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In this paper, by expanding the Lekhnitiskii’s solution the stress distribution around quasi-
rectangular hole has been studied. Lekhnitiskii used complex variables analytic method for stress
analysis of anisotropic plates with circular and elliptical hole. In order to extend the Lekhnitiskii’s
analytical method for stress analysis of perforated symmetric laminates with non-circular holes,
by means of conformal mapping, the area external to the hole can be represented by the area
outside the unit circle. In this paper an attempt has been made to study the effect of different
parameters such as aspect ratio, stacking sequence, rotation angle of hole, bluntness and load
angle on stress distribution around quasi-rectangular hole. The finite element method has been
used to check the accuracy of analytical results. The analytical results are in good agreement with
the numerical results. The results presented herein, indicate that the presented method can be
used to accurately determine the stresses and stress concentration in composite plates with
special shape cutouts  . The results obtained clearly demonstrate the effect of these parameters on
maximum stresses in perforated plates subjected to uni-axial tensile load. Appropriate selection
of bluntness and rotation angle of hole can decrease stress concentration.

Keywords:
Conformal Mapping
Analytical Solution
Symmetric Composite Laminates
Quasi-rectangular Hole

  

1-   

 .
 .

 .

 

Arc
hive

 of
 S

ID

www.SID.ir



    

                       

  

396   139314 15  

. 

  .

 .
 .

 .

 .
 .80 

]1[.  

 .

 .

 ]2[  
]3[ 

  .

 .
]4[

]5[ ]6[  .

 .]7[ 
 .

1 
 .

]8[ ]9[  .

 .]10[ 
 

 .]11[ 
 

 .]12[ 

 .

 .
]13[ 

 . .

1- hoop stress 

 .
 .

 . ] 14[ 
 

 .] 15 [

 .
 .

]16[ 
 .

 .

 . 
]17-19[ .]20[ 

 . .
 .

]21[ 
 .

 .
  . ]22[ 

 .

23[ 
 

 .
  .]24[ 

 -
 .]25[ 

 .
 ]26[ 

 .
 .

 .

 .
 

 .
 .

 .]27[ 

Arc
hive

 of
 S

ID

www.SID.ir



    

                       

 139314 15  397  

 .
 .]28[

 .

 .1 
 .

]29 -31[ .
 .

 .

]32-34[ . 

   

 .

 .

 . 

 .
 .  

2- 
 .

 .1 
)  (x  .  

 
  .

   

05/0  .

 .r= r =0  .  
 

  1    

1- collocation method 

  
1   

1] 26[  

  E1(GPa)E2(GPa)
  

G12(GPa)
  

12
  

   181  3/10  17/7  28/0  
  4/47  2/16  7  26/0  

s]90  /0[s]45-  /45 [ 
s]30-  /0  /30 [  

2- 1 -   

 ]6[ 
 .

 
 .

z

   .
) 1 (  

)1(  z=x+sy  
 

) 8) (1(s 
]6[.  

x y ) 2 (  

  
)2(  

cos *cos 3

*sin *sin 3

x w

y c w
  

w 
 .w  .
2 3 w c 

  
) w (

  
 c  .

1c=   

Arc
hive

 of
 S

ID

www.SID.ir



    

                       

  

398   139314 15  

 2 c 

w=0.2  w=0.15  w=0.1  w=0.05  w=0  
 3 w 1c=  

2-2-   

]6[  .
 .

 .
3 (  

  
  
  
)3(  

11 12 16

12 22 26

16 26 66

x x

y y

xy xy

a a a
a a a
a a a

  

ija 

35[ 4 (  
  

)4(  
1

1 kn

ij ij k
k

b Q t
h

  

h tk k .
 ijb 

 ) 5 :  (  

  
  
  
  
  
  
  

)5(  

16 26 12 66
12

b b b b
a

B
  

2
22 66 26

11

b b b
a

B
  

2
11 66 16

22

b b b
a

B
  

12 26 16 22
16

b b b b
a

B
  

2
11 22 12

66

b b b
a

B
  

12 16 11 26
26

b b b b
a

B
  

2 2 2
11 22 66 11 26 12 26 16 66 12 22 162B b b b b b b b b b b b b  

,U x y 
6 (

  

