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Abstract 

Multivariate reward processes with reward functions of constant rates, defined 
on a semi-Markov process, first were studied by Masuda and Sumita, 1991. 
Reward processes with nonlinear reward functions were introduced in Soltani, 
1996. In this work we study a multivariate process ( ))(,),()( 1 tZtZtZ p"= , 0≥t , 
where )(,),(1 tZtZ p"  are reward processes with nonlinear reward functions 

pρρ ,,1 "  respectively. The Laplace transform of the covariance matrix, ∑(t), is 
specified for given pρρ ,,1 " , and if they are real analytic functions, then the 
covariance matrix is fully specified. This result in particular provides an explicit 
formula for the variances of univariate reward processes. We also view ∑(t) as a 
solution of a renewal equation. 
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1. Introduction 

Let ( ){ }0, ≥ttJ  be a semi-Markov process with a 
Markov renewal process ( ){ }.,...2,1,0,, =nTJ nn  The 
state space of { }nJ  is assumed to be { },,...,2,1,0=N  
see [1], [2] and [13] for more details. Based on 

( ){ }0, ≥ttJ , a multivariate reward process may be 
defined as ( ) ( ) ( ) ( )( )tZtZtZtZ p,...,, 21= , where 

( ) ( ) ( ) ( )( )∑
+

+−= +
tTn

innnii
n

tXtJTTJtZ
≺1:

1 ,, ρρ , (1.1) 

where X(t) is the age process. Each function iρ  in (1.1) 
is called a reward function, and is a real function of two 
variables; RRNi →×:ρ  where ),( τρ ji  measures the 
excess reward when time τ  is spent in the state j. If 

pijji ,...,1,),( == ττρ  then the reward process Z(t) 
becomes the multivariate reward process treated by 
Masuda and Sumita 1991. In the case that ρ  is of the 

form 

( ) ( )∑
=

=
im

n

n
ini xkgxk

1
,,ρ  (1.2) 
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where iin mig ,,1, "=  are given functions, ∞≺im  an 
explicit formula for the mean vector ( ) 0, ≥ttZE  is 
given in [10]. Khorshidian and Soltani have treated the 
asymptotic behavior of mean, variance and covariances 
of univariate and multivariate reward processes as 

,∞→t  see [5], [6], [10] and [11]. They have shown 
that )()( 10 tCCtZE +→ , and 2

10)( tBtBt +→∑ , as 
∞→t , and obtained the related coefficients explicitly, 

in terms of moments of the semi-Markov matrix. 
In this work we explicitly determine ( )∑ t  the 

covariance matrix of ( )tZ  for each 0≥t  as a solution 
of a Laplace transform equation when iρ  are as in (1.2), 

∞≤im  and also view ( )∑ t  as a solution of a renewal 

equation for general iρ . We also determine the 
variances of univariate reward processes with nonlinear 
reward functions. 

For more details on semi-Markov processes see [1], 
[2] and [13]. Concerning the asymptotic behavior of a 
semi-Markov process see [3] and [4]. 

2. Notations and Preliminaries 

Corresponding to a semi-Markov process 
( ){ }0, ≥ttJ , let ( )xAij , measures the transition 

probability from state i to the state j within the time 
interval x],(0,  i.e., 

( ) { }iJxTTjJPxA nnnnij =≤−== ++ 11 , . 

Let ( )xaij  denote the density of ( )xAij  and let 

( ) ( ) ( ) ( ) ,1, xAxAxAxA ii
Nj

iji −== ∑
∈

 

( ) ( ) ( ){ }.0 iJjtJPtPij ===  

The Markov renewal function is denoted by 
( ) ( )∑∞

=
∗=

0k
k tAtR  where ( )tAk∗  is the k-fold 

convolution of ( )tA  by itself. The initial probability 
vector is denoted by )0(p  and the unit vector by e . The 
joint distributions corresponding to the processes 

( ) ( ){ }0,, ≥ttXtJ  and ( ) ( ) ( ){ },0,,, ≥ttZtXtJ  
respectively, are given by 

( ) ( ) ( ) ( ){ }iJxtXjtJptxGij =≤== 0,, , 

( ) ( ) ( ) ( ) ( ){ }iJztZxtXjtJptzxFij =≤≤== 0,,,, , 

where by ( ) ztZ ≤  we mean ( ) ( )( )pp ztZztZ ≤≤ ,...,11 . 

A vector ( )pωω ,...,1  in pR  is denoted by ω . The 

following Laplace transforms are of frequent use in 
subsequent sections, 

( ) ( )xdAes ij
sx

ij ∫
∞

−=
0

α , 

( ) ( )xdAes i
sx

i ∫
∞

−=
0

α , 

( ) ( )∫ ∫ ∫
∞ ∞

−′−−=Φ
0 0

,,,,
pR

ij
stzx

ij dtzddxtzxfes ωυωυ , 

( ) ( )∫ ∫
∞

+−′−=
0

,,0, dtzdtzfes ij
R

stz
ij

p

ωωσ , 

( ) ( ) ( )xdAesC kj
sxxk

kj ∫
∞

−′−=
0

,, ρωω , 

( ) ( ) ( )dxxjAesjE sxxj∫
∞

−′−=
0

,, ρωω . 

