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Abstract An advanced model of irreversible thermoelectric generator with a generalized heat transfer
law is established based on finite time thermodynamics. The generalized heat transfer law represents a
class of heat transfer laws including Newtonian heat transfer law, linear phenomenological heat transfer
law, radiative heat transfer law, Dulong-Petit heat transfer law, generalized convective heat transfer law
and generalized radiative heat transfer law. The inner effects including Seebeck effect, Fourier effect,
Joule effect and Thomson effect, and external heat transfer are taken into account in the model. The
Euler–Lagrange functions at maximum power output and maximum efficiency are established. Applying
the model to a practical example in engineering, it is found that the external heat transfer law does affect
the characteristics and optimal performance of the thermoelectric device, and themaximumpower output
and maximum efficiency with Newtonian heat transfer law are the maximum among the several typical
heat transfer laws. The results can offer principles for the power and efficiency optimization of practical
thermoelectric generators at various external heat transfer conditions.

© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V. All rights reserved.

1. Introduction

The recent worldwide energy consciousness has focused
attention on unconventional means of producing electrical
energy. The two of these – the photovoltaic process and the
thermoelectric process – are the only processes that convert
solar energy directly into electrical energy [1–4]. Thermoelec-
tric generation technology, due to its several kinds of merits,
especially its promising applications to waste heat recovery, is
becoming a noticeable research direction [5–7]. Considerable
efforts have been developed to identify new classes of ther-
moelectric materials. In addition to the improvement of ther-
moelectric materials, the system modeling and optimization of
thermoelectric generators are equally important in improving
the performance of thermoelectric generators [8–10].
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So far, most of the researches on thermoelectric gener-
ators are mainly based on the non-equilibrium thermody-
namics [11–14] and the finite time thermodynamics (FTT)
[15–22]. Researches based on the non-equilibrium thermody-
namics paid attention to the inner structure of thermoelectric
elements. A significant increase in the power output from a
module can be achieved by modifying the size of the thermo-
electric elements [23]. Burshtein [24], Chen et al. [25], Omer
and Infield [26], Moizhes et al. [27,28], Seifert et al. [29,30],
Drabkin and Ershova [31] and other researchers investigated
the power output or efficiency of single-element thermoelectric
generator. Actually, a commercial thermoelectric generator is a
multi-element device,which is composed ofmany fundamental
thermoelectric elements. Rowe [32], Sisman and Yavuz [33],
Mayergoyz and Andrel [34] investigated the power output and
efficiency of a multi-element thermoelectric generator in vari-
ous working conditions. However, the external heat transfer ir-
reversibility was not considered in the literature hereinbefore.
Thermoelectric devices should be connected with heat

exchangers to absorb and dissipate heat [1–10]. Muchwork has
shown that the heat transfer irreversibility between an engine
and its external reservoirs affects the thermodynamic processes
obviously. The theory of finite time thermodynamics is a
powerful tool for the performance analysis of thermodynamic
processes. Some authors have investigated the performances
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Nomenclature

A Area (m2)
C Coefficient
eJ Electrical current density (A/m2)
f Ratio of thermal conductance allocation
I Working electrical current (A)
K Thermal conductance (WK−1)
k Thermal conductivity (Wm−1K−1)
L Length (m)
N Number
P Power output (W)
Q̇ Heat flow rate (W)
R Electrical resistance (�)
T Temperature (K)

Greek letters

α Seebeck coefficient (VK−1)
∆ Difference
µ Thomson coefficient (VK−2)
ρ Electrical resistivity (�m)
σ Electrical conductivity (�−1m−1)

Subscripts

c Cold junction
H Heat source
h Hot junction
L Heat sink
n N-type semiconductor leg
p P-type semiconductor leg
P At maximum power
T Total
η At maximum efficiency

of thermoelectric generators using a combination of finite
time thermodynamics and non-equilibrium thermodynamics.
Gordon [35,36], Yan and Chen [37], Agrawal and Menon [38],
and Chen and Wu [39] analyzed the performance of single-
element thermoelectric generatorswith finite rate heat transfer
between the thermoelectric device and its external heat
reservoirs. Further, Chen et al. [40], Yu and Zhao [41], Hsiao
et al. [42], Astrain et al. [43], and Meng et al. [44] investigated
the characteristics of multi-element thermoelectric generation
system with external heat transfer.
In the analyses mentioned above, the heat transfer between

the thermoelectric generator and the heat reservoirs was as-
sumed to obey Newtonian (linear) heat transfer law Q̇ ∝ 1T .
Much work has shown that the heat transfer law between the
device and its external reservoirs affects the performances of
thermodynamic cycles strongly. However, when the external
heat reservoirs obey nonlinear heat transfer laws, the analytical
results are hard to obtain. Chen et al. [45] and Meng et al. [46]
established a finite time thermodynamic model of a multi-
element thermoelectric generator with linear phenomenolog-
ical law and radiative law and, consequently, investigated the
characteristics of the device.
Reviewing the former literature concerning thermoelectric

generators, some features can be concluded as follows:

(1) Researches concerning the inner structure of a thermoelec-
tric generator are without considering the external heat
transfer irreversibility.

(2) Researches concerning the external heat transfer optimiza-
tion of a thermoelectric generator are without considering
the temperature dependence of thermoelectric properties,
i.e. the Thomson effect of thermoelectric materials.

(3) Most of the researches assumed that the external heat
transfer obeys Newtonian heat transfer law but not
concerned nonlinear heat transfer law.

