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Trajectory tracking is one of the main control problems in the context of Wheeled Mobile Robots
(WMRs). On the other hand, control of underactuated systems possesses particular complexity
and importance; so it has been the focus of many researchers in recent years. In this paper, these
two important control subjects have been discussed for Tractor-Trailer Wheeled Mobile Robot
(TTWMR), which includes differential drive wheeled mobile robot towing passive spherical
wheeled trailer. The use of spherical wheels instead of standard wheels in trailer makes the robot
highly underactuated and nonlinear. Spherical wheels have been used for the trailer to increase
robots’ maneuverability. In fact, standard wheels create nonholonomic constraints by means of
pure rolling and nonslip conditions, and reduce robot maneuverability. In this paper, after
introducing the robot, kinematics and kinetics models have been obtained for the system. Then,
based on physical intuition new controller has been developed for the robot, named Lyapaunov-
PID control algorithm. Then, singularity avoidance of the proposed algorithm has been analyzed
and the stability of the algorithm has been discussed. Simulation results reveal the suitable
performance of the proposed algorithm. Finally, experimental implementation results have been
presented which verify the simulation results.
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14- Maneuverability
15- Controllability
16- Hybrid Model
17- Lyapunov-PID
18- Singularity Avoidance
19- Active
20- Passive

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

     

  

218  1394158  

  
1   

  
2   

2-1-   

 ( ) 
 .) 1 (  

)1(  ( ) = 0

( ) ( )  
 1   

)2(  = [ ]

) 3 (  
)3(  ( ) = sin cos = 0

) 4 (  
)4(  ( ) = [sin cos 0 0] 

= [ ] = 0 
 

) 5 (  
)5(  = ( )

( ) 
  

)6(  
=

cos 0 0
sin 0 0

0 1 0
0 0 1

1- Generalized coordinates

 ( ) 
)  8)   (9 (( ) 

  ( ) 
  

)7(  = [ ]

)8(  = =
2

( + )

)9(  = =
2

( )

  

)10(

= cos
= sin
=
=

)  10 ( 

  

2-2-   
 :  

)11(  =

   -
 - . 

    . -  

)12(  ( , ) = ( , ) ( ) =
1
2

( ) ( )

( )  .
  

)13(  

=
1
2

sin + + cos
1
2

sin + cos

+
1
2

+
1
2

 .
) 17-14 (  

)14(  

( + ) sin + sin
cos + cos

= cos + sin

)15(  

( + ) + cos cos
sin + sin

= sin cos
)16(  ( sin + cos ) + ( + ) =

)17(  ( sin cos ) + ( + ) = 0

   
)  .18 (  

)18(  ( ) + ( , ) = ( ) + ( )

)  3 (
)19 (  

)19(  ( ) ( ) = 0 ( ) ( ) = 0

) 19 () 18(
) 20 (  

)20(  ( ) ( ) + ( ) ( , ) = ( ) ( )

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

     

1394158  219  

) 5 (  
)21(  = ( ) + ( )

 ) 21)  (20)  (22 (  

)22(  
( ) ( ) ( ) + ( ) + ( ) ( , )

= ( ) ( )  
  

)23(  

+ 0 sin( )
0 + 0

sin( ) 0 +

+
+ cos( )

cos( )

=
0

  

2-3-   

 .

 .
 .

) 17)  (10 (  

)24(  

= cos
= sin
=
=

sin cos + = 0
= +   

   
   

) 25 (
   ) 27 (

)28 () 29 (  
)25(  = , , , , ,

  

)26(  

= =
= = cos sin
= =
= = sin + cos
= =

= =
1

( sin + cos )

) 23)  (24 (  
)27(  = cos sin

)28(  = sin + cos

) 29 (  

)29(  

=
=
=
=
=

=
1

( sin + cos )

3 - 
 

 .

 .  
   
 

   
 

   

 ) -
 (  

 .
  

 

 .
 .

 .