Throughout this paper a matrix with entries 
Njiyij ∈, is denoted by ][ ijyy =  and a diagonal 

matrix with entries Niyi ∈  is denoted by 
][ jijD yy δ= . 

The following formula is an important and 
informative relation between the given Laplace 
transforms, see [7], [10]. 

( ) ( ) ( )

( )( ) ( )( )υωω

υωωσωυ

+−=

+=Φ
− sEsCI

sEss

D

D

,,

,,,,
1  (2.1) 

Recall from [10] that in the univariate case the 
Laplace transform of ( )tEZ ρ  when ( ) nkxxk =,ρ  is 

given by 

( )

e
s

sIn

si
snsIp

esptEZL

Dn
D

n

i
in

i
D

i

ρ
α

α
α

ω
ω

ωρ

⎟
⎠
⎞−

−

⎜⎜
⎝

⎛ −
−′−=

∂
Φ∂′−=

+

−

=
−+

=

∑

1

1

1
1

)(

0

2

))((!

!
)()1(!)()0(

),,0()0())((

 

where ][ kkjD δρ = ; also when reward function is of the 

form (1.2), it has been shown that 
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( )( ) ( ) τρτρ denEptZE
m

i
nD

n
t

∑∫
=

−′=
1

:
1

0

)0( , (2.2) 

where ( ) Nkkng ∈, , are the entries of the matrix 

;,...,1,: mnnD =ρ  and 

( ) ( )ττ ,
0

dxGxE nn ∫
∞

= . (2.3) 

The Formula (2.2) enables one to compute the mean 
of the cumulative reward up to time t, whenever the 
reward function is a polynomial. Indeed if ρ  satisfying 

( ) ( ) ,,,
0

dxxiti
t

∫ ′= ρρ  

( ) 00, =iρ  and ( ) ( )xidxd ,/ ρ  exists, then Z(t) in (1.1) 
can be written as 

( ) ( ) ( )( ) dssXsJtZ
t

,
0
∫ ′= ρ , 

which implies that 

( ) ( ) ( )xjsdxGdstZE
Nj

ij

t

i ,,
00

ρ′= ∑∫∫
∈

∞

, (2.4) 

where Ei denotes the conditional expectation given J0=i. 
Note that the Formula (2.2), will follow from (2.4). 

The next section is devoted to the evaluation of 
( )∑ t  in the case that ρ  is given by (1.2). 

3. Covariance Matrix under Polynomial 
Reward Functions 

In this section we assume that 

( ) ( ) pixkgxk in
ii ,...,2,1,, ==ρ , 

and by using (2.1) we obtain an explicit formula for 
( ) ( )tZtEZ ji . First note that, 

( ){ } ( ) ( ) ,,,00
0

espdteEe tzst ωω Φ′=′−
∞

−∫  

( ) ( ){ } ( ) .),,0(0 0

2

0

espdttZtZEe
ji

ji
st

=

∞
−

∂∂
Φ∂′=∫ ωωω

ω  

 (3.1) 

Also it follows from (2.1) that 

( ) ( ) ( ) .,,,,0 sEss D ωωσω =Φ  

Theorem 3.2.  Suppose that ( ) ( ) in
ii xkgxk =,ρ , 

,,...,2,1 pi =  then 

( ) ( )

( ) ( ) ( ) ( )(
( ) ( ) )

( ) ( ) ( ) ,0

*

**0

::
0

1

:
1

:

:
1

:

edEpnn

etEtatn

tEtatntRp

tZtEZ

jDiD

t
nn

ji

iD
nn

jDi

jD
nn

iDj

ji

ji

ij

ji

ρρττ

ρρ

ρρ

∫ −+

−

−

′++

+

′=

=

 

 (3.3) 

where ( )τnE  is given by (2.3) and )]([: kgikliD δρ = . 
Proof.  Without loss of generality, we evaluate 

( ) ( )tZtEZ 21 . Differentiating of (2.1) gives that 

,),(),(

),(),(),,0(

1

11

ω
ω

ωσ

ω
ω
ωσ

ω
ω

∂
∂

+

∂
∂

=
∂

Φ∂

sEs

sEss

D

D

 

and 

21

2
12

21

21

2

21

2

),(),(

),(),(

),(),(

),(),(),,0(

ωω
ω

ωσ

ω
ω

ω
ωσ

ω
ω

ω
ωσ

ω
ωω
ωσ

ωω
ω

∂∂
∂

+

∂
∂

∂
∂

+

∂
∂

∂
∂

+

∂∂
∂

=
∂∂

Φ∂

sEs

sEs

sEs

sEss

D

D

D

D

 

 (3.4) 

Also from (2.1), 

IsCss += ),(),(),( ωωσωσ , 

which implies that, 

121

),(),(),(),(),(
ω
ωωσω

ω
ωσ

ω
ωσ

∂
∂

+
∂

∂
=

∂
∂ sCssCss , 

or 

=
∂

∂

1

),(
ω
ωσ s 1

1

1 )),((),()),(( −− −
∂

∂
− sCIsCsCI ω

ω
ωω , 

 (3.5) 

similarly 
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=
∂

∂

2

),(
ω
ωσ s 1

2

1 ))(,((),())(,(( −− −
∂

∂
− sCIsCsCI ω

ω
ωω . 

