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Abstract

Introduction: The theory and application of linear and nonlinear delay
differential equations is an important subject within physics and applied mathematics.
There are several numerical approaches for solving linear and nonlinear delay
differential equations.

Aim: In this paper, differential transform method ( DTM ) is-applied to numerical
solution of linear and nonlinear delay differential equations.

Materials and Methods: In this work, we'presented simple proofs of the
differential transform Theorems and then we applied them to solving linear and
nonlinear delay differential equations.

Results: Numerical results compared to exact solutions are reported and it is shown
that DTM is a reliable tool for the solution of delay differential equations.
Conclusion: The present method reduces the computational difficulties of the other
traditional methods and all the calculations can be made simple manipulations. Several
examples were tested by applying the DTM and the results have shown remarkable
performance.

Keywords: Differential transform method; Delay differential equations; Series
solution; Numerical solution.

Introduction
Consider the following initial value problem for the nth order delay differential
equations ( DDE') of the form

{y(”)(x) = (%, Y00, ¥(0, (), Y (0, (X),.... Y (01, (X)); 0 < x <,

(VOO Y (K),ee Y (%)= (0,(%). 9, (0)..,8, (X)) ;2 < X <0,

Where a=ming, (x); for x €[0,b], g(x) =(g,(x),g,(x).....d,(x)) are the
1<i<m

initial functions and for i=1(1)m; «;(x) < x are the delay functions. We assume that

a0y, @, 0, 0,,.., 9, and fare sufficiently smooth. (517

1)
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In this paper, we extended the DTM for solving equations (l).The basic definition and
the fundamental Theorems of the DTM and its applicability for various kinds of
differential equations are given in. 24713151 For convenience of the reader, we will
present a review of the DTM.

Materials and Methods
Review of DTM
The differential transform of the kth derivative of function y(x) is defined as

follows:

1 .d*y(x
Y=L
k™ dx
where y(x) is the original function and Y (k) is the transformed function. The
differential inverse transform of Y (k) is defined as

Y09 = XY (00~ %,)" &

| P @

From equations (2) and (3), we get
& (X=%0)" d*y(x),
= K dx*

which implies that the concept of differential transform.is derived from Taylor series
expansion, but the method does not evaluate the derivatives symbolically. However,
relative derivatives are calculated by an'iterative way which are described by the
transformed equations of the original function..In real applications, the function y(x)

is expressed by a finite series and equation (3) can be written as

Y0 = 2Y (KR ®

here n is decided by the convergence of natural frequency. The fundamental
operations performed by differential transform can readily be obtained and are listed
in Table 1.

y(x) = : (4)

X=Xg
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Table 1- Operations of DTM!?]

Original function Transformed function
y(x)=u(x)£v(x) Y(k)=U(k)xV(k)
y(x)=cu(x),ceR Y(k)=cU(k)

y(x) =u(x)V(x) V()= 3 V(DU (k=)
y09 =12 nen V(=Y e
y(x) = x" Y(k)=6(k—-n)

k
y(x)=e* 2eR Y(k)_i
y(x)=f(x+a) Y(k)=ZN:(E1Jah1‘kF(hl)forN—>oo

h, =k
() =H6 00,006, 00 | 2L LN
y(x) =f,(X)f,(x)..F, , (X)F, (x SR &

x Fy (K, =k, )Py (K 2 OF, (K —K

Main results
The following Theorems provide us the differential ‘transform method of given
functions:

1
Theorem 1. If y(x) = f(x/a), a>1, then Y(k) = " F(k).

Proof:
It is easy to obtain the following from y(x)

d"y(x) d"f(x/a)
dx" dx" .
then by Table 1 we have

(k::n)Y(k )= Lt (x/a),
:(kJIZn)Y(k n) = ln(k:n)l:(k ).

