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A new high order three-node Timoshenko beam element for static analysis of
beam and plane frame structures
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ARTICLE INFORMATION ABSTRACT

In this paper a new high order element is proposed for analysis of beams with shear deformation effect.
In each node of this element there exist translation and rotation degrees of freedom. The element’s
formulation is based on the first-order shear deformation theory (FSDT). For this aim, displacement
field of the element is selected from fifth order. Moreover, the shear strain is varied as quadratic
function throughout the element. It is worth noting that the quadratic function can be used for axial
displacement field. By employing curvature and shear strain relations of Timoshenko beam theory, the
exact and explicit shape functions of the displacement fields are obtained. By utilizing these shape
functions, beam elements’ stiffness matrix is also calculated. Finally, several numerical tests are
performed to assess the robustness of the suggested element. The results of the numerical testes prove
the absence of the shear locking and high accuracy and efficiency of the proposed element for analysis
of beam and frame structures. It should be mentioned, due to utilizing fifth order function for
displacement field, the proposed element calculates the exact solution for displacements and internal
forces throughout the element for triangular distributed loads.

Original Research Paper

Received 22 August 2016

Accepted 08 October 2016
Auvailable Online 14 November 2016

Keywords:

Finite Element
Timoshenko Beam
Three-node Element
Static Analysis

Uy )0 ogd (pl 09 adlgss Sgee Ll p i Cwlbro gL,
A3 o Cawd 4 |y el B0 b rly cawgie Cuwlies
el oads ) $Solgerd 50,5 sl 2 SUS slasiz eSU
L_g)l.mdu'a.)‘) ...\.19.,.»‘5.0 Lg..\.ud.m.!a odumo 9 ool dws 99 O L:a;).> uJ‘
Sloaz oy cwl aidl ploul S565LeS (sloogeis b 0,55 ol Sgae (sl52!
oad sletinn s3lil 54258 Sz b (25 99 sosle sl [3] 5 [21]
Sl sz Gl [A] a8 bty ,lS Loy YU 540 552 sl o
aldo sloab 5l oo b Sgo g s b e <5°|)'T GA,0 Sk
5 oot [B] S B Sibigars 5 0)S sl |y ook slaerz (ol
Slaboz sz Glagsyw 032 )5 @ L1 odezy <52 Ko siluadal) plog

Please cite this article using:

doddo -1
Sl aile cwaige glojle 5l gl cle o (6,0 sbgac
ol Jelo 5 0 ool 05 1S 5 lablon slaosls (S
Al Jerm Il 0,55 53 wlaidly (5 055 W5 90 ol aigS
) ceslin goly S50 (gboyd (gl o ol 100,5 o0d 3 IS S 0
o gy I 355 Gl sl it (RT3l a8 s e 4
hn SBSE ok Sl &S et slaps Jlod sln (i o S
argi b oy tnl 50 09,000 I 4 $Silgend 5 (0,55 Sl )‘Afﬁb
@lraly Shas o8 dhie o 50 (B S oo Sul Sl 4
30 bl b bl aib o bt wwlbs glly jo 5 axan )8

“aw Lo oaliiw! Jod @yle 5l Allio cpl @ gloy] (sl

M. Karkon, A new high order three-node Timoshenko beam element for static analysis of beam and plane frame structures, Modares Mechanical Engineeringy Vol. 16, Ne-11}

pp. 439-444, 2016 (in Persian)


