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Dynamic behavior investigation of a.rotating system by two methods of
nonlinear modeling and finite element
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1- Department of Mechanical Engineering, Tarbiat Modares University, Tehran, Iran.
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ARTICLE INFORMATION ABSTRACT

Original Research Paper In this paper the dynamic behavior of a rotating system which includes rotor (shaft), ball bearing and
Received 05 June 2016 disk in stationary condition and different speeds is investigated. There are nonlinear characteristics in
Accepted 25 July 2016 these systems which make the linear modeling inaccurate. So, in this paper the nonlinear dynamic

Available Online 06 September 2{8g equations of the system are derived and solved. To derive the equations of the system, Hamiltonian

method is used, and complex coordinate transform is employed to reduce the number of equations.

S?mﬂgisgf rotating systems After solving th_e equ_ations, to investigate the vibrational properties of t_he system, time response
nonlinear modeling diagram, dynamic orbit, frequency response, and mode shape of the rotor is plotted. To validate the
finite element analytical results, finite element method by ANSYS (workbench) software is used. There is good
unbalance phase difference conformity between the analytical results and finite element results in resonance frequencies of the

system in the first three modes which indicates the sufficient accuracy in nonlinear modeling. It can be
concluded from nonlinear modeling that the decay rate is negative for the all modes, which indicates the
stability of them. Also, the maximum vibration amplitude in the bearing and rotor occurs in third and
second modes respectively. Unbalance phase difference of 90 degrees in two discs causes the excitation
of all three frequency modes, whereas by unbalance phase difference of 0 or 180 degrees in two discs,
only the odd modes (first and third) and the even modes (second) are excited respectively.
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Fig. 4 first three modes of a free-free beam

[14] o151 o 53 5 Sl 250 S5 2 4 S

307

1l 505 g s aS “\“"L’c.s"’ S50 ;970 A S P‘i Aozl
0; = w,t + 2milZ (14)

olass g K by 4dd glaggly Coyuw iy 4 Z g, ddaly pl o a5

Byl o )lal le 4 st g Caslddazle

¥ olas gyl -6-4
@iy jo a5 gzl 5 Sty (i 65500 glop s 5l ool b
Jol Shoslinul b g lacsCu el (g5 58,5 Sl ) 5wl gl Sl axlds
¢~—\€.T‘5‘° Cwd &y ) D90 4y s 132l OLELS )| Y olas ¢ygilon
m, + ¢, - IlQV‘}I - 1217’" + Elzv(IV) + [Migia ¥ — Idisklv‘“
—Jdisk1 W’
- [mdisklnz(ezdlcosnt - eydlsinnt)]] 5(x —x41)

+[mdisk2i7. = Lgiska V" _]diskZQM;’]
—[Maisk2 2% (€,42C08Qt — €,,4,8INQL)]18(x — x42)

Ns

3
+ Z Ky [(wcos8; + vsing;) — ¢, ]2 cos §;6(x — x,,,)
i=1
Ng
+ Z Ky, [(weosBy+vsing;) — c,]32 cos 6,6(x — x,,) =0
i=1

(JF15)
m i+ eab — L — Lw # ELy®) + [mggq v
—lgiskiW" + Jaisk1 QW'
— [mdisklnz (ezdlsinﬂt + eydlcosﬂt)]] §(x —x47)
Mo W — LaisioW" + Jaiska 20']

—[mdiskzﬂz (ezdzsinﬂt + eydzcosﬂt)]](i(x — Xg3)
z

3
+ Z Ky, [(weosh; + vsing;) — ¢, ]z sin 0,6 (x — x;,)

i=1
z

+ Z Ky, [(weosh; + vsing;) — ¢,]3/? cos 6,6 (x — x,,) =0
i=1

(<-15)
4 SYolee Z=VHIW (58 L .canla Sy 1oy 1 X=Xo1, Xez adaily (] 0
:._\.J‘sa)\) ) Dygo Ay g ol Jaiie Jalise slad

mz+c,z— il,0z — I,z + EIZW(IV) + [MyigrZ — lgisk1 2
1ok 07 = [Maisr 10 (1001 + eyar)e™]] 8(x = xa)
Moo Z — laisiez” + Ugiska 2" =
—[mdiskzm2 (iezdz + eyaz)emt]fs(x — Xg2)

z
3
+ Z Ky [(imag(zei®i) — ¢, |2heaviside(imag(ze®)

i=1
- Cr)a(x - xbl) +

z 3
Z Ky [(imag(ze'®:) — ¢, |?heaviside(imag(ze'®i) — ¢, )5 (x
i=1
—xp) =0

(16)

