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Dynamic behavior analysis of FG circular and annular plates with stepped
variations of thickness under various load
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ARTICLE INFORMATION ABSTRACT

Original Research Paper In this study, dynamic bending of FG circular and annular plates with stepped thickness variations is
Received 01 May 2016 examined. System of governing differential equations is derived based on the first order shear
Accepted 02 June 2016

deformation theory and solved by using a semi-analytical method based on the power series and the

Available Online 23 July 2016 . : h -
vailable Online 23 July fourth-order Runge—Kutta methods. On the basis of presented solution procedure, dynamic behavior

Keywords: may be obtained for the plates under various dynamic loads such as stepped, stepped pulse, triangular
Dynamic Behaviour pulse and harmonic loads which can be imposed on the arbitrary parts of plates. Also, transverse
Semi-analytical Solution asymmetric plates with various stepped segments with various boundary conditions may be analyzed.
Bending For derivation of system of governing differential equations, Stepped annular plates are divided into

Stepped plate multiple constant thickness annular segments and stepped circular plates are divided into multiple

annular and one circular segment with constant thickness. Governing equations are written for each
segment, individually. Then, continuity conditions of displacements and stresses are imposed between
various segments. Comparisons made with results of a numerical finite element code (ABAQUS
software) on the basis of the three dimensional theory of elasticity reveal that the obtained results by
using the proposed solution procedure have very good accuracy for various stepped plates under various
dynamic loads.
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° Fourth-order Runge-Kutta
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™ Annular

™2 First order Shear Deformation Theory (FSDT)
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Fig. 1 Model of a stepped circular/annular plate

by soal> b slopls 3,551 Jae 1 S

las) JalS slopls 5 ol slays 75 gles 5 (M) 1 ojless @55
el lo JB ((6-4) Laly, @ j900 ((Fo) M o leis 5y5 (o)1
oS SEASS 6l (550 by (]

u (1,m)| =0
0 =TT
1 —_
¢r( m)|r=ri‘r0 =0,
(1,m) —
wem| =0 ”
ool alfA:Sj 6‘)—.’ 3% _Ip}u (u
(1m) —
U | rero, 0,
1m) p(m
M, |T=Ti,r0 = pgam (uo‘r(l,m) + Tuo(l,m)> +
pm
pam) <¢0 (1m)+ ", (1m)> 0
am) —
wem| =0 0

ST olFaSs sl 300 by (2

(1m) 1 3 U(m) X
N gam (uw( o g ,m)> .
(m)
1, v 1, _
Bm) <¢0,r( m) +T¢T( m) | — 0

Lm) pm
M r=rir, = Btm (uO,T(Lm) + Tuo(l'm)

pm
pam (wo‘ru.m) W wr(“")>=0

(1m) — e AL (1m) , —
Q- |r=rm, KA (3, 4w, M) = 0 (6)

(7) alasly )90 §y9 35 50 50 (sreb Lulys JolS (slopls G55 sl
S5 Jlasl s 4 5 AFASS L3 b oyl o5 el

w, M| _ =0 )

Ly ol wclid b i slocd § 35 & o

s lralr ol (S Ll 3l et S5 ke (i)
ol (8) alasly &y 5 90,5 18 b eled oo jo 35 slaazeiie

0 ®) = up+D)

r=r;’

W = , @)

r=r;’

wO| = )]
r=ri =

253

iz glocwnd pled Joo 0 (Siwgy Lulpd oes 4 2545
5 B slose @l PEaSS Lull eil> 5 Sln vedee Josl
Sl @A lis 5 slopls Gy5 sl 5 90,5 30 b (2)l5
Sgbse Josl 35 5550 o )8 lll g (2 550
se o1 Jlade JalS lopls Gyg (slp o ceul Gy Sl glenTy
Sl b Kvgnl 842y Joe gldimy, 1y,
Bl GRS by calis iz SSL Sl § 86 Wl
ol Gyg () AT, e
PlsF & Cod oal w8 5 A0S Wedis Djsody (sw)p S50 B)s
S oo e sl gl 5 (1) alay b ] Ceand
5O = (59 - 5O) 0 ) + £,
o = (0 = o0V 7O + 52,
yo= (%) e
4 R® "2 (1)
b 2 ol By ) Cand o Sz 5 S e p@ L ED
Joo (B, p0) Sl s s 5 (B ) 38 s,

RNV FES

Tm—-1 9% Aﬁ‘?

