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Dynamics and Motion Control of Wheeled Robotic Systems 
 

S. A. A. Moosavian and A. Mirani  
Department of Mechanical Engineering, K. N. Toosi Univ. of Technology 

 

Abstract: Mobile robotic systems, which include a mobile platform with one or more manipulators, mounted at specific 
locations on the mobile base, are of great interest in a number of applications. In this paper, after thorough kinematic studies on 
the platform and manipulator motions, a systematic methodology will be presented to obtain the dynamic equations for such 
systems without violating the base nonholonomic constraints. Combining the kinematic model with the initial dynamic equations 
and eliminating Lagrange multiplier with natural orthogonal complement technique lead to the comprehensive dynamic model. 
The variables of this model include the path of a reference point of the base and the position and orientation of the end-effector. 
The proposed approach will be applied on a car-like platform and a manipulator with 5 degrees-of freedom. The calculations for 
deriving such a model will be implemented by a program in Maple which can be used for control design and simulation purposes. 
The validity of the methodology is demonstrated using a second model and comparing the elements of these two models with each 
other. With trajectory generation for platform and manipulator generalized coordinates separately, set points for control system 
design will be provided. Motion generation for the platform, which due to the nonholonomic constraint has more sensitivity, will 
be dealt with by two motion modes. Inverting the model in terms of joint space variables, strict control of the work space variables 
is accomplished. Introducing state space variables and inverting the system into first order equations, the necessary preliminaries 
for control system design will be provided. Based on two simulation programs in Matlab, two controllers are designed with model-
based algorithm (MBA) and Transposed Jacobian (TJ) control. Simulating different external conditions such as parameter 
perturbation, disturbances and noise, the robotic system behavior in the vicinity of real conditions will be examined. The results 
obtained show the merits of the TJ algorithm in controlling highly nonlinear and complex systems with multiple degrees- of 
freedom (DOF), without requiring a priori knowledge of plant dynamics, and with reduced computational burden which 
motivates further work on this algorithm. 
 
Keywords: Mobile robots, Dynamic modeling, Non holonomic constraints, Motion control. 
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ĴK�*CC.� 
! �CC5 �CCWG�]� ;CC5 I.=GCC5	^ T 6L�CC�
>� 
	68 _!����	 !
G� >�6��5 !6.R 

eJC= `G=6� I.=G5	^ T 6L�� ;Ca��� �C567 6Cb	 �
�'( @6]� >����(	 �567 @E
 >

l9C�W E GC?Y @�C'J6c 
GCB� I.C= [?a�� �C �4 
A6B�� 

lGd6Y \56� E G?Y @�'J6c 
GB� I.= [?a��G

)q,q(L &K�*.� I e(	6Rf 

21 L,...,L�?.� �Gg X.L�=E
 @EP�= @�U 

U�WG�]� ;.*(��4 @^6(	 
* ( , )V q q&� 	
3 ;��� �?�Y ��C� 
! �W6C� �C= ��*=	E @�U

;��*� >h.��� ! 

1 2,V V� 	
3 ;��� �?�Y ��C� 
! �W6C� �C= ��*=	E @�U
@�U6.i�� @�j� 
! >h.��� !>�6��5 