www.sid.ir

LBl IR VO

632 93 BB 9 L a5 Julxi Slrs 9Siabigass 585 A SYb duije <52 K3 Slidudy

dgusme (51321 (S jlwdlaly -3
0950 Sl b iz olhg0 5 olralr Glaglas wyaze lizl b, 50
B s sz 1SS oS e anly 5 slapSe s 4 b
Ol e3> Sbygye 6L¢a@l;’ dpnle gl XY obes 1y ol
23,5 g0 Sl 93 5 iy a4z 5l iy 4 ol S S s elraly
Soye a Ol Sum Gan saaie slad o |y el (nl calale
1euigi (8,7) Ll
W= ay + a8+ a3é? +a,83 + asét + agé®
= [R,Ha} Y
Y = a; + agé + aqgé? 8)
oo s 4 (9) daly Sjgo a4 252 yly90 Gl (wiz e
dw 2dw
Gza—]/:Td—f—]/ (9)
Shadbion Sz oz &b S plhss e S 00,5 o0 s 5lol
(10) alal; ©y50 4 Glgion |y (B0 (255 (6) salols 4 4255 b Sk
:0)51 Cowd
. ,d% _EI
L Y TRE
3 g 7 sloale (10) 5 (8) sloalal; (o9 plp & 4255 bocnlplo

2055 0,18 s 5o (13-11) Ly, & g0 45 g

(10)

48

a, = —T(Aa4 + 807%ag) (11)
192

ag = —T/las (12)
480

A9 = — Tla6 (13)

e olaws (9) aluly yo ag g ag Ay slafule K> b 3,k |
g (15,14) Ly &js0 4 olsiee 1) 232
6 = [PyHa} (14)

[Po] = %[0 2 48 6(§2+81) 8&(E2+241)

10(&* + 48282 + 38422)] (15)

2099550 ) 4 et £ (g 252 Sbygy slaal (8L ol
Gl i Jlop By Wl bl 5l olimul L wged o
9 oo 4y (18-16) daslgy )50 4 {D} 25

0} = [6{a} (16)
(o} =[\] 01 = witm) a7
{DyY={w; 6 we 6w G} (18)

e il Su g i dwaid @ atls (16) alal, 0 [G] e be
[Py] sloms ile 5o oo 5 (slocaie (itliS L o] 5l s o o5 o

159] Caw
-t - -1
0 2 -4 g g g3
=t ¢ 0 0 0 0
0 2 0 480 0 384012
[z [ R l
0 2 4 g -g I3 (19)
il oo (19) Laslyy &0 4 g3 5 92 Grslole
g1 =6(81+1)
go = —8(241 + 1)
gs = 10(38442 + 481 + 1) (20)

L (21) ©ygo @ Glowe b 9 [NT coliygyo slogl Koo (som

11 olesis 16 093 1395 yare (w30 Swilse w e

ol ;5 [7,6] wols plwl e 5 wlrals @loplans ly Jitas
szl Gy So eI lsl oS A b e g gl 2
oy ool o [B] WS )l Sitgas slaps Sl gl 1) Sgame
Ol @51 b Ll sl oo )Ll Vb sai o sl s (5 o ile
5 AL wlor Coms & )l (S Sl iz Ol s3] slaaz s
Gopad sloys Jlos gl |y (qwaimen b9, 2012 Jlo yo il Sen
o b ohlea 5 4d 2014 Jlo jo eizen [9] wop S eiss
3 Se b Sl Cles saly p sgae Sl slaakal, ) e
s et JeloS ln 1) Gt B8 Sl e w00 ile ek, L
e Sy ollSen s S5 Jlo cnl o [10] wis S sleiiy sSiigas
cgliml Jelos sl SladS (5055 5 (29,5 GbalS sakn ) sSedgens
505 oSan 5 bl [11] wis)S (gjlwabal, do s oyl 5 o3 sl
Sl e @l slaaz o b 5Sidgaiaiz Ko is3dke 2015 JLo o
L [12] oS wl) L e ogae clageds aile glejls Julbw
Ll aspe s o 02 5 U sl abads S5 slagls 1 oslizul
lap| o 8 slorig sSidgess sl (Seslius 5 (Sibd Sl (sl
L sszls [18] stz o il Slaglabozaiz 1 S0l sl
Sl ) $Sbged eiz (S (il (e g (0P P9y Ol 2e7ose
[14] ol 05,5 @) Sl slls 5 (oy9ab (sl s ks