ST . y®
o o g 55
OYolae wg eyl Sy ol as e SAn 6598 ol
il s sl ds Sjgm s oy oo |y acuand Sy o gl oS>
25 5k (2) abad; &g 50 4y

@) @
AD (uorr(i) + tor ” Yo ) +
! r

12

(@) (i) I)br,r(i) 1/)1”([) [OO] @@).5 @)
BW (. + I b Iy 1" + 17y
(O] (O]
) N Ugr Ug
B® (uo,rr(L) + r 72
® @)
Dp® (Bbr,rr(L) + w% - I'b:z

—sz(L)(l,b ® 4 w (L)) - 1(1) (l) + Iz(i)l,'liﬁi)

KAD (. D + w, (L))+KA(L) (D +w, @) =

qO(t) + 19w ® @
2 MEL s e 35 slocand 51 S o Sl pugil

Of e & sl sl aye (23 555 5 S gy KT o0
ooy g ot sl abrals WO g uD el oas wi S s 5/6
Py e aY bt ploale U izas 5 00p g 3] oo
© OO L : s
12 511 ‘10 ] o » ‘_glj.: Ao 2 O9eE 9T (e
ol Cand 250 S slras e el (_;ng_g“‘”)';i‘

(3) ala, &30 (2) Ly, acgorme ,» AD 5 DO BO AD o5,

ol ooy 18
0]
{A(i)} e E® (1
BW; = f ———1zdz,
— p(?
p® R 1-v@ | >
n®
O = f E®
2(1+v(1))
P
®

Sl i) shil> Gyy T glad o Gbie BEASS Lalys

7 olein16 053 1395 sia oo M WAL o


www.sid.ir

2934 M Joxo

alizo (SSaolisd (Sdg s o wnold slady ol Ly Jied 3d Soila 9 slo pld Sla G g SSaelind HLis) Julxs

sl (2) Laly; acgozme 15 (10) 5 (9) Lly, 5005 sl> b

it gl nlyd Sypoks Dy |y oSl E¥ales sjlmesles
2,5 zlysenl (11) by & jgoas (1 — 1)
L
Z {a0]a+2a+1uf,; -
=0
L+1 !
Dy (——) C-n+U®,, -
To '
n=0
! 12
Z(n+ 1)(——> U2 |+
T !
n=0 .
BO[(1+2)(1+ 1)L, -

+1 n+1

Z (_%) (l-n+ 1)¢l(i)n+1,j -
n=0
Zl:(n +1) (—%)n” ¢l(i)n,j}

107 (L) 1960} (- 1) =0
L
Z {BO[a+ D0+ 2)Ul(i)2’j -
=0
+1
lZ(--) “nt DG -

nZO(H 1)(_%> " Ul(L)n]]

pO[(U+ 1)1 +2)0?

+2j
I+1 n+1

Z(_%) (I-n+1)p0 ., -
Zoen()" o]

kA® [¢ (L) +(+ 1)Wl+1](1)] 1(1)U(l)
1(l)¢(l)} (r— To)l —

l i+1

L
Z . i 1
{KA(L) U+ DO — z : (_r_> i+
=0 ()n—O 0
L
I+ + 2)Wl+2] -

+1

1 i+1 @
L
E (‘;) (I=n+DW_ n+1]
im0 ¢

W £@) (i Ay — 1 OTDY (e _ 0\l =
POFOG 8) - 1OTP} (r —10) = 0 a

llbc...;b i g o0 (S (597 A g Cl ‘5:|54 Sy Sloalox Slows L
Sygon &5 (S SY¥oles (685 Cgz 00,5 [Ren Sl 5y50 2o
5 (r=1p) dilizes oy colyd i ouds ol (11) Lafs, acgarme
Dyl yho Gl Glagle; jo wb by, J o e

by Lawgi 00l (hy g ololr lraly loadlse 5 lIS 6l L
oololyy 4l e 5 (550 Lulpt ((6-4) L) e Ly 5o (9)
Al aielys 2l sl «(12) abayl) & jso 4 o5y

oS 54 (5l (5550 Loy (Al

7 o )louin 16 ©)93 1395 PYZYIETP R VRN v [ VAREWRNIPY

Nr(i) |r=ri - Nr(i+1) |

r=r;’

Mr(i)|r=ri =M, 4|

9, =0 i=12,..m-1 (g

r=r; r=r;