Y oleo djL*“ R T
- ol (16) Woleo (3lo ami 5 dar g slo sl ly 1 eolial L

Oy

z t 1 |m.l*
r=-t=-0=0i=V-la== :
l a A1 4| El,

. Masa . Mase . lasa
Maiskt =~ +Mdiske = +ldiskt = 3 »

m,l ol m,l
lyga . _ Tosa _ aiska

sz = o= o=
isk2 3 ' diskl 3 ' Vdisk2 3
m,l m,l m,l

8 olaib 16 055 1395 T LA /Afuce Shdid



ubled 9 (S893u0 Flodexe

3930 Ylall 9 oA Hut Sl yisg) 99 43 )9S @inmn S SSaeliad HUS) (Fw) 22

2 obol, 4628 L oy el o T lade oS cosla = (1/43)m, 14 /E1,

O3 Sy b plyy Baod (nl 50 oy p 3590 gl lp 4R3S 93 )58
] 2,26 0x

Qe e Ho il atiin b loges (pl 1 4 jshiles

1

Or— The third forward natural frequency

g ==-The second forward natural frequency

‘G 8| ~~~The first forward natural frequency 1
= === The first backward natural frequency

% """" ‘The second backward natural frequency

g G| == The third backward natural frequency

oSl i e At AT

E 4f ]
=

o]

[ =

I T — S
c

£

g 0 |

[+

-2

o

=

2-4

= | TUICTE ST o .. LILID R R AL B UL R g |

% 1 2 3 o 4 5 5 7
Q
Fig5. Campbell diagram of the rotor for the first three modes

sl 050 s (sl 5555 JeeS ol S0 5 Sl

o] T T T T T

-0.005

-0.01

-0.015 e

0.0 p—

-0.025

decay rates

-0.03
-0.035
-0.04
-0.045}

R ] 2 3 o 4 5 6 7
Fig. 6 Campbell diagram (decay. rate) of the rotor for the first three
modes for c; = 0.1

Cf = 0.1 ljl s Jsl 090 4 512 559, (05 &) oS ol SLo 6

0

-0.001
-0.002

-0.003} _—__.________________._._——

-0.004 P—T

-0.005

decay rates

-0.006
-0.007
-0.008}
-0.008}

oolizl by (go0e &30 s ol ¥slas JsS Sl U b, 5l ool
bl goae Sl w53 e U Do 33l a4 0ded5 &b
Sz pydm g sl il 492 Jad o led pi Clasis
Misky = Maiske = 0.7183 , lgigia = lgiske = 8.215€ — 4

sk = Jaiske = 166 =3

I; =5e—5,I;=25e —5,C; = 1.2e — 5,K;, = 19.35,
Kip = 19.35 Cloor = 0.1, 0< €y, €y <234e—5

S by Gl o5 (10) by 5 Sl o (59 ke izeen

$O48 TG SaS & s (Soolisd (slo)Ld () 5 ~10-4
«Siaph g ygie, B B, (ouip @l b Gl S S jshailes
Aolee i 4 haw (090 4w L) uSJE Jlael 51 o a5 (18) aoles
Sly el sas o (g00e Gggo a4 Sl onls Jgl A e 0al oS
009 @9 b (2l (ole G g i (B Rl (o n
%l foges 5 omdlS Bl Salisd e s Slej gl slo Joges ]
i o oy (gl loges 4B sl 09b 00 rma s 5y, il | [18]
Bl Al sg2g ol 90 )38 B8 s wil e sl ol oaims las
0,95 100 5 Cel 00l a3 3 b5 o JYeb S5 ojlal & Julow ol
ol 8,5 8 gy )90 A1 gl

