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Abstract

In this paper we give some characterizations. of topological extreme
amenability. Also we answer a question raised by Ling[5]. In particular we prove
that if T is a Borel subset of a locally compact semigroup S such that M(S)" has a
multiplicative topological left invariant mean then T.is topological left lumpy if
and only if there is a multiplicative topological left invariant mean M on M(S)"
such that M(y)=1, where y is the characteristic functional of T. Consequently if T
is a topological left lumpy locally compact Borel subsemigroup of a locally
compact semigroup S, then T is extremely topological left amenable if and only if

Sis.
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1. Introduction

Let S be a locally compact (Hausdorff) semigroup.
Let Co(S) be the subalgebra of CB(S) consisting of
functions which vanish at’ infinity.<Let M(S)" be the
Banach space of all bounded regular Borel (signed)
measures on S with total variation norm.

Let M, (S)={ueM (S):u=0and |u|=1} be
the set of all probability measures in M(S). It is known
that M (S)=C,(S)" via the correspondence x — z
where z(f )=[f du for any f in Cy(S) [4, § 14].
Consider the continuous dual M (S)"of M (S).
Denote by 1the element 1 in M (S )" such that such that
1(u)=wu(S) forany g in M(S).

Also if T is a Borel subset of S we define the Borel
characteristic functional . of T in M(S)" by

2+ ()= (T), ueM(S). An element M in M(S)™ is

called a mean on M(S) if M(1)=1 and M(F) >0,
whenever F > 0. An equivalent definition for a mean is
that

inf{F(,u):,ueMo(S)}
<M (F)<sup{F(u):ueM,(S)}

forany Fin M (S)*. We also note that M e M (S)”™
is a mean if and only if |[M||=M(1)=1. Each probability
measure z in My(S) is a mean on M(S)” if we put
1 (F)=F( ), for any F in M(S)". An application of
Hahn-Banach separation theorem shows that My(S) is
weak” dense in the set of all means on M(S)".

Under pointwise operations and supremum norm
Co(S) becomes a Banach algebra. Arens product can
thus be defined in Co(S)™". In particular, we have the
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following defining formulas for any f, g in Cy(S), m in
Co(S) and @, ¢ inCy(S)™.

(mof)(g)=m(fg)
(pom)(f )=p(mof)
(60@)(m)=0(pom)

This product induces a multiplication in M(S)” via the
identification M(S)=C,(S)". For F, G in M(S)” we denote
the multiplication of F and G by F x G. In [5] it is
shown that F x G is defined via the following three
steps:

(i) For any wxeM(S) and f eC,(S),
4 €M (S) is defined by
jgdyf :jgfdy for all geC,(S)

(if) For any ueM (S)
ue M (S) isdefined by

and GeM (S)", G x

Ifd(ny)=G(yf) for all f eC,(S)

(iii) Forany F, G e M(S)", Fx G eM (S)’is
defined by

(FxG)(u)=F (G xu) for all e M (S).

Then M(S)” becomes a commutative Banach algebra
with identity [5, theorem 1.2.3].
For each x4 in M(S) define

l,:M(S)" > M (S) by

I ,F(v)=F(u.v), ve M (S), we denote | ,F by
#OF . A mean M on M(S)" s called-topological left
invariant (TLIM) if M (#OF) = M (F) for all
FeM(S) andforall ue M, (S). A topological

left invariant mean Mwon M(S)"is called a multiplicative
topological left invariant mean (MTLIM) if

an operator

M (FxG)=M (F)M (G)forall F,G M (S)".

If there is a MTLIM on M(S)" we say that S is
extremely topological left amenable (ETLA). For results
concerning ETLA semigroups see [5] and [6].

2. Main Results

Note that for elements M, N in M(S)™ their Arens
product is denoted by M ©N and is defined by

(M ON)(F)=M (N, (F)) forall FinM (S)*
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where N, M (S)"— M (S)" is defined by
N, (g)=N(uOF), g M (S).See[1]and [2].
First we prove two Lemmas.

