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Abstract

In this paper, we extend some moment inequalities for partial sums of negative
dependence (ND) random variables. Based on these inequalities, some useful in-

equalities are obtained. WWW.SID.ir
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1.Introduction and preliminaries

ALI’E(EQI)\([E gfzsll}l%e a sequence of ran-

dom variables defined on the probabil-
ity space (€2, F, p). The moment in-
equalities and their applications for in-
dependent random variables have been
studied by Petrov (1995). Shao (2000)
and Su (1997) studied moment inequal-
ities for NA random variables. In this
paper, we extend these inequalities for
ND random variables. To prove our
main results we need the following def-
inition, lemmas and theorems.

Definition 1.The random variables
Xi,-++, X, aresaid to be ND if we have

P{ﬁ(Xj <) < ﬁ P[X; <z, (1)
j=1 Jj=1

and

P[ﬁ](Xj > zj)] < fIP[Xj >zj), (2)

for all zy,---,z, € R. An infinite
sequence {X,, n > 1} is said to be
ND if every finite subset X,,---, X, is
ND. The conditions (1) and (2) are
equivalent for n = 2, but these do not
agree for n > 3 (see [2])

Lemma 1.([1]) Let X;,---,X, be
ND random variables and f; ---, f, be
a sequence of Borel functions which
all are monotone increasing (or all
are monotone decreasing) , then
fi(Xh),- -+, fa(Xy) are ND random
variables.

Lemmas 2.([1]) Let Xy, -+, X,
be ND nonnegative random variables.

Then

(] X, < T1 ElX;)

J=1 j=1

Corollary 1. Let X, Xy, -+, X, be
ND random variables, then for every
real ¢ we have

T
Ee'» < ] Ee*™:.

=1

Lemmas 3.([3]) If X be an arbitrary
random variable and p > 0.Then

E|XP=p / * 1P| X| > z]dz.
0

Lemmas 4.([3]) Let {X,,,n > 1} be a
sequence of random variables with
E|X|P < oo for some p > 1 and S, =

?=1 X@. Then
E|S,IP < nP ' My,
where My, = 37_; E|X;[P.

Theorem 1.([3]) Let X be a random
variable and 3, = E|X|" for any 0 <
r < s. Then

gy [

ik Taasl
Br <9 7%

where ¥ = P[X # 0].

¥

Lemmas 5.([3])If ¥ is a random vari-
able with d.f. 237, P[X; < z]. Then
for any r > 0,

i)
1 n
ElY|"==) E|XiI
R
ii)

SID.ir
PIY £0] = %%P[Xk Z0).
k=1
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Corollary 2. Applying Theorem 1 to

Y WRBchve@ §P&HDT P 2 2, we con-
clude that

23 T

< (3 PiXe # 0. M.

where B, = T} EX?.

2. The Main Results

In this section, first we extend an in-
equality for ND r.v.,;s that Petrov [3]
proved for independent r.v.’s and Su
(1997) proved for NA r.v.’s. Then by
using this inequality, we obtain some
moment inequalities for ND random
variables.

Theorem 2. Let X;, X5,--, X, be
ND random variables with E(X;) = 0,
EX? < 00,i=1,2,---,n and p > 2.
Then for any ¢t > p/2 and z > 0,

PUS 2 51 € 3 PIX| 2 ]

2

;B:]_t (3)

Proof. Since proof is similar to Lemma
2.3 (Ref.[3]) and Theorem 1 (Ref.[5]),
thus we omit details. We define Y; =
min(X;,y),y >0and 7,, = 37, ;. It
is clear that for every real z that = > y,

[Sn2> %) € [ By 2 sk il 4%l

+2€*[1 +

Hence for every A > 0 and by Markov’s
inequality

P[S.>1] < P[T, > 1]+ P[T, # S
S e-—.h.:l:“t;eh'f’1I1
+1 Y PIXs 2l (4)

j=1

Let Fj(z) = P[X; < ] for all real z
and j =1,2,....,n. Since Y; < X; and
EY; < EX; = 0. Thus for every h > 0,

y

Bl g 1 +[ (e"* — 1 — hz)dF;(z)
+(e™ — 1~ hy)P[X; > y]. (5)

Since the function g(z) = "M—;g'-ﬂ, for

every h > (0 is non-decreasing, hence by

(5) obtain

ehv —1—

z
Y
hy—1—hy

Bl il " px?

