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Exact stable regions in the parameter space of machine tool chatter
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ARTICLE INFORMATION ABSTRACT

One of the most commonly occurring problems during machining is Machine tool chatter, which
adversely affects surface finish, dimensional accuracy, tool life and machine life. Machine tool
chatter can be modeled as a linear time invariant differential equation with time delay or delay
differential equation. Infinite dimensional nature of delay differential equations is apparent in the
study of time delay systems. The analytical stability methods are thus more difficult for these
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Stayt\)/\illity differential equations and approximate methods do not give accurate results. In this paper, a new
Chatter method is developed to determine the exact stable region(s) in the parameter space of machine
Bifurcation

tool chatter. In this method, first, the bifurcation points are determined. Then, the Lambert
function is used to decide on the stability characteristics of each particular region. The advantages
of this method are simple implementation and applicability to high order linear time delay
systems. From the resulting stability regions of this method, an optimal spindle speed can be
chosen to suppress the chatter. The new approach is the most acceptable method in comparison
to traditional graphical, computational and approximate methods due to excellent accuracy and
other advantages.

Lambert function

S S5 e (235l rals el Cgllaol il ol [3] s
0l T3 L3 | algy o5 Sl Sy 25 395 il S iz [4]
Sl onny ool 4t [0B] s9ie slml Jplepile JlSle 5 sl p
(Jod JB e S35 oS ()Mo podlp & 5 cogllasls o kST aiile i
OBLL o lplomile il ol ol gous a9 )15l (ol 0l g8
[¥3] wibos v g Lo
1 dele a3l 5 o pge ConiSll Sl a8 Cudl sud Lasie
Sy phw Cwl 5 eile slaanl g e g Ggllhel il )

2- Regenerative

Please cite this article using:

doddo-1
O (Gl g andS ams SO 0 5, ile ool B p e A
Olsie 4 Vb CodaS b Dlakad el g iedas 9 Y oy b (65 il
ool s ol Sl pwyp a0 5L 00l o oo T8 ol (39,5
S alwosay n e 5l e[ 09 x50 5 p3Y x5 ele
S b1y ogllae oS L lelal adgs 9 YU <o b (6,15 (pedile Dlidos

sgaa 1y (5l 0300 3 lgh om 5 el (Seolis (5 bl S 2

1- Chatter

anlod 03lisw] B33 & e s cpl & gloyl gl

R. Hasanzadeh Ghasemi, A. Ghaffari, Exact stable regions in the parameter space of machine tool chatter, Modares Mechanical Engineering, Vol. 15, No. 11, pp. 162-168, 2015

(In Persian)


www.sid.ir

WOt le 9 (ol 03l jepuma Loy

(a0 S il sLas Hs )I}._»Iwﬁbl.o YL KR T &3“3“ s

by Glp Sl 5 (S5 Glaglsy (oS 2 055 (g, 5l (oS 5
oyl ol 5l as ilsbsy Sloy 36 b lapiuns 6)losl Juos 4
5 slolyy Sl 5 [26] olinwl 25] g 5 slaclS 4 oy
.0)5 o)L.’b‘ [27] (§Obin>

ol s S¥olee (gplasly Jedoss (sl o oy, G allie ol 5o
Condy 4 pladl l5 )8 059> by, S 4 aS 09 o Ll > 65U
e ol (>lg e pad gl S8 s s 5 00,5 3lazil Lla 0,41
o 9 ALDIS (oo )i slahy) sl (Sole wr (hyy Gl S (e e
Iy c8 5 oo )8 oolaiwl 050 Wd a5 odomy 380 slo by, JolS cdo
ALdS sla g, 5l yoolw jlaws ool Jsol sl og, cpl ol oo Llo
SyolsS 5 ool Slawlre 4 Lo Slgz 50,5 o slp cplpls Lol
Syl

b s 9550 50 H15 )bl cyad Bl S5 @ K00 slatg, o
e 00,5 I plimer a5 b 5 el iy olSel ol clasis
JB Sole a4 g lul 2lai b (g, 0 cunl 03 ML )l (g ,lub
P et @ el ol sl bk 4 bl oy n e 00D
9 oals Q....éblf R WA \) Slewls > ..b|9.,‘5.a PR Y u.)‘ ...\.25‘54 6)‘“\’.L.3.
o yiell (sLad 5l (6 g laodguzme 3,50 50 Slai bl (sl ais;
255 w2l 3

Ccouwr A0 |) uLQ.Q.?bO YL’ 4 o LgLQ[“"‘“‘“““" 6‘)" g.:).w.] é’l-’ )| oolaul
O pred @l g e IS Ll 0010 Fous (g yilo D yued a0l 5l colasl
by ;U b g gyl gy a5 o o Sz
ilos S i)l 1y (g, [16] gmds 9 s9dl o solaie oy .20 0o olow]
s yo DYolas gloaly) el sl 1) (o0l Sl g, allie il o L
I L Lasl ol amcl fles a5 mlos,S oolaiwl & el B S 45 YL
Al 1y s pobsS Jaddlygiws 16] (g, M5 oy, ol Lamo s