s S egdngd sl g by Sliw! Jdos gl dlae cpl o
Gt slpicel ond sleriny Seloas 60,5 sal 2 (25 4w N
Gy 3l ol e GRS Olae 5 iy 4z il s lralr Glage gl
a2z 09 (B dw @ Az b (ized 00,5 oo Dbl g0
breaslol o092 aalgs 95 4250 5l (B slaosle Ll sl ol (659700
Golering <32 sl Sl slagl wgas szl glaakal; o )15 &
Slr o il olinss sbali ol 5l szeste bilse cows &
055UsS 500 slrpygesl planl b Gl 1 00,5 (oo Slao goleiiin 552
355 0 518 o e ooleiiy sy s

S b ol -2
(21) Ly, ©yse @ plgise ) 5Sidgars 5 0, 0 (5 5 (S
[3] cosgs

do dw
= — = — 1
£ de , Y I 0 1)
oc=FE¢ , T=G6y )

"o 5 0hee 5w slegl s 40 sw GsS Glaalal, o
(43) Ly, ©yge a0 (Sl (2p g ST 0S5 (pl j0 Guizes aril

:&o;sn gLM>
de
M=fzadA=EI— @)
dx
dw
V=ksfrdA=GAks(E—0> @)

ol (g b oplply adlige oy ol o ks (4) abai; 5o
G by e S p oS el s dolee do s Jols
».\J"GA cws 4 (6,5) Lajlgy & g0 ds (gSiiigens

d
— == (GAksy) = q(x) ©)
d de

440


www.sid.ir

G5 Sexo 639293 S 9 L pus Sl (552 9Siubigasi (585 o SV Aui po 253 S Slgdasy
dw > x O —>s It
{er={ @ {=[p}p} Q¢ ——————————— Se = ————— @
dw 0 6; k * 0;
@ (27) w; Wi "'4 )
d < >
0 =l /
[B] = d x [N‘;’] Fig. 1 3-node proposed Timoshenko beam element
- -1 (28) Sbget i (25 i 1 S
5 2y Oy o i 5 4 [B] 5{D} sl Jole (26) abal, o
Tt ) Shbges i (e pmsle (rizpe 1wl WS o Sle w)ls alaily oo
12,5 Slas (29) aal, & 90 4 g _[Rv -1
v =[] t61 21)

- Lt 29
K] = j (817D, 1151 dx = 5 j [B1"ID, i) ¢ (29)

_[El 0
(D] = [o GAk, (30)
@yt Ol lioe G el iy s Jole 03,5 o s pslky

dlome b 03l 0a 5/6 il bt glaie b sl yd sl i Jsons ysb
o e @

kll k12 k13 k14 k15 k16

klZ k22 k23 k24 _k16 k26

64 k13 k23 k33 0 k13 _k23

3513182 k14 k24 0 k44 _k14 k24—

le _k16 k13 _k14 kll _klz

k16 k26 _k23 k24 _k12 k22

[k] =

(31)

1238 8 g0 Dl (32) Ly, 50 4 (30) (5w s ile slo el
ki1 = 4E1(40158720013 + 1944000012 + 2921401
+1273)
ki, = 2E11(—18579456004* + 7672320013 + 681408012
+ 1193401 + 569)
ki3 = —3584E1(60A + 1)3
ki4 = 1920E11(481 + 1)?(16801% + 1801 + 1)
kis = —4EI1(20805120013 + 976320012 + 1308604
+377)
ki = 2E11(—18579456001* ~ 200448001° + 197568012
+ 387001 + 121)
ky, = 4E11%(37158912002° + 62208001* + 1594944023
+ 96798012 + 166051 + 83)
k,3 = —896EI1(601 + 1)3
k,, = 320E11?(481 + 1)%(—4032013 — 264012 + 1801
+1)
kye = 2EI1%(74317824001° — 2778624001*
— 1406592013 + 11652042 + 54901
+19)
kss = 7168E1(602 + 1)3
k4, = 1280E11%2(481 + 1)?(2016043 + 384012 + 1921 + 1)
(32)
ile (b Ji8 JSte W8l goloiiny sz AT 93,5 0 sslke
P A= 0m) 035 i Gro iy sladSinmss SIS 1y,
@ cipa (goleiing s (B b g Slpg slal (oed
solyz s (Joipm gl (25 aw siz (G Guple 5 Cligs ) slogls
L Fordsl 25 aw s e Ll 5 Sbigye lagl ol
o 1y B Sy oy (mizen 2L [17-15] slogs o 50 o5
:3,9] Caws 4 (32) aal, & jg0 @ s