< exp|

EX?

By Lemma 1, the random variables
Y1,Y,,....., Y, are ND because the ran-
dom variables X, X,,....X,, are ND.
Therefore,

n
e E T < iz 1T EehYi
j=1

ety — 1 —
< exp[—hz + ——1—@3,;] (6)

We put here h = In(Z + 1), then

e R exp[—g ln(ﬂ +1)

B,
x B Ty
= =]
+y y2l(B+)]
= exp[— - —ln(B + 1)].

Note that an analogous estimate holds
for P[—S, > ], with replacement of

Z; = min(—Xj,y) and T}, = 37, Z;
by Y; = min(Xj,y) and T, = 37, Y,
Since by Lemma 1 Z;, 2, ...Z, are ND,

hence for every z > 0 anm 0:‘5| D.ir
PlI5,]| > z] 2 PIS, = 7]
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+eP[ES: 2 2] € PlT>x] > zftldx
: N 2
ArNIREDESD + 2pe"[ P71 + ﬁ—]'td:z:
+ P[T, > z] + P[T, # —Sn) 0 8,
n =- My
OGP > ] +e (B + pet?2B(p/2,t - p/2) B2
-+ jE‘ehT-i) s Ap(Mrp,n*“Bgﬂ)a
S ‘here
< Y PIXjlzy b e
Z Ay = max(?, 9 8(p/2,p/2))
+ 2expl> - fm(;—y il IORE,
¥y . ii) By Lemma 4 and Jensen’s inequal-
Let t = ﬁ > p/2, we have ity for every p > 2, we have

P[|S.| > 2] < Z P[|X}] n
Jj=1 E|Sn|p S A}P(iwp,n + E(z Xf)pﬂ))

2

5 % s 5%3]_‘ < A1+ npf?‘*;;;p.n

Hence complete the proof. SUME A '
Corollary 3. Under the assumptions Corollary 4. Under the assumptions
of Theorem 2 we have of Theorem 2,
i) E|S.]P- < A1

BIS.P < 40 + BT, () -+ PG £ 0P My ()

=
ii) Proof. By Corollaries 2 and 3 we have
BIS. < 24,072 My 14(8) E|SalP < Ap(Myn + B2?)
Where A, > 0 depends only on p. <A1+ (i P[X; # 0)P M, ,
=1

Proof. This complete the proof.

i) By Lemma 2 and (3) for every z > 0 Remark 2. If the sum ¥} ; P[X; # 0]
and p > 2, we have grows slower than n, particular, if
2 -1 PIX; #0]=0(n%), 0<a<l,
E|S, s 2 p/ 2?7 P[|S,| > z]dzthen (6) gives a better estimate than
0

s Q< (5) does. wWwWw.SI D.ir
< pY. [ o PIX;|
S Theorem 3. Let X, X5, ---,X, are
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ND random variables and EX; = 0 for

k=1,2:,n. ,
Artnivdof &b vy p>1
E|S,|P < Apy(My + D),  (10)

Where D, = ¥7_, E|X;| and 4, is a
positive constant depending only on p.

Proof Since g(z) = W‘ﬁrﬁ for any
h > 0 is a nondecreasing function;
hence, by applying it in proof of The-
orem 2 and EFX; < E|Xj| for h =
iln(l + #-) > 0, we obtain

Pisi2a < Y PIX2 %)
ﬁ]_ti (11)

wheret=§>p>1,a.nd:c>0. Now
by using (11) we have

E|S.|P M.
o0
2pe / N1+
0
?Mpn

+ 2e[l+

<

N T

+

)tz

+

by putting ¢ = 2p and A, = max((2p)®,
(2p)?*1e??3(p, p)), hence complete the
proof.

Theorem 4. Let X;,X,,---,X, are
ND random variables with EX; = 0 for
k=1,2,---,n. Then for every p > 1,

E|S,P < A,[14(3 PIX; # 0)P~ My

j=1
- Proof By Theorem 1 for r = 1 and
s =p > 1,we have

D, <[ Px; # 0| VM p

pn
j=1

thpDﬁe/ w11+ u)tdu
0
tpMPan + 2ptpD£6£ﬁ(p,t ' p):

now Theorem 3 for every p > 1, com-
plete the proof.
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