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Investigation of the exponentially tapering effect on the behavior of piezoelectric
energy harvester including geometric, inertial, material and damping
nonlinearities

Hamed Salmani, Gholam Hossein Rahimi”

Department of Aerospace Engineering, Tarbiat Modares University, Tehran, Iran
*P.0.B. 14115-111, Tehran, Iran, rahimi_gh@modares.ac.ir

ARTICLE INFORMATION ABSTRACT

Original Research Paper In this paper, the nonlinear electromechanical formulations of a piezoelectric energy harvester are
Received 21 October 2017 proposed to investigate the effect of exponential tapering on generating more power with less mass from
Accepted 17 January 2018 energy harvester. For this purpose, geometric, inertial, material and damping nonlinearities are included.

Available Online 15 February 2018 . . . . N . .. .
y The governing equations are derived using the Euler-Bernoulli and linear variation of electric voltage

along the thickness assumptions. The coupled nonlinear equations are discretized by the mass

Keywords:

Piezoelectric, Energy harvesting normalized mode shapes of an exponentially tapered piezoelectric beam with tip mass, and resulting

Exponential tapering differential equations are solved employing the method of multiple scales. An experiment is set up, and

Nonlinear the damping coefficient of the beam is calculated from the tip acceleration to base acceleration

Experimental method frequency response function in the case of low exciting acceleration and short circuit. Material
nonlinear coefficients are identified using the experiment, when the exciting acceleration of the shaker
is increased, and the proposed solution accuracy is verified. The effect of tapering exponentially on the
behavior of the piezoelectric energy harvester is investigated by studying length, tapering parameter and
exciting acceleration amplitude in some examples.
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Table 1 Energy harvester’s modelling parameter

Sl sl
68 L(mm)
20 by(mm)

0.85 hs(mm)
0.6 h, (mm)

215 M(gr)

11.55 c
100 R(Q)
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Table 2 Material properties
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81 Ci111(GPa)
i €311 = €113
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1.306x10° €33 (F/m)
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200 E,(GPa) ;
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Table 3 Piezoelectric material nonlinear properties
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-6x10° a,(N/V?)
-7x10°® a3(C/m?)
2x107%0 a,(C/V?)

* Short Circuit

02 o)leit 18 0953 1397 castuns )l Qs Sl AlSa G s


www.SID.ir

e 9 03Lo (0 pial (w34 SFislod sad by S piSUlg s (531 0 IS bl p (5393 Sy e aiie mhows (les alyuss K3l Gw)

u@;)wm&éguila.lm.\.ah
i \_ :\\'\ - 1g
I | \ 4 ‘\\\\\ - — -5
| N I . \'\'\.\. —-—--10g
/ ] N ——- 15
Jol S NN mm- 209
- / N : N
| P / ] N ~,
Ve / / N N ~ \"\
- V2 a / \ N o~
L7 - s / \ SN T,
- N ~ :
10'F ~ . y \ <~ So
S :/ /./ ; N ~ R ~
| - N .
OUJ) L~ s’ ’ N TS N
@ B - N
4 N
o | e ~
> = - S o
10% |
I <A R R BT B i
20 40 60 80 100 120
Frequency (Hz)

Fig. 8 Voltage, L =50mm, c=20
20 (Fuiph Sl cupd eyiaishen 50 Job (sl 5y logei 8 JSCB

ol 5y edle S8 x5 IS« SWNeASL cure RIBI L
Wb oy a5 ol plonl oz el b 1) oy b cnlple il oo
039 b et S5 Olise (SWshSsk cape GBI L LT A5 0,8 )
@ 5y Olgon 28l s s pl 4 plgmy S sges cllop ) (5 S
Ol oo Slp d9es pszaiie G5y g anie 0 S ae | s
2o S osed el 80 5 68 50 ladsk sl sl
oo eols 4Lz "11 510 9 (slo JS&"
g gl gmlaw Sl 45 s e sonlie "11 59 JSA" 58
W 9 Uy Cund 0D e @ e wlgi e S 09 50 gl
gl 50ges Soub b s 50 09d S piSlg5 (65,3 ediiS s 5y js
OlF 9 3y Olgion eI auia 5 (g Sro b (oled Bygohs 15 ghaie
2 b a4l 0 el glgl Gl Sy el 8 S e ) i
S Gy 1005 005208 20 (Swipd Sk e yd e e 68 Jsbo

