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Abstract

In this paper Mathematical structure of time-dependent Lagrangian systems
and their symmetries are extended and the explicit relation between constants of
motion and infinitesimal symmetries of time-dependent Lagrangian systems are
considered. Starting point is time-independent Lagrangian systems ,then we
extend mathematical concepts of these systems such as equivalent lagrangian
systems to the case of time-dependent Lagrangian systems. Also some new
theorems and corollaries will be proved. Finally we make a 1-1 correspondence
between the symmetries of equivalent time-dependent lagrangian systems and
constants of motion by the new geometric concept of Galilean space-time.
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Introduction

Lagrangian and Hamiltonian are of foundamental
concepts in classical mechanics and there are many
researches about them[1]. Noether’s theorem shows
that the infintisimal symmetries of Lagrangian systems
and constants of motion (conservsd quantity) are related
to each other[1]. For example, conservation of the linear
and angular momenta are due to the symmetries,
translations and rotations of the space, and energy
conservation is due to the timereversal symmetry.
Symmetries can be used to decrease the number of
degrees of freedom of systems. Newton, in 1687 was
the first who find symmetry in solution of Kepler
problem.

The Mathematictions have worked on these subjects
from geometrical view and have gotten some theorems

about the relation between the symmetries and the
constants of motion of a Lagrangian system.

In preliminary section we review some basic
concepts and notations.

The second and third sections contain some standard
definitions and theorems that are brought in references
completely. The concept of equivalent Lagrangian
systems in section 2 is new and useful to extend some
concepts in later sections.

In section 4 it seems we need a suitable structure for
classical mechanics, named Galilean space-time. Some
physical concepts are rewritten in this frame work.

Result section contains some new relations between
the symmetries of Lagrangian systems and constants of
motion in time-dependent Lagrangian systems using the
concept of equivalent Lagrangian systems.
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Preliminary

In this paper, M is areal C* manifold and (x,U)
is a coordinates system on M . (x,U) induces a
coordinates system on 7M which is denoted by
x',x",TU).If n:TM — M be theprojection map ,
.The set of vector fields

i

then ¥ =x'om ,x' =dx’
on M is denoted by X (M ) .
Any C” function L:TM — IR

Lagrangian on M .
A hamiltonian system is a triple (M ,®,H ) in which

(M ,w) is a symplectic manifold and H €eC*(M ). For
any function f €eC” (M), it’s associated vector field,

1s called a

denoted by X, , satisfies the following equation:
oX,,Y)=Y (f),VY eX (M)

Integral curves of X, are called motions of the
Hamiltonian M,0,H). A function
f €C*(M) is called a constant of motion, if f 1is
constant on the motions of the system, i.e. X, (f)=0.

A diffeomorphism f :M —> M is called a
symmetry of the Hamiltonian system (M ,w,H) if
f(@=wadf (H)=Hof =H .

The field X eX(M) is called
infinitesimal symmetry of the Hamiltonian system
M,0,H)if L,wo=0 and X (H)=0.

It is well known that[9]:

1) A vector field X € X(M ) whose flow 1s {¢, }, is

an infinitesimal symmetry of the Hamiltonian system
(M ,0,H) if and only if each ¢, is.a local symmetry

system

vector an

of the hamiltonian system.
2) A vector field Z eX(M) is an infinitesimal

symmetry of a Hamiltonian system (M ,w,H) if and
only if for some constant of motion [, Z =X,

locally.
3) If The vector field ¥ € X(M ) is an infinitesimal

symmetry of the Hamiltonian system (M ,w,H ), then

.,x,]=0.
For any u,v €T ,M , vertical lift of v at u is

denoted by, v and is defined as follows[8]:

Y :j—tL:O w+tv)e(VTM),

u

There is a natural vertical vector field on TM that is
defined as follows:
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A, =3v,Vv eTM

A is called Liouville vector field of TM . There
exists a canonical 1-1 form on TM which is called
liouville 1-1 form of TM . This form is denoted by J
and defined as follows:

J(v)=3,7.(v),Vvel TM

In coordinates systems the 1-1 form J, and

Liouville vector field A have the following
representations:
A=x' i , J=dx’ ®i
ox' ox'

Any 1—form a e A'(M) can be considered as a
function on TM , therefore the following hold:

daoJ =7'(a) , AMa)=«a

A vector field X e X(I'M ) is called a semi-spray if

its integral eurves be in the form of o' for some curve
a in M . By abuse of language, we call ¢ an integral
curve of X. The following propositions are equivalent:
1) X is a semi-spray.
ii) for eachv eTM , n.(X )=V

iii)In any coordinates system we have:
G G
X=x'—+g —
ax % o
iv) J(X)=A.

If X e X(M) be avector field on M , it’s complete
lift , denoted by X ©, is a vector field on M . If the
flow of X be {¢[ }, then by definition the flow of X °

is {¢[*} .If @ bea 1-form on M , considering a as

a functionon TM , X “(a) isequalto L, o .

Time-Independent Lagrangians Systems

Let L:TM — IR be a Lagrangian (L €eC*(TM )
).The 1- form ®, on TM , associated to L , is defined

by ©, =dLoJ. The reprsentation of ©, in

. . oL _, .
coordinates system is ©, = a—_[_dx’ . o, is defined as
i

w, =-d0®,. If o, be a nondegenerate 2-form,

(T'M ,0,) is a symplectic manifold .In this case L is

called a regular Lagrangian. So L is regular if and only
2

if, in coordinates systems, ( (v)) be an

ox'ox’
invertible matrix at every v eTM . Also an energy
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function 4, on TM can be defined by the following

relation:

H, =AL)-L :x"'a—L.—L.

s

If L be a regular Lagrangian, then the triple
(TM ,0,,H,) is a Hamiltonian system and it is called

the Hamiltonian system associated to L . Let X, be
the associated vector field to A, on T'M ,then it is
well known that X, is a semi-spray and its integral

curves on M are exactly the critical paths of L [9]. In
other words, a curve o on M is an integral curve of

X, if and only if « satisfies Euler-Largrange

equations.

The motions of the Hamiltonian system
(ITM,0,,H,), are also called the motions of the
Lagrangian system (M ,L).

Two different Lagrangians may produce the same
dynamical systems, so we need to know in what
conditions, two Lagrangian define the same dynamical
systems[1].

Definition 1. Two regular lagrangian L,L':TM — IR
are called equivalent, if , =, and H, = H ..

Theorem 1. Two lagrangians L,L':TM —IR are

equivalent if and only if L —L' is a closed 1-form on
M.

Symmetries of Lagrangian Systems

Definition 2. A diffeomorphism f : M — M is called
a symmetry in a Lagrangian system (M ,L), if L and
L of, be equivalent.

Theorem 2. Let (M ,L) be a Lagrangian system, then a
diffeomorphism f M — M is a symmetry of (M ,L)
if and only if f,:TM —TM be a symmetry of
TM,0, ,H,).

Definition 3. In a Lagrangian system (M ,L), a vector
field ¥ e X(M) whose flow is {¢,}, is called an

infinitesimal symmetry if for every ¢, ¢

, is a local

symmetry of the system.

Corollary 1. A vector field Y eX(M) is an
infinitesimal symmetry of a Lagrangian system (M ,L)

if and only if ¥ © is an infinitesimal symmetry of the
Hamiltonian system (M ,w,,H ;).

Theorem 3. A vector field Y eX(M) is an
infinitesimal symmetry of a Lagrangian system (M ,L)
if and only if the function ¥ “(L) on TM be a closed
1-formon M .

Constants of Motion

Theorem 4. 1If (M ,L) be a Lagrangian system, and
fy =0, )Y eX(M). thenX, (f, )=Y “(L).

