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Abstract 
In this research the Kardar-Parizi- Zhang equation for surface growth has been analyzed in 

the regime where the nonlinear coupling constant, λ , is small (Edwards-Wilkinson equation) 
and also by using Fourier Transformations the finite size correction on the mean-square width 

has been calculated. It has found that the calculated interface width for 0
~
→t  behaves as 
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d
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1 Introduction  

Recently the scientists have become more interesting in studying surface and interface 
growth. They would like to investigate the dynamics of interface growth by introducing 
different mathematical equations and solving them with analytical methods to obtain the 
surfaces and interfaces parameters. Some examples of these interfaces are: liquid flow in a 
tissue that is suspended in water (1) , snowing on the ground surface (2) and surface growth in 
thin film technology (3,4). The surface width in one-dimensional substrate with length equal to 
L is calculated from the following equation (5): 

                            ∑
=

−=
L

i
thtih

L
tLW

1

2)](),([1),(                                                                  (1) 

Where ),( tih is the height of one site of the substrate and h (t) is mean height of the surface. 
For very short times the surface width behaves like (5): 

                      ),( tLW = βt  [t << tx]                                                                                    (2) 
Where β  is growth exponent, and tx is cross overtime. Also, for very long time the surface 

width equation is (5):  
                          Wsat(L)= αL  [t >> tx]                                                                                   (3) 
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2 
In which, α  is a roughening exponent and L is length of substrate. The surface width for 

times around the crossover time is equal to  (6):  
                                      ),( tLW     )(~ zL

tfLα                                                          (4) 

β
α

=z        (5) 

In which, z is a dynamic exponent. In order to hydrodynamical description of surfaces and 
interfaces roughening motion, a continuum Langevin equation proposed by Kardar, Parizi and 
Zhang (KPZ) (7):  

                                            ),()(
2

),( 22 txhhv
t

txh
ηλ

+∇+∇=
∂

∂                     (6)  

Where, h is the height of one site of interface, v is the surface tension, λ  is the velocity and 
η  is the random function with Gaussian distribution which has the following mean value and 
correlation:  

)7(0),( =txη  
)8()'()'(2)','(),( ttxxDtxtx d −−= δδηη  

 
2 The liner Langevin equation  
Considering the nonlinear coupling constant, λ , in equation (6) very small, (8) the 

continuum Langevin equation will be:  
)9(][),(),( 2 EWtxhv

t
txh η+∇=

∂
∂  

 The noise, η , follows (7) and (8) equations. Edwards and Wilkinson derived this equation 
from a lattice model of sedimentation in the continuum limit for the first time (9). This 
equation also describes the deposition dynamics of an equilibrium surface in the capillary 
regime by the evaporation method (10) that is described by Random deposition with surface 
relaxation model. While the characterizing exponents, βα ,  and z of this equation are well 
known by a dynamic scaling method as (5):  

)10(
4

2,2,
2

2 dzd −
==

−
= βα  

It is sometimes desirable to determine the amplitude of various quantities in the scaling 
regime. These amplitudes are related to each other through the parameters ν  and D of the 
continuum model. Consider a growth process initiated under periodic boundary conditions at 

−∞→t . Because of linear characteristics of equation (9), it can be solved by the Fourier 
transformation:  

)11(),(),( 2 iwvk
wkwkh
−

=
η  

Where ),( wkη  is the Fourier transformation of ),( txη  (see Appendix A). Now to obtain the 
correlation function )','(),( wkhwkh , first the correlation relation of )','(),( wkwk ηη  shall be 
obtained:  

)12()'()2(2)','(),( )'(

0

ττδπηη wwidd eedkkDwkwk +
∞

∫+=  

Then, the correlation relation of )','(),( wkhwkh  can be found:  

)13()'()2(2
)'')((

1)','(),( )'(

0
22

τδπ τ dekkD
wivkiwvk

wkhwkh wwidd +
∞

∫+
−−

=  

With reverse Fourier transformation on w:  
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iwvk

edkkDtkhtkh
tiw

dd
τ
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By applying the Koushi integral theorem and residue calculation on equation (14) and 
performing the integral, it can be seen that previous equation will be resulted to:  

)15()1)('()2(),'(),(
22

2
tvkdd ekk

vk
Dtkhtkh −−+= δπ  

Let us first consider the mean-square width of a surface of liner size L:  
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It is equal to the performance of inverse Fourier transformation on k in equation (15):  

)17(),'(),(
)2(
'

)2(
),( '2 xikikx

d

d

d

d
eetkhtkhkdkdtLW ∫= ππ

 

That N is the total number of substrate sites and the integral will be limited to k
L