  

3-1-   
) 30 (

) 31 (  

)30(  

=
=
=
=

  

)31(  

=
=
=
=
=

=
1

( sin + cos )

) 32 ( -
 .

   

)32(  
( ) =

1
2

( + + + )

, , , > 0
) 33 (  

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

     

  

220  1394158  

  
3 

  
4   

)33(  ( ) = ( + + + )

)31)  (33 (  
)34(  ( ) = + ( ) + + ( )

) 35 (  

)35(  

= ( + )

= ( + )

) 35 () 33 (
  

)36(  ( ) = ( ) ( ) 0

) 36 (
)  .

 ( .
) 35( .

) 37 (3 
4 

   

)37(  
= cos( )
= sin( )
= 1 , = 0.5

 .

) P (
 . 

)17 (
 .

 .
) 17 () 41 ( -

 .  .
) 37 (  

)38(  + =

) 38)   (13 (
 . ) 39 (  

)39(  =
1
2

( )

)40(  =
1
2

=
1
2

  

)41(  =
1

sin + cos + ( ) +

) 41)   (31 (
)  32 (

) 37(5 6 
  

  

  
5 ) 

P(  

  
6 ) 

P(  

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

     

1394158  221  

 . 

 .

  

3-2- -PID  
) 32 (

) 35 (

 .
 .) 42 (

  

)42(  
= +

= +

  

 .
) 43 (  

)43(  ( ) = + ( ) + + ( )

) 42)  (43 (  

)44(  
( ) = + + +

+ +

  ) 35)  (43 (  
)45(  ( ) = ( ) ( ) +

+ 0

 )45(
) 46 (  

)46(  + = 0

) 46 (  

)47(  

= +

=
= =

 :  

)48(  = +
=

)  48 (
)  ( ) 29(

  

)49(  =
1

( sin + cos )

= =   

)50(  =
1

( ( + ) sin + ( ) cos )

)51(  
=

1
{( sin + cos )

( sin + cos ) }
) 51 (

) 40 () 51 (

( sin + cos )

  
)52(  ( sin + cos ) = ( ) +

   

)53(  =
( ) +

( sin + cos )

) 51(PID 
   

)54(  

=
1

sin + cos
( sin

+ cos ) + + ( )

+ ( )

)  54 (
) 54 () 51 (  

)55(  
= + + ( )

+ ( )

   
)56(  ( ) =

 ) 55(    

)57(  + + + = 0

  
)58(  ( ) + + + = 0

 1 -   
)59(  ( + 1) = + 3 + 3 + 1 = 0 

)60(  

= 3
= 3
= 1
) 48 (

  ) 35(  ) 53)  (54 (
  

3-3-   
 .

 
)54 (

 .
 .

) 60 (  
)61(  sin + cos = +

  .

  

)62(  
1

sin + cos
=

1
+

=

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

     

  

222  1394158  

  ) 48 (  

)63(  

= ( sin + cos )

( )

+ ( )

   )  35 (
.  

3-4- 
)  ]29[ :

 ( ) 
  

) 64 (  

)64(  

=
=

=
1

( sin + cos )

) 64 (  

)65(  

= ( + ) +

= ( + )

 ) 62(   
) 66 (  

)66(  
( ) =

1
2

( + + + )

, , , > 0
 )66(   

)67(  ( ) = ( + + + )

)  63 () 66 (
  

)68(  

( ) = + ( + )

+ ( + )

)69(  ( ) = ( ) ( ) 0

  .
  -

 . PID  ( )
) 

  

3-5-   
) 70)   (71( 

 .7 8 
  

7 )  -
-PID(  

  
8 ) 

-PID(  

9 ) -
-PID(  

  
10 ) 

-PID(

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

     

1394158  223  

)70(  = 0.43 cos
8

+ 0.35

)71(  = 0.43 sin
8

+ 0.35

) 72)  (73 (
) 9)  (10 (  

)72(  = cos( )

)73(  = sin( )

 -
  

4 - 
-PID 

)1 ( .
) 

)  1 (  (
 . -

   )70)  (71 (  
1 

    .

