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In the present study, thermal buckling analysis of functionally graded carbon nanotube reinforced
composite (FG-CNTRC) conical shells is presented. The effective material properties of FG-
CNTRCs are determined using the extended rule of mixture. By employing the Hamilton’s
principle and based on first-order shear deformation theory and Donnell strain-displacement
relations, the governing equations are obtained. The membrane solution of linear equilibrium
equations is considered to obtain the pre-buckling force resultants. Using the generalized
differential quadrature method in axial direction and periodic differential operators in
circumferential direction, the stability equations are discretized and the critical buckling
temperature difference of shell is obtained. The accuracy of the present work is first validated by
the results given in the literature and then the impacts of involved parameters such as volume
fractions and types of distributions of carbon nanotubes, boundary conditions and geometrical
parameters on thermal buckling of functionally graded nanocomposite conical shell are
investigated. The results indicate that the values of volume fractions and types of distributions of
carbon nanotubes along the thickness direction play an important role on thermal instability of
FG-CNTRC conical shells.
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1- Carbon nanotubes
2- Functionally graded carbon nanotube-reinforced composite
3- Element-free kp-Ritz method
4- Arc length
5- Modified Newton-Raphson
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6- Singular perturbation technique
7- Mesh free
8- Moving Least squares shape function
9- Transformation method
10- Hybrid mesh free method
11- Generalized finite difference
12- Shock loading
13- Improved perturbation technique
14- Mindlin
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1- Extended rule of mixture
2- Adjacent equilibrium criteria
3- Single-walled carbon nanotube
4- Isotropic matrix
5- Efficiency parameters
6- Size effect

 
FGV  .FGO

 .
FGX 

 .
 ) 4(-)8 (

 ]30[:  
)4(UD: =

)5(FGA: = 1
2

)6(FGV: = 1 +
2

)7(FGO: = 1
2| |

)8(FGX: = 2
2| |

 ) 9 (  

) 9( 
   .

) 10 (  

) 11)  (12 (]24[:  

)11(=
+
+

)12(= (1 + ) + (1 + )

  
  

 .
)13 (  

3 -   

  1 
 .( , , ) 

  
 

 .
  

) 14 (  

)14(
( , , , )
( , , , )
( , , , )

=
( , , ) + ( , , )
( , , ) + ( , , )

( , , )
   

  
x y  .-

)9(=
+

)10(= +

)13(= +

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

                         

  

140  13941510  

) 15 (]30
31[:  

= + ,

)15(
= + ,

( )
cos( )

( )
+ ,

,

) 15) (16 (

)16(

= , , = , , = , + , ,

= =  

= , =
1

1 ,

) 14)   (15(     
      .

   .
-

) 17 (

=

0 0 0
0 0 0

0 0 0 0
0 0 0 0
0 0 0 0

0
0
0

)17(
Q ) 18 (

)18(

= 1 , = 1 ,

= 1 ,

= , = , =
) 17(

) 19 (

)19(

( , ) = (1, ) , ( = , , )

= , ( = , )

  

1   

) 19)  (20 (   

=

0 0
0 0

0 0 0 0
0 0
0 0

0 0 0 0

0

0
)20(

)21(= 0
0

) 21( 1 
= 5/6 ] 30.[ 

 ) 22 (

)23 (:  

)23(

= ,

=

) 24(-)28 (  

)24(, + ,

( ) +
sin( )

( ) ( ) = 0,

)25(,

( ) + , +
2 sin( )

( ) +
cos( )

( ) = 0,

)26(

, + ,

( ) +
sin( )

( )
cos( )

( )
1
( ) ( )

1
( )

1
( ) , + ,

,
= 0,

)27(, + ,

( ) +
sin( )

( ) ( ) = 0 ,

)28(, + ,

( ) +
2 sin( )

( ) = 0 .

)29 (

)29(= = = = = 0

 . .

) 30 (]303233[:  

1- Shear correction factor

)22(, , = (1, , )

=
sin( )

( ) ln 1 + ( ) ,

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

                       

13941510  141  

  .
) 31(-)35 (  

)31(, + ,

( ) +
sin( )

( ) ( ) = 0,

)32(,

( ) + , +
2 sin( )

( ) +
cos( )

( ) = 0,

)33(

, + ,

( ) +
sin( )

( )
cos( )

( )

+
sin( )

( ) ln 1 + ( ) , = 0

)34(, + ,

( ) +
sin( )

( ) ( ) = 0 ,

)35(, + ,

( ) +
2 sin( )

( ) = 0.