Sonds gl anllas 3)90 (55959 s (srmle S8 LS Jl3505
Slaptars Cols bl g Uil Bkl 00l oy 5 S 5o sl
SIS 5 )15 893 05 ey 330 s 55,5 iy 050 4 5,955,
b3 L5 JSo po el 5355 550 b pln 5 005 (iU 5l (S50 &S (2 )5
5% 9593 SRl L OS] Gl 55 Gy la il 8ol 00 o) wiee
O sl ygig ) 53 S ool Bl (o955 (5958 Sl A
bl Jome [19] a8 o5 1) 05 i (sloose wilsi e i VLU
ol o ools Hlid s B o plo b aS Sy GuilS,8 L oS iy sbooge
S g G B o lailiys, onl asse plias 1) il Jeee
gl slojloges 5l eolaiwl b godse cpl ol osls #,5 5 1.8 0.64
5 Sslite slayes (slil 4’ el £ il snd Al aelsl 3 oilS 3
e slad il 4l atein o jshilas .coul ool g, 6 IS5
Ol Sl pltars )l alas o5 cl Ghe alS £ Glie
22 Chotor = 0021 5l 0.1 sl & piacw slojl dm (g Sies
DS (oghige o WSl sV slapiuns ;3 Vgare o5) 29
P T IS Dygo @ Gl £ logel g 005 pusS g6 ke ol
alad g ol saie oge (slod sl malS #5 5 Sl )l jo il e
PR S Glojles Sies (liae a5 Ll 3l andl el adge 4l g Ity
ol yiSmsS ladge obod sl (20l Fy allas a5 e wiel ond
oW

58 Gl S 99 (595 (VLU 4250 90 518 S (Slil 4
A Sewd 5 QBLL e 0 Sligs S e 585, LA

o Qo (59 009350 40 1 jlogad pl il ool Lis 9 48 LISy o

-0.01

0 1 2 3 o 4 5 6 7
Fig. 7 Campbell diagram (decay rate) of the rotor for the first three
modes for c¢; = 0.02

CF = 0.02 (sl & Jgl 030 a5l 5559, (L20lS £5) Jpa pl,Shs 7SS0

8 oplaib 16 0555 1395 T o0 Silke usico

! Runge Kutta
2 MATLAB

3 waterfall

4 forward

® hackward

® decay rate

308



ubled 9 (S893u0 Flodexe

3930 Ylall 9 oA Hut Sl yisg) 99 43 )9S @inmn S SSaeliad HUS) (Fw) 22

90 S 50 ;0 oYLLMW1 9 5 8 Sl S o Ks B,b
JI)OWJyMﬁWIWJ)#M.WIOMw)S a>,0
ol 00l e Lsmo.)lf)s 4>t
OBUL Jowo )0 (S9d oy o 959, Lilad )| (ol )8 sl
50wy A Suud g9 0 4z ;0 180 wsYLL S BT gl Sss
4295 b S 90 Slnl> pow 5 Jol 350 JSO 10 Sl 4 4255 L £9d9e
3 e g Seal 408 g0 90 50 5 olewe OLEGHSIS OB @
Gy s S 0 IS sk @ BBly ol agzgs B el gl
oLl 5 aal axils ax o 180 31 LSl WYLL 5o ST liie
e p 500 ikl Nel e S5 e sladge L wll ()l
0P lasge Laid widl Cuz po Sle @ g Wb Jao bl e,

x10*

—Rotor displacement at bearing

-

1z l6(x x,4)
]

% 1 2 3 o A 5 B 7

Fig. 10 Frequency response of vibration amplitude in bearing position
versus rotor rotational speed for unbalance phase difference of 180
degrees in two discs

Sy o GBUL e o ey, bl )l ads S8 muly 10 JSCh
S 98 50 o YLL 3B B ax 5 180 sl 4 539, S0

x 10

— Rotor displacement at disk position

6] 1 2 3 o 4 5 5] Fi

Fig. 11 Frequency response of vibration amplitude in disc position
versus rotor rotational speed for unbalance phase difference of 180
degrees in two discs