Swgnl gl el 9 slonls §)g (Swolios WYslao Jo -3

5 e sl 4 plral> BlF (Sesls Sl 10 Sepl @ azg b
Sl G Sty w55l Sl SYolas o Cgz Sl ady Sl
slailie & Sbows sly po sy b @, 5 (ks )
aailye asllhae ol 55 el 00l osliidd loj 5 e wlol o lrals
) Wloads 43,3 Jais (9) alal, Ojg0n Olid g Cepw (olrals
()5 gl Jy> ks

WP6.0=> Ul o -n),
l=0

vyt = Z o) (r=ro)

w0, = > W =)
lo=°0

W6.0=> 00 ¢ -n),
l=0

3000 = Z B (r=ro)!

WO = WY 0= n)
lo=°0

#6.0)= > I9 0= 1)",
l=0

$O,0) = qu(‘) (r =)'

WO, = WY =)
©)

G ly & by oailead | g )b glas 1o YU Ly, o

esd Al ja 0 Sl gy & (Seelus S 3 Sl (gpm pwin
ool ilie lband o glralr @y ol Gly ] ealed j 0 o
(E=JAE) el Sl slapls owijleass Kby | adly o ol ond
Ur pslie 500 (25 (555 o J1 oS> SVslae Jo gz mien
a5 )5 oolanul 3,90 (10) abal) & jgony )l glad Js> 117

Ll

q® = ZP(L) (r=r) FO(t)
DOl=0
E_ i n+1 N
=72, 7 (r—m)
n=093 0
L= n(-2) -y
— = n-+ _ r—"1
= o (10)
Oygody wilg o a5 Cawl loy 4 Cod gy0 Sl &6 f(T)
258 olo fJAT)

284


www.sid.ir

2934 M Joxo

alixo Lad (sldg jus v wiolzud (glaks vl juuss by Jied 3D (59 lo yald sl oo )L, 5
2olad Sl sladhy Db L S 9 Slopld s )9 (Peeliad YUS) J&

odd e sy bl 5 Jol5 (Slopls B9 35 10 0 (b S
el o 1B (18) alal, &0 alasd ja 45 (9) abal, o
L+2

Dufe-ny| =o
=0 r=0
L+2
Z¢F>(r—r)l =0,
r=0
L+1
1 —
Z(z + )WY, (r-r)| =0
=0 r=0
(18)
Obgt B (19) Laly; g0t gy ullyy 5 (Siwgn Ll
|
L+2 L+2
D uQ -y uS e -ny|
=0 r=r0(i) =0 =ri(i+1)
L+2 L+2
Z G | Z 5 (r = 1)t
=ri(i+1)
L+2 L+2
Z Wl(;) r -1yt = Z WL,(;H) r—1,)t
1=0 r=r®® =0 r=r*D
N 0, 'Y o
Z AOL U+ DU +TU1,J‘ +
=0 |
. i (0] r
+BO((+ 1)1 ;O + ”7¢>l,,-“>)] r=r)'| =
L+1[
Z ACD [ (14 1)U, L2 U @+ | 4
=0 |
pli+1) ((l + 1)¢l+1,j(i+1) + ¢l,j (i+1)>] (r
—1p)* )
=ri(L+1)
N AT
Z B® (+ 1)Ul+1,j +7UU +
=0 |
[0)
p® ((l + 1)¢l+1,j(1) +— ¢l,j(1)>] (r- To)l =
r r=r{®
N 0
N @ P @
i +1 +1
Z BOD| (U4 DU 0+ ——U,; 5 |+
=0 |
+ D(i+1) ((l + 1)¢l+1,j(i+1) + ¢l,j(i+1)>:| (T
- To)l
_ (D)
L+1
Z/I(i)(d)l’j(l) U+ DWir )=o) _ =
=0 ¢
L+1
D AN (D (- DW 0
=0 .
=10)!|, 00 (19)

255

L+2

Z U™ = o)t ’ =0,
r=riT,
L+2
Z pum e -ny| =0,
r=riT,
L+2
Dwime-n)| =0
=0 r=riT, 12)

ool o545 (gl s50 by (o
alie WO 5 U)oy ol ploalr & by 5550 Ll

Sppots (0 0 (Shad lisS o9 jio) pgd byb 5 035 (12) alal,
il sl s (19) o,

L+1
Z pam [ +1)Ul(+11";) L U(lm) +
=0
paAM) [ (1 + 1)¢1(11";) ¢(1 m)
1 _
(r—m) |r=rm =0, (13)

oliT o5 ass (sl (530 b, (2

g o5 e )0 ghes 5LiS o jhe byl ab G onl o
255 By Ss 5 Sape s OOst e Ll oles wb ol (13) 4k,
235 )55 (14) Las; &yp0n