1   .
 1  

)  20)   (21 ( .
) 31(-)35(

 
) S(

)C () F (
) 36)   (38 (  

   
)36(= = = = = 0, 0 2

 
)37(= = = = 0, = 0, 0 y 2

 
)38(= = = = = 0 0 2

4 - 

 .

 .
[0,2 ] 

  
 .

4-1- 
 ( ) 

1 
) 39 (]34[:

)39(
( )

= ( ) , = 1,2, … ,

1- Weighting coefficient

  
 .  ) 40 (

  

( ) ( ) = 
GDQ )  39( 

) 41 (  

)41(( ) = = [ ] , { }

  
)42(= [ ] , = , , = 1:

) 42(  
) 43 (]34[:

)43(

=

, = 0
( )

( )
, , = 1, … ,

= 1

,
, = 1, … ,

= 2,3, … , 1

;

, = , = 1, … ,
= 1,2, … , 1

   × ( )  

) 44 (

)44(( ) = ( )
=1;

] 31 [
-- .

) 45 (  

)45(=
1
2 1 cos

1
1

4-2 -   
 

 .
23 

 .)  46 (
 ] 3536:[  

)46(= , , = , .

,  , ) 47)  (48 (  

)47(

= 0

, =
( 1)

2 cot
( 1)

, =
( 1)

2 cot
+ 1

, = ,

, = 2, … ,

2- Periodic Sinc Function
3- Collocation Method

)30(= 0, = 0

)40(= = = ( ), ( ), … ,

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

                         

  

142  13941510  

)48(

= 12
1
6

, =
( 1)

2 sin ( )

, =
( 1)

2 sin

, = ,

, = 2, … ,

    

4-3-   
4-1 4-2 

 
) 49( 

)49(

= , , … , , 

= , , … ,

= , , … ,

= , , … ,

= , , … , ,

  
) 50 (  

)50(

=
=
=

( = 1,2)

 ×  . 
1 ]35.[  )  49)   (50(

)  31( -)35 (
) 51( - )55 (

)51(+ + + + = 0,
)52(+ + + + = 0,
)53(+ + + + = 0,
)54(+ + + + = 0,
)55(+ + + + = 0.

( , = 1,2, … , 5) 
 ) 51( -)55 (

)56(= 0, = , , , ,
  

  .

5 -   

1- Kronecker product

  .
 .

2 )PMMA( 
] 24   :[  

= 2.5 GPa , = 1150 kg/m , = 0.34
3 )1010 (

= 0.067  
 ]24:[

= 5.6466 TPa , = 7.0800 TPa ,
G = 1.9445 TPa , = 0.175 ,

= 1400 kg/m

 .
  

]24[:  
= 0.12 = 0.137, = 1.022, = 0.715
= 0.17 = 0.142, = 1.626, = 1.138
= 0.28 = 0.141, = 1.585, = 1.109

 .
 

= 0 
=   

5-1- 

 .  

  ]24[ 1  .
  

 .
]24[ 

1   
  

1
)= 1 mm= 100= 100(

]24[

12/0UD64/37855/376
FGA53/37764/374
FGO47/36912/366
FGX53/38956/388

17/0UD02/38990/383
FGO06/38090/373
FGA48/38801/383
FGX21/40121/397

28/0UD94/36741/367
FGO64/35999/359
FGA73/36935/366
FGX19/38283/382

2- Poly methyl methacrylate
3- Armchair

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

                       

13941510  143  

400  .
300  .

  
2 

]33[  .
 .

)304)  ( (
]33[  .

  

5-2-   

 
 

3  . 
 

  
  

2 
) = 300= 300= 15°(

= 0= .5= 1

]33[]33[]33[

CC3/2327/2285/1703/1682/1521/150
SC7/2282/2289/1670/1688/1498/149
CS5/2281/2288/1679/1677/1498/149
SS2/2279/2273/1674/1671/1494/149
SF7/1131/1149/841/882/768/79

3 
  

) = 40 = 2 SS(
°

15304560

12/0UD06/17122/13459/10310/77
FGA73/16882/13131/10174/74
FGV18/17226/13471/10236/75
FGO05/15366/11618/8650/59
FGX21/19446/15577/12361/96

17/0UD87/19465/15174/11565/84
FGA33/19302/15008/11466/82
FGV01/19663/15173/11471/82
FGO21/17449/13218/9703/66
FGX42/22278/17501/13876/105

28/0UD26/14715/11705/9234/70
FGA72/15162/11993/9268/69
FGV55/14826/11708/9135/68
FGO46/12783/9881/7355/51
FGX85/18014/14594/11609/93

 .
   