  
 

12 62/1 - .
 )    (

 . 480 ×640 
30  .

  .
) 2 32 

2  (
 .30 

 .
) 30  ( .

    .11 
  

  

  
11   

12   

12 
1  .

  
 2 
30  .

 3 

 4)  
 .  (

 .

 5

 6

MEX -
  

13 20 
 .  

  

  
13   

1- Gray scale
2- Image Acquisition Device 
3- Camera Calibration
4- Image Restoration
5- Detection
6- Tracking

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

     

  

224  1394158  

  
14   

  
15   

  
16   

  
17   

  
18   

  
19 ) rad/sec (

sec(  

  
20 ) rad/sec (

sec(  

5 -   

 .

 .

 .-PID

 .
 .

 .  

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

     

1394158  225  

6 -   
( )  

   
   

--  
  

  
( )  

  
  

( )  
   

  
  
  

  
    
    

( )  
   

  
   
   

( )  
( , )  

   
( )  

( , )  
( )  
,  

  
  

( , )

  
  
  

     
  

  
  

7 -   
[1] R. Siegwart and I. R. Nourbakhsh, Introduction to Autonomous Mobile

Robots, Massachusetts: The MIT Press, 2004.
[2] P. Zarafshan and S. A. A. Moosavian, "Adaptive Hybrid Supperession

Control of Wheeled Mobile Robot With Flexible Solar Panels," Modares
Mechanical Engineering, vol. 18, no. 5, pp. 130-143, 2013 (In persian).

[3] K. Alipour and S. A. A. Moosavian, "Effect of Terrain Traction, Suspension Stiffness
and Grasp Posture on the Tip-over Stability of Wheeled Robots with Multiple
Arms," Journal of Advanced Robotics,vol. 26, no. 8-9, pp. 817-842, 2012.

[4] K. Alipour and S. A. A. Moosavian, "How to Ensure Stable Motion of
Suspended Wheeled Mobile Robots," Journal of Industrial Robot, vol. 38,
no. 2, pp. 139-152, 2011.

[5] K. Alipour, S. A. A. Moosavian and Y. Bahramzadeh, "Dynamics of Wheeled
Mobile Robots with Flexible Suspension: Analytical Model and
Verification," International Journal of Robotics and Automation vol. 23,
no. 4, pp. 242-250, 2008.

[6] S. A. A. Moosavian and A. Mirani, "Dynamics and Motion Control of
Wheeled Robotic Systems," Esteghlal Journal of Robotics and Automation,
vol. 24, no. 2, pp. 193-214, 2006.

[7] R. Rastegari and S. A. A. Moosavian, "Multiple Impedance Control of Non-
Holonomic Wheeled Mobile Robotic Systems Performing Object
Manipulation Tasks," Journal of Engineering Faculty, Tehran University,
vol. 39, no. 1, pp. 15-30, 2005 (In Persian).

[8] G. Campion, G. Bastin and B. Danrea Novel, "Structural properties and
classification of kinematic and dynamic models of wheeled mobile
robots," IEEE Transactions on Robotics and Automation, vol. 12, no. 1, pp.
47-62, 1996.

[9] A. Keymasi Khalaji and S. A. A. Moosavian, "Design and implementation of
fuzzy sliding mode control law for wheeled robot towing trailer,"

Modares Mechanical Engineering, vol. 14, no. 4, pp. 81-88, 2014 (In
Persian).

[10] I. Kolmanovsky and N. H. McClamroch, "Developments in nonholonomic
control problems," IEEE Control Systems, vol. 15, no. 6, pp. 20-36, 1995.

[11] L. Lapierre, R. Zapata and P. Lepinay, "Combined path-following and
obstacle avoidance control of wheeled robot," The International Journal
of Robotics Research, vol. 26, no. 4, pp. 361-375, 2007.

[12] S. Sun and P. Cui, "Path tracking and partical point stabilization of
mobile robot," Robotics and Computer-Integrated Manufacturing, vol. 20,
no. 1, pp. 29-34, 2004.