<
π2  and 

'k
a
>

π  in required to the momentum space. By performing inverse Fourier transformation on k 

in equation (15):  
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For performing integral (18) momentum integration shall be performed over a spherical 
shell. For this purpose, )'(, kkxd dd +∫ δ  and )1,1( ++ nmB  must be known. After performing 

integral (18):  
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Where  
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d
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Integrating by parts the right hand side of equation (19) and applying change of 
variable tvky 22= :  
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In this equation, because the lattice spacing is very small, the upper limit of the integral 
will be ∞ . Finally the mean-square interface width will be:  
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2L
vtx =  

By comparing equations (4) and (22) the critical exponents of EW equation can be 
obtained:  

)27(
4

2,
2

2,2 ddz −
=

−
== βα  

 

3 Result and Discussion 

 Now, it is desirable to understand the shape of EW equation interface width for 
)0(0 →→ xt . Therefore, the limit of )(xfd  and following that, the EW interface width shall be 

obtained for 0→x  .For this purpose, the terms included ze−  will be expanded and the terms 
included in the first and more orders, O(x) , will be omitted, also the integral existing in )(xfd  

will move to )
2

(d
Γ , and finally )(xfd  will be as follows:  
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And for interface width:  
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)31(]1[~),( 4
2

<<=
−

xtttLW
d

β  
It can be seen that equation (31) is exactly the same as equation (2) that has been obtained 

from experimental results. Now, it is also desirable to understand the shape of EW equation 
interface width for )( ∞→∞→ xt . Therefore, the limit of )(xfd  and following that, the EW 
interface width shall be obtained for ∞→x  .For this purpose, the asymptotic relation for xe−  
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5
is used and the terms included in the first and more orders will be omitted, also the integral 
existing )(xfd  will move to zero and finally:  

)32(...11
2 ++→→∑ −−
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28 >>− xe xπ  
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And for the interface width:  
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It can be seen that equation (35) is exactly the same as equation (3) that has been obtained 

from experimental results. Again it is desirable to know behavior of the interface width 
function for )0(0 ~~ ⎯→⎯⎯→⎯ xt . Therefore, the limit of )(xfd  and following that, the EW 
interface width shall be obtained for 0~⎯→⎯x . For this purpose, the terms including xe−  will 
be expanded and the terms including the second and more orders, )( 2xO , will be omitted, also 

the integral existing in )(xfd  will move to )
2

( d
Γ  with acceptable approximation, and finally:  
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A and B have constant values, which are defined as follows:  
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It can be seen that in this case, the interface width is not only a function of t but also a 
correction term which is a function of L and added to the interface width equation. Again it is 
desirable to know behavior of the interface width function for )( ~~ ∞⎯→⎯∞⎯→⎯ xt .Therefore 
the limit of )(xfd  and following that, the EW interface width shall be obtained for ∞⎯→⎯~x . 
For this purpose, in the asymptotic relation for xe− , all of the terms except for the first one 

)1..(
x

ei  shall be omitted:  

∑ ++→→ −− ...11
2xx

xae n
n

x  

)42(1
x

e z →−  

Then, relations of )(xfd  and interface width can be written as follows:  

)43()8(
8

11

)
2

()2(2

1)(
1

2

28

2
12

2
2

2 ⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
+−

Γ−

= −−∞−

−
∫ dyeyx

xdd

xf y
d

x

d

dd

π

π
π

π

 

)44(

)
2

()2(2

1

)
2

()2(2

1)( 1

2
442

2

−

−−
Γ−

−

Γ−

= x
dddd

xf ddd

ππ

 

)45()( 1−−= IxHxfd  
Where H and I have constant values:  
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and for the interface width:  
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Because the second term inside the bracket is small, it can be expanded, and finally the 
interface width will be found as follows:  
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               ,          
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1
2
1
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−

⎟
⎠
⎞

⎜
⎝
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It can be seen that in this case, the interface width is not only a function of L but also a 
correction term that is function of t and added to the interface width equation. 
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4 Conclusion  
By exact solution of Edwards- Wilkinson equation, the interface width, for very long and 

very short times, has been calculated: βttLW ~),( and αLLWsat ~)(  respectively. These relations 
are exactly the same as those, which had been mentioned before in part I of this article. In 
addition, the Edwards- Wilkinson interface width for times a bit more than zero was 

calculated: d

d

L
tttLW 2

2
2

~),(

+

+β . It can be seen that in this relation, the interface width function is 

not only the function of t but also the term d

d

L
t

2

2
2+

 which is a function of L, and is added to the 

relation. Also the Edwards- Wilkinson interface width for times a few less than ∞  was 

calculated
t

LLtLW

d
2

6

~),(

−

−α . It can be seen that in this relation, the interface width function is 

not only the function of L but also the term 
t

L
d

2
6−

, which is a function of t, and added to the 

relation.  
 

