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Abstract

Let G be a locally compact non-abelian group and H be a compact subgroup
of G also let # be a G -invariant measure on the homogeneous space G /H . In

this article, we extend the linear operator T, :C. (G) —C, (G /H ) as a bounded
surjective linear operator for all L’ -spaces with p >1. As an application of this
extension, we show that each frame for L’ (G) determines a frame for

L*(G /H,u) and each frame for L*(G /H ,u) arises from a frame in L*(G) via

http://jsciences.ut.ac.ir

the linear operator 7', .

Keywords: Homogeneous spaces;
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Introduction

Essentially a homogeneous space X of a locally
compact group G is a transitive G -space X . Due to
Proposition 2.44 of [7];if G is o -compact then each
transitive G -space can be considered as a quotient
space G /H for some closed subgroup H of G .
Although G /H is not a group whenever H 1is not
normal, but the classical harmonic analysis on G
carries over on homogeneous spaces. Theory of
classical harmonic analysis on coset space G /H was
studied by several authors [7,14]. Many homogeneous
spaces in mathematical physics such as the n
-dimensional unit sphere, can be considered as a

G-invariant measure; Bessel sequence; Frame;

Voice

homogeneous space of the form G /H , where H is a
compact subgroup of G .

Approximation theory in the function spaces of
homogeneous spaces such as the Hilbert space

L’ (G /H, ,u) plays an important role in physics and

also engineering. A useful functional analysis approach
of the approximation theory is frame theory. In [6]
Duffin and Schaeffer studied theory of frames for
abstract Hilbert spaces. Frame theory can be considered
as an advanced tool in wavelet theory, image and signal
processing and approximation theory. For more on these
applications we refer the readers to [2-4,9]. It is
worthwhile to mentioned that the main technique of
frame theory is to present any elements of the Hilbert
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space as a infinite linear combination of the frame
elements. Theory of multiresolution analysis (MRA) for
abstract Hilbert spaces has many connections with the
frame theory of Hilbert spaces. Theory of multireslution

analysis for L’ (G) where G is a non-abelian, type I
and unimodular group was studied in [15], also in the
special case of LCA groups see [10].

In this article, as a main result we show that the
T,:C(G)—C(G/H)
extended to a bounded surjective operator for all L’ -
spaces with p 1. It is also shown that, in this case if

linear operator can be

M is a G -invariant measure on G /H the linear

operator T, L’ (G)—)L2 (G/H,,u) is a partially
isometric operator. As an application, we will show that
via the linear operator T, each frame for L*(G)
determines a frame for L’ (G /H, ,u) and conversely
each frame for L’ (G /H, ,u) arises from a frame in

L’ (G) via the linear operator T, also as an another

application of this extension, we find an interesting
relation about the admissibility conditions associated to
the voice transforms related to the left regular

representation of G on L’ (G) and the left regular
representation of G on L’ (G /H,u ) .

Let X ©be a locally compact Hausdorff space,
C. (X ) be the space of all continuous complex valued

functions on X with compact supports and also when
M is a positive Radon measure on-X , for each

1< p <o the Banach space of all equivalence classes
of 4 -measurable
f :X — C such that

complex valued functions

I 1= [1f Gl dx <o,

X

is denoted by L’ (X ,,u) which contains ||.]|, -dense
subspace C. (X ).
Let G be a locally compact group with identity e

and left Haar measure dx , H aclosed subgroup of G
with the left Haar measure dh and alsolet A; and A,

be the modular functions of G and H respectively.
For p 21 the notation L’ (G) stands for L” (G.,dx).
For x €eG and also a function f :G — C, the left
Lf of f by x is defined by
Lf(y)=f (x 'y ) and also the right translation R f

translation
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of f by x is defined via R f (y)=f (xy) for
y € G . Also, the left coset space G /H is considered
as a homogeneous space that G acts on it from the left
and ¢ :G -G / H is the surjective canonical mapping.

