
object will be determined.

MIC LAW AND INTERNAL FORCE

ADJUSTMENT

In this section, �rst, a brief description of the MIC law
is introduced. Next, a model of the object internal
forces is developed, which relates the inner object
forces and the end-e�ectors applied forces. Then, the
developed model is used, by the MIC law, in order to
control the object inner forces and moments. Finally,
two basic approaches, which consist of open and closed
loop controllers, are proposed, for tuning the inner
forces and moments.
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Multiple Impedance Control Law

The MIC enforces a reference impedance on both the
manipulator end-points and the manipulated object.
This means that both manipulator end-e�ectors and
the object are controlled to behave like a designated
impedance in reaction to any disturbing external force
on the object. Hence, an accordant motion of the ma-
nipulators and payload is achieved. Besides, an object's
inertia e�ects are compensated for by the impedance
law and, at the same time, the end-e�ector(s) tracking
errors are controlled. The applied force in MIC consists
of virtually two separate parts that are concerned with

the motion of the end-e�ectors, ~Q
(i)
m , and the force to be

exerted on the object, ~Q
(i)
f . More precisely, the motion

part determines the forces required to make the end-
e�ectors follow their desired path and the force part
compensates for the manipulated object reaction forces
exerted on the end-e�ectors. The applied motion forces
are obtained, based on a feedback linearization scheme
as follows [20]:

~Q(i)
m = ~H(i): ~M�1

des:
h
~Mdes:�~x

(i)
des+

~Kd: _~e
(i)+ ~Kp:~e

(i)+Fc

i

+ ~C(i); (21)

where ~Mdes, ~Kd and ~Kp are mass, damping and
sti�ness gain matrices, respectively. The applied force
commands can be obtained, based on applying an
impedance law to the object motion as follows [20]:

G:Fdes = MM�1
des (Mdes�xdes +Kd _e+Kpe+ Fc)

+ F! � (Fc + Fo) ; (22)

where Mdes, Kd and KP are mass, damping and
sti�ness gain matrices of applied impedance on an
object, respectively, and G is the grasp matrix. A
quasi-static model, to determine the object inner forces
and moments, has been proposed in [19]. By combining
this model and the force command in the MIC law,
one can relate the end-e�ector forces/moments to the
resultant object force/moment, with a non-singular,
full rank matrix, W as follows:8>><
>>:

~fr
~mr

~t

~�

9>>=
>>; =W:Fdes; W =

�
G

Ê

�
12�12

; (23)

where ~fr expresses the motion force command, ~mr is
the motion torque command, ~t and ~� are the inner
forces and torques, respectively, and Ê is de�ned as
follows:�

~t

~�

�
= Ê:Fe; Ê =

�
E3�9 03�9

09�9 19�9

�
; (24a)

where E is a left inverse of E as follows:

E =
�
ET :E

��1
:ET ; (24b)

and Fe is obtained as follows:

Fe =

�
E:~t+ ~fr
mr

�
: (24c)

By substituting Equation 23 into Equation 9, the force
commands applied on cooperative end-e�ectors in the
MIC law are obtained as follows:

Fdes = W�1:

8>><
>>:

~fr
~mr

~t

~�

9>>=
>>; : (25)

So, the force part command is determined as fol-
lows [20]:

~Qf =

�
06�1

Fdes

�
: (26)

Internal Force Control in MIC

The object path tracking is accomplished by appropri-
ate determination of the motion force command, ~fr,
and the motion torque commands, ~mr, in the MIC
algorithm. Then, by noting that the grasp matrix, G,
is a non-square matrix, the desired internal force and
motion are used as follows:

Fdes = W�1:

8>><
>>:

~fr
~mr

~tdes
~�des

9>>=
>>; : (27)

As shown in Figure 2, Equation 27 can be used as
an open loop controller to yield the desired force and
torque command to be applied on all the cooperative
end-e�ecters that manipulate the object. Also, by
considering the advantages of closed-loop controllers,
a closed-loop controller can be designed for tuning the
internal forces and moments. A P-action controller has
been shown in Figure 3.