[13] C. Prieur and A. Astolfi, "Robust stabilization of chained systems via
hybrid control," IEEE Transaction on Automatic Control, vol. 48, no. 10,
pp. 1768-1772, 2003.

[14] C. Wang, "Semiglobal practical stabilization of nonholonomic wheeled
mobile robots with saturated inputs," Automatica, vol. 44, no. 3, pp. 816-
822, 2008.

[15] A. Keymasi Khalaji and S. A. A. moosavian, "Regulation of differential
driven wheeled robot towing trailer," in Proceeding of RSI/ISM
International Conference on Robotics and Mechatronics (ICRoM 2013)
Sharif University of Technology, Tehran, Iran, 2013.

[16] C. Y. Chen, T. H. S. Li, Y. C. Yeh and C. C. Chang, "Design and
implementation of an adaptive sliding-mode dynamic controller for
wheeled mobile robots," Mechatronics, vol. 19, no. 2, pp. 156-166, 2009.

[17] F. N. Matins, W. C. Celeste, R. Carelli, M. Sarcinelli-Filho and T. F.
Bastosfilho, "An adaptive dynamic controller for autonomous mobile
robot trajectory tracking," Control Engineering Practice, vol. 16, no. 11,
pp. 1354-1363, 2008.

[18] A. Keymasi khalaji and S. A. A. Moosavian, "Optimal control of trajectory
tracking of mobile robot," in PRoceeding of the ISME National
Conference on Mechanics Tehran University, Tehran, Iran, 2009 (In
Persian).

[19] A. Keymasi and S. A. A. Moosavian, "Modeling and tracking control of
wheeled mobile robot towing trailer," in Proc. of the Mechanical
Engineering Tehran, Iran, 2010.

[20] G. A. De Luca and C. Samson, Feedback control of nonholonomic car-like
robot, J. P. Laumond, Ed, Springer, 1998.

[21] S. A. A. Moosavian, M. Rahimi Bidgoli and A. Keymasi Khalaji, "Tracking
control of wheeled mobile robot towing two trailer," in Proc. ISME Int.
COnf. on Mechanical Engineering Iran, Tehran, 2013.

[22] R. Rahimi Bidgoli, A. Keymasi Khalaji and S. A. A. Moosavian, "Trajectory
Tracking control of wheeled mobile robot by non-model-based
algorithm using PD-action filtered errors," Modares Mechanical
Engineering, vol. 14, no. 12, pp. 171-178, 2014 (In Persian).

[23] A. Keymasi and S. A. A. Moosavian, "Modified transpose jacobian for
control of tractor-trailer wheeled robot," in Proc. of RSI/ISM
International Conference on Robotics and Mechatronics (ICROM 2013)
Tehran, Iran, 2013.

[24] M. W. Spong, "Underactuated mechanical systems," in Control Problems
in Robotics and Automation Berlin Heidelberg, Springer, 1998, pp. 135-
150.

[25] K. Y. Wichuland, O. J. S. rDalen and O. Egeland, "Control of vehicles with
second-order nonholonomic constraints: Underactuated vehicles," in
European Control Conference 1995.

[26] M. Spong, "Modeling and control of eleastic joint robots," Transaction of
the ASME, J. Dynamic Systems, Measurment and Control, pp. 310-319,
1987.

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

     

  

226  1394158  

[27] M. Karimi and S. A. A. Moosavian, "Control and manipulability
management of underactuated manipulators," Journal of Advanced
Robotics, vol. 24, no. 4, pp. 605-626, 2010.

[28] A. Keymasi Khalaji and S. A. A. Moosavian, "Robust adaptive controller
for Tractor-Trailer mobile robot," IEEE-ASME Transaction on
mechatronics, vol. 19, no. 3, pp. 943-953, 2014.

[29] E. Slotine and W. Li, Applied Nonlinear control, Massachusett: Prentice
Hall, 1991.

  

  

www.sid.ir