The heat transfer law represents the characteristic and
regularity of the transfer. The laws would be complex and the
well-known Newtonian heat transfer law is not the only law in
practical heat transfer process. There are many other nonlinear
heat transfer laws and the heat transfer law does affect the
performance of the device. Many researchers have concerned
the characteristics of conventional heat engines, refrigerators
and heat pumps with linear phenomenological heat transfer
law Q̇ ∝ 1T−1 [47,48], radiative heat transfer law Q̇ ∝ 1T 4
[49,50], Dulong–Petit heat transfer law Q̇ ∝ (1T )1.25 [51,52]
generalized convective heat transfer law Q̇ ∝ (1T )m [53,54]
and generalized radiative heat transfer law Q̇ ∝ 1(T n) [55–57].
To establish a general, natural expression of various heat
transfer laws, a generalized heat transfer law Q̇ ∝ (1T n)m,
which represents a class of heat transfer laws including the
heat transfer laws mentioned above, was put forward by Chen
et al. [58] and extended by Li et al. [59–61]. The effects of
heat transfer laws on the performance characteristics of the
thermodynamic systems were investigated.
However, there is a lack of a model of thermoelectric gen-

erator, which can be applied to the analysis and optimization
of a multi-element thermoelectric generator with generalized
external heat transfer law, and can be applied to analyze the ef-
fects of heat transfer laws on themaximumpower output,max-
imum efficiency and the optimal variables. This paper aims to
establish an advanced model of an irreversible multi-element
thermoelectric generator with generalized external heat trans-
fer law Q̇ ∝ (1T n)m by introducing the theory and method
used in literature mentioned above. The Fourier heat leakage
loss, Joule heat loss, temperature dependence of thermoelectric
properties, especially, the Thomson heat loss are taken into ac-
count in themodel. Themaximumpower output andmaximum
efficiency are explored. A practical example in engineering is
proposed to analyze the effects of several typical heat transfer
laws on the optimal variables, i.e. working electrical current and
ratio of thermal conductance allocation of the heat exchangers.

2. Thermodynamic model and solution

2.1. An advanced finite time thermodynamic model

Figure 1 shows the advanced finite time thermodynamic
model of an irreversible thermoelectric generator with external
generalized heat transfer law established in this paper.
The thermoelectric generator consists of P-type and N-type
semiconductor legs. The number of thermoelectric elements
is N . The junctions of the thermoelectric elements are fixed
at a thermal conducting and electrical insulting ceramic plate.
The thermoelectric elements are insulated, both electrically and
thermally, from its surroundings. The internal irreversibility
is caused by Joule loss and Fourier heat conduction loss
through the semiconductor between the hot and cold junctions.
The Joule loss generates an internal heat I2R, where R is
the total internal electrical resistance of the thermoelectric
element and I is the electrical current generating from the
thermoelectric elements. The conduction heat loss is K(Th −
Tc), where K is the thermal conductance of the thermoelectric
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Figure 1: Finite time thermodynamic model of an irreversible thermoelectric
generator with generalized heat transfer law.

element, Th is the hot junction temperature and Tc is the cold
junction temperature. The heat flow rates through the hot and
cold junctions of the thermoelectric elements are Q̇h and Q̇c ,
respectively.
The external irreversibility is caused by the finite rate heat

transfer between the thermoelectric generator and its heat
reservoirs. The temperatures of the heat source and heat sink
are TH and TL, respectively. The thermal conductance of the
heat exchangers are KH and KL, respectively. The total thermal
conductance KT = KH + KL of the external heat transfer of
the thermoelectric device is finite and fixed. The heat flow rate
absorbed from the heat source to the thermoelectric generator
is Q̇H . The heat flow rate dissipated from the thermoelectric
generator to the heat sink is Q̇L.
As a commercial thermoelectric generation module is

thermal insulation packaged, the heat leakage through the
lateral face can be neglected. At a steady work state, the
temperature distribution of the air gap is the same with
the thermoelectric elements, so the heat transfer of the
whole device can be treated as one dimensional heat transfer
approximately. The increment rate of inner energy of an
infinitesimal is zero at steady-state, so one can obtain the
energy conservation equation of a semiconductor leg as
follows:

Q̇Kin − Q̇Kout + Q̇µ + Q̇J = 0, (1)

where Q̇Kin, Q̇Kout, Q̇µ and Q̇J are the Fourier heat input (heat
input to the hot junction of the element by heat conduction),
Fourier heat output (heat output from the cold junction of
the element by heat conduction), generated Thomson heat
(generated heat because of Thomson effect) and generated Joule
heat (generated heat when electrical current flows through the
conductor). Eq. (1) can be expressed as:
d
dx
(Tp + dTp)kpAp −

dTp
dx
kpAp + µpeJpApdTp

+ (eJp)2
ApLp
σp

dx
Lp
= 0, (2)

d
dx
(Tn + dTn)knAn −

dTn
dx
knAn + µneJnAndTn

+ (eJn)2
AnLn
σn

dx
Ln
= 0, (3)

where kp, σp, µp, Ap, Lp, Tp, eJp and kn, σn, µn, An, Ln, Tn, eJn
are the thermal conductivity, electrical conductivity, Thomson

coefficient, cross section area, length, temperature and elec-
trical current density of the P-type and N-type semiconductor
leg. Reforming Eqs. (2) and (3) one can obtain the heat conduc-
tion differential equations of P- and N-type semiconductor legs
(Eqs. (4) and (5)) with boundary conditions (Eqs. (6) and (7)) as
follows [12]:

kpAp
dT 2p
dx2
+ µpI

dTp
dx
+
I2

σpAp
= 0, (4)

knAn
dT 2n
dx2
− µnI

dTn
dx
+
I2

σnAn
= 0, (5)

Tp(0) = Tn(0) = Tc, (6)