More precisely we consider G /H as the left coset
space of the closed subgroup G . Proposition 2.48 of [7]

implies that C, (G /H ) consists of all functions T, (f ),
where f € C (G) and

T, (f YxH ) = [f (xh)dh (1)

and x €G .
by u (E)
G /H . The
=u, for all

Let 4 be a Radon measure on G /H

The translation g of u is defined
=p(xE), for all Borel subsets E of

measure 4 (is called- G -invariant if u_

x €G . It is well known that, the homogeneous space
G /H admits a G -invariant measure g if and only if

A; ly=A, , which satisfies the following generalized
Mackey-Bruhat formula,

[Ty (f )(xH )d p(xH ) = [f (x )dx. )

G/H

The formula (2) is also known as the Weil’s formula
(see [7]). If ¢ is a G -invariant measure on G /H ,

the surjective T,:C(G)—
C(G/H) is bounded in L'-norms that is for all
feC(G) we have |IT, (f)I<If 1) -

boundedness, it can be extended to a bounded surjective
linear operator from L'(G) onto L'(G /H , u).

then linear erator

Due to the

Results

Throughout this article, we assume that H is a
compact subgroup of a non-abelian locally compact
group G with a normalized Haar measure dh . First we
find a generalized notation of the linear operator 7, for
other L? -function spaces, with p >1. It should be
mentioned that when H is a compact subgroup of a
locally compact group G, automatically we have
A; ly=A, =1 and therefore, existence of a G

-invariant measure on G / H is guaranteed.

Proposition 2.1. Let H be a compact subgroup of a
locally compact group G and also let ¢ be a G

-invariant measure on G /H . The linear operator
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1,:C(G)~C(G/H)
bounded operator

L’ (G/H,,u),foreach p=1.

an extension to a

1 (G)

has

linear from onto

Proof. We show that each f eC (G) we have

T, (f ) Il,<llf 1, - Using compactness of H and also
the Weil’s formula (2) we get

Ty (F)IE = [ 17, (F )(xH )V du(xH)

= [ |[f (xh)dn| du(xH)

G/H |H

IN
—

[l (xh)|dhj du(xH)

G/H \H

< [ (v dhjd,u(xH)

G/H \H

= | Uu g (xh)dh]d,u(xH)

G/H \H

= [1,(1f P)(xH )d u(xH)

=[1f (x)rdx =lf 1 -

Now since T, is bounded in L” -norms and also it
maps C, (G) onto C. (G/H ), we can extend T, into
a bounded linear operator from L’ (G) onto

L’ (G/H,u). o

Remark 2.2. Throughout this article, we still denote the
extended linear operator in Proposition 3.1 by T, .

From now on, for all p=1 by
T,:L"(G)—>L"(G/H,u) we mean the mentioned
extension of the bounded linear  operator

T,:C.(G)—C (G/H) according to Proposition 2.1.
Thus, for all p 21 we can fix the notation [J” (G,H)

as follows
J"(G.H)={f e L’ (G):T, (f )=0} 3)

which is a closed subspace of L” (G) When p =2,
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JG.H) the
completion of J*(G,H) in L*(G). Since the linear
operator T,
deduce that J’(G,H) and also J’(G,H)" are

invariant under left translation by elements of G .
In the next theorem we illustrate a worthwhile
property of the linear operator 7,, when p=2. We

stands for standard orthogonal

commutes with the left action of G we

recall that, when H and X are Hilbert spaces, a
bounded linear operator 7 : H — K is called a partially
isometric operator if and only if ||Tx ||.=||x |},, for all

x eker@)".

Theorem 2.3. Let H be a compact subgroup of a
locally compact group G and also let yu be a G

-invariant measure on. G /| H . The adjoint operator
T, :L’G/H,u) >LG) of the
operator T, L (G)—)L2 (G/H,,u) is given via

bounded linear

Yy T, (W) =y where

Yl )=yoq(x)=y(xH),

for all x€G and also T, is a partially isometric

operator.