By using a similar method and formula (3.5) we 
obtain that 

×−=
∂∂

∂ −1

21

2
)),((),( sCIs ω

ωω
ωσ  

                    
2

1

1

),(),((),(
ω
ωω

ω
ω

∂
∂

−
∂

∂
⎩
⎨
⎧ − sCsCIsC  

 
1

1

2

),()),((),(
ω
ωω

ω
ω

∂
∂

−
∂

∂
+ − sCsCIsC  

 
⎭
⎬
⎫

∂∂
∂

+
21

2 ),(
ωω
ω sC 1)),(( −−× sCI ω . 

 (3.6) 

For ( ) ( ) ,,...,1,, pixkgxk in
ii ==ρ  we have 

( ) ( ) ( )xdAesC kj
sxxkg

kj

p

i
in

ii∑=
−−

∞

∫= 1

0

,
ω

ω , 

which implies 

( ) ( )xdAesC kj
sx

kj
−

∞

∫=
0

,0 . 

Therefore ( ) ( )ssC α=,0  and 

( ) ( )( )ssC n
D

n 11
1:

1
0

1
1),( αρ

ω
ω

ω
+

= −=
∂

∂ , 

( ) ( )( )ssC n
D

n 22
2:

1
0

2
1),( αρ

ω
ω

ω
+

= −=
∂

∂ , (3.7) 

where )]([: kgikliD δρ = . Also we obtain that 

( ) ( ) ( ) ( )( )skgkg
sC nn

kj
nnkj 2121

210
21

2

1
),( ++

= −=
∂∂

∂
α

ωω
ω

ω , 

therefore 

)()1(),( )(
2:1:0

21

2
2121 ssC nn

DD
nn ++

= −=
∂∂

∂ αρρ
ωω
ω

ω . 

 (3.8) 

On the other hand 

∫
∞

−−∑ ==
0

)(
)(),( 1 dxxAesE j

sxxkg
j

in
ii

p

i
ω

ω , 

giving that 
s

s
sE j

j
)(1

),0(
α−

= , or 

s
sIsE D

D
)(),0( α−

= . (3.9) 

Also 

s
s

ds
djg

sE j
n

n
nj )(1

)()1(
),(

1

1
1

1
1

0
1

α
ω
ω

ω
−

−=
∂

∂ +
= , 

and therefore 

=
∂

∂
=0

1

),(
ωω

ω sE j
⎜
⎜
⎝

⎛ −∑
=

−+

1

1
1

1

)(
1

1: !
)()1(!n

i
in

i
D

i

D si
sn α

ρ  

 ⎟
⎠
⎞

+
+ −

−+ 11
12

1

1
))((

!)1( n
n

s

sDI
n

α
, 

 (3.10) 

and 

( )
×=

∂∂

∂
∫
∞

−−+ ∑ =

0
21

121)()(
p

i
in

ii sxxjgnn

21

j
2

exjgjg
ωω

,s)ω(E ω
 

 dxxA j )( , 

which implies that 

=
∂∂

∂
=0

21

2 ),(
ωωω

ω sE j  

 
s

s

ds
djgjg j

nn

nn
nn )(1

)()()1(
21

21
21

21
α−

−
+

+
+ . 

In the matrix form 

=
∂∂

∂
=0

21

2 ),(
ωωω

ω sED  

 ⎜
⎜
⎝

⎛ −+∑
+

=
−++

−21

21
1

1

)(1
21

2:1: !
)()1()!(nn

i
inn

i
D

i

DD si
snn α

ρρ  

 ⎟
⎠
⎞

++

−
++ 121

21

))((
)!( nns

sDI
nn

α
. 