Tp(Lp) = Tn(Ln) = Th, (7)

where kp, σp, µp, Ap, Lp, Tp and kn, σn, µn, An, Ln, Tn are the
thermal conductivity, electrical conductivity, Thomson coeffi-
cient, cross section area, length and temperature of the P-type
and N-type semiconductor leg. I = eJpAp = eJnAn is the electri-
cal current. In Eqs. (4) and (5), the first term (second derivative)
is caused by thermal conduction of P- and N-type semiconduc-
tor legs; the second term (first derivative) is caused by Thomson
effect; the third term is caused by Joule effect. The Seebeck ef-
fect is the surface effect, so it is not embodied in the equations
but it causes the electrical current through the elements.
Taking effect of temperature dependence of thermoelectric

properties into account, kp, σp and µp are function of Tp;
while kn, σn and µn are function of Tn. However, such a
differential equation cannot be solved analytically in general.
Replacing k, σ and µwith the averaged coefficients k, σ and µ
approximately [62] gives approximations of Eqs. (4) and (5) as
follows:

kpAp
dT 2p
dx2
+ µpI

dTp
dx
+
I2

σpAp
= 0, (8)

knAn
dT 2n
dx2
− µnI

dTn
dx
+
I2

σnAn
= 0, (9)

where kp ≈ kp|T=(Th+Tc )/2, σp ≈ σp|T=(Th+Tc )/2, and µp ≈
µp|T=(Th+Tc )/2 for P-type semiconductor legs and kn =

kn|T=(Th+Tc )/2, σn = σn|T=(Th+Tc )/2, and µn = µn|T=(Th+Tc )/2 for
N-type semiconductor legs. The total heat flow rates through
the hot and cold junctions are:

Q̇h = N

(
(αph − αnh)ThI + kpAp

dTp
dx

∣∣∣∣
x=Lp

+ knAn
dTn
dx

∣∣∣∣
x=Ln

)
, (10)

Q̇c = N
(
(αpc − αnc)Tc I + kpAp

dTp
dx

∣∣∣∣
x=0

+ knAn
dTn
dx

∣∣∣∣
x=0

)
, (11)

where αp and αn are the Seebeck coefficients of the P- and
N-type semiconductor legs, and the subscript h and c represent
the hot and cold sides. In Eqs. (10) and (11), the first term is
caused by Seebeck effect, and the second and the third terms are
caused by thermal conduction of P- and N-type semiconductor
legs. The Joule and Thomson effects are volume effect, so
they are not embodied in the equations but they affect the
temperature distribution of the elements.
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It is assumed that the heat transfer between the junctions
of the thermoelectric elements and their respective reservoirs
obeys a generalized heat transfer law Q̇ ∝ (1T n)m (including
Newtonian heat transfer law Q̇ ∝ 1T , linear phenomenological
heat transfer law Q̇ ∝ 1T−1, radiative heat transfer law Q̇ ∝
1T 4, Dulong–Petit heat transfer law Q̇ ∝ (1T )1.25, generalized
convective heat transfer law Q̇ ∝ (1T )m and generalized ra-
diative heat transfer law Q̇ ∝ 1T n), as did the finite time ther-
modynamics for various thermodynamic processes anddevices.
According to the theory of finite time thermodynamics, one has:

Q̇H = KH(T nH − T
n
h )
m (12)

Q̇L = KL(T nc − T
n
L )
m. (13)

Eqs. (12) and (13), include various heat transfer laws. Specially:

(1) If n = 1, the law is generalized convective heat transfer
law [53,54]. Further,
(a) Ifm = 1, the law is Newtonian heat transfer law.
(b) If m = 1.25, the law is Dulong–Petit heat transfer law
[51,52].

(2) If m = 1, the law is generalized radiative heat transfer
law [55–57]. Further,
(a) If n = −1, the law is linear phenomenological heat
transfer law [47,48].

(b) If n = 4, the law is radiative heat transfer law [49,50].
The energy-balance equations, i.e. the control equations,
are:

KH(T nH − T
n
h )
m

= N

(
(αph − αnh)ThI + kpAp

dTp
dx

∣∣∣∣
x=Lp

+ knAn
dTn
dx

∣∣∣∣
x=Ln

)
, (14)

KL(T nc − T
n
L )
m

= N
(
(αpc − αnc)Tc I + kpAp

dTp
dx

∣∣∣∣
x=0

+ knAn
dTn
dx

∣∣∣∣
x=0

)
. (15)

2.2. Maximum power output and maximum efficiency

The temperature distributions of the P- andN-type semicon-
ductor legs can be solved by Eqs. (8) and (9) as follows:

Tp(x) = Tc − Fpx+
Th − Tc + FpLp(
e−ωpLp − 1

) (e−ωpx − 1), (16)

Tn(x) = Tc + Fnx+
Th − Tc − FnLn(
eωnLn − 1

) (eωnx − 1), (17)

where ωp = µpI/(kpAp), Fp = I/(σpµpAp), ωn = µnI/(knAn)
and Fn = I/(σnµnAn). Th and Tc are not fixed because they can
change if the current changes.
For maximum figure of merit of the thermoelectric element

Z = α2/(KR), the size of the thermoelectric element and the
physical property of the material should satisfy the following
equation:

A2pL
2
n

A2nL2p
=
knσn
kpσp

. (18)

To reduce the cost of manufacture, the P- and N-type
semiconductor legs are made with same sizes, i.e. Ap = An = A
and Lp = Ln = L. So one has knσn/(kpσp) = 1 by Eq. (18). Similar
doped alloys are adopted tomake P- and N-type semiconductor
legs. That is σp = σn = σ , kp = kn = k, αp = −αn, and
µp = −µn. This choice is only due to the simplification of the
calculations. According to Taylor’s formula, when |x| � 1, ex ≈
1+x holds true. Based on above assumptions, Eqs. (10) and (11)
can be approximated and simplified by a polynomial expression
of current Ias follows at the case of µI/K � 1

Q̇h = N[αhITh + K(Th − Tc)
− 0.5I2R− 0.5µI(Th − Tc)], (19)

Q̇c = N[αc ITc + K(Th − Tc)
+ 0.5I2R+ 0.5µI(Th − Tc)] (20)

where αh = αhp − αhn and αc = αcp − αcn are the Seebeck
coefficients of the thermoelectric elements at hot and cold
sides. µ = µp − µn = 2µp, K = Kp + Kn and R = Rp + Rn
are the total Thomson coefficient, thermal conductance and
electrical resistance of a thermoelectric element. αIT , K1T , I2R
and µI1T are the rates of Peltier heat, Fourier heat, Joule heat
and Thomson heat, respectively.
K and R are given by:

