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Reinforcement learning control of four degree of freedom inverted pendulum
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ARTICLE INFORMATION ABSTRACT

In-this paper, a robust linear quadratic regulator (LQR) based Reinforcement learning method is
designed for a four degree of freedom inverted pendulum. The considered system contains a four degree
of freedom inverted pendulum with a concentrated mass at the tip of it. The bottom of inverted
pendulum is moved in x — y plane in x and y directions. For tracking control of two angles of inverted
pendulum, two plane forces are applied in x and y directions at the bottom of pendulum. The governing
equations of the system are derived using the Lagrange method and then a robust linear quadratic
regulator (LQR) based Reinforcement learning controller is designed. The inverted pendulum is learned
for a range of different angles, different lengths and different masses. The parametric uncertainties are
defined as various lengths and masses of inverted pendulum and the disturbances are defined as impact
and continuous forces which are applied on the inverted pendulum. After learning, the controller can
learn online the system for any arbitrary angle, length, mass or disturbance which are not learned in the
defined range. Numerical results show that the good performance of the reinforcement learning
controller for the inverted pendulum in the presence of structural and parametric uncertainties, impact
and continuous disturbances and sensor noises.
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Fig.1 Schematic of four degree of freedom of inverted pendulum with
concentrated mass
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! Adaptive fuzzy controller

2 sliding mode controller

¢ PID controller

* Nonlinear controller

® Fuzzy controller

® Fuzzy parallel distributed compensation controller
’ Takagi-Sugeno

® Predictor-based control

® Nested saturation

10 Back stepping
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Fig.2 Vector position of center of masses and coordinate of inverted
pendulum with concentrated mass

St prr b g Joaily Slaties g b oz 3550 )l Condge 2 S0

%2 Finite horizon Markov decision process
14 Set of states variables

01 o)lests 18 0931397 ORIV 3 Sule Swiiie

s S5 Jemly 9 otz (6550 J2li5 (L) (n3l5Y omizmon a2l
Lol
sl Slog g Dlaises S yele pyz g (wgSae Joily i sl
1 il & le azdly
q=[xy06,¢]" @
Q =[F,F,0,0]" ®3)
@ a2y b pe J5 ety 5 chex 5 Al Gl
Do a usSae Joail gl 5 o ey 3550 CuaBse slajl 2SS

il (o0 50 %)
x
=
0 &
0
—, 0
3 &
[0]
—1
m; = (0
L ®)
m? =50 + Rt %
Y = b0+ Romi} ®

sl & e olfius lgs Gl RY 8 5 7 o¥sles o a5
(%0, Y0, Z0) w2l oliws & Cos (X1, ¥1,21) 35 e 2 5 osSne

D9 (o0 S ) D jge 45 bl e

1 0 0 cosp 0 sing
RY ={0 cos# —sine] 0 1 0
0 sinf cosf ll—sing 0 cosp @

il 6553 ooy 35 50 ¥olae leslainl b 3Kl b oaslsl o

298 (oo Jol> pias

> T
Uy = GO MUY (10)
> T
U, =G M3 ab
B 57 S¥olas 3l Sboj 6, Kitin Lo py> 35,0 o oy >
- d _,
vy =§(m1) a2
70 = g as)

B olhgs mple 4 a2 b 55 ooy S50 sl gly S
2l oo Cewds (9 Wolae) Hho 4 o

- d o =T

Wy =—- (R)RY as

9 doles jl oolawl b 35 jeie oy g (woSxe Jowib oyl loo

g (g0 dLligh 1) Ciygear doly ol 4y Cad

> o T

B =RTR %
> o T

B=RDR 18

ol oo Sty 2 8150 5l S pp iz (65l A )