)6(  
2

xy
U

x y
  

2

2y
U

x
  

2

2x
U

y
  

7:(  

)7(  
2 22

2 2
y xyx

x yy x
  

) 3)  (6)  (8 (
  

  
  
)8(  

4 4 4

22 26 12 664 3 2 2
2 2U U Ua a a a

x x y x y
  

4 4

16 113 4
2 0U Ua a

x y y
9 (

  
)9(  4 3 2

11 16 12 66 26 222 2 2 0a s a s a a s a s a  

]6[ 

 :1 3s s 2 4s s.
) 8 (10 (  

)10(  
1 1 2 2 1 1 2 2,U x y F z F z F z F z  

i iz x s y1,2i  .

0 0 11 (
 

  
  
)11(  

2
0 2

2

dF
z

dz
  1

0 1
1

dF
z

dz
  

2
0 2

2

dF
z

dz
  1

0 1
1

dF
z

dz
  

) 12)  (13 (   

  
)12(  

cos( , ) cos( , )
cos( , ) cos( , )

n x xy

n xy y

X n x n y
Y n x n y  

  

  
)13(  

cos , /n x dy ds

cos , /n y dx ds  

  ) 14 (
  

  

  
)14(  

2 2

2

2 2

2

( )

( )

n

n

U dy U dx d UX
ds x y ds ds yy

U dy U dx d UY
x y ds ds ds xy

  

15: (  

)15(  
1 2

0 0

;
s s

N N
U UY ds C X ds C
x y

 

Arc
hive

 of
 S

ID

www.SID.ir



    

                       

 139314 15  399  

) 15 (U ) 10)  (16 (
  

)16(  

0
0 1 0 2 1 1

0
0

1 0 1 2 0 2 1 2
0

2Re[ ( ) ( )]

2Re[ ( ) ( )]

s

N
s

N

z z Y ds C f

s z s z X ds C f
 

z1 z2 z1=x+s1y z2=x+s2y 
  . 

 17:((  

)17(  0
1( ) ( )

2
dF U i

i
 

U( )  F( )     
( )   0      .

)16 (
d

i2

1
        

 )   18 (  

  
)18(  

0
1 0 2 0 2 0

1( ) ( ) ( )
4

ds s f i
i

0
0 0 1 0

1( ) ( ) ( )
4

df i
i

0  0) 19 (
   

)19(  

0 0
0 2 1 2

1 2

( ) ( )
4 ( )

i ds f f
s s

  

0 0
0 1 1 2

1 2

( ) ( )
4 ( )

i ds f f
s s

  

r= r =0      ]3[ 
0

1f
0

2f    .

0  0 20 (  
  2 2

1 1 2 22Rex s z s z  

  
1 22Rey z z  

)20(  1 1 2 22Rexy s z s z  

0 1z 0 2z 

  

3-   
) 

 .  (
s]90  /0 [

  
 .  

4 
 0=(

90  .
1/0w 1=c 

 4   

5 1/0=w 1=c  
 .

 .
)   (

  
6 s]90  /0[

 .45 
 .

 .   

  
4- 

) (
) ) (w) (c (

 .
 1 

  
  

  
5   

-2

0

2

4

6

8

0 10 20 30 40 50 60 70 80 90

 
 

 

)(

Arc
hive

 of
 S

ID

www.SID.ir



    

                       

  

400   139314 15  

  
 6 

s]90  /0 [w   

4 -1- ) w)  (c (  
w c 

w 
 .c 

 .
7 9 

w .
s]90  /0[45 

 .s]45-  /45[
45 90  .s]30-  /0  /30[

w 
 .

w

 .s]90  /0[w .
w  

 s]45-  /45 [  

  
7 s]90  /0 [

w  

8 s]45-  /45 [
w  

  
9 s]30-  /0  /30 [

w  

s]90  /0[
90s]45 -  /45[5/22 5/67 

 .s]30 -  /0  /30[

w  
 10 11 

w  .
 .10 

11 
 .w  

w=0 

 .w 
  

3

3.5

4

4.5

5

5.5

6

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

 
 