Proof. Note if L:TM — IR be a regular Lagrangian,
then LXL (©,)=dLjandif heC"(M), DeXTM)

be respectively a function and a semi-spray,then
D(hor)=dh . A simple local computation shows that

[D,Y ©] is vertical.
X, )=X, ©,¥)=L, (6, )+
Op([X Y “D=dL¥ “)+dL(J([X .Y D)
=Y “(L)+dL(0)=Y (L)
[
Theorem 5. If Y € X(M ) be an infinitesimal symmetry
of a Lagrangian system (M ,L) and g be a local

function that Y “(L)=dg, then the function
C, =f, —g on isa constant of motion.

Proof.
XL(CY):XL(fY _goﬂ):XL(fy )_XL(gOT[)
=Y “(L)-dg =dg —-dg =0

If L', L be equivalent Lagrangians, then there is a
closed1—form a ,which L'=L +a. So the following
holds:

O, =dLoJ +da°J =0, +7'(a).

If h bea local function ,which a =dh , then

Y(L)=Y “(L)+Y “(dh)=Y “(L)+L, (dh)
=dg +d(Lyh)=d(g +Y (h))

With approximation of a constant, we can choose
g'=g+Y (h) ,which Y “(L")=dg'. Now, the constant
of motion related toL’ is C,.and is infered from the

following computations:
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C,. =0, )—g'om=(O, + (@) )~
(g +Y (N)ox=0, (¥ )+ (@)Y ) -

gon—=Y (h)orn=C, +aQ Yorr—
Y (h)yor=C, +dh(Y Yo =Y (h)om
=C, +Y (h)or =Y (h)or =C,

In above theorem, the function C, is called constant

of motion associated to the symmetry ¥ .
Theorem 6. IfY € X(M ) be an infinitesimal symmetry

of the Lagrangian system (M ,L), then X ¢ equals
Y° in the
™ .0, ,H,).

Corollary 2. If f be a constant of motion of the
Lagrangian system (M ,L), in which X 6 =Y for

associated Hamiltonian  system

some Y € X (M), thenY is an infinitesimal symmetry
of M,L) and C, =f .
Example: Let M = R" and

o o p)
L(x'x)=x'x"+Yx'x" Y =—
( ) ; ox'
¢ 0 ¢ -1 1 Q;
Then Y :F andY “(L)=x" =dx . Since
X

O, =@ +2¢")dx" +2) x'dx’
1<j
And O, “)=x'+2x', then find
C, =x'+2x'-x"=2x" is a constant of the motions
hn the system (R",L)

we

Time-Dependent Lagrangian Systems

To have a good framework for discussing about
time-dependent Lagrangian systems, we need to define
a suitable mathematical structure, named Galilean
space-time.

Definition 4. A fiber bundle n:E — IR with a
standard fiber M is called a Galilean space-time. For
any t €eIR , M, = n"'(¢) is called space at time ¢ .
Definition 5. Every section of a Galilean space-time
n:E — IR is called a motion of system.

In this section 7 : £ — IR is a fixed Galilean space-
time.

Definition 6. If S : IR — E be a motion, then S'(t) is
called the world velocity of S at time ¢ .
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Clearly, dz(S'(t))=1 and all world velocities of

particles lies in a submanifold of TE which will be
defined later. Since IR is contractible, every Galilean

space-time is isomorphic to the trivial bundle

rn

IR xM —IR .
Definition 7. Every bundle isomorphism

¢
E > IR xM
%

h
R —> IR

‘J’Prl

in which # has the form Ah(¢t)=t¢+¢,, is called an
observer of the Galilean space-time 7:E — IR .

An observer sees all spaces M, like M , ie if
S IR = F be a motion of a particle, then for any
observer ¢-there exists some curve a:IR — M such
that @(S'(t))=(h(),a(h(t))). o is called the motion
of the particle relative to the observer ¢, and a' is
called velocity of the particle relative to the observer ¢ .
There exists a unique vector field X, € X(£) that is

¢ —related to 82 and is called the vector field of the
t
observer ¢ .

The 1-jet bundle of the Galilean space-time E —ﬂ>IR
can be described as the following:

J'E={ eTE |dn(v)=1}

J'(E)
n, :TE — E , modeled on the vertical subbundle V'E .

1s an affine subbundle of the bundle

Since the world velocities of all particles lies in J'E ,
then we need the restriction of 7, to J'E ,that denote
by n,:J'E > E .