10

V/m (VIKg)

w

(2]
| LU AL LIS LIS LA L L

N

NI SRS SN ST IAVAVETE A . IR

45 50 55 60 65 70 80
Frequency (Hz)

B

Fig. 9 Backbone curve, L =50mm

Foskea 50 Jgb (6l g S0 Jlaged 9 ST

! Backbone curve

02 o loss 18 055 1397 sl (e Silse wise

Sk pe b ales e ghaite b (s e S Sl (6551 oo
Jm Gl 0sier s S5 eanS Cllay et il (L8, s (Saigd
Sk alps 5l e witea BB L) Jolax b sl 15 sl ol )b plos
oo 80 568 50 a5 .5 Job 520 310 0 polie a5 Swigd
g A9 55 oled cnl «Sopp bt Gl 6 ey n ln e
Gon S 3 polie ogdledy Lailoas 4\_4_9; P 20g 5159 J10g
Fo 145 s clls o b, sl rnb (53 a5 wloads bl
b U sl wl S pSllgny 5 eansS cllsy oS Tz sl
Bl Sy ALl Ol g S8 45 050

SNsd Sok calys Gl e 90 5 Jsb sl 5 S
loas ools ioles "8 97 B JSal" jo 554,20 510 0

S olid il b aS wias e ol "8 5 6 sla s
slolis gly a5 gu> U oo o glis 065 3l odiglp s Jas e (LS,
e GBI L odleay wgdos oaalin 18 Bn ey 159 5 55
FUSOW IR PPV IR VN L S I PRV OV TP ROV

07 —
05F L rT IR —-
04fF TN oo
03k ;o i P RN Tl
“F s/ I NN
- / RN
7 / AR
02F . // 4 \ N ~ ~
= ~_ 0~
2 - // / \ \\ ~ ~
s v 7 NN
S L y; N ~ 9
‘-’0.1—/./' , N N
8) L s’ N =~
B
o
> - <
L
P I RANRRTRRTN SARRTIRTEN SR N
20 40 100 120

60 80
Frequency (Hz)
Fig. 6 Voltage, L =50mm, c¢=0

0 (Swisd S5k o pd fhaishee 50 sk sl 515 Jloges 6 JSis

E TS
g O SR 1
- RIS —
= ] ‘ l N, \;-.\. —.—.- 10g
2 / / N N \'\ NS ——-
o ! N . ~ - —. == 209
- s/ / N, N
02F s A NN

e / /7 ! \ A ~ S
= // 7 / \ \.\ So 0~
-~ e , \ ‘< ~ o

80.1— - / N N N

- y N °~

0] - P N ~.

(o) [ ~

fE 7 ’ N ~

Ke) < N

> .- ~
- - ~

. - - - - -
20 40 60 80 100 120
Frequency (Hz)

Fig. 7 Voltage, L =50mm, ¢=10
10 Saigd ok o r2 yingho 50 Jsbo (sl 5y Jloges 7 JSib

440


www.SID.ir

a0 9 03Lo (s sl (P D (SKialod yat b S iUl g (55 3l 0 IS LblS y3 293 Wy s alaiie Ehoww (aled s H w2

A pmReME 9 Silodw Sels
b né 5 b > awlic 4 Jgu
Table 4 Linear and nonlinear results comparison
(/) S| > s 5
T e Ss (oo
214.94 8.89 27.98 0
202.92 9.26 28.06 10 50
187.67 9.82 28.24 20
157.58 16.66 42.92 0
138.73 18.04 43.06 10 68
117.77 19.25 41.93 20
132.38 21.26 49.41 0
112.11 22.97 48.73 10 80
85.34 24.06 44.60 20

bl Glp S S ey 392y abhulya (Sidas e liEl eayay
el 28 Jobo bojles o i 6 8 ,L aseti jo 9 il 3