1.1 1

Ty =5V Ml V1°+5W9T7{’ w? an
1.1 1

=5 V) MV 45w B wg a8

s IS (gl onal Gty stz g enily 3l 4 2 b
il Sl ol S e 02 5 esSae Joib pitan T 35

390


www.SID.ir

USed 9 9 ubsgd (5185 30 Sam

ST 4353 )l wosne Jg il g 6 a8 S i) & Jyiis

s 2 Dygo 4 el 00l 00591 dmy Cond 0 a5 gLl (5 sk
-1
ar = _(B;F(PtﬂBt - Vt) B ¢ri14cs:e @0
@ = A7 L
(‘Pt+1 - (pt+lBt(B;:r§0t+1Bt - Vt) B;r§0t+1)At - U @D
5 4 3,5 o b e o iy sl ey 4 argi Ll
Sy 4y 00,8l b e 650k Bgy WIS Jas G558y dalyo
25 oyt i 4 s ol 45 558 o ol O LSl Sl
Loy osd oo Sl g 5 S adgl Ll S e (6l ol -1
B 1) s o2 slo > @y Gl § 23 alolee 1 oolasal
o2l oo ey T g0 o
Lol 26 aoles b 35 o (53l ot Jolas L5 Jg> s -2
YW
Ceomd ) 00wl Caway glo el 31 30 V¥olas 5l eolanl L -3
g (50 dulire Wz glagys 1o leds
33 o)led Cond 5l ode] Cewds wax slag 5l colenwl b > -4
S (g0 dalol M2 995 line G g 4 g 5 ples
Josil gl caliee adgl Ll jo ) onds axas iy, o) walol jo
e gl Lo e gl JiS oS oo Ll S pete 02 g esSae
o ol 0g5 alidle 1o 50,80 oo Cey Jsily Jolas gl |, Janll LiSe
odd iy pxi alisee Layl i (6l (6 S0k anld pledl 5l g Az 3 o ls
28 s 45 sl gl e ST o0 Jos 5 Ojgm JHUS (nle sy
R pSed g duslie Cawl i8S oL a5 ol wgly polie Lilyols 15 o
Aol 51 oolitil b g 5 o S |, o Jab oy 2l
Jlesl 1) 9,0 9 a2 < r:l:{él 9o SR (Tl 30 Wolae 4y 4y (sl
.A—;SGA

ol SOl yS gyl ol -3-2

o &S S oo B 50 bl @lsiie Oyge 4 1) Bebl) B lal

WSl oo e Code b

V=-V*(sp) 32)
),AS>9S a)b.a.b (24 dolso) u.:lol; @L L5l)" ol ol ms |J.|)

ades oled oo Bebld Al 5l (605 Eie b cwl Hao b gslus

V*(sp41) = V*(se) _

V= _V*(st) = At

51?+1‘Pt+15t+1 - S;F‘Ptst

SRl wizmen g YU doles j0Spiq = Ap S¢ + Br ap 5,105 L

o (5P 53] 4.]441) 4 33 aoles O 31 9 30 oYolso )‘ Pt 9 ag
V=R(s;a) <0 34
Il s 4S50 Sl e ojlgen R(Sp, @p) b a5 Ll

el

2 Riccati equation
2 Differential dynamic programing

391

gy dsgazme s @
el 98y Jlit s Pog
ru;'}lol.; &b:R
foley @él: T
b inly (8) o lajeie asgazme (usSae Joaily pincms sl
A8 Gy b wiply (@) gy asgerme 5 et S byl )y
)ld Azl 50 s e plol JI e jo a5
s=1[%y.6,0,%5,6,¢]" @
a=[F,F]" 22)
e DYl Sl dliie Soliys a5 (Sl slo s )0
s Soliys gose S ol 5 (Prg) <l 58y Lozl sl oo
D9l (g0 yuS
Sp1 =S+ At S, 2 f(sp,a,) 23)
5 wile oy Sy At g loy S E il 23 dolea o
Dl o sy Y dolee JIE+ T (o) 0 el (g0 Sl az s
e Cpgs 4z s S sew S5 5l esled L (R) ol &
D9 s
R(sp,ar) = (st Us, +a.*Va,) 24)
il eV € RP*Z 5 U € R¥8 YL ol o
Seolos ol ploly Al jo Jas dobus 5l eslaiul p egdle
b g Wsles jleslinul b azss )5 055 (o0 3l (b 5 pie
sk fas
Ses1 = f (5, a,) + (st(§tr dt))T(st —-5)+
(Vaf Ger @) (@ — @) @5)
Al oo i Jobs bl a5 @ 95 Jobs bl Jo> 1) piwew
Wl oo 50 3 Oyge 23 Aolas azel 50 0iS oo (5ile oS
Sep1 = A S¢ + By ag + Dy wy (26)
ail oD ERE yB e RP? 4 e R¥E &5
Wb (§9ym Dygu a4 0dds 8,y Slialazel w26 dolre (o
g (g0 yii S yeke 2 g (weSre Jguily (slal 4 0 3y sl
w = [, Py Byl @n
oS Joaily shasl 4 0sd )ly (sl 4,0 slag s By 9 By 27 Wolae p
o oy Fy 5Fg 5 pusSas Jsuily sl Cubon i ey
g (o0 Jouily drgl) yts Sul 45 Wil (0 S peke )2 4 0D 0l
ISl gy (sl 6550k gy 50 ob 4z NS oS jshailen
ol O3 (@) gy asgerme sl azei ;o ] Cusdy ol
b oshae col sl gl gl o5 )l (hg) p3 el iy pad sl el by oo
s (V) Voms)l &b slayelly cips o7 (3550 LS5 oy 5l eslanad
2y Soye & (1) Pl
V*(se) = max,, R(s¢,a;) +