K = Kp + Kn = kpAp/Lp + knAn/Ln = 2kA/L, (21)

R = Rp + Rn = Lp/(σpAp)+ Ln/(σnAn) = 2L/(σA). (22)

The power output is given by:

P = KH(T nH − T
n
h )
m
− KL(T nc − T

n
L )
m. (23)

The efficiency η = P/Q̇H is given by:

η = 1−
KL(T nc − T

n
L )
m

KH(T nH − T
n
h )
m
. (24)

The power output of a thermoelectric generator depends on
theworking electrical current I . For a given thermoelectric gen-
erator, there exists an optimal electrical current correspond-
ing to the maximum power output, which has been proved by
much literature. Thus, the optimization of electrical current is a
basic problem of the internal optimization of a thermoelectric
generator.
More external thermal conductance means better heat

exchange but bulkier structures and higher cost. When the
external heat transfer is fixed, the allocation of thermal
conductance of heat exchangers would affect the performance
of the device. Therefore, it is an important problem that how
to allocate fixed total external thermal conductance among
hot and cold sides of the device for maximum power output
or maximum efficiency. The optimum allocation of thermal
conductance for conventional power and refrigeration plants
was first advanced by Bejan [16,63,64] and advanced by many
researchers. To describe the allocation, a ratio of thermal
conductance allocation is introduced as f = KH/(KH+KL). Then
one has KH = fKT and KL = (1− f )KT .
Much work has shown that when the external heat transfer

law is linear i.e. Q̇ ∝ 1T , there will exist optimal electrical
currents and optimal ratios of thermal conductance allocation
corresponding to the maximum power output and maximum
efficiency, respectively. This research will prove that when the
external heat transfer law is nonlinear i.e. Q̇ ∝ (1T n)m (n 6=
1 orm 6= 1), therewill also exist optimal electrical currents and
optimal ratios of thermal conductance allocation.
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The Euler–Lagrange function for maximum power output
can be established by combining Eq. (23)with Eqs. (14) and (15)
as follows:

LP = KT f (T nH − T
n
h )
m
− KT (1− f )(T nc − T

n
L )
m

+ λP(KT f (T nH − T
n
h )
m
− N(αh ITh + K(Th − Tc)

− 0.5 I2R− 0.5µI(Th − Tc)))
+φP(KT (1− f )(T nc − T

n
L )
m
− N(αc ITc

+ K(Th − Tc)+ 0.5 I2R+ 0.5µI(Th − Tc))), (25)

where λP and φP are the Lagrangian multipliers, which are
constants to be determined. The optimal ratio of thermal
conductance allocation, fP , optimal electrical current, IP , and the
corresponding hot junction temperature, Th, and cold junction
temperature, Tc , should satisfy the Euler–Lagrange equations:

∂LP

∂Th
= 0,

∂LP

∂Tc
= 0,

∂LP

∂ f
= 0,

∂LP

∂ I
= 0. (26)

Eq. (26) can be calculated as:

(1+ λP)Ch + λPN (αh I + K − 0.5µI)
−φPN (K + 0.5µI) = 0, (27)

(1+ φP)Cc + λPN (−K + 0.5µI)
−φPN (αc I − K − 0.5µI) = 0, (28)

(1+ λP)
(
T nH − T

n
h

)m
+ (1+ φP)

(
T nc − T

n
L

)m
= 0, (29)

λP [Th αh − IR− 0.5µ (Th − Tc)]
−φP [Tc αc + IR+ 0.5µ (Th − Tc)] = 0, (30)

where:

Ch = KT fmnT n−1h

(
T nH − T

n
h

)m−1
, (31)

Cc = KT (1− f )mnT n−1c

(
T nc − T

n
L

)m−1
. (32)

The Euler–Lagrange function for maximum efficiency can be
established by combining Eq. (24) with Eqs. (14) and (15) as
follows:

Lη = 1− (1− f ) f −1
(
T nc − T

n
L

)m (T nH − T nh )−m
+ λη(KT f (T nH − T

n
h )
m
− N(αh ITh + K(Th − Tc)

− 0.5 I2R− 0.5µI(Th − Tc)))
+φη(KT (1− f )(T nc − T

n
L )
m
− N(αc ITc

+ K(Th − Tc)+ 0.5I2R+ 0.5µI(Th − Tc))), (33)

where λη and φη are the Lagrangian multipliers, which are
constants to be determined. The optimal ratio of thermal
conductance allocation, fη , optimal electrical current, Iη , and the
corresponding hot junction temperature, Th, and cold junction
temperature, Tc , should satisfy the Euler–Lagrange equations:

∂Lη

∂Th
= 0,

∂Lη

∂Tc
= 0,

∂Lη

∂ f
= 0,

∂Lη

∂ I
= 0. (34)

Eq. (34) can be calculated as:

(1− f ) f −1DcmnT n−1h D−1h
(
T nH − T

n
h

)−1
− λη(−KT fmnT n−1h Dh

(
T nH − T

n
h

)−1
−N(αh I + K − 0.5µI))− φηN(K + 0.5µI) = 0, (35)

(1− f ) f −1mnT n−1c DcD−1h
(
T nc − T

n
L

)−1
+ ληN(−K + 0.5µI)− φη(N(αc I − K − 0.5µI)

− KT (1− f )mnT n−1c Dc(T nc − T
n
L )
−1) = 0, (36)

f −2DcD−1h + ληKTDh + φηKTDc = 0, (37)
−ληN (αh Th − IR− 0.5µ (Th − Tc))

+φηN (αc Tc + IR+ 0.5µ (Th − Tc)) = 0, (38)

where:

Dh =
(
T nH − T

n
h

)m
, (39)