Proof. Let ¢ be a G -invariant measure on G / H and
yel’ (G/H,u) also let y’:=yoq. Then, y*
belongs to L*(G) . Because, due to the Weil’s formula

and also compactness of H we have

Iy = [ 1y (o) P dx
= {1y P ()

= ITH (Igl/" Iz)(xH)d,u(xH)

G/H

= [ [1y' P (xh)du(xH)

G/HH

= [ [y (xn)P du(xh)

G/HH

= I I|]//oq(xh)|2 du(xH)

G/HH
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= [ [1y(xhH )P dpu(xH)

= [ 1y (xH)P

G/H

Udh]dy(xH):Hl/luz .

Now again using the Weil’s formula, for each
f €C (G) we have

T W) 0y =T ()i

= [y (B )T, () cH Y u(xH )

G/H

= [ W (eH)T, (F)(xH )d (xH )

= [y ()T, (F) (eH ) (st

G/H

= 7, (7 )xH )d pu(xH )

G/H

= [ ()7 e =

G

Thus, by continuity we achieve T} (¥).f

L*(G)
=V S 1 forall f €L’ (G). Hence, that T, (v) =y .
A straightforward calculation implies 7,7, (v)=v
all yel’(G/H,u), which guarantees that
T, =THT,;TH. By Theorem 2.3.3 of [12], T, is a
partial isometric operator. ]

As an immediate consequence of Theorem 2.3 we
have the following corollary.

for

Corollary 2.4. Let H be a compact subgroup of a
locally compact group G and also let 4 be a G

-invariant measure on G /H . The following statements
hold.

(D J"G.H) ={y" :ye L*(G/H.p)}.

(2) For all f € 7*(G,H)" and also each he H we
have R,.f =f .

(3) Forall we L* (G / H 1) we have ||y |,=llv I,
(4) For all f.,geJ*(G,H)" we have T, (f).
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TH (g )LZ(G/H,,u) =f ’gLZ(G)'

We can also identify the structure of orthogonal

projections onto J? (G,H) and J>(G,H)" as

follows.

Corollary 2.5. Let H be a compact subgroup of a
locally compact group G and also let ¢ be a G

-invariant measure on G /H also let Pyz G.H) and
P P GH ) be the orthogonal projections onto the closed

subspaces J°(G,H) and J*(G,H)", respectively.
Then, for all f € L*(G) and also for ae. xeG we

have

PJ:(G.H)L (f )(x):TH (f )(XH),
Py FIE)=F (6)-T, (f ) (xH ).

“

Proof. Let felL’(G).
f=T,()+f-T,(f)" . Due to Corollary 3.4 we

have T, (f )' € J>(G,H )" and also

Obviously we have

Ty (=T, (£ )') =T, ()T, @, (F)')
=T, (f)-T, (f)=0.

Now, since decomposition of each f € L? (G) as a
sum of two elements in J*(G,H) and J>(G,H)" is
PJZ(GH)L (f):TH (f )4
PJZ(G,H)(f )=f -T, (f )q : =

unique, we  get and

Remark 2.6. Let f’; be the restriction of the linear
operator T,, to the closed subspace J*(G,H )". Then,
f; :J*(G,H) - L*(G/H,pu) is a bijective bounded
linear operator and so there exists a bounded operator
T, :L*(G/H,u)—L*(G) such that T, T, (v)=v,
forall ye L’(G/H,u) andalso T,;T,, (f )=f forall
feJ*G.H) .

In the sequel as an application, we will find a
characterization for frames associate to the Hilbert

space L’ (G /H ,u), where H is a compact subgroup

of a locally compact group G and g is a G -invariant
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measure on G /H . We recall that a sequence {f,} ina

Hilbert space H is called a Bessel sequence with Bessel
bound B for H, if for each f € H we have

Sl sl <Bf2

A Bessel sequence {f,} with the Bessel bound B is

(&)

called a frame with frame pair bound (A,B) for H, if

each f e H satisfies

AfES I fal <BF2 ©

Using Corollary 5.3.2 of [S] we can deduce that,
each frame for L*(G)

L? (G /H, ,u) via the linear operator 7', .

determines a frame for

Theorem 2.7. Let H be a compact subgroup of a
locally compact group G and also let u be a G

-invariant measure on G | H also let {fn} be a frame
for L7 (G) with frame pair bound (A,B ) Then,
{w, =T, (f,)} is a frame for L’(G/H, i) with
frame pair bound (A ,B ) .