441

G el s Glp @l Gl Sloge gl cnlpl
2l oo s 9 (23,22) Loy, & j50
[NvI=[N: N, Ns Ny N5 Ne] (22)

2
N, = —Es(e — 1)(115204%¢ + 576042 — 144783 — 24782

+ 45618 + 1201 — 383 — &2 + 4%)

N, = éf({z — 1)(9216043 — 1152122 + 76812 + 24782
— BOAE = 240 + £2 — £)

N3 = —2(60/1 +1)(2 = 1)(—&%2 + 481+ 1)

4l
N4 = _F

(481 + 1)(¢2 — 1)(96042 — 12182 + 1081 — &2
+1)
Ng = [2—35(5 +1)(1152012¢ — 576012 — 144183 + 24282
+ 45618 — 1201 — 383 + &2 + 48)
Ng = éf({z —1)(9216043 — 115242¢2 + 76812
+ 24082 + 6048 — 242+ 2 +¢§)  (23)
20,5 oo iy 25 (24) aAbyly S50 4 B Jole G55 glaal o

B = 2304012 + 8641 + 8 (24)

(26,25) Lulg; ©jg0 4 i g0 Olaee Sl lagl cuizen
:AJQ;GA g,:LM>

[Ne] =[N; Ng Ny Nyg Ni; Nyl (25)

4

oF
2

Ng = —Eg’(f — 1)(576042£2 + 576042¢ — 576012

— 120482 + 120A% + 241 — 582 — & + 2)

64
No = EE(GOA +1)(E*-1)

N, = —&(¢2 — 1)(15¢ — 4801 + 7204 — 8)

Ny = 2(48/1 +1)(82 — 1)(60A¢% — 604 + 562 — 1)

Ny =— %5(52 — 1)(15¢ + 4802 + 720A¢ + 8)

Ny = — %g(g + 1)(57601282 — 576012 — 57602

— 120462 — 1204 + 241 — 5¢2

+{+2) (26)
Sl 0gdion w20y (10)S il GBL (KSz 4 )5 sl o
sl Sinlple cwl 5l (26555 Gmple 4 (B il il Lp
@5 GolSe i & [B] (1S Guple s Glsise ) 52 0900

0l g

11 o)l 16 )93 1395 ) xL)u)'J.n '_(.ulSn S


www.sid.ir

LBl IR VO

632 93 BB 9 L a5 Julxi Slrs 9Siabigass 585 A SYb duije <52 K3 Slidudy

B ol Ll ol sz 90 weoleiia sz YL Sl 28 (0l
A=6.452x1073m? (10in?) i, OB slacl gaie phaw .84, 00
2o adbee I =416 %1077 m* (100in*) uly 55 of (owyml Hlos g
W 35 10 Ll el oot ooy ()l 552 USS 4o aS wisSilen B ol
IS cnl 5o w05 e )y 4 05 5 AP L 5 3 o5 0 2P
o S p ol Wb gac (pimes .ol o P =44.48 kN (10* Ib)