2

7

12

17

22

27

32

0 10 20 30 40 50 60 70 80 90

 
 

 

)(

w=0.10
w=0.15
w=0.20
w=0.25

0

2

4

6

8

10

12

14

16

18

0 10 20 30 40 50 60 70 80 90

 
 

 

)(

w=0.10
w=0.15
w=0.20
w=0.25

0

2

4

6

8

10

12

14

16

18

20

0 10 20 30 40 50 60 70 80 90

 
 

 

)(

w=0.10
w=0.15
w=0.20
w=0.25

Arc
hive

 of
 S

ID

www.SID.ir



    

                       

 139314 15  401  

  
10w  /

 1c=

11 w  /
1c=  

c  .
12 13 c 

 .c 

c )  .2 (c 
y 2 c 

y  .
c 

 .
y ) 90= (c   

14 16  
c 1/0=w .

 .
c .

c  
  

12 c  /
 1/0w=

  
 13 c  /

 1/0w=

c 
 .

c

90  .
 .c

 .s]90  /0 [s]30 -  /0  /30[
c

s]45 -  /45 [c5/22   

4 -2 - )  (  
w c 

 .17 18 
 

1/0w= 1c=  .

45   
  

0

2

4

6

8

10

12

14

16

18

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

 
 

 

[0/90]s

[45/-45]s

[30/0/-30]s

2

3

4

5

6

7

8

9

10

11

12

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

 
 

 

[0/90]s

[45/-45]s

[30/0/-30]s

0

2

4

6

8

10

12

14

16

18

20

0.5 1 1.5 2 2.5 3

 
 

 

 

[0/90]s

[45/-45]s

[30/0/-30]s

2

4

6

8

10

12

14

0.5 1 1.5 2 2.5 3

 
 

 

[0/90]s

[45/-45]s

[30/0/-30]s

Arc
hive

 of
 S

ID

www.SID.ir



    

                       

  

402   139314 15  

14s]90  /0 [
 c  

  

15 s]45-  /45 [
c

  
16 s]30-  /0  /30 [

 c  

  
17 

1 c=  1/0w=  

18 
1 c=  1/0w=

 s]90  /0[ s]30-  /0  /30[ .
  s]45-  /45[

90  .18 

45 

4 -3 - ) )  ((  
 

 .
w 

 .19 21 

 .

 . 
 

0

5

10

15

20

25

0 10 20 30 40 50 60 70 80 90

 
 

 

)(

c=1
c=2
c=3
c=4

0

2

4

6

8

10

12

14

0 10 20 30 40 50 60 70 80 90

 
 

 

)(

c=1
c=2
c=3
c=4

0

2

4

6

8

10

12

14

16

18

0 10 20 30 40 50 60 70 80 90

 
 

 

)(

c=1
c=2
c=3
c=4

3

4

5

6

7

8

9

0 10 20 30 40 50 60 70 80 90

 
 

 

)(

[0/90]s
[45/-45]s
[30/0/-30]s

2.5

3

3.5

4

4.5

5

5.5

6

0 10 20 30 40 50 60 70 80 90

 
 

)(

[0/90]s
[45/-45]s
[30/0/-30]s

Arc
hive

 of
 S

ID

www.SID.ir



    

                       

 139314 15  403  

 .19s]90  /0[
 45 59/3 

60 
21/3 60  .

20 21 
 .

  

 .19 21 

 .
  .

 .
w .

22 
w  .

10 11
0=w 

s]90  /0 [s]45 -  /45 [08/0=w 
s]30 -  /0  /30 [04/0=w  .

2  .
1=c   

) 0=w (s]90  /
0[  s]45-  /45[  s]30-  /0  /30[ 96/3 23/4 86/2 

 .2 
  

5- 

 .  