Proof. Due to Remark 2.6 and also Theorem 3.3 we
have T, =T, =1. Now Corollary 5.3.2<0f [5] implies

that {T, (f,)} is a frame for L’ (G /H ) with frame
bounds (A,B). ]

Next theorem can be considered as a converse of
Theorem 2.7. But first we show that each Bessel

sequence for L? (G/ H, ,u) arises from a Bessel

sequence in L’ (G) via Theorem 2.7.

Proposition 2.8. Let H be a compact subgroup of a
locally compact group G and also let u be a G

-invariant measure on G | H . Every Bessel sequence

for L* (G/H,,u) arises from a Bessel sequence in
r (G) via Theorem 2.7.

Proof. Let {y,} be a Bessel sequence for L’ (G / H, i)
with Bessel bound B . For each n let

fn :=T; (V/n):'//z
Then, for each n we have T, (f,)=v, and also
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f,€J*(G,H)" . Now, we show that {f,} is a Bessel
sequence for L*(G) with Bessel bound B . Indeed, if
f e L? (G) is given, then

anlfnfﬂ(c)

2

2
Z WZ ’sz(G)

n

2

=X W)

2 2
<BT, (f)Lz(c/H,ﬂ) SBf ) 0

2

Vol u F) 2 gm0

In the next theorem we prove that each frame for
L*(G /H,u) arises from a frame for 7°(G,H )" .

Theorem 2.9. Let H  be a compact subgroup of a
locally compact group G and also let y be a G

-invariant measure on G /H . Every frame for
L’ (G /H,,u) arises from a frame for J*(G,H)" via
Theorem 2.7.

Proof. Let {y,} be a frame for L’(G/H,u) with
frame bound pair (A,B) . Proposition 2.8 guarantee that
{I/IZ} is a Bessel sequence for L*(G) with Bessel
bound B and so that it is a Bessel sequence for

J*(G,H)*". Now we show that {l//"} admits a lower

n

frame bound and so that it is a frame for J>(G,H)".

Using Corollary 2.4 for all f € L*(G) we have

2

2
APf(Gﬂ# (f )LZ(G> =ATy, (PJZ(G.H)L (f ))

L*(G/H ,u)

2

v, ’TH (f )LZ(G/H,;[)

<X
DN AV

2

2

2
=YW | = WP

In the following corollary, we show that if {l//n} isa
frame for L*(G /H,u), then {l//;’} is a frame for the
Hilbert space L’ (G) if and only if H is the identity
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group.
Corollary 2.10. Let H be a compact subgroup of a
locally compact group G and also let u be a G

-invariant measure on G [ H . If {l//”} is a frame for
L’ (G /H,,u), then {l//;’} is a frame for the Hilbert
space L’ (G) if and only if H is the identity group.

Proof. If H be the identity group, it is clear that the
result holds. Now, let {w,} be a frame for

L? (G /H,,u) with frame bounds 0 <A < B <o such
that {y?} be also a frame for L*(G) with frame
bounds (C,D) . Then, for each f € L’ (G) we have

2

2
CP]Z(G.H)(f )LZ(G) < Z V/Z ’PJZ(G.H)(f )LZ(G)
which implies that J°(G,H )={0} and equivalently

H is the identity group. mi
In spite of Corollary 2.10, we can still find a frame

for L*(G) in which {y,} arises from it via Theorem
2.7.

Corollary 2.11. Let H be a compact subgroup of a
locally compact group G and also let u be a.G

-invariant measure on G /H . Every frame for
L*(G/H,u) arises from a frame for L*(G). via
Theorem 2.7.