iCV�?.� d6Y \56� k?H� �W6� 
	!6=id	 

V̂� 	
3 lG� �C5 
	6C8 _!���C�	 !
GC� >C�6��5 K�*C.� 
! 
>� !6.R 

Fx�Fy� �4 �567 mY6� �H�( >�6� 	 M�N�)�)F(

Fx&�Fy&�C567 mCY6� �H�( >�6� 	 M�N�)� >(��P Q6(
 � �4)F(

Y 	
3�>�6��5 K�*.� >YE6J 
β E	P�O��6� 

1βE2β� E	PG?Y @�'J6c !	���	 
γ� E	P �'( @6]� mY6� [H�( ;��7 n�D�  �S*C( >

>��	 [B�a �=

iθEiθ&;NC�� O	
E! � E	Pi%Q6C( E XC.L�=E
 @EP�C= d	
O3 >(��P 

www.SID.irwww.SID.ir



Arc
hi

ve
 o

f S
ID

��� ������	
��
��� �������	 ���� ��o

* ( )M q	 T 6L�� >�6� )>�6Y � E (>h.��� ! ��� 
! K�*.�
;��*� 

MT 6L�� >�6� 	)E>C�6Y �C  (@�jC� 
! K�*C.�
�6��5 @�U6.i�� _�(G� 

M̂!
GCC� >CC�6��5 K�*CC.� 
! �CC5 >CC�6� 	 T 6L�CC�
>� 
	68 _!����	 !6.R 

q�q&Eq&&� 	
3 K.�DL M�N�)� [��� ;5@�C'J6( E K�*.� 
O3 >(��P 

1q&E1q&&� 	
3 K.C�DL M�N�)� [C���  ;C5 P	 TC4 K�*C.� 
pq7ϕ&O3 >(��P @�'J6( E

( )S qI.CC= ; �CCSL T 6L�CC��CC 	
3 E ;��*CC� @�'�W6CC� 
��*=	E)�.�� (K�*.� 

0T�TiET�C?.� �A6CB�� � �4 >/S�Y @^6(	i�CWG�]� E d	 )�C=

9.L6L(

,2iθ� E	P ;N�� O	
E! > �'( i%d	

xeθK ��L O	
E! � E	P��'( @6]�  >

zeθr8
 O	
E! � E	P+�'( @6]�  >
ϕEϕ&� E	P O	
E! � �4O3 >(��P Q6( E A6B�� 
ω� E	P @��L �H�( 
! @P�]� Q6c @	F

*τ 	
3��U6V?�W >�6��5 @�UE��/R 
τ 	
3�>���W	 @�UE��/R 

βτ@P�]� Q6c O��6� 
E��/R

ωτ@P�]� Q6c �567 
E��/R

distτ
E��/R />��/�s	 >Y
�J @E6.(

jτ;N�� 6V?�W 
E��/Rj%X.L�=E
 @EP�= d	 

<8��$=� 

�CC= XCC.L�=E
 @�'��*CC.�;hCC� �A6CCB�� �CC �4 )�(@	
	! �

�@
	�C?V�Y �O!�CD� 
! @
	!6C= _6'= ;��� @!�D�� @�U!6=
�5

 ��g	 �@P
E�/5 �@
	!
�S(	 �@
	�=��5 �> �j� M�.?�WtE uCL3 

>��v( @�U!6=
�5 	�(.
!t�CUEP�= O3 
! �C5 & �j� t�'��*.�

 ;��W @E
 6=  �4 X  �A6B�� !	P3 P	E6C4 �= )��.4�jC�(9NC( 

_�� =�����>h.L���.� !G.8 �8�� K�*.� �C�	]�.[E XC.��� !

 �C= �CYGL �C= > �jC� @�C'� 
G�z� d�](	 
! �'��*.� I 	 �6��5

 @	
	! XC.L�=E
 @�CUEP�= E ��.4�jC� I.C= _�C.{.4 |��S*( ;��DL

 
	6C8 >�
6= E }B= !
G� ;.N�L �= �5 ��	 >S��Y @�'.Re E

 ��	 ���6R]
%�.[��*.� I 	 >�.�P @�U!6=
�5 
! �= |fG�D� �'

 �(�.�� X.�G(G�GU 6.s !G.8 .C= �!GC.8 I 	 ��C.?=�8 !GCJ [C=G(

A6BL�~ @�'��*.� �= �S*( ME���� |���5 @GB( �= 	
 K�*.� 

>� 6..iL X.�G(G�GU !G.8 �= �  E �.���( ��U! .=��6CV ! M
�CSW

 &� �B�a ;J	! �567 
! |��� P	 _	GC)�! p�CU 6CU �= O	GL

 �.D:E E �.D8G� }.7 &��7 
! �.�
 >(	
E! @�'�W6C� �C5

K.�DL ���� ��&� !E�B� G���(]�[.

���! @	6= 
	�J6c @�'L�=E
 >h.L���.� ��� @	��'J6c P	 

���6R 
	68 >�
6= !
G� �gG=6� !G.8 0��	 6= ���	]#%,.[
!