2306 L g lp o) Comels i@l Sy, 0 Sos 4SS
X yS oo 0 )0 dastin dlolre gl
Cales 5o 5 ediee 03 I I 000 Jue sl s Sl gluly les
el dalgs Alie g S ams

APl g  Sawolsd Jow-2
lbise o5 dle loanld o iz e lr @il delos o,
Sy90 6,8 ol a3 4 bgs e SYolee dlie (pl jo el oolaiwl LB
L lalgnl JBaskd S o W A5 anlp jo ol @S I8 o)
slul 1y sauas maw wole (yills o b I3l 5 oans > <ol slaggly e s
O 5 S Bz sln Rl ad Cusdee 4 N 650 S e
Jiie mhw 4 IRl Bl 459550 4 ol atily S S
D950

Sl cos g )5 anlyd il ool sy M aS el len
Glooly Calbes sl [ azkad L ulos jo 5l a5 Slej el couS L]

B e SO camdge 5 G il syl Candan o D9 go ails y aS

163

3 Shp o Sl 8 g S B imile o 4 oS askad Jlozge
aials a5 Sloj [4] aiS o oloml anad mlaw (59, (ha> slazge o lgs
Lo 1oz 1 ol 38l 31 i wopdin ol B s L3l
[B] wiay GlasT ()5 ¢ 3 5 )58 oS b5 o Wlsige iz odany
S50 28 nl38l 4y azgi b 53 5,50 slul jo (oS mble o iz £9d5e
[8] el s 5 )15 )

55 9 Sz olnl (2l i S ehsy Coeal 4 axg L
25 slp slesnly 5 00e 0,55 5 ()l Casal 56,8 uble o
O Slos Ol gy o Bes g Jdiw] So iy B oog Iploile
ailB cel o3¥ jsliie (payiame a5 ) g g i Gill S g5
S eale anlyd 5 Gedle il o (Sl Lyl (Sealis (5loaees
ol (o) > oy 0,5 a1y ) omdle T3 let B o pdy ploxl
ool 1 SLedlyy e 59,8 Jeloi g s i

Ll sl s ¥oles slomyl s 00iiSTl 51 530 (gl oo
aln, Colps o hlo o, 3l il ms OYolas dasiin dolie 04 o
Lol sl laizee aBMle 0,50 Exlo 5l SVolro (pl Judos JJS cren
Sy90 i (6 U il a0 SYolre Judod 380 glo bg, b ol o
U5 5056 b elopis ol 1o 7 pead a5 ooliciasl .l 038 4z
el 00l &) (los jmnS jebo 4y 380 ooy SO Q\ﬁ_z.c a

PR & b Jol 4 bl pteew Golwl b sl
Gl g Lol lawgs udos SLals™ oy, #(t) + ax(t) + bx(t —7) = 0
> sl Lol il oo ool Spaad @b 5l ] 5o a5 ouis wil,l [6]
(s+a)'e™ + aasin dolee L YU ad e Jowilas OVoleo 1 ol
923 0F by e Bl S84 Ll Ml slagty, b =0
yead al S5 ay Sloy U b el dasie Aol ady,
) &‘)“ uj.wJ é’l-’ )‘ [13] o s 00 )y LQW U"‘ Lg)‘JuL:
ol 00 solaiwl dieign dlge 3l ool sl sl Sloe (5,50 Slislss |
il y250 Yol a4 bogs po dasie dolae 059 ole oy p @ [14] ,
&y u.s‘ d)‘b\dbsw‘ 03 d.a.‘>‘~>).: g.;J...oJ é’L’ SoS »)13 4 o 6).~>L!
L pinss JyS Glp Oped &b 5l casl sals oy p e
[17-15] conl oo 43,5 S8 30 o] b bad e cols g Sy sl
Sl U b s S Glgie 4 > Jdod gl O ped a0l 5l colail

L bapinen (o) n sobie @7 glil Julod ) a5 plab, o
o Sl (g e Eon [182122] oo coliiul Slej sl
I Géblf 9 03¢ 6 uL».wL’?u L )L.a L“’u:’b Q.)" )‘ ‘5.4:.’ Lol sl 00l
Slaats (615 proual aiiiwd axlae i b g)lul sy 2l s
el gy Gl calas 5l el (655 el (b

0357 by S 4 2 ape Gloj 23U b laptans gl Julos
EVle ol 5ol ool plmil [24] U1 ¢ [23] ylical lawgs nilS )3