S g o>y Swd S 0 559, lab )l ands iS58 mul 11 IS8
S 98 50 (owYLL 518 B a0 180 sl 4 559, Sy

309

38 sl 4235 1 490 22098 5 7955 2830 L 4 5, 368.3 5 13258
Ol a3 Jad 0 a5 el Ji8le 5 5l o] Caws 4 (slounslS 13 3 Jgon
b ladas jl oael sy a4 uils, LS B L o)Ll
A iy 50 cnl 5l eae] Cans 4 slemdlS B (Sooj el oo dunlie
@I 513 I 3550 pans )5 o3game y3 &5 Jol 39 90 ogat
ol ot e gildae el 285 samslis
Lol )| asals o iy a5 898 o0 ounlin 9 58 LIS o cds L
L 3l nl dae &) p9 9 pom 350 53 i & 99, 5 OBLL Joe o
S0 Swd g HBLL aels 54 JSKE 50 piiew soge JSG 4 4z gl

P75 b b il il onel s 4y (il SlemilS B alic 3 Jour

el 58]
Table 3 Comparison of resonance frequencies obtained from nonlinear
modeling and ANSY'S software

£ 0 olisyy SleedlS 2 3 sy lemsls 2

) s (%) st
el 58] b e s iledae
54.6 47.14 13.6
139.7 132.58 5.1
410.45 368.3 10.27
35x10°
| —Rotor displacement at bearing
3
25
B ’T‘Z 2
%
=15
N
1
05 1
% 1 2 T o & 5 5 7

Fig. 8 Frequency response of vibration amplitude in bearing position
versus rotor rotational speed for unbalance phase difference of 90
degrees in two discs

Sy ey GBBL e )5 g5g, lile ) als w58 ALl 8 JSCh
S 90 50 (owWLU 1 Bl ax 090 sl 4y 539, Slye0

o X 10°
9

—Rotor displacement at disk position

[4)]
T

2 18(x -x4,)
-y

3+
2.
1t
% 1 2 3 o 4 5 5 7

Fig. 9 Frequency response of vibration amplitude in disc position
versus rotor rotational speed for unbalance phase difference of 90
degrees in two discs

S g > S Jore 50 559, Slile | asels  uilS,8 AL 9 Sl
S 90 50 o VLL 31 Bl a5 90 sl 4 559, S0

8 olaib 16 055 1395 T LA /Afuce Shdid



UbhlKed 9 SS9 390 Flosexe

3930 Ylall 9 (Shd Hug il do H9) 93 &3I9S Eimuns K SSaoliad HUD) () 2

-4
x 10

o 1 3 4 5 6 7 8
Nondimensional Frequency

Fig. 14 waterfall plot of vibration amplitude in bearing position versus
rotor rotational speed for unbalance phase difference of 90 degrees in
two discs

iy o p HBLL oo 0 g3y, Slabs,l amds g Ll Jloges 14 JSCi
S 98 59 (VLG B Ml a0 90 (gl 4 )55, Sl 90

5
x10

ry
o

Amplitude
(4]

6
4
Nondimensional Frequency

Fig. 15 waterfall plot of vibration amplitude in disc position versus
rotor rotational speed for unbalance phase difference of 90 degrees in
two discs

s oy Snd Jme 50 559, Lol ) aalsi iyl Jlages 15 S8l
Sd 9358 VL B S a0 90 (gl 4 555, Sl 0

S o 350 IS 5 (gl Gz (molS ) 555, 0.64 sy (39 (S50
el oo o0ls (L 17 16 sledSs jo o b 4 Seawd 5 BLL e