 3 
 .

 .

= 0.17 
= 0.28  .

FGX 

FGO   

4  .

 .
 

2 
 .

 .
 .

 
 

  .
   

3  .
 .  

4 
) = 40= 3= 30°(

12/017/028/0

UDFGXUDFGXUDFGX

CC8/2180/2825/2360/3042/2042/272
SC8/1646/2013/1829/2219/1482/191
CS4/1583/1958/1748/2146/1434/186
SS2/1345/1556/1518/1752/1171/145
FC6/1257/1566/1373/1719/1144/149
FS3/1111/1323/1247/1478/980/124
CF1/1257/1551/1370/1704/1148/147
SF4/1099/1293/1221/1450/978/121

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

                         

  

144  13941510  

 .

 .

= 0.17   
4 

 .
 .

  

5  .
= 0.28  

 .
 .

6  .
 

  

6 -   

 .
 .

 .
  

  

2 

)= 50= 017FGX(  

  
3 

) = 2= 30°CC(  

  
4 

) = 2= 40SS(  

  
  

R1/h
20 40 60 80 100

0

200

400

600

800
V

cn
=0.12

UD
FGA
FGO
FGX

R1/h
20 40 60 80 100

0

200

400

600

800
Vcn = 0.17

R1/h
20 40 60 80 100

0

200

400

600

800
Vcn= 0.28

T cr
T cr

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

                       

13941510  145  

5 
)= 20= 2= 30°= 0.28FGXSS(

 6  
 )= 40= 2= 30°= 0.17UD(

 
 .

  
1. 

 .

 
  

2. 

  
3. 

 .
 -

  
4. 

 
  

7 - )   
 ) -1 )  (-27 (

) -1(
= + sin( ) +  

sin ( )

) -2(
= ( + )sin( )
+( + )

) -3(= cos( ) sin( )cos( )

) -4(
= + sin( ) +  

sin ( )

) -5(
= ( + )sin( )  
+( + )

) -6(
= ( + )  

       +( + )sin( )

) -7(
= + + sin( )  

sin ( ) cos ( )
) -8(= ( + ) sin( )

) -9(
= ( + )sin( )  

      +( + )

) -10(
= + + sin( )  

sin ( ) + cos( )
) -11(= cos( ) cos( ) sin( )

) -12(= ( + ) cos( )

) -13(

= + sin( )  
+ cos ( )  

+
sin( )

ln 1 + ( )

) -14(
= cos( )  
+ sin( ) sin( ) cos( )

) -15(= cos( )

) -16(
= + + sin( ) +  

sin ( )

) -17(
= ( + ) sin( )  
+( + )

) -18(
= + cos( )  

sin( ) cos( )

) -19(
= + sin( ) +  

sin ( )

) -20(
= ( + ) sin( )  

sin( )

www.sid.ir


www.SID.ir

Arc
hive

 of
 S

ID

    

                         

  

146  13941510  

) -21(
= ( + ) sin( )  
+( + )

) -22(
= + sin( ) +  

sin ( ) + cos( )
) -23(=

) -24(
= ( + ) + sin( )  
+ sin( )

) -25(
= + sin( ) +  

sin ( )

) -26(

= I diag

1
+ sin( )

1
+ sin( )

1
+ sin( )

,

) -27(

= I diag

1
( + sin( ) )

1
( + sin( ) )

1

+ sin( )

.

8 - 
[1] H.S. Shen, Nonlinear bending of functionally graded carbon nanotube-

reinforced composite plates in thermal environments, Composite
Structures Vol. 91, pp. 9-19, 2009.

[2] L.L. Ke, J. Yang, S. Kitipornchai, Dynamic stability of functionally graded
carbon nanotube-reinforced composite beams, Mechanics of Advanced
Materials and Structures Vol. 20, pp. 28-37, 2013.