oo )3 q = N/m (2 1D/ft) co b c515iS, 00,8

8.135
(6) ¢y (uy)r‘*“G () 8 sl plale il Judos alxl L
2l 25 90 slasr @l cles 4 oleiing sz sln 3 oS
ol @S 005 e ol ol end gy 2 Jsur o ol Stagh
ol ooz onl wlatez oy Gl gae 2 ln sz g0 lRARg5
550 gy B puae (sl oolpiin c3x S 5l oolil L 45 ams e
Bl e s @
bl slajlse woolerin oz B (3l plas i ok 4
by w0 S on oy B @ gae Jobo 10 (LB p 5900 9 (e S (Oy0
P e ia blsgas (nl Wedee amlie ol Siagn ple leadl
ol 552 gy o foge ol 4o ot asls olis 6 b 3 cla st
@5 39 2z (RIE) ool 58 SISl L (5 50 252 b olem &,
2 B) Jloges 1o 45 30,5 oo (55Tl el 0ah sy B30 by 5 (I1E)
ol sy el 0ais ousy (RIE) e52 (sl Gy jlogas obj sl s
) 330 aul o)lpe (olod )0 G3leiiy 232 &5 a3 (LA Lo loges
@ gas ol 3 ) gae A3 Gy s bplraly 5 wad e Zess
B 93 e3z 48 39 e ounlive (uizpd WS (oo (2bgyS B33 )98
B30 g 4y ()5 bl 40 on Ty l)ss 5 5o slagaly L (IIE)

4P S —_

2P 4 0.75a

Y Y Y Y Y Y Y Y Y
N
|
|
)

" 05a ' 05a !

Fig. 2 Plane frame geometry with applied loads
ol 2)ly sl olpen 4 OB ain 2 IS

G 90 SB35 sl plral> 2 Jguo
Table 2 Displacements at node 3 for the plane frame

[F1= fo T {7 ax (32)

2 p o)y 00 S g gy weipa (Mg g (32) aal, o
sl e

Soue slbogeil -4

slaojle obiwl Jlow o golering 2 s 5 LI e cnl 5o
332 o303l 93 yghiie nl 1y 055 oo B pyp 9)50 B 5 s
33 gl g 208 o0 Jelow b 5 o 00 gejl 50 09 e ploxl
bl 4y 8 ojle o el pg0 gajl o 005 o Sl T Sl
5 oS aash nlo @i b eoleiiny 52 ol s3] 50 2 )0 o0
Dy g0 dumlie 385 Fusly 5

o)k i Judei -1-4

Jelos coolpin s3> YL Eds ools i jelaie 4 (ism opl o
55 el 005 o bl el bl )3 3 pema b Sl 5 0k 8 S (sl
cys bl o h = 0554256 5ec 5b =1 e L =45k ol
5 SleiS ey ouzes 3 R = 0855 Ay Ul
Wiloe V=035 E =26k ply iy @ o glas amlyy cod
Vb adpe @la JS& il (60,50 sl » 5 Sl plraly (Lo &l
18] 55,5 oo ol (33) ala, &5 4; (HSDT)

PL3 PL3

_PEPL s )(")2 1L tanh(aL)
Wip = 3p1 T 51 T VL oL At

420

a= m (33)

052 A o JS8 iS (50,55 Sl p e Slesl koS el (o
e s o0 (34) el 90 & o (FSDT)

pPL3 3EI

Weip = ﬁ( B m)

2oogdle Joaz cnl o el oud lis 1 Jgozr 53 ool games

o [18] el ol 250 55 68, 5 Khd slaanil (soloiins <> mbs

“JISI L 085 93 32 5 (HOE) YU as o s 32 09t 50 b o)l 5 g

sanlive (Jgaz cnl (gyp b losgas oo | o3l (RIE) (o2alS (5,5

Oz 05 b S s a end Vbl (goleiiny 52 80 oS D95 e

ABS oo Cowd 4 |y 388 Al s3> SO

(34)