Definition 8. A vector field X e X(J'E) is called a

time-dependent semi-pray, if it’s integral curves be in

the form of ' in which « is a motion of £ .
Time-dependent semi-sprays are similar to ordinary

semi-sprays . X € X(J'E) is time-dependent semi-spray

ifand only if 7,,(X,)=v foranyv eJ'E .

Definition 9. In a Galilean space-time 7:E — IR,

every smooth function L:J'E - IR is called a

Lagrangian on £ .
Let ¢:E — IR xM be a trivialization of E over

an open set U in M (an observer),then ¢ equals a
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pair of functions (7,y).Set U'=y~'(U),t =z and

x' =x'" oy . Therefore (x",t) is a bundle chart on E
as the following:

U'>xU)xIR
& (x ey (8),7(S))

This bundle chart
that is restrictable to J'E . The component functions of

induces a bundle chart on TE

the induced bundle chart on J'E are the followings:

ri

=x"om =x"oyom

=

t =tom =mom, X' =dx" =dx'oy,

Note that the functions ¢ and ¢ do not depend on
(x,U) and ¢.

For £€FE and u e(JlE)g and v e(VE),, the
vertical lift of v at u is a vertical vector in 7.J 'E
denoted by 3,v , is defined as follows :

- d
I v :d_tL:O (u+tv)

u

Note that for any w eT,(J'E), the vector
7.0 )—dt W) lies in VE ,s0 we can construct it’s

vertical lift at . This is a bundle map on TJ'E
denoted by v ,and is called the Liouville 1-1form of

J'E and is defined as follows:
v:TJ'E >TJ'E
w el (J'EY 3, (m,.00 ) —dt (5 u)
v has the following representation in bundle chart[5]:

v=(dx' —x"'dt_)®$
ox'

Let L be a Lagrangian on £ ,a 1—form on J'E ,
denoted by ®, , is constructed in [5] as follows:

©, =dLov+Ldt
©®, has the following form bundle chart:

T
1 axl

® =
boox

An observer can show the relations between time-
dependent and time-independent Lagrangian systems. In
this case we may assume E is the trivial bundle , so
J'E =IR xTM .For a Lagrangian L :J'E — IR , by
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fixing ¢, we can define the time-independent
Lagrangian L, :TM — IR . The associated energy

function af L, is H, =A(L,)-L,. Now ©, asa 1—

form on /IR xM can be written as follows:
0, =dL, oJ —HLtdt_

Critical paths of a time-dependent Lagrangians are
defined similar to the case time-independent
Lagrangians and for these paths Euler-Lagrange
equations must hold.

The 2—-form w, =—-d®, can be used to describe

the critical paths.of L . Since dimension of J'E is odd,
o, 1s degenerate and we can not construct a
Hamiltonan system.
Definition 10. A Lagrangian L :J'E — IR is called
regular, if o, has maximum rank.

For.aregular Lagrangians L , kernel of (®,), is a
one dimensional subspace of T, (J'E), atany u € J'E ,

so there exists a unique vector field X, € X(J'E) such
that

iy 0, =0 , dt (X ,)=1

X, is a semi spray and the integral curves of X,

are exactly the critical paths of the Lagrangian L [5].
The integral curves of semi-spray X, are called

motions of the system (E,L). A C~” function

f:J'E > IR is called a constant of motion of the
Lagrangian system (£,L), if for any motion « of this
system f o’ be constant, ie. X, f =0.