Dc =
(
T nc − T

n
L

)m
. (40)

It is important to note that not only the external heat trans-
fer, but also the temperature dependence of thermoelectric
properties is considered in this paper. It is not the full tempera-
ture dependence which could only be determined numerically,
but it comes indirectly into play due to averages. These averages
are constants and the equations are solved by adapting constant
material properties. For given heat source and heat sink tem-
peratures, TH and TL, the junction temperatures of thermoelec-
tric element, Th and Tc , are unknown, thus the thermoelectric
properties, αh, αc, k, σ andµ, are unknown. Alteration method
is adopted herein to determine the junction temperatures. For
given initial values of Th and Tc (Th = TH , Tc = TL, for exam-
ple), αh, αc, k, σ and µ can be calculated by the fitting equa-
tion of the thermoelectric material (Eqs. (41)–(43) hereinafter).
Then Th and Tc can be calculated. The alteration process will be
repeated until required precision is obtained.

3. Numerical example

A practical thermoelectric generator in engineering is
adopted herein to analyze the effects of heat transfer laws on
the maximum power output and maximum efficiency. In the
numerical analysis and optimization, the number and size of the
thermoelectric elements are set as N = 127, A = 1 × 1 mm2,
and L = 2 mm [65]. The heat reservoir temperatures are set
as TH = 450 K and TL = 300 K. The physical properties of the
commercially available material (Bi2Te3) by Melcor are shown
as follows [65]:

αp = (22 224.0+ 930.6T − 0.9905T 2)10−9 VK−1, (41)

ρ = (5112.0+ 163.4T + 0.6279T 2)10−10 �m, (42)

k = (62 605.0− 277.7T + 0.4131T 2)10−4Wm−1 K−1, (43)

where αp, ρ and k are the Seebeck coefficient, electrical
resistivity and thermal conductivity. The Thomson coefficient
is given by the second Kelvin relationship [1–5]

µ = T
dα
dT
. (44)

Figures 2–4 show the effect of heat transfer law on
temperature difference (1T = Th − Tc) between the hot and
cold junctions, power output P and efficiency η versus working
electrical current I , respectively. Figure 5 shows the effect of
heat transfer law on power output P versus efficiency η. In
the calculations, the ratio of thermal conductance allocation
is set as f = 0.5. It can be seen that the heat transfer law
does affect the performance of the irreversible thermoelectric
generator. According to the order of temperature difference,
they are ranked as follows: Special complex heat transfer law,
Dulong–Petit heat transfer law, radiative heat transfer law,
linear phenomenological heat transfer law, andNewtonian heat
transfer. The effects of heat transfer law on the characteristic of
power output and efficiency versus working electrical current
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Table 1: Optimization results of the optimal variables and the corresponding optimal performance with different heat transfer law.

Transfer law fP IP Pmax (W) ηP (10−2) fη Iη ηmax Pη (W)

Newtonian (n = 1,m = 1) 0.5268 0.6014 2.9122 0.0656 0.5287 0.5111 0.0670 2.8465
Linear phenomenological (n = −1,m = 1) 0.6201 0.5996 2.8982 0.0655 0.6221 0.5099 0.0669 2.8333
Radiative (n = 4,m = 1) 0.3873 0.5967 2.8769 0.0653 0.3478 0.5061 0.0667 2.8092
Dulong–Petit (n = 1,m = 1.25) 0.5277 0.5730 2.6827 0.0639 0.5313 0.4886 0.0652 2.6246
Special complex (n = 4,m = 1.25) 0.3837 0.5651 2.6222 0.0634 0.3857 0.4818 0.0647 2.5653

Figure 2: Effect of heat transfer law on temperature difference versus working
electrical current.

Figure 3: Effect of heat transfer law on power output versus working electrical
current.

curves are analogous with the effect of heat transfer law on
the characteristic of temperature difference versus working
electrical current. Among the several heat transfer laws, the
effect of Dulong–Petit heat transfer and special complex
heat transfer law are different from other heat transfer laws
strikingly.
The optimization results of the optimal variables and

the corresponding optimal performance with different heat
transfer laws are listed in Table 1. Figure 6 shows the optimal
working electrical current IP and optimal ratio fP of thermal
conductance allocation corresponding to the maximum power
output Pmaxwithdifferent heat transfer laws. Figure 7 shows the
maximum power output Pmax and the corresponding efficiency
ηP with different heat transfer laws. From the table and
figures, the changing features of optimal variables and optimal
performance can be concluded. According to the order of the
optimal ratio fP of thermal conductance allocation, they are

Figure 4: Effect of heat transfer law on efficiency versus working electrical
current.

Figure 5: Effect of heat transfer law on power output versus efficiency.

ranked as follows: special complex heat transfer law, radiative
heat transfer law, Newtonian heat transfer law, Dulong–Petit
heat transfer, and linear phenomenological heat transfer law.
According to the order of the optimal electrical current IP ,
they are ranked as follows: special complex heat transfer
law, Dulong–Petit heat transfer, radiative heat transfer law,
linear phenomenological heat transfer law and Newtonian heat
transfer law. According to the order of the maximum power
output Pmax, they are ranked as follows: special complex heat
transfer law, Dulong–Petit heat transfer, radiative heat transfer
law, linear phenomenological heat transfer law and Newtonian
heat transfer law. The order of ηP is same to the order of Pmax.
Figure 8 shows the optimal working electrical current

Iη and optimal ratio fη of thermal conductance allocation
corresponding to the maximum efficiency ηmax with different
heat transfer laws. Figure 9 shows themaximumefficiency ηmax
and the corresponding power output Pη with different heat
transfer laws. According to the order of the optimal ratio of
thermal conductance allocation fη , they are ranked as follows:
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Figure 6: Optimal working electrical current and optimal ratio of thermal
conductance allocation.