[3] M.H. Yas, N. Samadi, Free vibrations and buckling analysis of carbon
nanotube-reinforced composite Timoshenko beams on elastic
foundation, International Journal of Pressure Vessels and Piping. Vol. 98,
pp.119-128, 2012.

[4] H.S. Shen, Y. Xiang, Nonlinear analysis of nanotube-reinforced composite
beams resting on elastic foundations in thermal environments,
Engineering Structures., Vol. 56, pp. 698-708, 2013.

[5] R. Ansari, M. Faghih Shojaei, V. Mohammadi, R. Gholami, F. Sadeghi,
Nonlinear forced vibration analysis of functionally graded carbon
nanotube-reinforced composite Timoshenko beams, Composite
Structures., Vol. 113, pp. 316-327, 2014.

[6] B. Thomas, P. K. Inamdar, T. Roy, Thermal analysis of randomly oriented
carbon nanotube reinforced functionally graded Timoshenko beam,
Journal of Mechanical Science and Technology Vol. 28, pp. 1779-1788,
2014.

[7] Alibeigloo, K. M. Liew, Elasticity Solution of Free Vibration and Bending
Behavior of Functionally Graded Carbon Nanotube-Reinforced
Composite Beam with Thin Piezoelectric Layers Using Differential
Quadrature Method, International Journal of Applied Mechanics Vol. 7,
2015.

[8] H.S. Shen, C.L. Zhang, Thermal buckling and postbuckling behavior of
functionally graded carbon nanotube-reinforced composite plates,
Material Design Vol. 31, pp. 3403–3411, 2010.

[9] G. Arani, S. Maghamikia, M. Mohammadimehr, A. Arefmanesh, Buckling
analysis of laminated composite rectangular plates reinforced by
SWCNTs using analytical and finite element methods, Journal of
Mechanical Science and Technology Vol. 25, pp. 809-820, 2011.

[10] S.J. Mehrabadi, A.B. Sobhani, V. Khoshkhahesh, A. Taherpour, Mechanical
buckling of nanocomposite rectangular plate reinforced by aligned and
straight single-walled carbon nanotubes, Composite Part  B-Engineering,
Vol. 43, pp. 2031-2040, 2012.

[11] M. R. Nami, M. Janghorban, Free vibration of thick functionally graded
carbon nanotube-reinforced rectangular composite plates based on
three-dimensional elasticity theory via differential quadrature
method, Advanced Composite Materials pp. 1-12, 2014.

[12] Alibeigloo, Three-dimensional thermoelasticity solution of functionally
graded carbon nanotube reinforced composite plate embedded in
piezoelectric sensor and actuator layers, Composite Structures Vol. 118,
pp. 482-495, 2014.

[13] R. Ansari, E. Hasrati, M. F. Shojaei, R. Gholami, A. Shahabodini, Forced
vibration analysis of functionally graded carbon nanotube-reinforced
composite plates using numerical strategy, Physica E: Low-dimensional
Systems and Nanostructures,Vol. 69, pp. 294-305, 2015.

[14] B.S. Aragh, A.H. Nasrollah Barati, H. Hedayati, Eshelby-Mori-Tanaka
approach for vibrational behavior of continuously graded carbon
nanotube-reinforced cylindrical panels, Compos Eng., Vol. 43, pp.
1943–1954, 2012.

[15] M.H. Yas, A. Pourasghar, S. Kamarian, M. Heshmatian, Three-dimensional
free vibrationanalysis of functionally graded nanocomposite cylindrical
panels reinforced by carbon nanotube, Material Design, Vol. 49, pp. 583–
590, 2013.

[16] S.J. Mehrabadi, B. Sobhani Aragh, Stress analysis of functionally graded
open cylindrical shell reinforced by agglomerated carbon nanotubes,
Thin Wall Structures. Vol. 80, pp. 130-141, 2014.

[17] Alibeigloo, Free vibration analysis of functionally graded carbon
nanotube-reinforced composite cylindrical panel embedded in
piezoelectric layers by using theory of elasticity, European Journal of
Mechanics A/Solid Vol. 44, pp. 104-15, 2014.

[18] H.S. Shen, Y. Xiang, Nonlinear vibration of nanotube-reinforced
composite cylindrical panels resting on elastic foundations in thermal
environments, Composite Structures., Vol. 111, pp. 291-300, 2014.