 (3.11) 

It follows from (3.5) and (3.7) that 

=
∂

∂
=0

1

),(
ωω

ωσ s  
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,))()(()1())(( 1)(
1:

11 11 −+− −−− sIssI n
D

n ααρα  

 (3.12) 

similarly 

=
∂

∂
=0

2

),(
ωω

ωσ s  

 .))()(()1())(( 1)(
2:

11 22 −+− −−− sIssI n
D

n ααρα  

Equations (3.6)-(3.8) give that 

×−=
∂∂

∂ −
=

1
0

21

2
))((),( sIs α

ωω
ωσ

ω  

{ )()1())()(()1( )(
2:

11)(
1:

1 2211 ssIs n
D

nn
D

n αρααρ +−+ −−−  

)()1())()(()1( )(
1:

11)(
2:

1 1122 ssIs n
D

nn
D

n αρααρ +−+ −−−+  

 } .))(()()1( 1)(
2:1:

1 2121 −+++ −−+ sIsnn
DD

nn ααρρ  

 (3.13) 

Substituting (3.9)-(3.13) in (3.4) gives 

×−
−

=
∂∂

Φ∂ −
+

=
1

0
21

2
))(()1(),,0( 21

sI
s

s nn
α

ωω
ω

ω  

{ ×− −
2:

1)(
1: ))()((1

D
n

D sIs ρααρ  

 [ ])())(())()(( )(1)( 22 ssIsIs n
DD

n αααα −−− −  

×−+ −
1:

1)(
2: ))()((2

D
n

D sIs ρααρ  

 [ ])())(())()(( )(1)( 11 ssIsIs n
DD

n αααα −−− −  

[ ))(())()(( 1)(
2:1:

21 sIsIs D
nn

DD αααρρ −−+ −+  

 ] })()( 21 snn
D

+−α  

×−−−+ −−+
1:

1)(
2:

11 ))()(())(()1( 22
D

n
D

n sIssI ρααρα  

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+

−
−+

− +
−

=
−+∑ 1

))((!)1(
!

)()1(!
1

1
1

1
1

12
1

1
1

)(
1

n
Dn

n

i
in

i
D

i

s
sIn

si
sn αα  

×−−−+ −−+
2:

1)(
1:

11 ))()(())(()1( 11
D

n
D

n sIssI ρααρα  

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+

−
−+

− +
−

=
−+∑ 1

))((!)1(
!

)()1(!
2

2
2

2
2

12
1

1
1

)(
2

n
Dn

n

i
in

i
D

i

s
sIn

si
sn αα  

×−− −
2:1:

1))(( DDsI ρρα  

                  ⎜⎜
⎝

⎛ −+∑
+

=
−++

21

21
1

1

)(
21

!
)()1()!(nn

i
inn

i
D

i

si
snn α  

 ⎟
⎠
⎞−

+−
++ 121

21

))(()!( nn
D

s
sInn α . 

 (3.14) 

Now note that for 2121 ,, nnnnm += , 

0)()())((1))()(()( =⎥⎦
⎤

⎢⎣
⎡ −−−− esm

DsDIsIsm αααα  

Therefore multiplying (3.14) in unit vector e provides 

=
∂∂

Φ∂
= es

0
21

2 ),,0(
ωωω

ω  

×−−− −−+
1:

1)(
2:

11 ))()(())(()1( 22
D

n
D

n sIssI ρααρα  

 e
s

sIn
si

sn
n

Dn
n

i
in

i
D

i

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+

−
−+

− +
−

=
−+∑ 1

))((!)1(
!

)()1(!
1

1
1

1
1

12
1

1
1

)(
1 αα  

+ ×−−− −−+
2:

1)(
1:

11 ))()(())(()1( 11
D

n
D

n sIssI ρααρα  

 e
s

sIn
si

sn
n

Dn
n

i
in

i
D

i

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+

−
−+

− +
−

=
−+∑ 1

))((!)1(
!

)()1(!
2

2
2

2
2

12
1

1
1

)(
2 αα  

×−− −
2:1:

1))(( DDsI ρρα  

e
s

sInn
si

snn
nn
D

nn

i
inn

i
D

i

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
+−

−+
++

+

=
−++∑ 121

1
1

)(
21

21

21

21

))(()!(
!

)()1()!( αα  

 (3.15) 

Using the equation 

=
∂
Φ∂−

=−

−

01

1 ),0,()1(
vm

mm

v
sv

s
m  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−

−
−

+

−

=
−+

− ∑ 1

1

1
1

)(
1 ))((!

!
)()1(!))(( m

D
m

i
im

i
D

i

D s
sIm

si
smsI αα

α  

in (3.15) we obtain that 

×−−=
∂∂

Φ∂ −++
= 2:

111
0

21

2
))(()1(),,0(

21
D

nn sI
s
nes ρα

ωω
ω

ω  

)()( 2 snα e
v

sv
Dvn

n

1:01

1

1

1 ),0,( ρ=−

−

∂

Φ∂  

×−−+ −++
1:

121 ))(()1( 21
D

nn sI
s

n ρα  
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e
v

svs Dvn

n
n

2:01

1
)(

2

2
1

),0,()( ρα =−

−

∂

Φ∂  

.),0,()1( 2:1:01

1
211

21

21
21 e

v
sv

s
nn

DDvnn

nn
nn ρρ=−+

−+
++

∂

Φ∂+
−+  

 (3.16) 

Now note that 

( )[ ] ,))((1 1 tRLsI
s

=− −α  

( )( ) ( ) ( )[ ] 2,1,1 :: =−= ittLs iii n
iD

nn
iD αραρ  

( ) 01

1
1 ),,(1 =−

−
−

∂
Φ∂

− υυ
ωυ

m

m
m s ( )[ ]tEL m 1−= . 