Figure 7: Maximum power output and the corresponding efficiency with
different heat transfer law.

radiative heat transfer law, special complex heat transfer law,
Newtonian heat transfer law, Dulong–Petit heat transfer, and
linear phenomenological heat transfer law. According to the
order of the optimal electrical current Iη , they are ranked as
follows: special complex heat transfer law, Dulong–Petit heat
transfer, radiative heat transfer law, linear phenomenological
heat transfer law and Newtonian heat transfer law. According
to the order of themaximum efficiency ηmax, they are ranked as
follows: special complex heat transfer law, Dulong–Petit heat
transfer, radiative heat transfer law, linear phenomenological
heat transfer law and Newtonian heat transfer law. The order
of Pη is the same as the order of ηmax.
Since each heat transfer process has a correspondingmecha-

nism, one could not simplymake a comparison just considering
the effect of temperature (the power of temperature or tem-
perature difference). For example, the KH and KL in the paper
represent heat transfer coefficient. To convective heat transfer
process, KH and KL represent convective heat transfer coeffi-
cient; to radiation process, KH and KL represent a coefficient
(involves Stefan–Boltzmann constant) whose value is much
smaller than the former. In the analysis mentioned above, the
effect of heat transfer coefficient has not been taken into ac-
count. Some results only hold for the numerical values adopted
herein.

4. Conclusions

Because the incomprehensiveness of conventional model
of irreversible thermoelectric generator, an advanced model

Figure 8: Optimal working electrical current and optimal ratio of thermal
conductance allocation corresponding to the maximum efficiency with
different heat transfer law.

Figure 9: Maximum efficiency and the corresponding power output with
different heat transfer law.

of irreversible thermoelectric generator with generalized heat
transfer law Q̇ ∝ ∆(T n)m is established. A class of heat transfer
laws is included and multi-irreversibilities are considered in
the model. Applying the model to a practical example in
engineering, it is found that the external heat transfer law
does affect the characteristics of the thermoelectric device. It
is proved that there are optimal working electrical currents and
optimal ratio of thermal conductance allocations corresponding
to the maximum power output and maximum efficiency when
the heat transfer law is nonlinear. The changing features of the
maximum power, maximum efficiency and the corresponding
design variables are analyzed in detail.
As the heat exchangers for thermoelectric device are various,

the heat transfer laws are various and different from each
other. One can determine the exponents n and m in Q̇ ∝
∆(T n)m by experiment or from empirical formula. Combining
the heat transfer law and the results obtained herein can
offer principles for the power and efficiency optimizations of
practical thermoelectric generators at various external heat
transfer conditions. The model and optimization method may
be applied to the analysis and design of practical thermoelectric
generators.

Acknowledgments

This paper is supported by The National Natural Science
Foundation of PR China (Project No. 10905093) and the

www.SID.ir



Arc
hive

 of
 S

ID

1344 L. Chen et al. / Scientia Iranica, Transactions B: Mechanical Engineering 19 (2012) 1337–1345

Natural Science Foundation of Naval University of Engineering
(HGDYDJJ10011). The authors wish to thank the reviewers for
their careful, unbiased and constructive suggestions, which led
to this revised manuscript.

References

[1] Kaye, J. and Welsh, J.A., Direct Conversion of Heat to Electricity, John Wiley
& Sons, New York (1960).

[2] Sutton, G.W., Direct Energy Conversion, McGraw-Hill Book Company, New
York (1966).

[3] Angrist, S.W., Direct Energy Conversion, 4th Edn., Allyn & Bacon, Boston
(1992).

[4] Decher, R., Direct Energy Conversion, Oxford University Press, New York
(1997).

[5] Riffat, S.B. and Ma, X. ‘‘Thermoelectrics: a review of present and potential
applications’’, Appl. Therm. Eng., 23(8), pp. 913–935 (2003).

[6] Bell, L.E. ‘‘Cooling, heating, generating power, and recovering waste heat
with thermoelectric systems’’, Science, 321(5895), pp. 1457–1461 (2008).

[7] Brown, D.R., Fernandez, N., Dirks, J.A., Stout, T.B. and Fernandez, N. ‘‘The
prospects of alternatives to vapor compression technology for space
cooling and food refrigeration applications’’, US Department of Energy,
2010.

[8] DiSalvo, F.J. ‘‘Thermoelectric cooling and power generation’’, Science,
285(5428), pp. 703–706 (1999).

[9] Riffat, S.B. and Ma, X. ‘‘Improving the coefficient of performance of
thermoelectric cooling systems: a review’’, Int. J. Energy Res., 28(9),
pp. 753–768 (2004).

[10] Atik, K. Thermoeconomic optimization in the design of thermoelectric cooler,
Karabuk, Turkiye, 2009.

[11] Radcenco, V., ‘‘Generalized Thermodynamics’’, Editura Techica, Bucharest
(1994).

[12] Bejan, A., Advanced Engineering Thermodynamics, 3rd Edn., John Wiley &
Sons, Hoboken, NJ (2006).

[13] Andresen, B. Recent Advances in Thermodynamics Research Including
Nonequilibrium Thermodynamics, Nagpur University Nagpur (2008).

[14] Goupil, C., Seifert, W., Zabrocki, K., Muller, E. and Snyder, G.J. ‘‘Thermo-
dynamics of thermoelectric phenomena and applications’’, Entropy, 13(8),
pp. 1481–1517 (2011).

[15] Carnot, S., Reflections on the Motive Power of Fire, Bachelier, Paris (1824).
[16] Bejan, A., Entropy Generation through Heat and Fluid Flow, Wiley, New York

(1982).
[17] Andresen, B. Finite-Time Thermodynamics, In Physics Laboratory II,

University of Copenhagen, Copenhagen (1983).
[18] Berry, R.S., Kazakov, V.A., Sieniutycz, S., Szwast, Z. and Tsirlin, A.M.,

Thermodynamic Optimization of Finite Time Processes, Wiley, Chichester
(1999).