Appendix A 

In this section the detail calculation of the Edwards Wilkinson interface width has been 
written. The Fourier transformation and inverse Fourier transformation can be written as 
follows:  

)50(),(),( )(∫∫ −−
+∞

∞−

= wtkxid etxxhddtwkh  

)51(),(),( )(∫∫ −
+∞

∞−

= wtkxid ewkkhddwtxh  

By performing Fourier transformation on EWequation (9):  
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),(),( )(

2

2
dtdxetxdtedxe

x
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dxedte
t

txh wtkxiiwtikxikxiwt −−
+∞

∞−

+∞

∞−

+∞

∞−

−
+∞

∞−

−
+∞

∞−

+∞

∞−
∫∫∫∫∫∫ +

∂

∂
=

∂
∂

η  

By part integration of equation (52) it can be found: 

),(),()(),()( 2 wkdtetkhikvdxewxhiw iwtikx η+=− ∫∫
+∞

∞−

−
+∞

∞−

 

)53(),(),( 2 iwvk
wkwkh
−

=
η  

where ),( wkη  is the Fourier transform of ),( txη . Before calculating the correlation function of 
),( wkh , the correlation function of ),( wkη  shall be obtained. For this purpose the following 

figures of delta function and equation (7) and (8) shall be used:  

xdekk dkkix
d

d ∫ +=+ )'(

)2(
1)'(
π

δ  

dteww wwit∫ +=+ )'(

)2(
1)'(
π

δ  

)54('')','(),()','(),( )''''()(∫ ∫ −−−−= dtxdetxxdtdetxwkwk dtwxkidwtkxi ηηηη  
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)55()','(),('')','(),( )''''()( txtxedtxdxdtedwkwk twxkidwtkxid ηηηη −−−− ∫∫=  

The bracket shall act over the noise function, therefore the other terms will be outside the 
bracket.  
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Most of the quantities below can be expressed in terms of the amplitude of modes ),( tkh  at 
time t,therefore this amplitude can be obtained after performing the w integral. By performing 
the inverse Fourier integral over w : 
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In equation (62) it shall be known that the )( τ−t  value is less or more than zero. For this 

purpose, ∫
∞

0
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t
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⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
+= ∫∫∫∫

−−∞−−

dw
iwvk

eddw
iwvk

edkkDtkhtkh
tiw

t

tiwt
dd

ττ
ττδπ  

So, it can be clearly found that the value of )( τ−t  in the second integral is more than zero 
and in the fourth integral is less than zero, by applying the Koushi integral theorem that is 
expressed as follows:  

)64(2)( 1∫ ∑ −= aidwwf π  
Where 1−a  is residue, and is calculated:  

)65()]()[(
)!1(

1
001

1

1 ww
m

m

m
wfww

dw
d

m
a =−

−

− −
−

=  

In the above equation 0w  is unique point and equal to 2
0 ivkw −=  therefore:  

)66()(
1

τ−−
− = tvkiea  

Now tow contour shall be assumed for these two integrals:  

∫ −
=

−−

)( 2

)(

1 iwvk
edwI

tiw τ
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∫ −
=

−

)67(
)( 2

)(

2 iwvk
edwI

tiw τ
 

It can be understand that the amount of 2I  integral is zero, and by the use of Koushi integral 
theorem, 1I  can be found:  

)68(2
)(

)(2

2

)(

1
τ

τ
π −−

−−

−=
−

= ∫ tvk
tiw

e
iwvk

edwI  

Whit the use of equations (63) and (68):  

)69()1)('()2(),'(),(
22

2
tvkdd ekk

vk
Dtkhtkh −−+= δπ  

Like equation (16), the mean-square width of surface is: 

)70(),'(1),(1),(
2

2

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−= ∑∑

′
txh

N
txh

N
tLW

xx
 

)71(),'(),(
)2(

'
)2(

),( '2 xikikx
d

d

d

d
eetkhtkhkdkdtLW ∫= ππ

 

To obtain equation (71) the inverse Fourier transformation in d dimensions on of k is 
required, therefore:  

)72()'(
)2(

')1(),(),'(),( '22
2

2 xikikxd
d

d
tvk

d
eekkkde

v
D

k
kdtLWtxhtxh +−== ∫∫ − δ

π  

Integral(72)shall be performed in spherical coordinates system, for this purpose )'( kkd +δ  
and kd d  in spherical coordinate system shall be known:  

)73(sin
)

2
1(

2 2

0

1
2

1

θθπ π

ddkk
d

kd dd

d

d −−

−

∫∫∫ −
Γ

=  

)74(

sin)(2

)
2

1()()'(
)'(

212
1

θπ

θδδ
δ

−−
−

−

−
Γ+

=+
dd

d
d

k

dkk
kk  

In addition the B function is required:  