:>Y(k+n)=inF(k+n).
a

Now, set k — k —n, we have Y(k)=inF(k) and set, n — k we have
a

Y(k):ikF(k).
a

Theorem 2. If y(x) =f (x/al)fz(x/az), a, >1a, >1, then
Y (k) = Z F (I) —F.(k=1).

Proof:
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Let the differential transform of f,(x/a,) and f,(x/a,) be F,(k)and F,(k),
k

respectively, by using Table 1 we have Y (k) = Z F,(DF (k-1).
1=0

then by Theorem 1 we have

Y (k) Zk: F(I):kLF(k ).

1o a

Note 1: If a, =a, =a and F (k) = F, (k) = F(k) then,
Kk

Y (k) = zikF(l)F(k—l).

Theorem 3. If y(x) = f,(x/a,) f,(x/a,)...f, , (x/a, ;) f,(x/a,),
a; 21(i=1(1)n), then

kn g ks Ky 1
Y(k) = Z e ZZ le(k) kz Pk — k)i —
Kn_1=0k,_»,=0  k,=0k;=0 an—l

1
X Fn—l (kn—l - knfz)ﬁ Fn (k - kn—l)'

Proof:
Let differential transform of f,(x/a;) for i=1(1)n, be F,(k), by using Table 1, we

have differential transform of y(x) as

n -1 k3 k2

Y(k) = Z Z ZZ F (k )F (k kl)"'anl(kn—l - knfz)

n- 1_0 kn 2_0 k2 Okl

X Fn(k_kn—l)i
then by Theorem 1 we have
Kng ks kK, 1
Y (k) = Z D ZZ — P (K) = kz Pk =k —
Kn_1=0 kn>, =0 k,=0k;=0 ap’y
1
><|:n—l(kn—l_ n— ) k—k, F (k k )
an
Note 2: If a, =a2 =..=a,=a and F (k) =F,(k) =...= F, (k) = F(k)
n 1 k3 kZ

then, Y (k) = Z > - ZZ —Fk)

Kn_1=0Kk,_,=0 k,=0k;=0

x F(ky —k)..F(k,, =k, ,)F(k=k, ).

Results and Discussion

In order to illustrate the advantages and the accuracy of the DTM for solving
the linear and nonlinear delay differential equations, we have applied the method to
different delay differential equations.

Example 1. Consider the following linear delay differential equation:®*?
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2
d y—Ey(x)+y(§)—X2+2i O<xs<i,

dx> 4
y(0)=0, y(0)=0,
where exact solution of this problem is y(x) = x2.
By Table 1 and Theorem 1, the differential transform for equations (6) as
follows:

(k +2)! 3
S Y k2= Y () +

(6)

ikY (k)=0o(k=2)+20(k),

2 @
Y0)=0, Y1 =0.

Consequently, we find

Y(2)=1 Y(k)=0 for k>3.

Then, by using equation (3), we obtain the exact solution y(x) = x°.

Example 2.Consider the following nonlinear delay differential equation [9]:
3

d7y :—1+2y2(§); 0<x<4,

dx?

y(0)=0, y(0)=1 y"(0)=0,
where exact solution of this problem is y(x) =sin(Xx).
By Table I and Theorem 2, the differential transform for equations (8) as follows:

(8)

)
Y(@)=0, Y()=1 Y(2)=0.

Consequently, we find

0, k=2n
Y (k) = " N.
d=1 D" , k=2n+1 ne
(2n+1)!

Then, by using equation (3), we obtain the exact solution y(x) = sin(x).

Conclusion

In this work, we successfully apply the DTM to find numerical solutions for
linear and nonlinear delay differential equations. It is observed that DTM is an
effective and reliable tool for the solution of delay differential equations. The method
gives rapidly converging series solutions. The accuracy of the obtained solution can be
improved by taking more terms in the solution.

In many cases, the series solutions obtained with DTM can be written in exact
closed form. The present method reduces the computational difficulties of the other
traditional methods and all the calculations can be made simple manipulations. Several
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examples were tested by applying the DTM and the results have shown remarkable
performance.
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