S5 dom -4
bl pie e b 0 oSy (65,50 saisS cetls  callia ol 5o
JB sn 590 oyl 5 03le ol owiin (Sl ol (585 L
o biiie Lo, 5l ooliiul b o a5l g Laly, dxess 5l g ool 43,5
35 @l (o5 g oud anglie ()25 gy b (el gy s b
) Ll 51 Ghaebl 5l e S5es Al |y ond il Laly, Como s,
80 568 50 Job 520 510 0 Swiss SGo,b colpd b ooy ook
wloads J= 209 5159 109 59 19 sloclis 1o 5 g5le oe o leo
‘BLAJ st]a Uw;lS)S aS wiloals h_JL?Ls.:‘ R EJLN Jy L yed )iolA,a ajy-ﬁd.g
90 ;5 Jsb slp 5t jloges jo asl 3,0 745 s clls o by
JIs 35800 ovalie n oy 159 51 15,5 slaclis sly e e
A0) akyl; Bl cnlply 28l Cows 50 TAS xb (53 & Gl U
48 wgdoo Jlosl ol (g 5uiey (g0 (595 9 oBiin Ap ke
Sedoa bt é asboly g ojli ] azs

Solgrn @l easS ctlon 59 4 Sy bl wdle ey
Sl e Jae galed )0 28,5 1B ) 10550 dglie Ll lsiea
S5l oS el Gjg 4 Wy bl 4 e (SWed Sk oy
Solate oagsy pl b Al o 0ed 0 as pf Al o0 S SUlgnn
& 3y S (Faiph Sy Gl 55 L5 slasb s 5 o
ool ) gl e adaie LS mSlgsn (6550 oasST sy o3
oS cudlyy >k Bus asxils plply a0 auo)o 215 sgas 4
Vb S8 loansls jo Wb el (oled piie glalie b S 5SUlg5 (6551
Seesdly |y (Sisd Syl a3l B sged oolinul as i > 5l Loz
Sg0s odlin

K5 9 3085 5
oSl Jloge g diedign (sloojlug olge sBiale;l" o loole;] oles

S 350 BT 51l oy plowl My 18 o oKiils Ladlen  waige
10,08 olBiglesl ol pols J1E Lasl s alawly (LSS s e

el s

A S 1g8 -6

(M) ;5 oy b

441

20
15k
5 I
X |
s |
£ 10
> |
5k
I R SRR SRR ‘
64 66 68 70 72 7 76
Frequency (Hz)
Fig. 10 Backbone curve,L =68mm
Foske 68 Jobo sl 32 S foges 10 S
20
15+
S |
E
> |
101
5_
[N ETRTIRTEN SUNEN R BNS SR | ]
62 64 66 68 70 72 7 76
Frequency (Hz)
Fig. 11 Backbone curve,L =80mm

Fosko B0 Jsbo (sl o S fogai 11 S

Oty SS9y 5 e Lo 80 Jsbo 5o anles e sl 1 09 4 51
5l 1y T Hlade 026820 (Sisd Sol o pd g 039 @ 515 lade
o b it ghaie ;5 g Sl (S andd ) S e e SO sk
@S pé)ile WS oo g 1) g9 @ 3y etie 20 (Swied L
Jsb aw o )0 oS e Slis lEl b (sl Sl s (s Julos
5y Cans al58 41 ke (S Sl oy QI3 edd gy
Lo sl (b @ 5l b lacbis (o azlir cnlply osdoe 039 &
s o9l a5 cutls sl Gl oo g Sges oolinl (at s S 5l
G5 oSt sl (s & 5y S lBl a4 e (Swied S
29 giled yiie glae b S Slg5

oaS il Gje 4 Sly anale o (et o 6 sl
oo b4 Jouz 5209 Sl o a5 (s Jo oS pSllyin 655
Sloduds dus e

b Ghe) om DS oS lasb )3 a0 snalie a5 sbiles
Ot Jeds 05 e yeS S (nl obj ladsh )0 5 Sl s yd g

02 o)leit 18 0953 1397 castuns )l Qs Sl AlSa G s


www.SID.ir

o) LP*“"“”"?\:'L"I*“ ol

e 9 03Lo (0 pial (w34 SFislod sad by S piSUlg s (531 0 IS bl p (5393 Sy e aiie mhows (les alyuss K3l Gw)

7, pp. 75015, Jul. 2013.