A 1—form on E can be considered as a function on
TE , so we can consider it’s restriction to J'E . A 1—
form on E , completely is determined by it’s restriction
to J'E . A function on J'E is calleda 1—form on E ,
if it is the restriction of a 1—form of £ to J'E .
Example:(Kapitza pendulum). Consider the pendulum
suspended from a rotating disk. The disk has diameter d
and the pendulum has length . At the end of the
pendulum there is a mass m. The rotation of the disk is

forced to be at constant angular speed 6(t) = wt. ¢ is the
angle of the pendulum relative to the vertical.
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In this case the Lagrangian is time-dependent and
E =RxS"'. We can find the Lagrangian of the system
withrespectto ¢ thatrepresent a coordinates system on S’

J'E=RxTS'> R

€.4.9) > L(t.4.9)

The x and y position of the mass is
x =dsinwt +[sing , y =d coswt +1 cos¢

so the velocity of the mass is
x =d wcoswt +1¢cose
y =—dwsinet —[$sing

so the kinetic energy of the pendulum is

1 .2 .2
—m(x" + =
5 X" +y7)

%(d 2% +1°¢” +2dl g cos(at — @)
Therefore the Lagrangian is
L= %(dzcoz +12% + 2dl wé cos(et — )

mg (d cosat +1 cos¢)

Definition 11. Two Lagrangians L,L':J'E -5 IR are
called equivalent, if w, = w,. .
Theorem 7. Two lagrangians L,L':J'E — IR are

equivalentifand onlyif L — L' isaclosed 1—formon E.
Proof. Without loss of generelity assume E is trivial.
First suppose L and L' are equivalent, i.e o, = o, .

Set L'=L+h,so
O, =dL oJ _HLt’dt_:@L +dh, oJ—Hhtdt_

Since @, = @, then dhyoJ —H, dt isaclosed 1—-
form on IR xTM " ‘that in bundle chart has the
following representation:

h ; . Oh _
a—.‘_df’ —(x' a—.‘_—h[)dt
ox' ox'

Since the exterior differential of this form is zero,
then

o°h, o’h, 0’h, o
= — = =00 #))
ox'ox’ ox'ox’ ox’ox’

2 2
I e Ol O

ox'ot ox’ox' ox'
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From the first equation it 1is infered that
h,=h'onx'+g, or, in which g,k are local

functions M The second equation yields

i j
Oy :%. So, the local 1—form Y h'dx’ on M is
ox, Ox

on

i

closed form and equals df, for some local function f,

on M ie h :i.
x

i

The result of third equation is

-~ oh, oh,
O i S0 N %8
ot ox' ox' ox'
ol of
— - -g)=0
x a®
of
= —=g, +k(
R @)

If f be replaced by f, —k(t), then all equations

hold and g, :% .Therefore
h xii0ﬂ+ Y on
ox' ot

This equation means that if / be a function on
IR xM , then the restriction of 1—form df on
J'(IR xM ) is equalto & .So, L —L' is a closed 1—
form locally and consequently L —L' is a closed 1—
formon £ .

Conversely, let L —L' be a closed 1—form on £ .
There exists a function f on IR xM such that
L'=L +df locally.

The above calculations show the condition @, = @,
is equivalent to this fact that three above equations must

hold for A, =x' i°ﬂ+i
ox' ot

An easy computation shows that above three
equations hold. m

or .

Results and Discussion

Symmetries of Time-Dependent Lagrangian Systems

Definition 12. If n:E — IR be a Galilean space-time,

then a bundle map f :E — E is called a Galilean
transformation if f be a diffeomorphism and it’s
induced map on /R be a translation.

If f be a Galilean transformation on E , then J'E
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is invariant under f, and it’s restriction to J'E is
denoted by J'f .

Definition 13. For a Lagrangian system (E,L), a
Galilean transformation f :E —E is called a
symmetry if L and L oJ'f be equivalent.

Theorem 8. A Galilean transformation f : £ —> E is a
symmetry of (E,L) ifand only if (J'f) 0, = o, .
Proof. Without loss of generality we can assume
E =IR xM . In this case f :IR xM — IR xM has

the form f@,p)=(t+c,g (p)) and
J'f 1IR xTM — IR xTM has the form
Jfyv)=(,g,.0v)). So (Jf)Wdr)=dt and

V)Y ®©)=(f)ML oJ-H, db)

=dL,oJ o(Jf ). —(H, oJ'f )t

SinceJ'f = g,.onTM , then
) (©,)=dL oJog,.—H, og,.dt

The same computations as in the case time-
independent Lagrangian systems yield the follwing:

VY (©,)=d(L,°g,)oJ —H, . dtf

L, og«

=0
Lo

Jr

To prove the theorem, first assume that f* is a

symmetry of the the Lagrangin system. So @, = @

and consequently
V) (@)=Uf)(-d0e,)
=—d(Jf) (©,)

=—d(©, )

T

Conversely assume (J'f)(w,)=w,. The last
computation shows

o, =) (w)= @

So L and LoJ'f are equivalent m

For a Galilean space-time 7 :E — IR , if {¢,} is the
flow of a vector field Y € X(£) then each ¢, is a local
bundle map on E , if and only if ¥ is x — related to
some vector field on IR . Each ¢, is a local Galilean
transformation if and only if for some A€lR, Y is

69

7w —related to A;i. This kind of vector fields are
t

called infinitesimal Galilean transformations. For
example, the vector fields of all observers are
infinitesimal Galilean transformations, because all of

them are 7 — related to L;i If {¢} be the flow of an
t

infinitesimal Galilean transformation Y , then {¢.} is a

flow on J'E and it's induced vector field is denoted by
J'Y . Actually, J'Y is the restriction of Y ¢ to J'E .

Symmetries and Constants of Motion

Definition 14. Let Y be an infinitesimal Galilean
transformation of a Galilean space-time 7 :E — IR . If

the flow of Y be {4}, then Y
infinitesimal symmetry of (£,L) if ¢ be a local

1s called an

symmetry of (£,L) forevery ¢t €IR .

Corollary. 3:.°Y is an infinitesimal symmetry of a
Lagrangian system (E,L) if and only if J'Y is an
infinitesimal symmetry of (J'E,®, ), i.e. L_;ly o, =0.
Theorem 9. If Y be an infinitesimal symmetry of the
lagrangian system (E,L) then [J'Y ,X,]=0.

Proof. Since J'Y
(J'E,w, ), then

is an infinitesimal symmetry of

0 :L.llY (lXL @)= l[.llY X

@, +i, L
N A N A

,
Iy =L

=i, oy
VX,

So [J'Y ,X,] must be a multiple of X, .Since X,

is ¢ -related to c;i and for some A, JY is ¢ -related
t

to A;i,then [J'Y ,X,] is ¢ -related to zero. Since
t

VY. X,1=/X,,
JY,X,]=0. m

Theorem 10. Let ¥ be an infinitesimal Galilean
transformation of £ . Y is an infinitesimal symmetry

of a Lagrangian system (E,L) ifand onlyif (J'Y )L is

then we conclude that f =0 and

a closed 1-form on E.

Proof. The proof is completely the same as the time-
independent case. m

Theorem 11. Let ¥ be an infinitesimal Galilean
transformation of Lagrangian system (£,L) and set

fy =0,(JY),then X, (f,)=JY (L).
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Proof. Note that in this case, similar to the case of time-
independent Lagrangian system, by the following
computation we have L X, (©,)=dL .

LXL (®L):diXL®L +iXLd®L =d(©,(X,))-
iXLwL =d (dL, OJ(XL)—HLtdt_(XL))=
d@dL,(A)-H,)=d(AL,)-AL)+L)=
dL

the
vertical[5],then

Since vector field [JY,X,] is 7 -

XL(fY):XL(®L(J1Y )):(LXL®L)(J1Y)+
O,(JY,X,D=dLJY )+0=JY (L).

Theorem 12. If Y be an infinitesimal symmetry of a
Lagrangian system (E,L) and (J'Y )L =dg , then the
function C, = g om, —f, is a constant of motion.
Proof. Since X, is a semi-spray of J'E, then
X,(gom)=dg . Now

XL(CY):XL(gOTEJ—XL(fy)
=dg-JY (L)=dg—-dg =0m
If X, be the vector field of an ‘observer ¢, then

C X, is energy of the system relative to that observer.
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Moreover, if X, be an infinitesimal symmetry of
(M ,L), then the energy is constant and we can choose

an time-independent equivalent Lagrangian L relative
to observer ¢ .
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