19 s]90  /0 [
  

20 s]45-  /45 [
  

21 s]30-  /0  /30 [
  

  
22 

1c=  

3

4

5

6

7

8

9

0 10 20 30 40 50 60 70 80 90

 
 

 

)(

=0
=30
=45
=60

3

4

5

6

7

8

9

0 10 20 30 40 50 60 70 80 90

 
 

)(

=0
=30
=45
=60

2.5

3

3.5

4

4.5

5

5.5

6

6.5

7

7.5

0 10 20 30 40 50 60 70 80 90

 
 

)(

=0
=30
=45
=60

2

2.5

3

3.5

4

4.5

5

5.5

6

6.5

7

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2 0.22

 

[0/90]s
[45/-45]s
[30/0/-30]s

Arc
hive

 of
 S

ID

www.SID.ir



    

                       

  

404   139314 15  

2   
  

  
)  

)  )w(  
  

s]90  /0[  60  60  08/0  05/3  
s]45-  /45[  70  80  08/0  04/3  

s]30-  /0  /30[  80  80  04/0  42/2  

 .

 
  .

 .
 .

s]90  /0[  s]45 -  /45[  

s]30 -  /0  /30[ 
2328 4/15  .

 :

 .

   

6 - 
[1] C. Y. Gao, J. Z. Xiao, Y. L. Ke, FE analysis of stress concentrations in

composite plates with multiple holes for zigzag multi-fastened joints,
Materials Science Forum Vol. 770, pp.17-20, 2014.

[2] N. I. Muskhelishvili, Some Basic Problems of the Mathematical Theory of
Elasticity Second edition, Netherlands, Noordhooff, 1962.

[3] G. N. Savin, Stress Concentration Around Holes New York: Pergamon
Press, 1961.

[4] J. D. Eshelby, W. T. Read, W. Shockley, Anisotropic elasticity with
applications to dislocation theory, Acta Metallurgica Vol. 1, No. 3, pp.
251–259, 1953.

[5] A. Stroh, Dislocations and cracks in anisotropic elasticity. Philosophical
Magazine Vol. 3, No. 30, pp. 625–646, 1958.

[6] S. G. Lekhnitskii, Anisotropic Plates, Second edition, New York: Gordon
and Breach Science, 1968.

[7] W. T. Chen, Plane thermal stress at an insulated hole under uniform heat
flow in an orthotropic medium, Journal of Applied Mechanics Vol. 34, No.
1, pp. 133-136, 1967.

[8] T. D. Jong, Stresses around rectangular holes in orthotropic plates,
Journal of Composite Materials Vol. 15, No. 3, pp. 311-328, 1981.

[9] K. Rajaiah, N. K. Naik, Optimum quasi-rectangular holes in infinite
orthotropic plates under in-plane loadings, Journal of Applied Mechanics
Vol. 50, No. 4a, pp. 891-892, 1983.

[10]R. W. Zimmerman, Compressibility of two-dimensional cavities of
various shapes, Journal of Applied Mechanics Vol. 53, No. 3, pp. 500-504,
1986.

[11]C. Hwu, Anisotropic plates with various openings under uniform loading
or pure bending, Journal of Applied Mechanics Vol. 57, No. 3, pp. 700-706,
1990.

[12]W. Hufenbach, M. Schaffer, A. S. Herrmann., Calculation of the stress and
displacement field of anisotropic plates with elliptical hole, Ingenieur
Arch Vol. 60, pp.507–517, 1990. 

[13]J. Daoust, S. V. Hoa, An analytical solution for anisotropic plates
containing triangular holes, Composite Structures, Vol. 19, No. 2, pp. 107–
130, 1991.

[14]J. Rezaeepazhand, M. Jafari, Stress analysis of perforated composite
plates, Composite Structures Vol. 71, No. 4, pp. 463-468, 2005.

[15]G. H. Asmar, T.G. Jabbour, Stress analysis of anisotropic plates containing
rectangular holes, International journal of mechanics and solids, Vol. 2,
No. 1, pp. 59-84, 2007. 

[16]J. Rezaeepazhand, M. Jafari, Stress analysis of composite plates with
quasi-square cut out subjected to uniaxial tension, Journal of Reinforced
plastics and composites Vol. 29, No. 13, pp. 2015-2026, 2010. 

[17]J. M. Whitney, R. J. Nuismer, Stress fracture criteria for laminated
composites containing stress concentrations, Journal of Composite
Materials, Vol. 8, No. 3, pp. 253-265, 1974.