[5] J. Park, S. Lee, B. M. Kwak, Design optimization of piezoelectric energy
harvester subject to tip excitation, Journal of Mechanical Science and
Technology, Vol. 26, No. 1, pp. 137-143, Jan. 2012.

[6] J. M. Dietl, E. Garcia, Beam Shape optimization for power harvesting,
Journal of Intelligent Material Systems and Structures, Vol. 21, No. 6, pp.
633-646, Mar. 2010.

[7] D. Benasciutti, L. Moro, S. Zelenika, E. Brusa, Vibration energy scavenging
via piezoelectric bimorphs of optimized shapes, Microsystem Technologies,
Vol. 16, No. 5, pp. 657-668, Dec. 2009.

[8] M. F. Mateu, Optimum piezoelectric bending beam structures for energy
harvesting using shoe inserts, Journal of Intelligent Material Systems and
Structures, Vol. 16, No. 10, pp. 835-845, Oct. 2005.

[9] M. Asgharzadeh, K. Jahani, A. Kianpoor, M. Sadeghi, Energy harvesting
investigation from unimorph trapezoidal beam vibrations using distributed
parameters method, Modares Mechanical Engineering, Vol. 14, No. 15, pp.
96-102, 2015.

[10] H. Salmani, G. H. Rahimi, S. A. Hosseini Kordkheili, An exact analytical
solution to exponentially tapered piezoelectric energy harvester, Shock and
Vibration, Vol. 2015, No. 1, pp. 1-13, 2015.

[11] U. Von Wagner, P. Hagedorn, Piezo-beam systems subjected to weak
electric field: experiments and modelling of non-linearities, Journal of Sound
and Vibration, Vol. 256, No. 5, pp. 861-872, 2002.

[12] M. Arafa, A. Baz, On the nonlinear behavior of piezoelectric actuators,
Journal of Vibration and Control, Vol. 10, No. 3, pp. 387-398, 2004.

[13] M. F. Dagaq, C. Stabler, Y. Qaroush, T. Seuaciuc-Osorio, Investigation of
power harvesting via parametric excitations, Journal of Intelligent Material
Systems and Structures, Vol. 20, No. 5, pp. 545-557, 2008.

[14] S. C. Stanton, A. Erturk, B. P. Mann, D. J. Inman, “Resonant manifestation
of intrinsic nonlinearity within electroelastic micropower generators, Applied
Physics Letters, Vol. 97, No. 25, pp. 254101, 2010.

[15] S. C. Stanton, A. Erturk, B. P. Mann, D. J. Inman, Nonlinear piezoelectricity
in electroelastic energy harvesters: Modeling and experimental identification,
Journal of Applied Physics, VVol. 108, No. 7, pp. 1-9, 2010.

[16] R. Masana, M. F. Dagaq, Electromechanical modeling and nonlinear analysis
of axially loaded energy harvesters, Journal of Vibration and Acoustics, Vol.
133, No.1, February 2011, p. 11007, 2011.

[17] A. Abdelkefi, A. H. Nayfeh, M. R. Hajj, Effects of nonlinear piezoelectric
coupling on energy harvesters under direct excitation, Nonlinear Dynamics,
Vol. 67, No. 2, pp. 1221-1232, 2012.

[18] A. Abdelkefi, A. H. Nayfeh, M. R. Hajj, Global nonlinear distributed-
parameter model of parametrically excited piezoelectric energy harvesters;
Nonlinear Dynamics, Vol. 67, No. 2, pp. 1147-1160, 2012.