L+1

Z AQm) (l+1)Ul(i1";)+ U(1m) +

=0

Bam (z+1)¢l(i1";>+ ¢(1m>
3\l _
(r—7) |r=rm] =0,

L+1
DG4 + W+ DWW, 4™) (= o) =0

1=0 =it (14)

alyl aelsl (o a5 0ol (900 (F=F) (o)l glad jo (50 bl
el lo BB (17-15) Las, & g0t oais

Mops };"(J’J‘
onj(m) = 0,
¢o,j(m) =0,
wo ;™ =0 (15)
ol 50 (o
onj(m) = 0,
Bpm (y (M 4 ﬂU m
1j TO 0,j
(m)
v
D™ <¢1,j(m) + e ¢’o,j(m)> =0,
wo ;™ =0 (16)
Il 5 (2
m P
Upj™™ + - Up;j"™ =0,
0
wm P
b1+ TO(Po,j =0,
¢0,j(m) + W1,j(m) =0 a7

7 olaid6 053 1395 nin soyoram B VWA


www.sid.ir

293N Joxo

alizo (SSaolisd (Sidg s o wolid slady wuliuds Ly Jiedad ol 9 slo nls Lo G g SSaelind HLis) Julxs

Doty Logll Sealius 5 poaiagll 3l gl (S 5 S g
el (23)

E,, = 70GPa,
E, = 380GPa,

pm = 2700kg/m3,
pe = 3800kg/m? (23)

el oas Blod 0.3 55 ygmlsy oy

r 090 Sl Gjg e 9 Slonld Gyg (Seslud (pes
0y oy Blidee glagled 1o LGy (pl (Seolus yied g a8 S 13
deloss sl (2ol eSh nn g Dledlbl gl aS ol 4 azgs b e
5 S8 (o) S ool oni il glaly (g5l 5 (slonls 55 (Seelis
g a5 sgaze slizl Jo 3§ Jols i b mls opl ol mls coo
5 Slges 2 S 0 el oo dunlie 00,8 el wgSLT 58l 5
ol oalds ooly lid Cwls glaly Ol s b gsal> 5,5 o i

Ol b o gamds awns Y g 5l Sgase izl s, o
090 4 o L;La:ob;” )'l PRERE C‘lL“ u...%l; Sy | 00l ool S5
oled olaws @ bgye ol Kes ol .o coliwl (CAX8R) &5 8
b oo plaabl Gl ol cwyp @l gwiie b SE olp
3 i bl slass walisee Yl> gl sgame sl g, 5l Jeol>
Sl Hekiie cpay ol ool a3 Il o Kl ol Ken gl Y olass
Sl b glopls 5,9 (oledl 2000 LSy colses b glopls 5y9 Julos
Sz el ool Ll LI 5800 (s5il> )5 sly 5 el 4800 Cualses
. 1 . - . T a . .-
slital” e (Sl s, 5 s il 5 (Seoliss Lo
oo |[Ken Sols slaguly 55 1E-4 by o5 b ax )51 ool ous
YV 50 oo lagul 4 obcws 5 luebl gz v52g oul b
ol oo a8 5 L5 0 IE-5 Jade b el & jp0 o pl5 ccilizes

Giteand b9y 3l usSLT l3le 5 50 atedan 59 sileae Cux
Goluno Jolgd b 88 boghas lawgi 5,9 45 Ojeo s easl ool ool
hze Plor Cand 2 4w g 0dd peedl Al locend 4
@@ & s oo psriesll iz ) ) e U ol end Jlosl
Aedan (59 dacnd olawi ol Loy up; gl 0 L]
Sy90 Slowds Slows 8L lp al dalex giluJae S 580 O g0
30 & Gy e b &5 w5 asalin 5 el lKen om0
olass yiol38l 5 oads 1 Ken bl (Cwmd 2 ols Jlesgl g e Coond
sl walgss lagly 5 (6 b locen

> wgdome lizl g Lo o 5l el mls anglas cye
by glial gy 90 52 lawys it glaglad 1o (Slo Y (Senalips
Ll o A lie K055