��'.�
6= I 	 
Gg �=0��	 6= E K.*�L _E6R E! �= �'J6c &?5 

= Q6c 0��L �H�( �\i� d�W ;hC� >h.L���.C� !GC.8 I.C�P �

>� _!	! �!G� 
Gg �=t>� �5
�C.D� E! 0�C�	 6= �5 ��R O	GL

 ;Ca�7 
	�CJ6c @�C'L�=E
 @	6C= ME���� 
��J�� ��4 �?�)�

>� G�!.P	 >WGC��� M�CS.56L @	
	! nGC( ��C4 IC 	 P	 d	�5 6U

 
��J�� 
! �'J6c� �4 !GJ �*U��.Mf!�CD� P	 @6C.R _6C'= �=

*CC��� E >�LGCC.( ��CC� P	 _!���CC�	 �CC= �CC'J6c 
! �\CCi� @P�

 
! �CgG=6� !G.8 Q6c 
�'c M�=E
 X  @	6= 9��G5 A�hHa	

 �CC�	 _�CC� �CC��6R 6CCv(]�.[�CC �4 �CC= M�CC=E
 XCC  @P�*CC���

 O	
E! �CC.?=�8 @	
	! E! �CC= E! �CC'J6c �CC5 �
\CC= Q6c
�C'c

ME���� 	I��6R 6v( 
! �= ��(� �4 @!GC.8 E �!�CD� Q6CcE! �C= 

��C� E �W6C� @	6= >�LGC.( _�R�C ! P	 _!���C�	 �C= �K�*C.� F

�C�	 ���6R M
Ga]+.[I��6CR 6Cv( 
! �C= 6CV ! >C�E
 
!

 �= EP�= E � �4 >�6��5 @�U6.i�� >h.��C� ! ��� ��c
��h  M
Ga

 �= @�'L�=E
 @	6=� �4 ;C.=G�GL	 p
�CD�� �
 >?.*C(	6� ! E�� �C=

��!= K�*.� �6��5 
! E _��3 ���	 _�� _!6= 
�5]�E�~[.

>C7	6g ;��C� A6CB�� @�'L�=E
 
! �567 6.*� &7	6g

 EP�= E � �4 �567 6.*���6C�	 IC 	 �C5 &C� �C(	GL 
GCg �C= 

d�](	 �(�R	�YG�!.�C= 6C�	 IC 	 �U!6=
�5 P	 >J6= 
! M
GCa

 p�CU m=�CL XC  @P�C� ��.'= @��S� 6= E O��\�U E �c
��h �� 

X  
! ��J�?�*� d�](	 ��.'= �6��5 &C� !GC� C=E
 	6C P �M�

www.SID.irwww.SID.ir



Arc
hi

ve
 o

f S
ID

��� ������	
��
��� �������	 ���� ���

>?@A8��$4	7 �	��� �����
� ����� �� 

&� �(	GL E �C=�  �C�! p�CU �CH�( �= @
��/.= @�'�.D8G� 
! 

6v( �� ��.'= �.D8G� X  F�)�(	��	 .I 	 
! A6B�� M�=E


 �(E\�	 K�*.� X  O	G�W �= _�R� !�� ���6R 6v( 
! &�!G� �= E

>� ��.'= �.D8G� �= >=�.��! 
Gv�� 5	�C7 �*C �= P	 _!���C�	 6�

 6=
�C5 6v( !
G� 
�5 d�](	 6= _E�W E � 3 ;�W �= >V(E\�	 I 	

&� O	GL �S��H� K�*.� P	 	
 @6�/.= @�U ���	GJ !6C1 .F�C)�(	

 >(GR�CC(GR nGCC�L @	
	! p�CCU m=�CCL�CC�	 .�CC= ��CC�� O	GCC�W

K� \5�� @E�h��! �.?=�8 @P���# 6Cv( 
! p�CU m=�L O	G�W �=

���6R _�� ��	]��.[�UE � �4 �.D8G� �= `G=6� @�HJ I.�{

 O	GC�W �C= K�*C.� @�CU6V?�W �567 �W6� I.�{�U E EP�=

 O3 E _�� ���6R 6v( 
! p�U m=�L ��J�� K�.�.� 	
 �(	]�
%��.[

EP�C= E �C �4 ZC�GL _�C� >g 6.*� �Gg I�J�� K�.�.�]��[�

��.'= @P�� >h.��� ! M
�'� ]��[���6R 
	68 6v( �� \.( ��C�	 .