Lemma2.1. Suppose M and N are functionals in
M(S)”. )

(i) If M and N are means on M(S) then M ON s
also a mean on M(S)".

(i) Foreach e M (S) and each Fe M (S)" we
have

M (uOF)=n0M (F)

(iif) If M is_.a topological left invariant mean, then
M ©N is also topological left invariant.

Proof. (i) It is easy to see that for each e M (S)
and Xe M (S) we have £ ©1=1(u), hence

(MTON)@D =M (N (1)=M (1)=1

Also [M ON|<|M]|N], hence M ON

mean on M(S)".
(if)y Foreachve M (S)

is a

M (uOF)(v)=M (vO(uOF))
=M ((u*v)OF)
=M (F)(u*v)
=(uoM (F)K)

Thus M | (uOF)=u0OM  (F).
(iif) Suppose M is topological left invariant, then for
each zeM, (S) and FeM (S)" we have

(M ON)(uOF)=M (N (u4OF))
=M (uoN_ (F))
=M (N (F))
=(M ON )(F)

where we have used (ii) in the second equality. So
M ON is topological left invariant, whenever M is.

Lemma 2.2. For each Fe M(S) and
Me M (S)” wehave

() (&) (F)=FOg¢,

(i) (M Og )F)=M (FOeg)

(iii) (&) (FxG)=(FxG)0Oe&,

se S,
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=(FO& )x(GOgy)
(iv) If M is multiplicative, then M O &, is so.

Proof. (i)

() (F)(u)=¢, (uOF)=(u0OF)(¢)
=F (uxe;)=(FOeg ) (u)

hence (¢,), (F)=F Os¢,.
(i) (M oe )F)=M((¢). (F))=M (FOs,)
where we have used (i) in the second equality.

(iii) the first equality follows from (i) and the second
one follows from [5, p.27]

(iv) Suppose M € M (S)™ is multiplicative. Then:

(M 0, )(FxG)=M ((¢,), (FxG))
=M ((FOe&, )x(G O&))
=M (Fo& )M (GOg,)
=((M o& )(F)M o0& )G))

where we have used (iii) in the second equality and (ii)
in the last equality.

The following theorem is an extension of [5, theorem
3.2.1]. But first we need a definition.

Definition 2.3. Let S be a locally compact semigroup
and T a Borel subset of S. T is said to be topological left
lumpy in S if it satisfies the following condition.

(TLL) For each §>0 and. xeM,(S) with

compact support, there exists ae S such that
u*e, (T)>1-5.
It is known that (TLL) is equivalent to each of the

following conditions:
(TLL); For any 8>0 and ve M, (S) with

compact support, thereexists xeM , (S) with compact
support such that

and

u(T)>1-6 (V*,u)(T)>1—5

(TLL), For any 6>0 and ve M, (S) with
compact support, there exists #eM , (S) with compact
support such that

and

u(T)>1-6 (V*,u)(T)>l—5
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See [7, pp. 571-574 and addendum on p.585] for
more details. See also [3].
Theorem 2.4. Suppose T is a Borel subset of a locally
compact semigroup S. Suppose M(S)” has a MTLIM
then the following statements are equivalent:

(i) T is topological left lumpy.

(ii) There is a MTLIM
thatM (x; )=1.

on M(S)" such

Proof. (i) = (ii). Let F={ 4y ,...p,} be a finite
subset of M (S) (The elements in My(S) with
compact support). For each &>0 there s

+....+
S =S, € S such that ylk—ﬂk*gs (T )>1-§

(by TLL), in particular g, *&(T ) >1-¢, 1<i <k .