‘5|o)g‘|.> @39 éml.u.) U.".w -1-4
o 10,8 Glopls By Seolnd i 4 bgne il Cwd ol o

Fig. 2 Discretization of the annular plates in ABAQUS software
osSLT 3l 0 (sl (35 ganiie 2 S

* Dynamic implicit

7 o )losis16 053 1395 Mo s )3 Suilse Swiie

P S Sy 5 il (gloadle BsS — gy J3g, 5 S g5 )
BB o olraly 5 ceyw olid sbhadlie L (20) akl, g0 o)

(cad Gl o8) wjls bls ) sy o

. 4 . 1 .
Xl,j+1 = F |:le+1 - Xl,j - AtXl’j - ZAtZXl'j]

R X At .. At ..
Xije1 =Xy +7Xz,j +7Xz,j+1
(20)
Ly, ©jgony codl Sl Gy o5 A Gl Gy adsl Ll
d (22,21)
uP@r0)=0 - Uz(,i)) =0
PPr,0=0 > ¢ =
WO0)=0 - Wy =0 (21)

(uP@0=0 > 09 =0
{ pPr,0=0 - ¢ =
Wwo@E0=0 - wP=o0 22)
a8 0 §y5 gloceend I S alraly sleadlie (8L Sl
855 s Wiy D 50,0 039 Cals st
el 25 g0ty culpd cnl (3L W)
sloailze colps (11) ala, 10 555 ads) Ll Jlosl L bzl @

=0 Oz O
Wl,O 9 ¢l,0 ‘Ul,O

29,5 walgs awl=e (120,1,2,..., L)

s g 120 dax) o bl

(20) Ladg, 5t eslazl =1 (gl (11) <Volro dcgorme J> L @
Jsl a5 alralr Gladdie 4 byye colys (21) 5
Upa® iy (122) Wy 3¢l,1(1) U,,®
(Js&’?“’ 6m) W1,1(i) 3(151,1([) ‘U1,1(i) ‘W0,1(i) ‘¢0,1(i)

A0 5 wales ol

Lyls (aly 3) ) e 0 BEASS bys Jlel L@
5 (alal, 6(M-1)) cabizxo slacmd Luled Jomo j3 (Siwgn
2 0B b b gsil Gy AFIS G0 0 2EASS byo
L oS ad aslys Jols akal, 6M (akal; 3) Glopls 35 3550
O iy r:lf S ol QL.J Q\Jye—?w La:cj )'l solazul
Al disles

Sy wdline Jloj slaglS sl 352 Jole S5 L@
Aol sialys Cowsdy dilizee Sllamd o olal>

s 410 -4
Slagys Cob ol g Slopls lagyy 1 (omyp g Al & Cend
ozl alitee slo Srwgl Gl lad,s ibpe Bt (Soolus
el gl eslital 4wz g b 5L 5 Culis (elyS (Siwsnls
lab Slss b Gy el oy JB et SBSend o enlily
o Sype e S5k O)ELL (p25e by p3 55 oS s 4 cwls
pled (omim @ lpieed dllie o pd Spl 4 dzgs bl w85 )8
@11 Liogd] = paaicagll siadon 5y5 sl ls dlie ) o wdloyy 5l
4 b Oyson 5 0on perivedl] izl sy gl o Sl end

0 (9O = 1) s el 5 Lyl

256


www.sid.ir

293N Joxo

alizo (SSaolisd (Sidg s o wolid slady wuliuds Ly Jiedad ol 9 slo nls Lo G g SSaelind HLis) Julxs

(x10%)
25

Analytical Solution 15135

2

r=03 —-
15 r=07 eeee

1

r=0 =—- r=0

FEM

\ =236 (=383
2 \ Analytical Solution FEM
'\ r=0 —- r=0 —
25 Y r=03 —- r=03 =—
-0 77 r=0.7 eeee r=07 ===
B 1=0.77
0 05 1 15 2 25 3 35 4 45 5
f (ms)
(b)
(<)

Fig. 4 Time variations of the deflection of the clamped FG circular
plate subjected to pulse load with time duration (a) 0.5 ms and (b) 1 ms
at the center of the plate
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Fig. 3 Time variations of the deflection of the clamped FG circular
plate subjected to stepped load at the center of the plate
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Fig. 6 Time variations of the deflection of the clamped FG circular
plate subjected to sinusoidal load (a) sin(0.5 w,t) 1E6 and (b)
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annular plate with asymmetric stepped thickness variations subjected to

triangular pulse load
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