1- Delay Differential Equations (DDE)
2- Lambert function
3- Bifurcation

11 O)Lm’b A5 093 1394 B Ol \_{L‘l&n oW


www.sid.ir

Wit le 9 (somls 0dljepuma Loy

(a0 S il sLas Hs )I)'._’Imaibla YL KRV d‘-"" s

g (2) dolae JSi 4 el glas p,8 4 ylgs o 1 (1) Wolas

X() = AX(t) + BX(t — 1) (2)
QT)odS

0 1 0 0

A= [—(1+If—;)w% —zgwn] s B= [ul’:—;w,% o]

U g 0052 anlb Joo jleads (as olyd sl B g A iy ol &
e b (58 ke il Il /S askas (s sl slo sl |
ody E9,5 Ll Wlg oo S s iz oMk il oo (B
olis | iz ol )| 4 byspe as ud ameds o> Ll 0 ol |, 2o

[#19] RPN
Smed b lgie b ales el 1 (3) olee Ly oS W(S) ol ,
W(s)e"® =5 (3)

] 00 djb‘ )J3| O 9 uJ.qu Ja.my 1758 JLM: 5o u!.s).x.: U"‘
Sy b Joilyns dlolas ;0 g (602 mf dadein dolas > [0 popdo oyl
b s SO dadeine doles oS (4) aoles Je Glee 4 o)l 0 p)l8

(oS o ey g D] a0l dagy | csl JSUI Sloy U

(s+B)+ae " =0 (4)
=253k (B) dalee 500, 1, (4) dslee (3) Wolae byl pds el (s
S (o0
(s+Be™"+a=0- 1(s+p)e’" = —ar
— (s + B)e™Ch) = —qref (5)
L (6) wolre (3) doles 5 &pead gl a5l ool L g5
(s + B) = W(—atef?) (6)
(7) Woleo ©jp0 4 ©ped b comp (4) Wolee Sloz coles 5o 4
s= %W(—areﬁf) - B (7)

Sg o bl Oyed b Glee b Woiddobes (pl jo a5
dsls sl S9amali (slaasLi b coduzn @l S & peed 2l S JSCs

b 0 (8) alaly &g

— v (m)*?t
Wols) = X, T2 s ®)
Slp Oped 2 Ko glaasls aulre olgi oo (9) Aolao 3l yizmon
Ll 8 Sy S0 Ik =—00,..—10,+1,..,+o

n(Iny(s) "
Wi (s) = In(s) — In(Ini (s)) + X2 0 o, Clm(llrsll<(5—)1+2n)

)

o & aSls el sssms ylis Ing(s) = In(s) + 2mik dolee oyl o a5

Aolee 5o 2K sl IS Slael Sypo dy Wlgi o O ot 5 ol
gl osls Las (10)

Com = O[5 (10)

ool 0361 [36-34] o & pdd b5 5l 5 S5 Elis

2- Stirling Cycle number

11 o)l.o.n“u 15 )9 1394 O (ORI ~_cul£o Wi

Sbml s 3 Sy 22U dlawe ol el Sgliie wa b il
[28] w5
Silwdde Wb oausS Ll il > Swliys Yol gl izl jslate 4

SYle el () gl ol ool ylis o9 a0l ISy 51 cplogd
[32-29] wlazlo 5 (Scolins ¥olae oy p 4 505
3¢ dlg> (6 Sl SVolee S 4y oaiiS Ll 31 Lo 4y a5 SYoles oyl
[16] el (1) adolas & 90

RO+ RO +x(0) = — = (3O —wxe-1) (1)
" Sl Sl ad ConBge S aaise x(t) dolas ol jo oS
A s il 8 5 (b Slugly A S 5 wn
g o dules Ky = maf alal) 5l g 0080 (5 L5l 5w Ky
Casl 00 gyl (ol (595 Ll Joo G 5l a8 el b o po K
g odlp Cubis wily gl wile oloyall 5l (b (025 Joo 0l
el s
7= 2/Q alal b g sl (5o 55 i o sl o3 olej T
ol 5l Anlad glasgly cae o O 1 40 4 ol alxe
O PREPCICI SN A PRNUPLIURR] <) R ENUNEL e

S axkad b ol po iy 1l 5l (Sl (al

SR et

\/ ‘\V:

.

AMA
i
==
— L

>~

m
e s » X
X F, \VF
< q(t—7) T/q
C:‘ 'y o Q — o
¥ ———p N

o oas Jloe! (slog s (S315 oo (<
[28] Jllomile sz slmyl yo Lol ole wonsSLal 51 1 Ui