Let F_be the collection of all finite (nonempty)
subsets of M., (S.). Put A=F x(0,%) and order A as
following:

(F, )= (F,,a,)oF,cF and a,<a,

By above discussion there isanet {s,} of elements
of S with y=(F,a)eA. Since the set of means on

M(S)" is weak™ compact the net {5sa} has a subnet

{55/,} which converges weak” to a mean N on M(S)”

and also for each e M ; (S) we have

N (1O x; ):Ligm (1O 1y )(55/, )

_ ®
=Lim (u*s,, )T ) =1

Now suppose M is MTLIM on M(S)". Since the
Arens product is weak continuous in the second
variable and using Lemma 2.2 (iv) we conclude that
M ©N is multiplicative. Also since M and N are
means and M is topological left invariant, by using
Lemma 2.1 we conclude that M ©N is a MTLIM on

M(S)". Now since M ¢ (S) is weak” dense in the set of
means on M(S),, by wusing (1) we obtain
(M ON )z )=t. *

(i) = (i) Suppose M is a MTLIM on M(S) such
thatM (). If {u,} is anetin Mg (S) which
converges to M in weak™ topology, then for each
ve M, (S) we have

o —lim(v*u, —p,)=vOM -M =0
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Since limg, (T)=M (x; )=1 and for each

veM¢ (S)
vrp, Yo ) =20 (VEp, ) =(v*p, )T)

We conclude that for each

lim, (v u, )(T)=1.
So for each veM; (S) and each >0 there is
u=u,€M;(S) such that (v*u)T)>1-6.
Therefore by (TLL),, T is topological left lumpy.
Let S be a locally compact semigroup and T a locally
compact Borel subsemigroup of S. We recall some of

the constructions in [8] and [9].
Let B (S) bethe o -algebra of Borel subsets of S.

(1) Let e M (S), then u, is the restriction of u
to B(T)and u;, eM (T).

(2) Let FeM (T)", then F'eM (S)" is well-
defined by F'(u)=F (u,) forany ueM (S).

(3) Let M eM (S)™, then M, eM (T )™is well-
definedby M, (F)=M (F")

Forany F e M (T )=*.

veM; (S),

Lemma 2.5. () Fxu =(F'xu), for FeM (I)
and ueM (S).
(b) (FxG) =F'xG' forany F.GeM (T) .

Proof. (a) For any AeB(T) we denote &, for
characteristic function of As.in/ T and y, for
characteristic function of A is S.

(Fxpr NA)=[&,d (Fxp ) =Rl )y, )
=F (4 ) )=F'(n,,)
=z d (i p)
= (F'xu)(A)=(F'xu); (A)

(b) Forany ueM (S) by (a) we have

(F'xG ")) =F'(G"xu)=F((G"xu) )
=F(Gxu )

= (FxG) (s, )= (FxG)'(u)

We now state the main result of this paper which
answers a question raised by J.M. Ling, See [5, then P.
51].
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Theorem 2.6. Let T be a topological left lumpy locally
compact Borel subsemigroup of a locally compact
semigroup S. Then T is ETLA if and only if S is ETLA.

Proof. Suppose T is ETLA, then by [5, Theorem 3.2.3]
SisETLA.

Conversely suppose S is ETLA, by theorem 2.4 there
is @ MTLIM on M(S)" such that M (y; )=1. Then

Mo(F)=M (F ") defines a TLIM on M(T)", we show
that My is multiplicative

M, (FxG)=M (FxG))=M (F'xG")
=M (F)M (G')
=M, (F)M, (G)

Corollary 2.7. Let T be a left ideal of a locally compact
semigroup’S, Then M(T)" has a MTLIM if and only if
M(S)" has a MTLIM.

Proof. It suffices to show that every left ideal is
topological left lumpy. Let t T . If K =S is compact

then Kt = ST <T . Consider the Dirac measure ¢ att.
For any ueM,(S) with u(K)=1, we have

pre (T) = [ (x)du(x) = [ 1 (x)du(x) =

#(K) =1, hence T is topological left lumpy.
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