[19] Mironova, V.A., Amelkin, S.A. and Tsirlin, A.M., Mathematical Methods of
Finite Time Thermodynamics, Khimia, Moscow (2000).

[20] Chen, L. and Sun, F., Advances in Finite Time Thermodynamics: Analysis and
Optimization, Nova Science Publishers, New York (2004).

[21] De Vos, A., Thermodynamics of Solar Energy Conversion, Wiley, Berlin
(2008).

[22] Sieniutycz, S. and Jezowski, J., Energy Optimization in Process Systems,
Elsevier, Oxford (2009).

[23] Rowe, D.M. and Min, G. ‘‘Evaluation of thermoelectric modules for power
generation’’, J. Power Sources, 73(2), pp. 193–198 (1998).

[24] Burshtein, A.I. ‘‘An investigation of the steady-state heat flow through
a current-carrying conductor’’, Sov. Phys.-Tech. Phys., 2, pp. 1397–1406
(1957).

[25] Chen, J., Yan, Z. and Wu, L. ‘‘The influence of Thomson effect on the
maximum power output and maximum efficiency of a thermoelectric
generator’’, J. Appl. Phys., 79(11), pp. 8823–8828 (1996).

[26] Omer, S.A. and Infield, D.G. ‘‘Design optimization of thermoelectric devices
for solar power generation’’, Sol. Energy Mater. Sol. Cells, 53(10), pp. 67–82
(1998).

[27] Moizhes, B.Y. ‘‘The influence of the temperature dependence of physical
parameters on the efficiency of thermoelectric generators and refrigera-
tors’’, Sov. Phys. Solid State, 2, pp. 671–680 (1960).

[28] Moizhes, B.Y., Petrov, A.V., Shishkin, Y.P. and Kolomoets, L.A. ‘‘On the
choice of the optimal mode of operation of a cascade thermoelectric
element’’, Sov. Phys-Tech. Phys, 7(4), pp. 336–343 (1962).

[29] Seifert, W., Ueltzen, M. and Müller, E. ‘‘One-dimensional modelling of
thermoelectric cooling’’, Phys. Status Solidi A, 1(194), pp. 277–290 (2002).

[30] Seifert, W., Müller, E. and Walczak, S. ‘‘Local optimization strategy based
on first principles of thermoelectrics’’, Phys. Status Solidi A, 205(12),
pp. 2908–2918 (2008).

[31] Drabkin, I.A. and Ershova, L.B. ‘‘Comparison of approaches to thermoelec-
tricmodulesmathematical optimization’’, 25th International Conference on
Thermoelectrics, Vienna, pp. 476–479 (2006).

[32] Rowe, D.M. ‘‘Applications of nuclear-powered thermoelectric generators
in space’’, Appl. Energy, 40(4), pp. 241–271 (1991).

[33] Sisman, A. and Yavuz, H. ‘‘The effect of Joule losses on the total efficiency
of a thermoelectric power-cycle’’, Energy Int. J., 20(6), pp. 573–576 (1995).

[34] Mayergoyz, I.D. and Andrel, D. ‘‘Statistical analysis of semiconductor
devices’’, J. Appl. Phys., 90(6), pp. 3019–3029 (2001).

[35] Gordon, J.M. ‘‘Generalized power versus efficiency characteristics of heat
engines: the thermoelectric generator as an instructive illustration’’, Amer.
J. Phys., 59(6), pp. 551–555 (1991).

[36] Gordon, J.M. ‘‘A response to Yan and Chen’s comment on ‘generalized
power versus efficiency characteristics of heat engines: The thermoelec-
tric generator as an instructive illustration’’’, Amer. J. Phys., 61(4), p. 381
(1993).

[37] Yan, Z. and Chen, J. ‘‘Comment on ‘generalized power versus efficiency
characteristics of heat engines: The thermoelectric generator as an
instructive illustration’ by J. M. Gordon [Am. J. Phys. 59, 551–555 (1991)]’’,
Amer. J. Phys., 61(4), p. 380 (1993).

[38] Agrawal, D.C. and Menon, V.J. ‘‘The thermoelectric generator as an
endorevesible Carnot engine’’, J. Phys. D: Appl. Phys., 30(2), pp. 357–359
(1997).

[39] Chen, J. and Wu, C. ‘‘Analysis on the performance of a thermoelectric
generator’’, Trans. ASME, J. Energy Resour. Technol., 122(2), pp. 61–63
(2000).

[40] Chen, L., Gong, J., Sun, F. and Wu, C. ‘‘Effect of heat transfer on the
performance of thermoelectric generators’’, Int. J. Therm. Sci., 41(1),
pp. 95–99 (2002).

[41] Yu, J. and Zhao, H. ‘‘A numerical model for thermoelectric generator with
the parallel-plate heat exchanger’’, J. Power Sources, 172(1), pp. 428–434
(2007).

[42] Hsiao, Y.Y., Chang, W.C. and Chen, S.L. ‘‘A mathematic model of
thermoelectric module with applications on waste heat recovery from
automobile engine’’, Energy, 35(3), pp. 1447–1454 (2010).

[43] Astrain, D., Vián, J.G., Martinez, A. and Rodriguez, A. ‘‘Study of the influence
of heat exchangers’ thermal resistances on a thermoelectric generation
system’’, Energy, 35(2), pp. 602–610 (2010).

[44] Meng, F., Chen, L. and Sun, F. ‘‘A numerical model and comparative
investigation of a thermoelectric generator with multi-irreversibilities’’,
Energy, 26(5), pp. 3513–3522 (2011).

[45] Chen, L., Sun, F. and Wu, C. ‘‘Thermoelectric-generator with linear
phenomenological heat-transfer law’’, Appl. Energy, 81(4), pp. 358–364
(2005).

[46] Meng, F., Chen, L. and Sun, F. ‘‘Performance characteristics of the
multielement thermoelectric generator with radiative heat transfer law’’,
Int. J. Sustainable Energy, 31(2), pp. 119–131 (2012).