1- Overlapping

164


www.sid.ir

Wit le 9 (somls 0dljepuma Loy

(a0 S il sLas Hs )I}._vlwﬁblo YL KRV &3“3“ s

i)l 3l s il 4l (0,5 iy 457 08 (oo s 5o il
Slaml 0,5 oy Goo s al> e (o plpls WS oo axlse 0w L
aib oo siie o] 10 (12) aasein dolas slodin, id> Coomd 45 ol
a5 Conl pl gulol S5 Gl gl asl &8l 5o ol as
Bl Ghge 0 Cute glaady; olasd oS b e )ll Ol
oo axbiojly 4l G 5l oy oS adad | Glas! bl Lo oS wdl
B0 Sl Bd Ceomd b gloaiy ) olawd a5 ol ool Lo 4 gl
axb 5l alaty G Lags ST ases 4o [37.38] conl cul ool cavss asls
Cawds $lp 0l puond axb o] bl sles a0 1) o] ol oo 098 S
S (o0 S D paed 5l ol adais SO 40 dolee slaai, 40,6l
ol ey 5 (16) o ylo dadrive oo (11) RGOS
S—A—BeST=0 (16)
Sty (17) dolae @j50 40 S p3lie (3) &ped @b iy sl oS
VLR
Sk = W(k,Be SkTeSe=) + A (17)
o9 yolde k= —00,.., 400 g Cewl Syued b a4l osmolis k oS
solie S8 a4 cnlply G il o (16) ansin aolas sloasy, S,
0,5 1 LBl e ()L L (g Ik 9550 55 Ols5 o0 Sk o5

Oyed & Lol a5l 5l eawl cavsay slraiy, a5 cnl ouls ol
[39] el ISl e 156 b sl (55 Muky 0aisS s (k = 0)
Vi e slaptons olos @dls 5 o5 s ilo Slo o Al ol ol
w8 pdy s 4 [20] 50 gsdse ool Lol el ot )l L3I aly e
Sl (17) dolas 039 polie a5 sl pogie oyl Gyl Eow opl ol ous
dolre glaaiy, ST oo cenl gl )l L g)luly ek =0
-0 D9 Cadle B> Coowd b sl ok =0 )0 i dastin
el by s (pl @S Gl

ol mjlonion iz oty Julod 4 by, ool S 4 ST
ol 15 (18) aslas b 5 4 (1) s ol s

wi%sz+i—is+l=—§—;(1—ue‘”) (18)
s boge ™ = cos(tw) —isin(tw) g5 = iw g6l L

oy ol Balgs Gl P 4 Cad K /Ky 9T polie Colys 09 =T
Ll oy LAl ) &5 WS e obwl bl glisl b
S5l el S8 a0 a3y sl ool 00,91 2 s 0 wp, = 150, € = 0.05

4 axgi b Lol casjls 0gg 30 GBS ke sloyidn o by ol SLesl,
ol 00uiS oo)gT 2 IS8 jo coaus Sl LSLQJ.:.A‘)L% 0099 Cudia

5 10 15 20 25 30 35 40 45 50 55 60
T e

wp =150,§ = 0.05 o> gl slacsl bl 2 s

165

Sl ol -4
Sl (15 sl sy sl B8 el ag, S i ol o Lo
o oS oo ) el b sLiss o WU 4 ye Sloy ;o5 b (sloyimes
B (11) dolee o j50 4y (as Gloj 56 b glapis 5 S (OIS

ol Gioled
x = Ax(t) + Bx(t — 1)
x(nx1),A,BER(nxn), T€RT (11)
3¢ dalys (12) dolee &g 4 )] aasuiv dloles a5
det(sl—A—Be ™) =0 with t>0 (12)
3¢ oals yLis 5 (13) oles S 8 ailed o g
CE(s,7) =Y™  a,(s)e ™ +b(s) =0 (13)

b(s) ey azyo (plplo ol ad S L o 1)15)-.’9 €5 5l i (]
Sl (11) prs puiloe &5 jsbplen sl gl azy0 (YL
Wolas &) Lgs o duasein olee (gladiy, den 5 Laid o 51 sl _ils
madyy ol 4 Ll lalil (emse jee e om0 (12) sz
axlye i b 1) )15 wten Coled o SYolae £53 (nl )3 (o) 2 9590 Slo
S

b mlosls dnwgs (6,5l el @l SoS 0 I (oS8 055> (2, Lo
Ol 31 Yhdde s ey 536 b glapiuces )l (25 Ols
Ll Ll g8 sl sy b a5 aas oo o5l Lo @y (29, 0,8 gl 5l
Sk >l (35el Cavsy 4 plBl s gl )y GIL g slas o