Est+1~Pstat [V*(se+1)] 28)
n*(sy) = argmaxg, R(sg, a;) +
ES:+1~Pstut [V*(St+1)] 29)

15 Set of actions

%6 State transition distribution
" Reward function

8 Horizon time

* Linear quadratic regulation
2 Value iteration

2V/alue function

2policy

01 oplass 18 093 1397 (15,958 ALASWA AL Shdid


www.SID.ir

USed 9 9 ubsgd (5185 30 Sam

6T 4353 )l wosne Jg il g 6 a8 S g, & Jyiis

L amalia ;5 25 5,250k oslisal L LQR 15 uly 4 IS
ol el Gl 4 ol 4z ez Jswil piew 5 LOR
5 iesh 6eob S eslid L LQR 58 snly 4 S il e
o sl s aoys 10 ol 4 Jpaiy Jsb o > sl 1, LQR
30 ojlail & S pee p2 g adsl Jowily gy woys 20 ojlail @ Jouil
Jpbilen 085 o Lt |y el bl Ligl3El adgl 55 sate 2 ke doyo
Ar s s 6pSol ) eslial U LQR S el ekt oS
3 Coyn 4l g 5 a5 55 5,5 e b o il 2l Sl
Jolss s sl o LQR Jus a5 Jls jo il 3 jam a1y Llgs
S5 553l 3 oslizl L LQR 15 aly o S 98 e 5
P79 WSS esd Josil o2 5 Jsuil Jsb o5 (Sl ln ], LQR
o ol 1y aal 4l Gl ogs el oy ao e 60 ojluil 4 55 et
s (6 Sl Sl eolaiwl L LQR Jis cul asin a5 jshailes aa
S e 5o gy Jlesl b el atdlys 55 gyl Sl g9 gl il o
P LOR Jus as Jlo o il S jao ) bl 5 casdye il &y
S oo ) Jolas b 5 lay

L aalia ;5 25 (5,250 J oslizal L LQR 15 &uly 5 IS
Gl o Sl & ol 425 ez s st 55 LR
LQR 5 a3 s ,50b 51 oobizal b LQR 5 seuly 5 IS5 il o
2P 2y Dpe 4 6l panl Cl ol oy 5yl (pnels ol
el ol azd )8 la
X=fX)+gu+Af(X) 35

ools e B S ,0 aS jghailen sl oo Llseil A= 0.3 lade a5
Sl oz ) S 5 s 5,53l ) eolial L LQR 5 ks
oles o LQR S o5 b 4o el sil, Jolas el 4 1, Jauily
Sed oo, ol 5l ol