G s &5 el azeine SS90 (p) 0 C g b @ glaloged
Ol 3 Jlaged 55 Guizren sl 064 5535, (Slhg 5 B L sl sy
sobilean o canl oalds ools s Cl> pl 5o i (3L ) 390 (SS90
4 S 50 o] jw 90 o 0wt Jgl 990 4 dd Sl ateine oS
Ol e 9 Sl B JSE 58 00l (S8 g0 a3l oS 5 890 ol atdl
3 polis ol .o 7.366-6 5 3.07e-6 3.266-4 Ly plyy a5 & 390 dus
i SYolxe g03e o )0 a5 Cansl gl Frwly )0 390 0 aisls &dly
Sile Casd

sF9) Sl )| (ol 8 Gl ((Solind Jlae (Sloj Gl slaloges
(P35 o35 gy S 8) 559,55 1.8 dmr (g S0 slacepus o
2 S 5 OBLL e 50 Ll (nl )3 e 990 S5
,loges cpl 50 ¢ Jsl 050 aiilan .l oals ools las 21 JI118 slelSs

8 oplaib 16 0555 1395 T o0 Silke usico

x10"

—Rotor dlsplacement at bearing

4_
3.5}
3_
‘25
3
= 2t
N
1.5}
il
0.5t
Q

o]

Fig. 12 Frequency response of vibration amplitude in bearing position
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Fig. 16 a) time response b) dynamic orbit c) frequency response d) mode shape, associated with rotor vibration in-bearing position for unbalance
phase difference of 90 degrees in two discs and in non-dimensional rotational speed of 0.64 (first resonance frequency)
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Fig. 18 a) time response b) dynamic orbit c) frequency response d) mode shape, associated with-rotor vibration in bearing position for unbalance
phase difference of 90 degrees in two discs and in non-dimensional rotational speed of 1.8 (second resonance frequency)
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Fig. 19 a) time response b) dynamic orbit c) frequency response d) mode shape, associated with rotor vibration in disc position for unbalance phase
difference of 90 degrees in two discs and in non-dimensional rotational speed of 1.8 (second resonance frequency)

iy 5D g Seayd 99 y0 (mdVLL 5B B 4z )3 90 gl a4 S Joma y0 959, Slilas ] oge IS (0 (ndlS 3 ks (€ (Seolis oo (B Gile by (@ 19 Ui

5 QBLL o DLl ansls iy Grizmen Sl gy, (Slg ey
90 (VLU 5l BB )3 w3 ca E) p35 5 pom 90 53 wu S A )5y,
adllas 3)90 (il 8 4l )0 plac S0 dw B (Snd 90 0 Az
59 ;0 4,3 180 50 VLG slojls S gl 4 5 ol 00l S yo0
o5 (p99) 95 5 (P 5 o) 08 slooge baid iy & «Sis

Lloas

8 oplaib 16 0555 1395 T o0 Silke usico

(35 (ibisy olS ) 1.8 amy (yg 90

oy G lS 8 polie Joud BB Glkail 5l las Jas né gludus
st ldane jliel p cwl ol g a5 o)l Judsw g0 () 50 o
Akl o e
b Gl el g S s e plias et pd giludae mls
oS58 ololes )l Cdle (uilS )8 g 0,10 092 g e 5o (49 50 DLl )

312



ubled 9 (S893u0 Flodexe 3930 Ylall 9 oA Hut Sl yisg) 99 43 )9S @inmn S SSaeliad HUS) (Fw) 22

-4 —1
4% 10 (a) 4%
- 2 -'_:_32
= >
x° "X
“_)j, 0 ] 0
= M
’i_g %-2
E
4 -4
1940 1960 1980 2000 - -2 4
) time real(z’ 5()( X 1)) x 10"
x 10 (c) 10
: 6
. >-‘S4 i 1
>< -
= N
’",12 0 ]
€ 0
5
0 5 10 ¥ 0.5 1
Frequency (rad/s) X

Fig. 20 a) time response b) dynamic orbit c) frequency response d) mode shape, associated with rotor. vibration in.bearing position for unbalance
phase difference of 90 degrees in two discs and in non-dimensional rotational speed of 5 (third resonance frequency)
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Fig. 21 a) time response b) dynamic orbit c) frequency response d) mode shape, associated with rotor vibration in disc position for unbalance phase
difference of 90 degrees in two discs and in non-dimensional rotational speed of 5 (third resonance frequency)
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