[47] Yan, Z. and Chen, L. ‘‘Optimal performance of a generalized Carnot cycle
for another linear heat transfer law’’, J. Chem. Phys., 92(3), pp. 1994–1998
(1990).

[48] Li, J., Chen, L. and Sun, F. ‘‘Optimal configuration of a class of endoreversible
heat-engines for maximum power-output with linear phenomenological
heat-transfer law’’, Appl. Energy, 84(9), pp. 944–957 (2007).

[49] Goktun, S., Ozkaynak, S. and Yavuz, H. ‘‘Design parameters of a radiative
heat engine’’, Energy Int. J., 18(6), pp. 651–655 (1993).

[50] Chen, L., Song, H. and Sun, F. ‘‘Endoreversible radiative heat engines for
maximum efficiency’’, Appl. Math. Model., 34(7), pp. 1710–1720 (2010).

[51] Angulo-Brown, F. and Paez-Hernandez, R. ‘‘Endoreversible thermal cycle
with a nonlinear heat transfer law’’, J. Appl. Phys., 74(4), pp. 2216–2219
(1993).

[52] Huleihil, M. and Andresen, B. ‘‘Convective heat transfer law for an
endoreversible engine’’, J. Appl. Phys., 100(1), p. 14911 (2006).

[53] Cutowicz-Krusin, D., Procaccia, J. and Ross, J. ‘‘On the efficiency of rate
process: Power and efficiency of heat engines’’, J. Chem. Phys., 69(9),
pp. 3898–3906 (1978).

[54] Xia, S., Chen, L. and Sun, F. ‘‘Power-optimization of non-ideal energy
converters under generalized convective heat transfer law via Hamil-
ton–Jacobi–Bellman theory’’, Energy, 36(1), pp. 633–646 (2011).

[55] De Vos, A. ‘‘Efficiency of some heat engines at maximum-power
conditions’’, Amer. J. Phys., 53(6), pp. 570–573 (1985).

[56] Chen, L., Sun, F. andWu, C. ‘‘Effect of heat-transfer law on the performance
of a generalized irreversible Carnot-engine’’, J. Phys. D: Appl. Phys., 32(2),
pp. 99–105 (1999).

[57] Chen, L., Song, H., Sun, F. and Wang, S. ‘‘Optimal configuration of heat
engines for maximum efficiency with generalized radiative heat transfer
law’’, Rev. Mex. Fís, 55(1), pp. 55–67 (2009).

[58] Chen, L., Li, J. and Sun, F. ‘‘Generalized irreversible heat-engine experienc-
ing a complex heat-transfer law’’, Appl. Energy, 85(1), pp. 52–60 (2008).

[59] Li, J., Chen, L. and Sun, F. ‘‘Heating load vs. COP characteristic of an
endoreversible Carnot heat pump subjected to heat transfer law Q ∝
(1T ∼ n) ∼ m’’, Appl. Energy, 85(2–3), pp. 96–100 (2008).

[60] Li, J., Chen, L. and Sun, F. ‘‘Cooling load and coefficient of performance
optimizations for a generalized irreversible Carnot refrigerator with heat
transfer law Q ∝ (1T ∼ n) ∼ m’’, Proc. Inst. Mech. Eng. E, 222(E1),
pp. 55–62 (2008).

[61] Li, J., Chen, L. and Sun, F. ‘‘Finite-time exergoeconomic performance of an
endoreversible Carnot heat engine with complex heat transfer law’’, Int. J.
Energy Environ., 2(1g), pp. 171–178 (2011).

www.SID.ir



Arc
hive

 of
 S

ID

L. Chen et al. / Scientia Iranica, Transactions B: Mechanical Engineering 19 (2012) 1337–1345 1345

[62] Honig, J.M. and Harman, T.C., ‘‘Thermoelectric and Thermomagnetic Effects
and Applications’’, McGraw-Hill, New York (1967).

[63] Bejan, A. ‘‘Power and refrigeration plants for minimum heat-exchanger
inventory’’, Trans. ASME, J. Energy Resour. Technol., 115(2), pp. 148–150
(1993).

[64] Bejan, A. ‘‘Theory of heat-transfer-irreversible power plants. II. The
optimal allocation of heat-exchange equipment’’, Int. J. Heat Mass Transfer,
38(3), pp. 433–444 (1995).

[65] Melcor, ‘‘Thermoelectric Handbook’’. Available from:
http://www.Laridtech.com (2011).

Lingen Chen received all his degrees (B.S., 1983; M.S., 1986; Ph.D., 1998) in
power engineering and engineering thermophysics from the Naval University
of Engineering, PR China. His works cover a diversity of topics in engineering
thermodynamics, constructal theory, turbomachinery, reliability engineering,
and technology support for propulsion plants. He has been the Director of the
Department of Nuclear Energy Science and Engineering and the Superintendent

of the Postgraduate School. Now, he is President of the College of Power
Engineering, Naval University of Engineering, PR China. Professor Chen is the
author and co-author of over 1220 peer-refereed articles (over 560 in English
journals) and nine books (two in English).

Fankai Meng received all his degrees (B.S., 2005; M.S., 2008; Ph.D., 2011) in
power engineering and engineering thermophysics from the Naval University
of Engineering, PR China. His works cover topics in finite time thermodynamics
and technology support for propulsion plants. Dr. Meng is the author and co-
author of 25 peer-refereed articles (17 in English journals).

Fengrui Sun received his B.S. degree in 1958 in Power Engineering from the
HarbingUniversity of Technology, PRChina. Hisworks cover a diversity of topics
in engineering thermodynamics, constructal theory, reliability engineering, and
marine nuclear reactor engineering. He is a Professor in the Department of
Power Engineering, Naval University of Engineering, PR China. Professor Sun is
the author and co-author of over 950 peer-refereed papers (over 440 in English)
and two books (one in English).

www.SID.ir