Basia dolee gloady, o5 wibl oo GBI (A3ge Gl S5 b 4
25 5 5 yle wlsd) ] lsi aon o5 05 gl |y caghge jse
15 Lo sl o blE ol i Cead 45 s S yide £0se ool
o oMl (s 8 oS oo edlil S a5l b Ayl
Al Ghsy 0sdee St gLl g abiwg: Sy 23U L et
9 059l Candy (Gl A8l peexd go0e g, SO dlie (pl jo ol
o Sl Ghgy (Sledl, Jlg;y aslel jo il as e glapiins )l
Sg

a5 siby gx 5l omlg B(s) gals) a5 oS 5,5 (13) doles 4o
&S jeboles a6, 30 Jewdlns Aolee 51 Slayslby gx
slpnlior consy Blasl goie b sl (sl (>l ol Con NS
SLi=V=1 5] 0 a5 0i 0 (5l iw ars (glacsl bl oo )] casas
o lodin ) dan il > glalaz aiz and 55 (13) dobee o5 bo]
Sond bz )8 Cools g igd oo sall Ll zed5e 08 4
b0y Jh8 (o) 9590 0 Code polide L Cusl (SB cplply a5 oo
D9 oo s (14) dolas 4 (13) doles (5,135 sl oy
a(iw, x,y)e ™ + b(iw,x,y) =0 (14)
(14) doles P = 10 s 23 b g €771 = cos(tw) — isin(tw) a5 1>,
055 e (15) les JS5 & e,
F = C(,x,y)(cos(y) —isin(y)) + D, x,y) =0  (15)
g sLo )| (16) aolae Loyl pio 31 ass g 51 09 0 <Ll (15) aolas
Im(F)=0 , Re(F)=0 (16)
>y ol Blacsl bla oy gx Jogome 90 b pojle dobee g0 95T o

1- Retarded
2- Fold, Hopf, Transcritical

11 O)Lm"b A5 ©)93 1394 B ] \_Y.ul.{n Sy


www.sid.ir

Wit le 9 (somls 0dljepuma Loy

In.uu.u» sl )il sLad o )I)'._’IL-’.g_.n‘bla YL KRV @.u.s.\ s

0.12F

O115F

O.11F

/K

0

0.105F

K

0.1} R E

0.095F

0 ()9 1 L 1 1 1
32 33 34 35 36 37 38

(1/7) Josapms! ot pus

o9 polie Cudle s 0920 oddlive lp (gl 50 y0 5580 sw)ﬁ4J5.&

lizxe sl K /K,y sl & alogs o 09 polin g (17) doleo 4..;';.1)1 Jous

05ng polia k=0 ,018 aolas aia, II;_;
Az = —1.03+ 157,89 $= [—249028.81 —21.06] 009
A, = —0.43 + 158.60i S= [_251053.91 _01.87] 01
A1, = +0.14  159.20] 5=_sa7208 +0.28) 0.11
A1z = +0.69 + 159.96i $= [—255086.51 +11.38] 012
A, = +1.22 + 160.60i S= [_257094.93 +21.45] 0.13
Ap = +6.46 £ 167.21i S= [_280001.13 +1;.91] 0.25

Ob 590 b fpiomed 0l ales i e (55l0LL (59, ol 8 5
PS5 oy polde e b Cwnd b asl o slacsl Jous )
el Lg)l.x%l,;l.; 3 (o i alols S 4y aS D9l o

0951 csoleiing by, SeS 4 sl (Aly e 4 axg L
or 2zl (g s 69, 1) pes Gl el )b ol ST le5 e
Koo oy g (o )8 s Sl dbl (o diges (laie 43S
Dgb oo )l i b (g gy, s

wp =150 gw, =100 g5 lp s lub >l awlis 67 IS o
S pie awb ossms ylis 0,5 Ky ( JSi ol 50 Sl ond 00 591 caliste
@‘9.: 5wn=150 LY Jos.:).o Le‘.u U""Js) 4.«.>La Wy 9O 6‘)" Lg)‘..\.al.’
Sed e S b Al gl 8l Con Wy Jlade rals

cilizee £ = 0.1 g€ =005 g0 &lp )l (g amlio 7 JSo 40
Sl S ie Al sanao i 0,5 S5, (S ! 5o el 00l 00 4]
GRIPl e (nl 4 Cwl § =01 & by o L gy 4l 58 90 sl

Al g ol ol YU Coow a4 gl 4l ool o lade

Bedes S SHn )b

N
T

h
T

0319 polis Ad> Ciand
© = W0 W A
L] Ll T L]

'
p—
T

016 018 0.2 022 024 026
K./K.

(17) Wolas aiy ) o slo 0 bgyye g polie > Coond pis 5 JS

012 014

ol
[=]
]
=

11 O)Lo.d) 15 ©)9> 51394 O (ORI Jl-‘l:ﬂ Wi

WS oo sl 1) salise (2le lasil bl gl oo cdslie a5 b les
Olaize b alats el giwgw Hlul 4ol caxl ploS™ aS e pl cw) 0 sy
loaty, wlais ol b oS o o |, K, /K,y = 008 57 = 1/50

g walgs (19) alal, &je0 4k =0 45 (17) doles
(19)

)‘ ..L.’)L.c- QT o')".gj ﬁ.bLS.c as

$=[_o63a40 -137]