Therefore by (3.1) and (3.16), 

( )[ ] ( ) esptZtEZL 0
21

2

21
),,0(0)( =∂∂

Φ∂′= ωωω
ω  

 ( ) ( )[ ]tRLpn 02 ′=  ( )[ ] ( )[ ] etELtatL D
nn

D 2:
1

1:
21 ρρ −  

 ( ) ( )[ ]tRLpn 01 ′+  ( )[ ] ( )[ ] etELtatL D
nn

D 1:
1

2:
12 ρρ −  

 ( ) edELpnn DD
t nn

2:1:0
1

21 )(0)( 21 ρρττ ⎥⎦
⎤

⎢⎣
⎡′++ ∫ −+  

giving the result. 
Corollary 3.17.  Let 

),...,( 1 pρρρ = ,       ( ) ( ) in
ii xkgxk =,ρ , 

then the covariance matrix of Zp(t)),(t),(Z(t)Z 1 …=  is 

given by ( ) ( )∑ ∑
=⎥⎦

⎤
⎢⎣
⎡=

pjiij
tt

,...,1,
 where 

( ) *)()0( tRpt
ij

′=∑ ( ) ( )⎜
⎝
⎛ −

jD
nn

iDj tEtatn ji
:

1
: * ρρ  

 ( ) ( ) etEtatn iD
nn

jDi
ij ⎟

⎠
⎞+ −

:
1

: * ρρ  

 ( ) edEpnn jDiD

t
nn

ji
ji

::
0

1 )(0)( ρρττ∫ −+′++  

 ( ) ×⎟
⎠
⎞

⎜
⎝
⎛ ′− ∫ − edEpnn

t
nD

n
ji i

i

0 :
1 )(0 τρτ  

 ( ) ⎟
⎠
⎞

⎜
⎝
⎛ ′ ∫ − edEp

t
nD

n
j

j

0 :
1 )(0 τρτ  

Corollary 3.18.  Let ( )tZρ  be a one-dimensional 

reward process corresponding to ( ) ,, nkxxk =ρ then 

( )( ) =tZVar p )0(2 pn ′ ⎜
⎝
⎛ −

D
nn

D tEtattR ρρ )(*)(*)( 1  

 ( ) eDdE
t

n
⎟
⎟
⎠

⎞
+ ∫ −

0

212 τρτ  

 .)()0(

2

:
0

1
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
′− ∫ − edEpn nD

t
n ρττ  

Theorem 3.19.  Let 
,,...,2,1,)(),(

1
prxkgxk nm

n rnr
r ==∑ =

ρ  then 

( ) ( ) *)()0( tRptZtEZ sr ′=  

 ( ) ( )(∑∑
= =

−
r sm

i

m

j
sjD

ji
riD tjEtat

1 1
:

1
: * ρρ  

 ( ) ( ) )etiEtat riD
ij

sjD :
1

: *( ρρ −+  

 ( ) .)()0( ::
0

1

1 1
edEjip sjDriD

t
ji

m

i

m

j

r s

ρρττ∫∑∑ −+

= =

+′+  

 (3.20) 

where [ ] .,...,2,1,,...,1,)(: prmnkg rrnlkrnD === δρ  

Proof.  Let ,)(),( n
rnrn xkgxk =ρ  then ),( xkrρ  

∑ =
= rm

n rn xk
1

),(ρ . If )(tZrn and )(tZr , are the reward 

processes associated with (.,.)rnρ  and (.,.)rρ  
respectively, then by the linearity of ρZ  in ρ ; Lemma  

4.1 in section 4, it follows that ( ) )(
1

tZtZ rm
n rnr ∑ =

=  and 

therefore 

( ) ( ) ∑∑
==

=
sr m

j
sjri

m

i
sr tZtEZtZtEZ

11
).()(  

Now apply Formula (3.3) in Theorem 3.2 to 
conclude the result. 
Corollary 3.21.  Let 

,,...,1,)(),(
1

prxkgxk rm
n

n
rnr ==∑ =

ρ  

then the covariance matrix of ( ) ( ) ( )( )tZtZtZ p,...,1= is 

given by ( )[ ] psrrs tt ,...,1,)( =∑=∑  where 
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( ) ( ) ( )⎜
⎜
⎝

⎛
′= −

= =
∑∑∑ sjD

ji
m

i

m

j
riDrs

tjEtattRpt
r s

:
1

1 1
: **)()0( ρρ  

 etiEtat riD
ij

sjD ⎟
⎠
⎞+ −

:
1

: )(*)( ρρ  

 ( ) edEjip sjDriD

t
ji

m

j

m

i

sr

::
0

1

11
)()0( ρτρτ∫∑∑ −+

==

+′+  

 ( ) ×⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
′− −

=
∑∫ τρτ deEip riD

i
m

i

t r

:
1

10

)0(  

 ( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
′ −

=
∑∫ τρτ deEjp sjD

j
m

i

t s

:
1

10

)0( . 