)75(sincos2)1,1( 1212
2

0

θθθ

π

dnmB nm ++∫=++  

)76(
)2(

)1()1(
)1(

!!)1,1(
++Γ
+Γ+Γ

=
++

=++
mn

mn
nm
nmnmB  

For calculating the second integral in right hand of equation (73), the equation (76) shall be 
used:  

)77(
2

3,
2
1 −

=−=
dnm  

With using equations (77) and (76):  

)78(
)

2
(

)
2

1(
sin

2
1

2

0
d

d

dd

Γ

−
Γ

=−∫
π

θθ
π

 

Now the mean-square width of the surface can be expressed:  
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)79(')'()1(

)
2

(2

1),( )'(22
3

21

2 kkixddtvk
dd

d

ekdkke
v
D

k
dk

d
tLW +−

−
−

+−

Γ

= ∫∫ δ

π  

Now it can be shown that the amount of integral ∫ ++ )'(')'( kkixdd ekdkkδ  is equal to 1 for this 

intention the equations (73),(74) and (78) shall be interest: 

)80(1sin

''

)
2

1(sin)(2

2)
2

1()()'(
')'(

)'(2

0

1

212
1

2
1

)'(

=

−
Γ−

−
Γ+

=+

+−

−

−−
−

−

+

∫

∫

kkixd

d

dd
d

d

kkixdd

ed

kdk
dk

dkk
ekdkk

θθ

θπ

πθδδ
δ

π

 

Therefore:  

)81()1(),(
22

3
2

2 tvk
d

a

L

d e
v
D

k
dkktLW −
−

−= ∫

π

π

 

Where:  
)82(

)
2

(2

1

21 d
k d

d
d

Γ

=
− π

 

For comparison with a lattice model, a is identified with a lattice spacing. This 
identification, as well as replacing a discrete set of modes by a continuum, is not exact. In this 
sense the numerical factors of terms involving a and L depend on the substrate lattice 
structure.performing the integration by part (81) can be written: 

)83(4
2222

),(
22

2

2

22
2

2

2
2

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−
+

−
−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
= −

−
−

−−

∫ dkvkte
d
k

L

ae
d
k

v
Dk

d
kDktLW tvk

da

L

tvk
d

d
a

L

d

d

π

π

π

π π

π

ν
 

The integral  ∫ −− tvkd ek
223 could be explained by part integration:  

)84(4
22

222
222

2223 dktek
d
ke

d
kdtek tvk

d
tvk

d
tvkd −

−
−

−
−− ∫∫ −

+
−

= ν  

2

222
2

2
22

2)2)(2(
)(

)2(
),( a

vtd
dd

d
ddd e

av
D

d
k

L
v
D

d
k

av
D

d
k

tLW
π

π
π

π −−
−

−
− ⎟

⎠
⎞

⎜
⎝
⎛

−
−

−
+

−
=  

)85(
2

4
)2)(2(

22
1

2

2

28
2

2
dke

d
kDtkeL

v
D

d
k tvk

da

L

d
L

vt
d

d
d −

−−
−

− −
+

−
− ∫

π

π

π

π
 

By applying the following change of variable in the remaining integral in equation (85): 

dyvtydktvky 2
1

2 )8(2
−

=⇒=  

2

282
L

vty
L

k ππ
=⇒=  
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∞≈=⇒= 2

22
a

vty
a

k ππ  

)86(
2

2
1

⎟
⎠
⎞

⎜
⎝
⎛=

vt
yk  

By placing equations (86) the remaining integral of equation (85) it can be expressed:  

)87(

)2()2(

2
2

4 1
2

2

282

221
2

2

dyey

dvt

Dtk
dkek

d
Dtk y

d

L

vt
d
dtvkd

L

d −−∞
−− ∫∫

−

=
−

π

π

π

 

By multiplying and then dividing the term ddvL −− 22 )2( π  to equation (87):  

)88(
)2)(2(

8
2

4 1
2

2

28

2
2

2
1

2

2221
2

2

dyeyL
v
D

d
k

L
vtdkek

d
Dtk y

d

L

vt

d
d

d

d

tvkd

L

d −−∞
−

−

−
−− ∫∫ −⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

−
π

π

π π
π

 

and finally:  

2

222
2

2

2
2

2)2)(2(2
),( a

vtd
dd

d
d

d
d e

av
D

d
kL

v
D

d
k

av
D

d
ktLW

π
π

π
π

−−
−

−

−

⎟
⎠
⎞

⎜
⎝
⎛

−
−

−
+⎟

⎠
⎞

⎜
⎝
⎛

−
=  

)89(8
)2)(2()2)(2(

1
2

2

28

2
1

2

2
2

2
2

28
2

2
dyey

L
vtL

v
D

d
k

eL
v
D

d
k y

d

L

vt

d

d
d

dL

vt
d

d
d −−∞−

−
−

−

−
− ∫⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
−

−
−

π

π
π

ππ
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