09 )l sasas lis coads ools Liloresgs wlul 059 polie (o4 ake

el oyl 4l
A5 g g0 atuine ol ol Ko les o (17) aoles Al gy b
Sxo 4y S 0 arles Cude o >lg cpl plad )0 ohug polie ads laie
Bl e ol patie sl bl glad o gz (2l el pos Sl
IS8 50 sl 4l 28l (g ced (6,500 Sl 4ol s cnl )S my
el 00l 00l ul.m.a P L 3

borye ada; g ple oy polie oS ogou (FE8 (owyp Hsliie 4
o0 09,01 T=1/35 JSboj 3L 0 s,lab 5 (oo 5o (16) doles 4
5 Ogdge oaalin GoSie oy U 0 )l e 4SS o sl
S Ke/Kp el 4 abgpe a3y polie g (17) dolee asy; 1 Jsor
ol oo &l Calisen

O Ko/ Koy 52 yiolie (i (i yedd 0526 O US540
Sl j9o b aS 0,8 ssmline g 0 O IS g 1 Jgom 51l oo ools
PSSk ohg polie Cule b Comd LU Al o slasil s

500l S 3 o3l Cus 5l dastine dolre St sy, S (Dgs o0
1
0.9

5 10 15 20 25 30 35 40 45 50 55 a0
(1/1) Joel Cee s

i) Ll ol yon 4 b g b (g ()

5 10 15 20 25 30 35
(1/7) Josesl Cae yus

40 45 50 55 60

SRkl s sl (g5 (o
wp =150,& = 0.05 > sl > b b 3 Yl

166


www.sid.ir

Wit le 9 (somls 0dljepuma Loy

(a0 S il sLas Hs )I)'._’Imaibla YL KRV d‘-"" s

0.9¢1

Sl

10 20 30 40 50 60
(1/7) Jaseml ey
[16] &0 o odd &l gl Jovie 8 J%
0.9r

=== D71 &2 o g

KC/Km

A

10 15 20 25 30 35 40 45 50 55 60
(1/7) Jorewl ce s

Alie pl o oo &l hgy glp less Ll i 0 gl S:MMLMQJS..»
[16] &= 535 5

o7 JoJo 4 [16] gz po (29, 50 45 098 00 (et fSgaligo osmlins |
S 6B ol (o 4 bgrye blE (olad (8L cDlilxs (YL
Sl bohas 1y jloges S oads &l jlages cuz o) 51aslie nole;
50 oS J jo 0l valgs aculxe CBs b (Sl polie Jile 4ol
obs 4 g aldle Joue MlS S logad callie ol jo oals &l g,

05 o el s o b gl e 4

S g5 4xi5-6
S gy S lnl Gladle (o sz eduay gy 4 dlie (pl yo
Py 09>y gy 4 by SYolee KO @ axg Lol aBby wos
el Jloy95 5 095 o sla Sauzmy 5l pew cnl Jlos T j8 S
059> P9y SwS i b (g Alie (pl jo el &I g, 50
009 Q;J % Cb:’:;;»‘ u;ol.w 4@ u).s.oJ @U 3 dhzm;\ Sk ‘GM.BLTJE
o 4 o1 ol Jlee! ISl 92 (bl sl
2 e slp ol (e Ghg, ol SeST a4 abl o YU A o sl
JM‘ €y u‘y@ o C‘f?p.w‘ CJLU l.s MT Cwddy alises .’a.").w
oy bl I e (ke 5 955 LU i B0 S Dbl 655k |,
63 Jplomile Slasie Sepl & a2y b al Joe @ 55l i
colis g e (ALb L Gl o) (g BB SU 2 b (Al
D YU |y SV game CuaS 90,5 S Sew x> B ) o lpldle

@l o 5l oolial ¢ Lo

167

2
;2 o O)n=100
— — 5
1 6 N,=150
1.
l.

0 10 20 30 40 50 60
(1/7) Joasw! ey

2wy =150 3w, =100 > 90 slp 6 b Al anlie 6 JSi
§=0.05

0 10 20 30 40 50 60

(1/1) Jodemm! ey
Wy, = ;0&=005 3¢ =01 cll> 90 lp b anb anlio 7 Sl
150
Josel Ce s i l381 L (6 lul (e sly oads &8l sl S oled jo
& PSR phes S)ML (Pl Sley 2L ke alS Sile 4
Ke/Km S QB3 glpy a2l 5SS Gloj 36 azym &Bly 50 095
&l gf))‘.g L;’L") Sl 0 WSep g alily 09y (g i Slas]

D410 5929 Cudgaste DUl A Cand (] Sl

Lhds” Sl b g ls dwliae-5
sloyall g Ll o @l cpl )5 ool &l g (riwions jlaie 4
2 2590 [16] @z e 5o o &il)f g, b lie ol (g b carlins
5wy =150 10l oo Syge 0l @ [16] g o lo el 0 S o )3
£=005