Corollary 3.22.  Let ( )tZρ  be a univariate reward 

process corresponding to ( ) ( )∑ =
=

m
n

n
n xkgxk

1
,,ρ then 

( )( ) ( ) ( ) ( ) ( )∑
=

−′=
m

ji
jD

ji
iD etjEtattRptZVar

1,
:

1
: **02 ρρρ  

 ( ) edEjip jDiD

m

i

t
ji

m

j
::

1 0

1

1
)()0( ρτρτ∑ ∫∑

=

−+

=

+′+  

 ( ) .)0(
2

:
1

10
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
′− −

=
∑∫ τρτ deEip iD

i
m

i

t

 

4. Covariance Matrix Under Real Analytic 
Reward Functions 

Lemma 4.1.  Let ),( nn TJ  be a recurrent Markov-
renewal process with state space N. Suppose 

,0,)(Z ≥ttρ  is a univariate reward process 
corresponding to a reward function ρ , given by (1.1). 
Then the following holds; 

(i) Zρ(t) is linear in ρ for each t , i.e., 

Zρ 1 +ρ 2 (t)=Zρ 1 (t)+Zρ 2 (t), 
(ii) If ρ m↑ ρ , as m → ∞ , then EZρ m (t) →  EZρ 

(t) for each t, 
(iii) If the state space is a finite set then the 

conclusion of part (ii) is satisfied even if the sequence of 
reward functions only converges. 
Proof.  Part (i) is immediate from (1.1). For (ii) note 
that it follows from the assumption that 
Zρ m (t)ω →  Zρ(t)ω for every given t and every ω for 
which Sup n nT (ω) t; . Since the semi-Markov process 

is assumed to be recurrent the later event occurs with 
probability one. Therefore Zρ m (t)↑ Zρ(t) with 
probability one. The desisred result follows by applying 
the Monotone Convergence Theorem. For part (iii), let 

Max { }NktxxkMaxtC ∈≤= ,0,),()( ≺ρρ , 

then for each given t, Cρ m (t) converges to Cρ(t) and 
therefore is bounded in, ρ m i.e., Cρ m (t) ≤M(t) for all 
m. Thus it follows from (1.1) that 

)1)()(()1)()(()( +≤+≤ tNtMtNtCtZ
mm ρρ , (4.2) 

where N(t) is the number of renewal epoches in [0,t]. 
The argument given in the proof of (ii) and (4.2) make it 
possible to apply the Dominated Convergence. Theorem 
to conclude the result. The proof is complete. 
Theorem 4.3.  Suppose a univariate reward function 

),( xkρ  assumes a series representation of the form 

),( xkρ =∑
∞

=1n
gn (k) xn, x ≥ 0, 

where gn(.), n=1,2…. are nonnegative functions. Then 

EZρ (t)= ττρ deEp
t

)()0(
0
∫ ′ , (4.4) 

where 

( ) ( ) )(/),(
0

xdxddxGE D

t

γττρ ∫=  (4.5) 

and ρ (k,x), k∈N are the entries of the diagonal matrix 
γ D (x). 

Proof.  Let ( ) 1,)(,
1

≥=∑ =
mxkgxk nm

n nmρ , and let 

Zρ m (t) be the reward process corresponding to ρ m 
through (1.1). It follows that EZρ m (t) can be expressed 
by (2.2). But 

( )

( ) )(/),(

/),(

),()(

0
:

0
:

1

:
1

0 1
:

1

1

∫

∫ ∑

∫∑∑

∞

∞

=

−
∞

==

−

=

⎭
⎬
⎫

⎩
⎨
⎧

=

=

xdxddxG

xdxddxG

dxGxnnE

mD

n
nD

m

n

nD
n

m

n
nD

m

n

n

γτ

ρτ

ρτρτ

 

where )(: xmDγ is the same as )(xDγ  with ρ  replaced 
by mρ . Now ( ) ( ) ),(/),(/ xkdxdxkdxd m ρρ ↑ , as 
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∞→m , which gives that 

( ) ↑∫
∞

0
: )(/),( xdxddxG mDγτ ( )∫

∞

0

)(/),( xdxddxG Dγτ  

for each τ , giving that 

∞→mLim )(tZE
mρ = ττρ deEp

t

)()0(
0
∫ ′ . (4.6)  