35 sk 5ol 5l sl b LQR L8 sy 7 506 S
a0 olasel Gl a golil az o e Jouil sivbw ;9 LOR b as i
o Sl @ ] pis ol WHB S8 aiil o sl 250 5 5
00 O)ls s 4 gy 48l 0 ASY 9 X liwly G0 es 6 (6l 40
B 6ol 3l oolinal b LQR S p8 s o olis 1y o
Slham 4 cas asl I LOR &5 Jb s axed ) Jolss a4 e
Sl aye Goye Sl @) el Eolieb SO ol oud )5 Jols
Sl 00l 5 )lg i 45 iy 4l j0 a5 @ 5 0 glaliul) o 555 0.95
01y i 2585 5,55l ool U LQR J25 ms o ol
B Jolss jlam 4y e a5 I LOR a5 Jls jo oails 55 Jolss o>
6 s et sy 6l & |y e sl AT S el o
oo B aw 4l o a5 Y 9 X sliwly j0 a5 ((eige 3SINE b)) cwginms
Slesliiwl L LOQR J s jo om0 lis 1) sl oad o)1y pianes 4
olea I LQR a5 Jlo o 428y Jolas Sl 45 s 2585 (6,50l
o5 6l & |y s gl 7 S e o )5 ol laz
O &S P g0 glisl) )0 aS (559:50.455INE b)) swsiws Gl 4 po
LOQR J,us ams oo plas |y sl 00l 0)lg e 45 2 B s 456
T 5 owils 55y Joles b a1y s a5 (550l 5 eolizad b
IS el 8 USE el sad gyl ol 3l ozl ples 5l LQR &5
Jowil i ;0 LOR L aslin jo s (5,500 5l eolazl L LOR

01 o)lests 18 0931397 ORIV 3 Sule Swiiie

Sow g b -3
P 5 oossae Jouily Selis (3l Jao 4 bgrye Slaslre (olas
e I3 e 50 s (Sl 0sd (Bl SIS Gizmen 5 S e
ol ey 580 p 55 cnl ) 58 pies S35 5 ol mll g (oiginS
G50l g, 5l eolaul L LQR Jyus o jlael glyy locl
9 o Esiie OVl 0 a5 oliT ax o g0 Joaily sl JuS (sl
LOR Jyu8 b odel Cowd 4 mlis uizen 5 >b ol ool J>
Sy oz g e Jgaib plecs slp S50 p2 el 0ad anslia
bilyd o5 bk gl (Soled 5 (Seald Lulyd o (golil a0 40
oo Al 53 sl aglio ol 5l ol b il snd Liyles] cilisee
PUIGW PR W oé)ji 5—3 9 -3 (k3 sl IS8 0 iy 4 g 00l
@bl 5 adsl Bl aygly Sl s Sloj el -1 sl il ol
wsly Sl & e Sloj ol 20lE3 IS8 50 b sl 4l
Gk -3 5 o3 IS8 0 jae addl b abelr 5 Sy adsl Sl
» S adsl b abule g ho adsl Sl agly Sl 4 g Sl
o Sl ol (28 s oy slo il 5l o sl 23 S
5 aB e eidee oplolpond Oll adsl slayiell e
Sboy gl WF3 s o L =35cm,Ml=150g,M =100g
&S ghilen ol sadom, x =2m, 0 = 20" Gl JpS g e
sy b sl 6,80l 5l eolanwl L LOR Jyus ail o aseie
e 4y s LOR @ s a8 Slogd Olynis 5 g0 i
Slp S8 g0 e Sl mel 3 IS ol easle, Jolss
S a8l e ateive 4 jshailes ol 0dd g, ¥ = 0m, @ = 40°
Sl a4y 1y i 4l a1 268y e (6 ,50b 5l eolanw! L LQR
Dol 4 1) s Gl atiilsns LOR oS> o el sailesy Jolss
X =AM, Q=0 ly A8 5 n e sul o3 UK s il
Sleslatwl b LQR J s sl co satein a5 jshilen .ol 00l
odilesy Jolas Zdlo a1 s 4l Slez 51 7S 50 (sl 650k
@nSoh etz b LQR 5 s Slae & 4z b Jl
43 ez S yeke pr2 9 esSae Joly piens ln S nl (s
odel sty gl 4y aalol o sl edud ijsel e g >l (g5
315, LQR 55 b ol e 5 125 ool oo slo il 51 Jol>
ojlasl g L ol )b el oaus (gal Sew 03b JBlas o J S oyl
AW 00)5] 1 o leds Jgaz 0 il ol bl e u“)i‘] Slpas Lg’L‘”
s 5 S 3 s 45 5,5 0,81 015 oo L Jpar & 455 b o
ooy o @l 1y 095 6,50k o (b S eass (hjgel Gluss
polie A Jgaz 00 ead s polie Loagl 5
Sl e Jlaie 59 40 ol (—307,-20°,—10°,0°,10°,20°,30°)
b ol oo 12l 40 72 = 49 J 558 a2l ools plwil ¥ g X
S5 Dlads pizmes a2 g |y b agly (sl oad bl WYl slas
o 2Sls asiye 5L Jasll uSe 1y 5] Sy sl 2l 52 50
b odel Cass @y gl g iulej] calizes Lyl i o J S (5 50k pledl )