dPf L�=E
 �6C��5 E XC.��� ! �C5 �C�	 6C5� �=@�C' A6CB�� 

Q6c 
	! ;C��W tEP�= ��c t	
	! �5�CY @	6C= C=��CY XC  &

K� 
GCV�	 P	 _!���C�	 �C= |	6C.J	 ���C��= K*Y T(	�C��	 >C�6��5 

���6R 
	68 >�
6= !
G� �(�R��c ��	]�#.[


! �C= X.��� ! Mf!�D� �= >=�.��! @	6= >�E
 ������ I 	 
!

 R 6v( !G.8 I��6�(	
	 � �4 X.�G(G�GU >� �GC� �! 
GCg �C=t�C5

 �6C��5 @�CU6.i�� 9*C76= K�*C.� X.��� ! m��Y ��� _�(GC�

)@!6h?�W @�j� (O�.=&�!G� .m��CY ��C� �	6)�C�	 
Gv�� �=

 XCC  P	 �CC5 I.CCD� M�NCC)/� �CC= >��*CC.� 	�CC�=	 �
G5qCC��CC �4 

;.h/CL @!	P3 �CY
! ��C4 �C= XC.L�=E
 @EP�= X  E Q6c
�'c

 >�6D� ���	 ����  &C� GC�!.X.L���.C� ZC=	E
 >C�
6= P	 TC4

 = @	6= ��gG=6� !G.8 \.( E �WG�]� ��C= eC(	6Rf �E
 @6.R
�C5

 >� ;.*(��4 E >/S�Y @�' ^6(	 [S��B� K P	!64 .9 6C: pq7 �=

 E >CD.Sg �C��D�� ;C�h� �E
 P	 _!���C�	 �= Mf!�D� P	 e(	6Rf

 C= �?Ca�7 ��C� �C= >h.L���.C� ��C� k.�?L �C�	
	�m��CY ��C� 

@	6CCY	 �CC(E
 �BCCa >CC�
6= d�](	6CC� E �CC�J	!64 >h.��CC� !

 K�*C.� �C= O3 [*C ��� E �C G(�b ��C� �C.�GL kC 6g P	 @P�*���

 	
	 �_�� >�6D� >� �GC�!.E ;��*C� >Lf!�CD� �C= m��CY ��C�

 E �CCU6V?�W F�CC)�(	 E >CC7	6g 
GCC�	 
! !6=
�CC5 @	6CC= _!6/CC�

 ��	 6= >�6��5 K�*.� >7	6g I.�{�U 6C= >C��S� @�'�� 
GV�	 0

�.S� 
! \.( E ��� �U	GJ �.�� 
�.*= >�6��5 @�' P�� !G= .T�C�

 O	GC�W �C= O3 P	 _!���C�	 E O��P 6�*= 
! �567 6.*� >7	6g �=

 K� 
GCV�	 E! P	 _!���C�	 �C= >�6��5 K�*.� >7	6g �mY6� 6 !���

MBA ETJ d�](	 &�!G� .�C= �C567 6.*C� >C7	6g @eL	6��	

 M
Ga I 	 �CH�( ��C� �C= 	
 !GCJ �C �4 	��=	 M�=E
 �5 ��	 

&C� 
	6C8 O3 P	 >NC)/� �?Ca�� 
! E _!	! �567 p�U �!6C.R

 
	6���	 ���7 P	 EP�= T���, 6=
�C5 _�C� ��C�	GJ �C.D8G� �= 

�567&���1 .�.S� �= ;C.S8 P	 6b�� ;�	GW E @
�5 Z 	6� tP��

 �U6��	
�4 6..iL�� >CH.B� ��/C�s	 ��+ 
 
�C��
 �\ GC( E
! M�C=E

www.SID.irwww.SID.ir



Arc
hi

ve
 o

f S
ID

��� ������	
��
��� �������	 ���� ���

&� 
	68 >�
6= E �D��H� !
G� �.D8	E �= X !\( Z 	6� !6.R.