Figure 2. The open loop control of inner forces/moments.
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Figure 3. A P-action closed loop control for tuning the inner forces/moments.

CONTROL LAW COMPARISONS

In this section, the Multiple Impedance Control (MIC)
is compared structurally with the Object Impedance
Control (OIC) and the Augmented Object Control
(AOC), where an augmented object model is intro-
duced to the impedance law [24]. All of these three
control laws determine the cooperative robots com-
mands to perform an object manipulation task. The
OIC law enforces the impedance control law only on the
manipulated object. To this end, the desired free mo-
tion acceleration of each end-e�ector is obtained from
reecting the object desired motion acceleration, �xcmd,
to each end-e�ecter and the free motion command for
them as obtained separately [17]. On the other hand,
under the MIC law, the impedance control is enforced
on the manipulated object and each participating end-
e�ector, including the base platform when dealing with
mobile robotic systems [21].

The structural di�erence between the two meth-
ods appears in the presence of exibility. In this case,
the object acceleration reection of OIC on the coop-
erative end-e�ectors is not accurate and the resulting
errors, due to exibility, may even make the system
unstable [18]. However, in the MIC law, the free motion
commands of the end-e�ectors are independent from
the object motion. Therefore, by applying the MIC
law, the system is capable of performing manipulation
tasks, even in the presence of exibility [20,21].

The AOC has a di�erent structure from the two
described methods. In this method, the dynamics of
a robotic system is projected onto the manipulated
object. By applying the impedance control law on
such an augmented object, the object and the robotic
system have the same behavior, based on the desig-
nated impedance control law. The forces/moments
commands applied by AOC to cooperative actuators
contain both free motions and forces commands. Not-
ing that the forces/moments commands applied to the
end-e�ectors are obtained from the impedance control
law, it is clear that the AOC considers the dynamics

of the total system. Therefore, in this method, there
is no need to reect �xcmd on the end-e�ectors, as is
the case in the OIC law. The AOC law enforces a
unique command to all cooperative actuators based on
the grasp matrix. Therefore, the AOC can be expected
to accomplish the task properly, even in the presence
of exibility, although the existence of exible elements
at the grasp points may cause some errors in executing
the desired object tracking task.

The performance of the MIC has been already
compared to the OIC [20,21], concluding its greater
advantages. Here, the performance of the MIC will be
compared to the AOC.

SIMULATION RESULTS AND

DISCUSSIONS

System Speci�cations

In this section, �rst, the simulation conditions and
system parameters are presented. Then, two cases,
consisting of solid and exible grasp conditions, will
be considered and the results of applying the MIC and
AOC controllers are discussed and compared.

As seen in Figure 1, the cooperative task for
object manipulation is performed using three planar
robots, each with two DOF, where all links are one
meter long. The motions of the manipulators and the
object are considered in the horizontal plane. The
manipulated object is captured at three contact points,
which are located with respect to the object center
mass as follows:

~ro3 = 0:2ĵ; ~ro2 = 0:3î; ~ro1 = �0:3î:

The initial velocity of all joints and the object is zero,
while the initial joint variables are obtained accordingly
as given in Table 1. The �rst robot �xed joint is located
at the inertial coordinate origin and those of the other
robots are located as follows:

~Ro3 = 1:23i+ 2:8ĵ; ~Ro2 = 1:2î:
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Table 1. The initial joint variables.

�11 �12 �21 �22 �31 �32 'obj

155� 125� 69.1� 108.6� 254.8� -31.4� 5.0�

The dynamics parameters of the object and the ma-
nipulators are determined as given in Table 2. The
saturation limits for actuator torques are given in
Table 3.