mlomw)@bsou A....;Ln.a LQR JJ)....S

392


www.SID.ir

USed 9 9 ubsgd (5185 30 Sam

ST 4353 )l wosne Jg il g 6 a8 S i) & Jyiis

5 — — LQGRC
—RLC
o | W
= 0r S I Y O e =
>
= . . . .
0 1 2 3 4 5 6 7 8 9 10
t(s)
10 e, ———
=) ]
8 0 \k_‘
e 7 — — LQRC
i 3 i i ——RLC |
100
0 1 2 3 4 5 6 74 8 9 10
t(s)

10 — — LQRC
> n —RLC
z -

]
[ N

-10 . -

0 1 2 3 4 5 6 7 8 9 10

t(s)

c) System response for the zero amount of the initial angle and the large
amount of initial displacement of the bottom of pendulum
L=35cm,Ml=150g,M =100g
x=4m,p=0"
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Fig.3 Time response of Reinforcement learning controller and LQR
controller for two-degree of freedom inverted pendulum for different
angles and positions
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a ) System response to the increasing of pendulum length, pendulum
mass and concentrated mass
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a) System response for the average amount of initial angle and initial
displacement of the bottom of the inverted pendulum
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b) System response for the large amount of the initial angle and the zero
amount of initial displacement of the bottom of inverted pendulum
L=35cm,Ml =150g,M =100g
x=0m,p =40°
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a) The response of the system to the impact force in the x and y
directions

L=35cm,Ml=150g,M =100g
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b) The response of the system to the impact force in the 6 and ¢
directions
L=35cm,Ml=150g,M =100g
x=0m,y=0m,0 = =10, ¢ = 10°
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Fig.6 Time response of Reinforcement learning controller and LQR
controller for four-degree of freedom inverted pendulum for impact
disturbance
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b) System response to the increasing of concentrated mass
L=35cm,Ml =150g,M =160g
x=-1m,y=-1m,0 =20", ¢ =-20"
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Fig.4 Time response of Reinforcement learning controller and LQR
controller for four-degree of freedom inverted pendulum for parametric
uncertainties

o3l a0 ez Joily 61 LQR 5 (s (¢ p5oby 8 Jloj sl 4 JS
Srehly gl el sl

L LQR g5 wil e msede 9 S 40 45 jelilen by X
Sl el onsily Joles b a1y iS58 (5 50k 5l oolaxul
&l 4 et gl 10 S ol ool 45 a3 055 > 4 LQR a5
M 050 slo asly 51 S e sl azye Sho adsl glo aly e
a8 jshiles wilbey 5 X laliul) o Joaily 4l sl e 3.3 4
Ssh 5ok ) oslitd L LQR S atle paiie 10 S5
az 0 0g Al 4 LOQR asll> o el sasils, Jolss clls oy 1) et

RO PRV

S5 4o 4
Slp s xS0l by, wlel p pglie LQR Jius 5l dlaa cpl o

Bf LORE B s fare
€ ——RLC z —RLC
E o[ MN\/~——————-  E o] yrmmmrrrmrrmrrem
x ............................... >

5 5

0 5 10 0 5 10

Fx (N)
T
.
O
. YN
T
2
(9]

Fig.5 Time response of Reinforcement learning controller and LQR
controller for four-degree of freedom inverted pendulum for structural
uncertainty
L=35cm,Ml=150g,M =100g
x=1m,y=-1m,0 =20",¢ =20°
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a) System response to noise in the amount of angles received
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b) System response to noise in the all amount received
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Fig.8 Time response of Reinforcement learning controller and LQR
controller for four-degree of freedom inverted pendulum for sensor
noises
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Fig.9 Time response of Reinforcement learning controller and LQR
controller for four-degree of freedom inverted pendulum for big angles
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a) The response of the system to the non-impact force in the x and y
directions
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b) The response of the system to the non-impact force in the 6 and ¢
directions
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Fig.7 Time response of Reinforcement learning controller and LQR
controller for four-degree of freedom inverted pendulum for continuous
disturbance
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Fig.10 Time response of Reinforcement learning controller and LQR
controller for four-degree of freedom inverted pendulum for big
position
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