Proof. Let {l//n} be a frame for L” (G /H,,u). Using
Theorem 2.9, the sequence {l//f{} is ‘a frame for
J*(G,H)". Now let {g,} be an arbitrary frame for
J? (G,H), for <instance it can be an ONB for
J*(G,H). According to Theorem 3.2 of [13],
sequence {g,}U{w?} is a frame for L*(G) with

T, ({g,}U{w!})={w.}. :

We can also use the preceeding results to justify
admissibility condition for the left regular representation

of G on the Hilbert space L* (G /H /). A continuous
unitary representation (77,74,) of a locally compact

group G is a homomorphism # from G into the
group U(H, ), the group of all unitary operators on the
Hilbert space H,, which is continuous with respect to

the strong (or weak) operator topology (see [7]). Let
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(ﬂ', H,,) be a continuous unitary representation of G
and { e H, . The voice transform of {e H, generated
by the representation 7z and also the parameter ¢ is the

complex valued function defined on G via
X —>V§§(x )=&.7(x )[Hﬂ

The voice transform V. : H, —C, (G) is a bounded
linear operator. But in general setting the voice
transform is not square integrable. The continuous
(m.H,) is called
integrable if for some non-zerovector § € H, we have
V,{eL’(G) and in this case the vector { is called

admissible (see [15]). It is worthwhile to remember that
many standard transformations in signal possessing can
be deduced by the voice transform, for instance the
affine wavelet transform or the Gabor transform are in
fact special voice transforms [8, 14]. It should be noted
that the term "Voice transform" in many references
replaced by the "Continuous wavelet transform
(CWT)"(see [1]).

We recall that the left regular representation
a:G —> Z/I(L2 (G )) of a locally compact group G is

defined by
L2 () J0)=[Ls 1) =7 (x7'y).

forall f e L? (G) . Also a function (vector) f € L (G)
is called g, -admissible if and only if the function
x> Lf ,sz(G) belongs to L’ (G).If H is a closed

subgroup of G and also x# is a G -invariant measure

unitary representation square

)

on G /H , the left regular representation of G on the
Hilbert space L*(G/H,u)

U(L* (G 1 H ,p)) is defined by

via g5y G —
[ ()W |(0H)=[Ly](yH )=y (x'yH). ®)

all yel’(G/H.,u).

@pe L’(G/H,u) is called g,,, -admissible if and only

for A function (vector)

if the function given by x = L ¢, belongs to

¢L3(G/H )
L*(G) (see[11]).

In the following theorem we show that for
feJ G,H)", 4, -admissibility of f is equivalent
to the g, -admissibility of 7, (f ).
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Theorem 2.12. Let H be a compact subgroup of a
locally compact group G, u be a G -invariant

measure on G |H and f € J*(G,H)".Then, T, (f)
is g;,y -admissible if and only if f is g, -admissible.

Proof. Let f € J*(G,H)". Since J*(G,H)" is a left

Lfe
J*(G,H) forall xeG . Using Corollary 2.4 and the

fact that left translations commute T, , we have

invariant subspace of L*(G) we get

2 2
j Lf of pioy| =jTH LW ) iy €
G G
2
=[|le.1, (7)1, ) o | 4
G

which implies that T, (f ) is g,,, -admissible if and
only if f is g, -admissible. |
Corollary 2.13. Let H be compact subgroup of a

locally compact unimodular group G and also let u

be a G -invariant measure on G /H . Then, every

pe L'(G/H ,u)NL' (G /H,u) is g,,, admissible.

Proof. Using unimodularity of G and due to Theorem
10.2 of [15], each f in L'(G)NL*(G) is g
-admissible and so that each function ' in
L'(G)NT*(G,H)" isa g, -admissible vector: Now, if
pe L'(G/H,u)N\L' (G /H,u) is arbitrary. Invoking

Corollary 2.4, we achieve “that ¢fe L'(G)
J*(G,H) . Then, Theorem 2.12. implies that
=T, (go”) isa g;,, -admissible vector. |

As an immediate consequence we have the following
corollary for compact groups.

Corollary 2.14. Let H be compact subgroup of a
compact group G ‘and also let u be a G -invariant

measure on G |H . Then, every @e L' (G /H,,u)ﬂ
L'(G/H,pu) is g, admissible.
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