The desired path is designed as an S-shaped
pro�le, with three independent variables, x and y

as translational variables and ' as the orientation
variable. It should be mentioned that choosing an
S-shaped path makes the control problem more chal-
lenging, due to the fact that the desired acceleration
direction changes at its inection point, which works
like exerting an impact to the system at that point.
The desired orientation is de�ned to maintain a given
direction of the object parallel to the desired velocity
vector. An obstacle is considered along the desired path
to examine the performance of the algorithm dealing
with impacts due to contact. The obstacle sti�ness
and damping are considered as follows:

Kpw = 100000 N/m; Kde = 5000 N.sec/m:

The controller gains in applying the MIC law in these
simulations are as follows:

mdes = 10; Kp = 3000; Kd = 600:

Next, the MIC law is applied to all three cooperative
robotic arms to manipulate an object, as well as tuning
the inner forces in the object. As mentioned before,
two cases of solid and exible grasps are simulated
separately. These results are, subsequently, compared
to those of the AOC law.

Application of the MIC Law with Rigid Grasps

First, the object grasp is established rigidly at all
three end-e�ectors. Figure 4 represents the object
tracking path. As seen in Figures 4a and 4b, the
object path tracking is properly followed in free motion

Table 2. The dynamics parameters of the object and the
manipulators.

mi1

[kg]

mi2

[kg]

Ii1

[kgm2]

Ii2

[kgm2]

mobj:

[kg]

Iobj:

[kgm2]

10 8 1.5 0.8 3 0.5

Table 3. The saturation limits for actuator torques (in
N.m).

�11 � 12 �21 �22 � 31 �32

100 100 100 100 100 100

Figure 4. Applying the MIC law to three cooperative
arms with rigid grasps and contact; (a) Desired and real
object path; (b) Desired and real paths at the contact
point; (c) Object orientation trajectory and (d)
End-e�ectors path.

and, when contact with the environment occurs, it
smoothly reaches its equilibrium situation. Figure 4c
shows the object orientation tracking that follows with
small errors, while after contact, it is observed that
small steady errors remain in the object orientations.
It should be noted that, in free motion, the object
tracking errors become more appropriate, by selecting
a large gain, but the steady state errors in the y-
direction is due to steady state object orientation
error (Figure 5). Also, large variations in velocity
error happen when the desired acceleration direction
changes at the inection point of the S-shaped path.
As seen in Figure 6, the contact force reaches 240 N,
because of determining the large proportional gain,
KP = 3000. The tracking errors are reduced, but the
steady state contact force is increased. The steady
state error in object rotation produced y-direction
forces in the second and third end-e�ectors. So, it can
be observed that the steady state forces are in a y-
direction in the second and third end-e�ectors. Also,
the force equilibrium is observed in the object between
the environment contact forces and the end-e�ectors
applied forces.

Application of the MIC Law with Flexible

Grasps

In these simulations, the object is grasped by three
exible grasp points, which manipulate the object to
track the desired S-shaped path and regulate the inner
forces by applying the MIC law. As mentioned before,
in case of using large gains for reaching good tracking,
exibility in the grasp condition (that is provided by
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a Remote Compliance Centre (RCC)) is required, in
order to reduce the amount of contact force. The
sti�ness and damping speci�cations of the RCC are
considered, with low impedance as follows:

Kpe = 120 N/m; Kde = 50 N.sec/m:

Figure 7 shows the object inner forces, besides actuator
torques, which prepare the object contact forces in

Figure 5. Rigid grasps; a) Tracking errors of the �rst,
second and third end-e�ectors and b) Corresponding
velocity errors.

Figure 6. (a) Contact forces history; (b) Applied forces
by the �rst end-e�ector; (c) Applied forces by the second
end-e�ector and (d) Applied forces by the third
end-e�ector.

contact. As seen in the inner forces diagram, one can
observe the steady state errors in the inner forces after
contact, because large contact forces are in contact and
the actuators have reached saturation conditions due to
the rigid grasps.

The simulation results, in cases of exible grasp,
are shown in Figures 8-11. The object and end-e�ectors
path tracking characteristics are shown in Figure 8.
As can be seen, the impact appears due to contact
with the obstacle, which is deliberately considered in
the desired path, to reveal the merits of the proposed
scheme. The object error in the y-direction is about 8

Figure 7. (a) Object inner forces pro�le; (b) Actuator
torques of the �rst manipulator; (c) Actuator torques of
the second manipulator and (d) Actuator torques of the
third manipulator.