S o S bulyd sl b e 4 bgye Jogei 8 IS 40
Sl b domie 9 UK 48wl 0dd 08,91 conis 451, [16] x> o 40
Sl gome LS o dlae (pl o enls &Il gy SIS @ Lol oyl
sl ooy 51| [16] oo 1o

o9, b &8l 0 el snnel Cunay s alad camolis anlie )]
p b e, b bt s (i e ;e Sliwlore 5 Lo fedod b conls &Sl
ol 4 Joged 90 oS ! Lo 8,8 sl 1 [16] o jries Slewlxe
Sy s0se slade g Slowlna [16] g pe gy 50 o5 ol Lo
Sl goe zlhgwinl e jo CBs ialS caw (pl g 0al colal

11 O)Lm"u A5 ©)93 1394 O (ORI \_:AJKA oWy


www.sid.ir

WOt le 9 (ol 03l jepuma Loy

(a0 S il sLas Hs )I}._»Iwﬁbl.o YL KR T &3“3“ s

[18] S. Yi, P.W. Nelson, A.G. Ulsoy, Delay differential equations via the matrix
Lambert W function and bifurcation analysis: Applocation to machnie
tool chatter, Mathematical Biosciences and Engineering, Vol. 4, No. 2, pp.
355-368, 2007.

[19] F.M. Asl, A.G. Ulsoy, Analytical solution of a system of homogeneous
delay differential equations via the Lambert function, In Proceeding of
the American Control Conference, Chicago, IL, USA, pp. 2496-2500, 2000.

[20] S. Yi, AG. Ulsoy, Solution of a system of linear delay differential
equations using the matrix Lambert function, American Control
Conference, pp. 2433-2438, 2006.

[21] J. Forde, P. W. Nelson, Application of sturm sequences to bifurcation
analysis of delay differential equation models, Journal of Mathematical
Analysis and Applications, Vol. 300, pp. 273-284, 2004.

[22] Y. Xiaodan, J. Hongjie, W. Chengshan, J. Yilang, A method to determine
oscillation emergence bifurcationin time-delayed LTI system with single
lag, Journal of Applied Mathematics, Vol. 14, pp. 1-12, 2014,

[23] G. Stepan, L. Kollar, Balancing with reflex delay, Mathematical and
Computer Modeling, Vol. 30, pp. 199-205, 2000.

[24] F.M. Atay, Balancing the inverted pendulum using position feedback,
Applied Mathematics Letters, Vol. 12, pp. 51-56, 1999.

[25] K. Gu, V.L. Kharitonov, J. Chen, Stability of time-delay systems , Control
Engineering Practice, 2003.

[26] G. Stepan, Retarded dynamical systems, Longman, Harlow, UK, 1989.

[27] M. Malek-Zavarei, M. Jamshidi, Time-delay systems analysis, optimization
and applications, Elsevier Science Publisher, 1987.

[28] z. Dombovari, D.AW. Barton, R.E. Wilson, G. Stepan, On the global
dynamics of chatter in the orthogonal cutting model, International
Journal of Non-Linear Mechanics, Vol. 46, No. 1, pp. 330-338, 2011.

[29] C.C. Ozoegwu, S.N. Omenyi, C.H. Achebe, C.F. Uzoh, Effect of modal
parameters on both delay-independent and global stability of turning
process, Journal of Mechanical Engineering and Automation, Vol. 2, No. 6,
pp. 159-168, 2012.

[30] T. Inspergera, D.AW. Bartonb, G. Stepan, Criticality of Hopf bifurcation
in state-dependent delay model of turning processes, International
Journal of Non-Linear Mechanics, Vol. 43, No. 2, pp. 140-149, 2008.

[31] T. Insperger, Stability analysis of periodic delay-differential equations
modeling machine tool chatter, Ph.D Thesis, Budapest University of
Technology and Economics, 2002.

[32] S.G. Chen, A. G. Ulsay, Y. Koren, Computational stability analysis of
chatter in turning, Journal of Manufacturing Science and Engineering, Vol.
119, No. 4, pp. 457-460, 1997.

[33] G. Stepan, Modeling nonlinear regenerative effects in metal cutting;
Philosophical Transactions of the Royal Society of London, Vol. 359, pp.
739-757,2000.

[34] R.M. Corless, G.H. Gonnet, D.E.G. Hare, D.J. Jefrey, Lambert's W function
in Maple, Maple Technical Newsletter, Vol. 9, pp. 12-22,1993.

[35] R.M. Corless, G.H. Gonnet, D.E.G. Hare, D.J. Jefrey, D.E. Knuth, On the
Lambert W function, Advances in Computational Mathematics, Vol. 5, No.
1, pp. 329-359, 1996.

[36] R.M. Corless, D.J. Jefrey, D.E. Knuth, A sequence of series for the Lambert
W function, Proceedings ISSAC '97, Maui, USA, pp.197-204, 1997.