The result follows by applying (4.6) and Lemma 4.1 
(ii). 
Lemma 4.7.  Let ),( nn TJ  be a recurrent Markov-
renewal process with state space N. Suppose 
Z(t)=(Z1(t),…,Zp(t)), t≥ 0, is a reward process 
corresponding to a multi-dimensional reward function 
ρ =( ρ 1,…, ρ p) given by (1.1). Then the followings 

hold; 
(i) If ρ rm↑ ρ r, as m ∞→ , then 

EZrm(t)Zsm(t) →  EZr(t)Zs(t)   t∀ , 

(ii) If the state space is a finite set and EN 2(t) ∞≺  
then the conclusion of (i) is satisfied even if the 
sequence of reward functions only converges. 
Proof.  For (i) it follows from Lemma 4.1(ii) that 
Zrm(t)Zsm(t)↑ Zr(t)Zs(t) with probability one. The desired 
result follows by applying the Monotone Convergence 
Theorem. For part (ii), it follows from the proof of 
Lemma 4.1 (iii) that 

2)1)()(()()()( +≤ tNtMtMtZtZ srsmrm , (4.8) 

where )(tN  is the number of renewal epochs in [0, t], 
and ,,,1),( prtM r "=  are some constants. The 
argument given in the proof of (i) and (4.8) together 
with the assumption that EN2(t) ∞≺  make it possible to 
apply the Dominated Convergence Theorem, which 
gives the result. The proof is complete. 
Theorem 4.9.  Suppose 

∑
∞

=

==
1

,,,1,)(),(
n

n
rnr prxkgxk "ρ  

where Nkkgrn ∈, )(  are nonnegative, then 

( )()()()()0()()( tEtattRptZtEZ srsr ∗∗′= γ  

                        )etEtat rs )()()( ∗+ γ  

                        ,)()0(
0
∫′+
t

rs deEp ττ  (4.10) 

where 

),(),()(
0

x
dx
ddxGE rr γττ ∫

∞

=  

{ },)()(),()(
0
∫
∞

= xx
dx
ddxGE srrs γγττ  

and ),( xkrρ  are the entries of the diagonal matrices  

.,,1),( prxr "=γ  

Proof.  Let 

∑
=

=≥=
m

n

n
rnrm prmxkgxk

1
,,,1,1,)(),( "ρ  

and let Zrm(t) be the associated reward processes. It 
follows from Theorem 3.19 that EZrm(t) Zsm(t), can be 
expressed by (3.20), but 

etjEt sjD
ji

riD

m

j

m

i
:

1
:

11
)( ρρ −

==

∗∑∑  

etjEt sjD
j

m

j

i
riD

m

i
:

1

1
:

1
)( ρρ −

==
∑∑ ∗=  

etdxGjxtat sjD
j

m

j
rm :

1

10

),()()( ργ −

=

∞

∑∫∗=  

ejxtdxGtat sjD
j

m

j
rm :

1

10

),()()( ργ −

=

∞

∑∫∗=  

ex
dx
dtdxGtat smrm )(),()()(

0

γγ ∫
∞

∗=  

where rmγ (x) is as rγ (x) with rmρ (k,x) replaced by 

rρ (k,x). Now ),(),( xk
dx
dxk

dx
d

rrm ρρ ↑  which implies 

that )()( xx rrm γγ ↑ . Thus 

)(),()(),(
00

x
dx
dtdxGx

dx
dtdxG ssm γγ ∫∫

∞∞

↑ . 

Therefore as ∞→m ; 

etjEtat sjD
ji

m

i

m

j
riD :

1

1 1
: )()( ρρ −

= =

∗∑∑  
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            ex
dx
dtdxGtat smrm )(),()()(

0

γγ ∫
∞

∗=  

            etEtat sr )()()( ∗↑ γ . (4.11) 

Similarly as ∞→m ; 

etiEtat riD
ij

m

i

m

j
sjD :

1

1 1
: )()( ρρ −

= =

∗∑∑ etEtat rs )()()( ∗↑ γ  

On the other hand 

edEpji
m

i

m

j
sjDriD

ji
t

∑∑ ∫
= =

−+′+
1 1

::
1

0

)()0()( τρρτ  

edEjip
m

i

m

j
sjDriD

ji
t

∑∑∫
= =

−++′=
1 1

::
1

0

)()()0( τρρτ  

edxjidxGp
m

i

m

j
sjDriD

ji
t

∑∑∫∫
= =

−+
∞

+′=
1 1

::
1

00

)(),()0( τρρτ  

edjxixdxGp
m

i

m

j
sjD

j
riD

i
t

∑ ∑∫∫
= =

−
∞

′=
1 1

::
1

00

),()0( τρρτ  

 edjxxdxGp
m

i

m

j
sjD

j
riD

i
t

∑ ∑∫∫
= =

−
∞

′+
1 1

:
1

:
00

),()0( τρρτ  

{ } edx
dx
dxdxGp smrm

t

τγγτ )()(),()0(
00
∫∫
∞

′=  

 { } edxx
dx
ddxGp smrm

t

τγγτ )()(),()0(
00
∫∫
∞

′+  

{ } edxx
dx
ddxGp smrm

t

τγγτ )()(),()0(
00
∫∫
∞

′=  

Now )()()()( xxxx srsmrm γγγγ ↑  which is also real 
analytic with positive coefficients, therefore 