Figure 8. Applying the MIC law to three cooperative
end-e�ectors with exible grasps and contact; (a) Desired
and real object path; (b) Desired and real paths at the
contact point; (c) Object orientation trajectory and (d)
End-e�ectors path.
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Figure 9. Flexible grasps; a) Tracking errors of the �rst,
second and third end-e�ectors and b) Corresponding
velocity errors.

Figure 10. Flexible grasps; (a) Contact forces; (b)
Applied forces by the �rst end-e�ector; (c) Applied forces
by the second end-e�ector and (d) Applied forces by the
third end-e�ector.

mm and the steady state orientation errors are about
3 degrees. The end-e�ectors tracking errors and their
time rates, before and after contact, are presented in
Figure 9.

As seen in Figure 9, tracking errors become con-
siderable in transient response at the inection point
of the S-shaped path and, also, at the time of contact
with the obstacle (t ' 25 S) The contact forces and the

Figure 11. Flexible grasps; (a) Object inner forces error;
(b) Actuator torques of the �rst manipulator; (c) Actuator
torques of the second manipulator and (d) Actuator
torques of the third manipulator.

exerted end-e�ectors forces are shown in Figure 10. As
can be seen, the MIC is able to manage the contact in
a smooth, soft condition. It can be observed that the
contact forces and, also, the end-e�ector exerted forces
remain adequately low. In Figure 11, the errors of the
object inner forces and the actuator torques are shown.
It can be seen that the object inner forces errors are
negligible, i.e. a maximum of 0.5 N, and the actuator
torques are reasonably within their limits.

Application of the AOC Law with Flexible

Grasps

In this section, the recent simulations are repeated
by applying the AOC law and the results are shown
in Figures 12 to 17. As shown in Figure 12, the
object path tracking is performed properly and the end-
e�ectors, also, all properly track their desired path.
Figure 13 shows the inner object forces besides the
actuator torques.

As seen in Figure 13, the inner forces approach
their corresponding desired values, after passing a
transient phase at the inection point of the object
path. The maximum variation appears at the inection
point of the path and the errors of the inner forces
are much larger (about ten times more) than those
obtained by applying the MIC law (Figure 11). Also,
at the inection point, larger actuator torques are
demanded, compared to those required by the MIC.

The object tracking errors of applying the AOC
law, when a contact with an obstacle has been planned
in the desired trajectory, are shown in Figure 14. It can
be seen that the object path tracking is obtained, but
the behavior of the three end-e�ectors are out of the
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Figure 12. Applying the AOC law to three cooperative
end-�ectors with exible grasps without contact; (a)
Desired and real object path; (b) Desired and real paths;
(c) Object orientation trajectory and (d) End-e�ectors
path.

Figure 13. Flexible grasps without contact; (a) Object
inner forces error: (b) Actuator torques of the �rst
manipulator; (c) Actuator torques of the second
manipulator and (d) Actuator torques of the third
manipulator.

ordinary. Due to exibility, to yield the desired forces,
the end-e�ectors go far away from the object center as
shown in Figure 14d.

Tracking and the time rate errors of end-e�ectors,
before and after contact, are presented in Figure 15.
Comparing these results to those obtained by applying
the MIC (Figure 9), it can be seen that the errors of
the AOC are much larger (more than twenty times).
Undoubtedly, the reasons for such a di�erence are in
the structural di�erences between the MIC and AOC
laws, as discussed in the previous section. In Figure 16,

Figure 14. Applying AOC law on three cooperative
end-e�ectors with exible grasps and contact; (a) Desired
and real object path; (b) Desired and real paths at the
contact point; (c) Object orientation trajectory and (d)
end-e�ectors path.

Figure 15. Applying AOC law, exible grasps with
contact; a) Tracking errors of the �rst, second and third
end-e�ectors and b) Corresponding velocity errors.

it can be seen that the object contact forces are more
than �ve times greater than those obtained by applying
the MIC law (Figure 10) and, consequently, so are
the applied forces exerted on the object by the end-
e�ectors.