ol Julxi -2-4
Jeld gany 90 OB Sy pliwl Julog o s 8o o jelaie
5 aesge s 1y 0T 0y sl olam a4y B (] 2 S5 00 5 o0
95 gl o s o SlatS o el a = 3.6576 m (12ft) <& oyl
E=689% 55 & b slacl wlas Gy Sip ol o
ol &l il e ks =5/6 v =025 10° N/m? (106 psi)

o)k 53 sl 5 1 Jguar
Table 1 Tip deflection of cantilever beam

o5 o5 [BIRIE s3> [BIIE s3> [19] oz ye s oly solgiiy 55>

Uy 0.84765 0.83898  0.83843 0.83898 0.83898
u, 0.68056 0.68123  0.68107 0.68123 0.68123
0 0.86647 0.96206  0.96715 0.96206 0.96206

s 5 olass [18] HOE : ;> [18] RIE - 5> oolgriny sj>
1 - - 586.8
2 553.3 550.6 586.8
4 579.9 577.7 586.8
8 585.8 584.6 586.8
B85 ey 586.9 586.8

11 olesis 16 093 1395 yare (w30 Swilse w e

442


www.sid.ir

OFI Sexo 532 95 BB 9 L a5 Julxi Slrs 9Siabigass 585 A SYb Aui e 252 S Slduliy
'I
3r 1 3r P
\
N/ T eemem—-——-
N,
, e Proposed
o Element
/',
-
—~ 2 [ ) — 2 [ R ’ N
€ E |
~.
x x .
.
N
.,
\ Exact \.\
® Proposed Element e
1t E 1t . E
.,
.,
0 L 0 L %
2 3 6 -4 -2 0 1

Bending moment (M x10* N.m)

Fig. 5 Bending moment for the vertical element
b 3B gae bl o S jloges 5 St

B O IE
[ Exact
®  Proposed Element

— 2 [ 7
£
x

1 L -

0 . , N

-6 -3 0 3

Shear force (V x10* N)

Fig. 6 Shear force for the vertical element

OB B gae slinl) [0 by Jloges 6 S
Goaand Hlas el cpl ol ol el (goue aesl g0 dalB g by
gy 5 LOSe et sarulne sl ooliiny s37 GYL Jl 20

gy G355

e S yg8 -6
(M?) ghais o A
(NIM?) sless e o E

443

Deflection (Wx10 m)

Fig. 3 Transversal deflection for the vertical element
DB W55 gac gliwl) )0 53 loges 3 Sl

3r i
4
’
1
]
[}
0
. 2r A
é t’/
< 3 Proposed Element
‘-\
‘.
\v
“
‘v
\4
1r i
0 ¥ :
-5 0 5 10

Rotation (0 x10)

Fig. 4 Rotation for the vertical element
OB W30 gae sliuly jo olye0 Jloges 4 Js<s

S5 dmii -5
Slp Sidges 60,50 sal Wi (B dw s SO dlie ol o
T a5l aad g ol by 55,5 s alals slalae (solpiing
G55 el slaghue e adaly i boaslsl jo ol Lasl gs
slagl wgame izl Laly) 5l szere iz 9 Ohe 5 A0
Sl ol G35 @ b el Cs @ e Oyse a4 iz Sl
s el G & Ty Oypo 4 golpiing s> B Sl (Slg,o

11 o jleis 16 )93 1395 ) xL)u)'J.n ‘_L_;Ka S


www.sid.ir

LBl IR VO

632 93 BB 9 L a5 Julxi Slrs 9Siabigass 585 A SYb duije <52 K3 Slidudy

[6] A. Lees, D. Thomas, Unified Timoshenko beam finite element, Journal of
Sound and Vibration, Vol. 80, No. 3, pp. 355-366, 1982.

[7]1 A. Lees, D. Thomas, Modal hierarchical Timoshenko beam finite elements,
Journal of Sound and Vibration, Vol. 99, No. 4, pp. 455-461, 1985.

[8] G. Falsone, D. Settineri, An Euler—Bernoulli-like finite element method for
Timoshenko beams, Mechanics Research Communications, Vol. 38, No. 1,
pp. 12-16, 2011.