{ } { })()()()( xx
dx
dxx

dx
d

srsmrm γγγγ ↑  

and hence by the Monotone Convergence Theorem 

{ } { })()(),()()(),(
00

xx
dx
ddxGxx

dx
ddxG srsmrm γγτγγτ ∫∫

∞∞

↑  

Therefore 

edEpji
m

i

m

j
sjDriD

ji
t

∑∑ ∫
= =

−+′+
1 1

::
1

0

)()0()( ρτρτ  

{ } edxx
dx
ddxGp smrm

t

τγγτ )()(),()0(
00
∫∫
∞

′=  

.)()0(
0
∫′↑
t

rs deEp ττ  (4.12) 

By passing through the limit in (3.20) and then 
substituting (4.11) and (4.12), we arrive at (4.10). Thus 
the desired result is obtained. 
Corollary 4.13.  Suppose that the reward function of a 
p-variate reward procees admits the power series 
representation  

∑∞

=
=

1
)(),(

n
n

rnr xkgxkρ ,   ,,,1 pr "=  

then the covariance matrix of Z(t)=(Z1(t),…,Z p (t)) is 

given by ,)()(∑ ∑= rs
tt    psr ,,1, "= , 

( )()()()()0()( tEtattRpt srrs
∗∗′=∑ γ  

               )etEtat rs )()()( ∗+ γ  

               ττ deEP
t

rs )()0(
0
∫′+  

               ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
∫′⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
∫′− ττττ de

t
rsEPde

t
rsEP )(

0
)0()(

0
)0(  

Corollary 4.14.  Let )(tZρ  be a one-dimensional 

reward process corresponding to =),( xkρ  

∑∞

=1
,)(

n
n

n xkg  then 

)()()()()0(2)( tEtattRptZVar ρρ γ ∗∗′=  

                 ττρ deEP
t

)()0(
0

2∫′+  

                 

2

)(
0

)0( ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
∫′− ττρ de
t

EP , 

where 
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).(),()( 2

0

2 x
dx
ddxGE γττρ ∫

∞

=  

5. A Renewal Theory Approach 

In this section we use the renewal theory to obtain 

∑ )(t  for a more general function ),,( xkrρ  rather than 

analytic functions. By conditioning on the first renewal 
epoch, in the univariate case, we obtain that 

),())(1()( titAtZE ii ρ−=  

 ( ))(),()(
0

xtZExidxA j
Nj

t

ij −++ ∑∫
∈

ρ  

           ),()(),())(1(
0

xidxAtitA
t

ii ρρ ∫+−=  

 )()(
0

xtZEdxA j
Nj

t

ij −+ ∑∫
∈

 

           )()(),(
0

xtZEdxAtig j
Nj

t

ij −+= ∑∫
∈

 

where Ei is the conditional expectation given iJ =)0( . 
The above equation has the form 

,fAgf ∗+=  

,),()(),())(1(),(
0

xidxAtitAtig
t

ii ρρ ∫+−=  

and has the solution 

,),()()(
0

xtjgdxRtZE
Nj

t

iji −= ∑∫
∈

 (5.1) 

which provides a formula for )(tZEi . The behavior of 
,),( ∞→ttZEi  is completely specified in [11]. In the 

multivariate case, by conditioning on the first renewal 
epoch one obtains that 

=)()( tZtZE sri  

),(),())(1( tititA sri ρρ−=  

   ×+ ∑∫
∈

)(
0

dxA
Nj

t

ij  

 { }{ })(),()(),( xtZxixtZxiE ssrrj −+−+ ρρ  

),(),())(1( tititA sri ρρ−= ),(),()(
0

xixidxA sr

t

i ρρ∫+  

 { })(),()(),()(
0

xtZExixtZExidxA rjssjr
Nj

t

ij −+−+ ∑∫
∈

ρρ  

{ })()()(
0

xtZxtZEdxA srj
Nj

t

ij −−+ ∑∫
∈

 

{ }.)()()(),(
0

xtZxtZEdxAtig srj
Nj

t

ijrs −−+= ∑∫
∈

 

The equation given above is a Markov renewal 
equation with 

=),( tigrs  

),(),())(1( tititA sri ρρ−= ),(),()(
0

xixidxA sr

t

i ρρ∫+  

{ }∑∫
∈

−+−+
Nj

t

rjssjrij xtZExixtZExidxA
0

)(),()(),()( ρρ  

and has the solution 

.),()()()(
0

xtjgdxRtZtZE rs
Nj

t

ijsri −= ∑∫
∈

 (5.2) 

The ∑ )(t  and its asymptotic behavior may be 

specified by using (5.1), (5.2) and the Markov Renewal 
Limit Theorems (due to Cinlar). We expect the exact 
analysis to be hard and interesting and can be the basis 
of a further study. 
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