[37] V. Kolmanovskii, A. Myshkis, Applied theory of functional differential
equations, Kluwer Academic Publishers,; Dordrecht, The Netherlands,
1992.

[38] O. Diekmann, S.A. Van Gils, S.M. Verduyn Lunel, H.O. Walther, Delay
equations: complex, functional, and nonlinear analysis, Springer-Verlag,
New York, 1995.

[39] H. Shinozaki, Robust stability analysis of linear time-delay systems by
Lambert W function, Master Thesis, Department of Electronic and
Information Science, Kyoto Institute of Technology, Kyoto, Japan, 2003.

11 D)Lo.\“u 15 )9 1394 O (RIS \-gulio Wi

Sl g Fodzn sloae 4 pesd CoblB dlie (pl jo 0ull &l g,

IR iz g0 WAz £a050 S Glgis A Wlgige g oo Ll |,

S5

il

[1] T. Insperger, J. Gradisek, M. Kalveram, G. Stepan, K. Weinert, E. Govekar,
Machine tool chatter and surface quality in milling processes, in
Proceedings of IMECE'0O4 ASME International Mechanical Engineering
Congress, Anaheim, California, USA, 2004.

[2] R. Sunilsing, D.S. Deshmukh, Experimental analysis of regenerative
chatter in BFW vertical milling machine, International Journal of
Innovative Research in Science, Engineering and Technology, Vol. 3, No. 6,
pp. 13731-13739, 2014.

[3] T.Insperger, B.P. Mann, G. Stepan, P.V. Bayly, Stability of up-milling and
down-milling, part 1: alternative analytical methods, International
Journal of Machine Tools and Manufacture, Vol. 43, pp. 25-34, 2003.

[4] A. Ottoa, S. Rauhb, M. Kolouchb, G. Radons, Extension of Tlusty’s law for
the identification of chatter stability lobes in multi-dimensional cutting
processes, International Journal of Machine Tools and Manufacture, Vol.
82-83, pp. 50-58, 2014.

[5] A.S. White, Simulation of active control of chatter vibrations, International
Journal of Recent Development in Engineering and Technology, Vol. 3, No.
4, pp. 6-13,2014.

[6] F.M. Asl, AG. Ulsoy, Analysis of a system of linear delay differential
equations, Journal of Dynamic Systems, Measurement, and Control,
Transactions of the ASME, Vol. 125, No. 3, pp. 215-223, 2003.

[7] T. Kalmar-Nagy,J.R. Pratt, Experimental and analytical investigation of
the subcritical instability in metal cutting, Proceedings of DETC'99, 17th
ASME Biennial Conference on Mechanical Vibration and Noise, , Las Vegas,
Nevada; USA, 1999.

[8] P.Moore, G-Wiens, P. Parenti, G. Bianchi, Mitigating chatter in micro and
mesoscale milling by tuning fixturing dynamics: A feasability study, 9th
International Workshop on Microfactories, Honolulu, USA, 2014.

[9] Y. Chen, K.L. Moore, Analytical stability bound for delayed second-order
systems with repeating poles using Lambert function W, Automatica, Vol.
38, pp. 891-895, 2002.

[10] Y. Chen, KLL. Moore, Analytical stability bound for a class of delayed
fractional-order systems, Proceeding of the 40th IEEE Conference on
Decision and Control Orlando, Florida USA, 2001.

[11] C. Hwanga, Y.C. Cheng, Anote on the use of the Lambert W function in the
stability analysis of time-delay systems, Automatica, Vol. 41, pp. 1979-
1985, 2005.

[12] ZH. Wang, H.Y. Hu, Calculation of the rightmost characteristic root of
retarded time-delay systems via Lambert W function, Journal of Sound
and Vibration, Vol. 318, No. 4-5, pp. 757-767, 2008.

[13] D. Bandopadhya, A method to solve and study the time delayed vibration
characteristics of smart material actuator applying Lambert W function,
International Journal of Recent Trends in Mechanical Engineering, Vol. 2,
No. 1, pp. 1-8, 2014.

[14] 1. Jadlovska, Application of Lambert W function in oscilation theory, Acta
Electrotechnica et Informatica, Vol. 14, No. 1, pp. 9-17, 2014,

[15] S. Yi, P.W. Nelson, A.G. Ulsoy, Controllability and observability of systems
of linear delay differential equations via the matrix Lambert W function,
IEEE Transactions on Automatic Control, Vol. 53, No. 3, pp. 854-860,
2008.

[16] S. Yi, P.W. Nelson, A.G. Ulsoy, Time delay systems analysis and control
using the Lambert W function, World Scientific Publishing Co, 2010.

[17] S. Yi, PW. Nelson, A.G. Ulsoy, Analysis and control of time delayed
systems via the Lambert W function, 17th World Congress The
International Federation of Automatic Control, Seoul, Korea, 2008.

168


www.sid.ir