[19] Z.X. Lei, K.M. Liew, J.L. Yu, Free Vibration Analysis of Functionally Graded
Carbon Nanotube-Reinforced Composite Cylindrical Panels,
International Journal of Material Science Vol. 1, pp. 36-40, 2013.

[20] K. M. Liew, Z. X. Lei, J. L. Yu, L. W. Zhang, Postbuckling of carbon
nanotube-reinforced functionally graded cylindrical panels under axial
compression using meshless approach, Computer Methods in Applied
Mech. Vol. 268, pp. 1-17, 2014.

[21] H. S. Shen, Y. Xiang, Thermal postbuckling of nanotube-reinforced
composite cylindrical panels resting on elastic foundations, Composite
Structures Vol. 123, pp. 383-392, 2015.

[22] R. Moradi-Dastjerdi, M. Foroutan, A. Pourasghar, Dynamic analysis of
functionally graded nanocomposite cylinders reinforced by carbon
nanotube by mesh-free method, Material Design, Vol. 44, pp. 256-266,
2013.

[23] S.M. Hosseini, Application of hybrid mesh-free method based on
generalized finite difference (GFD) method for natural frequency
analysis of functionally graded nanocomposite cylinders reinforced by
carbon nanotubes. CMES-Computer Modeling Engineering Science., Vol.
95, pp. 1-29, 2013.

[24] H.S. Shen, Thermal buckling and postbuckling behavior of functionally
graded carbon nanotube-reinforced composite cylindrical shells.
Composite Part Engineering Vol. 43, pp. 1030-1038, 2012.

[25] H.S. Shen, Torsional postbuckling of nanotube-reinforced composite
cylindrical shells in thermal environments. Composite Structures. Vol.
116, pp. 477-488, 2014.

[26] H.S. Shen, Y. Xiang, Nonlinear vibration of nanotube-reinforced
composite cylindrical shells in thermal environments, Computer Methods
in Applied Mechanics, Vol. 213, pp. 196–205, 2012.

[27] H.S. Shen, Y. Xiang, Postbuckling of nanotube-reinforced composite
cylindrical shells under combined axial and radial mechanical loads in
thermal environment, Composite Part Engineering Vol. 52, pp. 311-
322, 2013.

[28] M. Rabani Bidgoli, M. Saeed Karimi, A. Ghorbanpour Arani, Nonlinear
vibration and instability analysis of functionally graded-CNT-reinforced
cylindrical shells conveying viscous fluid resting on orthotropic
Pasternak medium, Mechanics of Advanced Materials and Structures
(just-accepted), 2015.

[29] Y. Heydarpour, M. M. Aghdam, P. Malekzadeh, Free vibration analysis of
rotating functionally graded carbon nanotube-reinforced composite
truncated conical shells, Composite Structures Vol. 117, pp. 187-200,
2014.

[30] J. E. Jam, Y. Kiani, Buckling of pressurized functionally graded carbon
nanotube reinforced conical shells, Composite Structures Vol. 125, pp.
586-595, 2015.

[31] F. Tornabene, E.Viola, D.J. Inman, 2-D differential quadrature solution for
vibration analysis of functionally graded conical, cylindrical shell and
annular plate structures, Journal of Sound and Vibration Vol. 328, pp.
259-290, 2009.

[32] J. Torabi, Y. Kiani, M. R. Eslami, Linear thermal buckling analysis of
truncated hybrid FGM conical shells, Composites Part B: Engineering Vol.
50, pp. 265-272, 2013.

[33] M. Akbari, Y. Kiani, M. R. Eslami, Thermal buckling of temperature-
dependent FGM conical shells with arbitrary edge supports, Acta
Mechanica pp. 1-19, 2014.

[34] C. Shu, Differential Quadrature and its Application in Engineering
London: Springer, 2000.

[35] R. Ansari, V. Mohammadi, M. Faghih Shojaei, R. Gholami, H. Rouhi,
Nonlinear vibration analysis of Timoshenko nanobeams based on
surface stress elasticity theory, European Journal of Mechanics A/Solids
Vol.45, pp. 143-152, 2014.

[36] R. Ansari, J. Torabi, Free vibration analysis of FG-CNTRC cylindrical
shells surrounded by elastic foundation subjected to thermal loading,
Modares Mechanical Engineering Vol. 15, No. 3, pp. 271-282, 2015 (In
Persian)

www.sid.ir