[9] R. Bouclier, T. Elguedj, A. Combescure, Locking free isogeometric
formulations of curved thick beams, Computer Methods in Applied
Mechanics and Engineering, Vol. 245, No. 1, pp. 144-162, 2012.

[10] F. Lepe, D. Mora, R. Rodriguez, Locking-free finite element method for a
bending moment formulation of Timoshenko beams, Computers &
Mathematics with Applications, Vol. 68, No. 3, pp. 118-131, 2014.

[11] B. Zhang, Y. He, D. Liu, Z. Gan, L. Shen, Non-classical Timoshenko beam
element based on the strain gradient elasticity theory, Finite Elements in
Analysis and Design, Vol. 79, No. 1, pp. 22-39, 2014.

[12] D. Caillerie, P. Kotronis, R. Cybulski, A Timoshenko finite element straight
beam with internal degrees of freedom, International Journal for Numerical
and Analytical Methods in Geomechanics, Vol. 39, No. 16, pp. 1753-1773
2015.

[13] C.-Y. Tai, Y. Chan, A hierarchic high-order Timoshenko beam finite
element, Computers & Structures, Vol. 165, No. 1, pp. 48-58, 2016.

[14] R. Khajavi, A novel stiffness/flexibility-based method for Euler—
Bernoulli/Timoshenko beams with multiple discontinuities and singularities,
Applied Mathematical Modelling, Vol. 40, No. 17, pp. 7627-7655, 2016.

[15] B. A. Coulter, R. E. Miller, Vibration and buckling of beam-columns
subjected to non-uniform axial loads, International journal for numerical
methods in engineering, Vol. 23, No. 9, pp. 1739-1755, 1986.

[16] C. E. Augarde, Generation of shape functions for straight beam elements,
Computers & structures, VVol. 68, No. 6, pp. 555-560, 1998.

[17] A. Modarakar Haghighi, M. Zakeri, R. Attarnejad, 3-node Basic
Displacement Functions in Analysis of Non-Prismatic Beams, Journal of
Computational Applied Mechanics, Vol. 46, No. 1, pp. 77-91, 2015.

[18] P. Heyliger, J. Reddy, A higher order beam finite element for bending and
vibration problems, Journal of sound and vibration, Vol. 126, No. 2, pp.
309-326, 1988.

[19] M. Eisenberger, An exact high order beam element, Computers & structures,
Vol. 81, No. 3, pp. 147-152, 2003.

11 olesis 16 093 1395 yare (w30 Swilse w e

(NM?) op e G
(M) ! loe I
(Nm) gows 0 M

(N) b 5.0
Sy e
Sy97e Gi,S €
s oS 1
Sob dx G aate 3
(N/M?) 5 j5mme 5 7
(NfM?) o oo T
W igiz

b 5 Sy tip

&ln-T

[1] R. Nickel, G. Secor, Convergence of consistently derived Timoshenko beam
finite elements, International Journal for Numerical Methods in
Engineering, Vol. 5, No. 2, pp. 243-252, 1972.

[2] D. Thomas, J. Wilson, R. Wilson, Timoshenko beam finite elements, Journal
of Sound and Vibration, Vol. 31, No. 3, pp. 315-330, 1973.

[3] J. Reddy, On locking-free shear deformable beam finite elements, Computer
Methods in Applied Mechanics and Engineering, Vol. 149, No. 1, pp. 113-
132, 1997.

[4] K. K. Kapur, Vibrations of a Timoshenko Beam, Using Finite-Element
Approach, The Journal of the Acoustical Society of America, Vol. 40, No. 5,
pp.-1058-1063, 1966.

[5] A: Tessler, S. Dong, On a hierarchy of conforming Timoshenko beam
elements, Computers & structures, VVol. 14, No. 3, pp. 335-344, 1981.

444


www.sid.ir