[18]S.P. Garbo, J.M. Ogonowski, Strength predictions of composite laminates
with unloaded fastener holes, AIAA Journal Vol. 18, No. 5, pp. 585-589,
1980.

[19]F. Chang, R. A. Scott, G. S. Springer, Failure of composite laminates
containing pin loaded holes- method of solution, Journal of Composite
Materials Vol. 18,No. 3, pp. 255-278, 1984.

[20]E. F. Rybicki, D. Schmueser, Effect of stacking sequence and lay-up angle
on free edge stresses around hole in laminated plate under tension,
Journal of Composite Materials Vol. 12, No. 3, pp.300-313, 1978.

[21]S. Vellaichamy, B. G. Prakash, S. Brun, Optimum design of cutouts in
laminated composite structures, Computers and Structures, Vol. 31, No. 3,
pp. 241-246, 1990.

[22]N. Bonora, M. Costanzi, M. Marchetti, On closed form solution for the
elastic stress field around holes in orthotropic composite plates under
in-plane stress conditions, Composite Structures, Vol. 25, pp. 139-156,
1993.

[23]H. G. Beom, Y. Y. Earmme, Complex variable method for problems of
laminate composed of multiple isotropic layers, International Journal of
Fracture, Vol. 92, No. 4, pp. 305–324, 1998. 

[24]V. G. Ukadgaonker, D. K. N. Rao, genera solution for stresses around
holes in symmetric laminates under inplane loading, Composite
Structures Vol. 49, No. 3, pp. 339–354, 2000.

[25]G. Romeo, Analytical behavior of laminates with rectangular opening
under biaxial tension, compression and shear loads, Journal of Composite
Materials, Vol. 35, No. 8, pp. 639–64, 2001.

[26]D. K. N. Rao, M. R. Babu, K.R. N. Reddy, D. Sunil, Stress around square and
rectangular cutouts in symmetric laminates, Composite Structures, Vol.
92, No. 12, pp. 2845-2859, 2010.

[27]W. Hufenbach, B. Gruber, R. Gottwald, M. Lepper, B. Zhou, Analytical and
experimental analysis of stress concentration in notched multilayered
composite with finite outer boundaries, Mechanics of Composite
Materials, Vol. 46, No. 5, pp. 531-538, 2010.

[28]W. Hufenbach, B. Gruber, R. Gottwald, M. Lepper, B. Zhou, An analytical
method for the determination of stress and strain concentrations in
textile-reinforced GF/PP composites with elliptical cutout and finite
outer boundary and its numerical verification, Archive of Applied
Mechanics, Vol. 83, No. 1, pp. 125–135, 2013.

[29]W. Becker, Complex method for the elliptical hole in an unsymmetric
laminate, Archive of Applied Mechanics Vol 63, No. 3, pp. 159-169, 1993.

[30]V. G. Ukadgaonker, D. K. N. Rao, general solution for stress resultants
and moments around holes in unsymmetric laminates, Composite
Structures Vol. 49, No. 1, pp. 27-39, 2000.

[31]P. Chen, Z. Shen, Stress resultants and moments around holes in
unsymmetrical composite laminates subjected to remote uniform
loading, Mechanics Research Communications, Vol. 30, No. 1, pp. 79–86,
2003. 

[32]H. K. Rangavittal, A. C. B. Naidu, Dattagurub, T. S. Ramamurthy,
Analytical solutions for load transfer through smooth elastic pin in an
infinite orthotropic plate, Composite Structures, Vol. 30, No. 3, pp. 329-
339, 1995.

[33]E. Madenci, L. Ileri, Analysis of pin-loaded holes in composite laminates
under combined bearing- bypass and shear, International Journal of
Solids Structures, Vol. 32, No. 14, pp. 2053-2062, 1995.

[34]B. Okutan, Behavior of Pin-loaded Laminated Composites, Experimental
Mechanics Vol. 46, No. 5, pp. 589–600, 2006. 

[35]L. Fischer, How to predict structural behavior of RP laminates, Modern
Plastics, Vol.37, No. 6, pp.122-209, 1960.

  

Arc
hive

 of
 S

ID

www.SID.ir