As seen in Figure 17, the object inner forces
obtained by applying the AOC law are more than �ve
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Figure 16. Applying AOC law, exible grasps with
contact; (a) Contact forces; (b) Applying forces by the �rst
end-e�ector; (c) Applying forces by the second end-e�ector
and (d) Applying forces by the third end-e�ector.

Figure 17. Applying AOC law, exible grasps with
contact; (a) Object inner forces error; (b) Actuator
torques of the �rst manipulator; (c) Actuator torques of
the second manipulator and (d) Actuator torques of the
third manipulator.

times greater than those corresponding to the MIC
(Figure 11). In fact, the exibility causes deterioration
in the AOC performance, which is, in turn, due to
errors in projecting the manipulator dynamics on the
augmented object model.

These results reveal the merits of the MIC scheme,
in terms of system exibility and good tracking errors,
as well as inner forces tuning, even in the presence of
impacts, due to contact with the environment. Next,
the e�ects of controller gains tuning on the performance
of this algorithm will be briey detailed.

Study of the E�ects of Controller Gains

Tuning on the Performance of the MIC

Several cases, such as solid grasp, one exible grasp
and three exible grasps of three manipulators,
have been simulated, to investigate the object inner
forces/moments variations along an S-shaped path.

In these simulations, the sti�ness controller gain,
Kp, is reduced from 3000 to 30, which reects the
various virtual sti�ness of cooperative end-e�ectors and
the object in reaction to the environment. As expected,
based on physical intuition, all tracking errors are
increased, while the behavior of object tracking at
the inection point and at the contact time become
smoother. Also, the applied forces from the object
to the environment and, consequently, from the end-
e�ectors to the object, are reduced.

Next, the desired mass controller gain, Mdes,
which represents the inertia property of the cooperative
robotic manipulators and the object, is increased from
10 to 100. It is observed, by this increase, that
the system robustness is increased and the tracking
errors at the inection point and the contact point are
reduced.

Finally, the damping controller gain, Kd, is de-
creased from 600 to 60, in order to observe the inner
forces variations. As expected, the e�ects of contact at
its starting time are reduced; therefore, the inner forces
in the object are decreased and the overall behavior of
the robotic system becomes smoother.

CONCLUSIONS

The inner forces/torques in a manipulated object were
modeled using a virtual linkage approach. This ap-
proach was used to determine the relationship between
the inner forces/torques in the object and the applied
forces/ torques, by cooperative end-e�ectors, under the
MIC law. Also, open and closed loop controllers were
designed for inner forces tuning. Both the MIC and the
AOC laws were implemented to manipulate an object,
based on a planned path and desired inner forces.
An obstacle was considered along the desired path,
to examine the performance of the algorithm dealing
with the impacts due to contact. The object was
grasped with three cooperating end-e�ectors, either
under solid or exible conditions. It should be noted
that in cases of using large gains for reaching good
tracking, that exibility in the grasp condition (that
is provided by a Remote Compliance Centre (RCC))
is required to reduce the amount of contact force.
Structural di�erences between the two methods, MIC
and AOC, were discussed. In the AOC method, the
commands are projected to any end-e�ectors by the
grasp matrix and, then, to the robotic system actua-
tors. If the exibility is considerable, the reection of
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the robotic system dynamics on the augmented object
may be corrupted. In the MIC law, the desired force
commands are applied to the manipulators through
a grasp matrix and the free motion commands are
determined, by applying the impedance law on each
end-e�ector. Therefore, this algorithm has a good
tracking behavior, even in the presence of system
exibility. The other advantage of the MIC law is
that it can be applied to mobile robotic systems with
a massive base and large accelerations. This is due to
this fact that free motion commands are independent
from the grasp matrix, but the AOC can only be
used for �xed base robots. The simulation results
reveal large exibility at all grasp points and a good
tracking performance of the MIC law, as well as inner
forces tuning, even in the presence of impact due to
contact.
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