[19] S. C. Stanton, a. Erturk, B. P. Mann, E. H. Dowell, D. J. Inman, Nonlinear
nonconservative behavior and modeling of piezoelectric energy harvesters
including proof mass effects, Journal of Intelligent Material Systems and
Structures, Vol. 23, No. 2, pp. 183-199, 2012.

[20] S. Leadenham, A. Erturk, Global nonlinear electroelastic dynamics of a
bimorph piezoelectric cantilever for energy harvesting, sensing, and
actuation, Active and Passive Smart Structures-and Integrated Systems, Vol.
9057, No. 1, pp. 905702, 2014

[21] A. Garg, S. K. Dwivedy, Nonlinear dynamics of axially loaded piezoelectric
energy harvester, Procedia Engineering, Vol: 144, No.1, pp. 592-599, 2016.

[22] C. J. Silva, M. F. Daqgaq, Nonlinear flexural response of a slender cantilever
beam of constant thickness and linearly-varying width to a primary
resonance excitation, Journal of Sound and Vibration, Vol. 389, No.1, pp.
438-453, 2016.

[23] Ali H. Nayfeh, P. F. Pai, Linear and Nonlinear Structural Mechanics, Wiley-
VCH, pp. 183-226, 2004

[24] M. Arefi, A. M. Zenkour, Size-dependent vibration and bending analyses of
the piezomagnetic three-layer nanobeams, Applied Physics A: Materials
Science & Processing, Vol. 123, No. 3, pp. 0, 2017.

[25] M. Arefi, A. M. Zenkour, Influence of micro-length-scale parameters and
inhomogeneities on the bending, free vibration and wave propagation
analyses of a FG Timoshenko’s sandwich piezoelectric microbeam, Journal
of Sandwich Structures & Materials, 2017.

[26] K. Jahani, P. Aghazadeh, Investigating the performance of piezoelectric
energy harvester including geometrical, damping and material nonlinearities
with the method of multiple scales, Modares Mechanical Engineering, Vol.
16, No. 4, pp. 354-360, 2016.

02 o loss 18 055 1397 sl (e Silse wise

‘.:‘-‘59‘:" SHb oy c

b sl Ca

bt 2l Con

(C/M?) S, iSg5m SihysS o e
(GPa) acwccia¥! Jooo E

Sl plage E

(m/s?) sl om0 Slus

9.81 (m/s?) Joles o) audl> Sl
(M) cowlss

(m) Jsb

(Kg/im) ;5 Jsb a>ly 2 oy m

w

~ > Q

0
(KQ) ¢~ M
Q) S Conglie R
(M) s Jsb ol u
V) 5kdg |4

(M) 5 o2ye o>
g mdle
osle b 1é oo a

7 ek sbly o i, €11

(FIm) S pSUlgs 23,38 €
(kg/m®) J&> p
Sy 8o @
) ¢
(Hz) uils w
Lwein)
S S5 P

pIT oge & by o
&5 ojle s
oSy t
&l -t

[1] A. Erturk, D. J. Inman, An experimentally validated bimorph cantilever
model for piezoelectric energy harvesting from base excitations, Smart
Materials and Structures, Vol. 18, No. 2, pp. 25009, Feb. 2009.

[2] J. Baker, S. Roundy, P. Wright, Alternative geometries for increasing power
density in vibration energy scavenging for wireless sensor networks, 3rd
International Energy Conversion Engineering Conference, pp. 1-12. ,
August 2005.

[3] M. Rosa, C. De Marqui Junior, Modeling and analysis of a piezoelectric
energy harvester with varying cross-sectional area, Shock and Vibration, Vol.
2014, No. 1, pp. 1-9, 2014,

[4] S. P. Matova, M. Renaud, M. Jambunathan, M. Goedbloed, R. Van Schaijk,
Effect of length/width ratio of tapered beams on the performance of
piezoelectric energy harvesters, Smart Materials and Structures, Vol. 22, No.

442


www.SID.ir