B8����� C�2D+� E�	5� 

�= ���*8 I 	 
! m��Y ��� �	6)��	 �E
 � 6/L 
Gv��

 XCC  P	 ;h/CC�� 
	�CCJ6c M�CC=E
 XCC  	�CC�=	 �>h.��CC� !�CC �4 


�'c Q6c);C.=G�GL	 p
�CD�� 
��J�� �= (E��C4 @EP�C= XC 

 ;a��� �= @!	P3 �Y
! ;h� k=�H� > fG� )
(�CH�( 
! �C5 �F

)�C �4 �C= EP�C= ��NCL	 ;B� E G?Y ;*5	 Z�E (�C �4 @E
 6C=

 9N(��	 >� ���6R 6v( 
! �!G� .&� �6� I.�{�U �C5 !G�

 6C= !GC�W _
	GC�U E _!	�( ;h� 6..iL �'J6c �567 ��J 
!

 &� O	
E! !GJ &��	 ;*5	 �G7 I.�P �H� ;hC� ��C��5)�(.

O��U /� �5 
Gg_�U� >��C= GC?Y A6B� @�'J6c !	���	 !G�

 �= @��=G?Y K�*.� X  P	 _!����	� E	P O��6� β6 q46..iL �C( �

&��7 
! �= 9�W @�'J6c �5E !6RP6U M
Ga �C E	P 
! �C'(3 

�=�b >�Gg 
GB� !	���	 �C�	 .>C�6Y E >C���U M�NC)/� 

�E�Y k=�H� 	
 K�*.�)�(>� F�)�(	 .�5K.

�C5 !GCJ >C��	 
GCB� �GC7 GC?Y @�C'J6c O	
E! O	\.�

 ME�C��� I.�6Cg @	6C= 6.*C� @��B(	 �= 9����� �C�	 ZC�GL �

I.�zL ;.*(	6� ! K�*.�&�!G� .&� �6� 0�C�L �5 !G� I.C= 

�?s nG( P	 I.�P �H� E �'J6c r��CJ u)�.CU OE�C= �C(GR

&�\i� (�H�( 0��L E _!G= @	
	686= ��	 .O�C�U 
! �C5 
GCg

;h� )�(>� _�U�/� ;��C� �CvB� 6CU 
! �C �4 �C567 !GC�

 O	
E! >(3 \56� X  �G7 O	
E!)ICR(��	 @E6/C.4 @	6C= 

_!����	 
GLG� X  P	 K�*.�&�!G� 
E��/CR �C= 
GCLG� I 	 �5 

ωτ;���� G?Y @�'J6c �= 	
 !GJ O	GL &���1 .6CV ! @G� P	

 GB� O	
E! 9C����� O	
E! 9YG� �5 \.( O��6� ;.� �= ;N�� 


G?Y @�'J6c !	���	 &C� !GC�)1βE2β(P	 
GCv�� I �C= �C5

 
E��/CCR �CC= @6CCV ! 
GCCLG�βτ_!���CC�	 &CC� !GCC� .@EP�CC= 
!

 >C� ;Ca��� O	
E! 9CYG� 
GCLG� ��4 \.( X.L�=E
 �(GC� �C5

 �= �'(3 
E��/R1τE2τE3τE4τE5τ&� O�.= !G�.

;hCC� 
! XCC.L�=E
 @EP�CC= >CC���U @�CCU6��	
�4)
(E �

;h� 
! � �4 @�U6��	
�4)�(��	 _�� _!	! O�/( .O�C�U Cg
G

>� _�U�/� �5M�=E
 � �4 �.D8G� !G� 
Gg �=&?5 �=6.i�� ��

!GC� &� r)/� .�CH�( XC  M�NC�)� ;��C� �CU6.i�� IC 	

mY6�)F(E � �4 @E
 6=� E	P 
GCB� �C= �S*C( �C �4 O	
E!x

���*U = �5��= 9.L6LFxEFyEϕ>C� _!	! u ��( �(GC� .

!;a��� O	
E! � E	P �\.( X.L�=E
 @EP�= 
)1θE2θE3θE

4θE5θ(K.�DL M�N�)� O	G�W �= >� F�)�(	 ����  �(G�.

F8����G��� H��
� I��	� 

C� M�B.:GL �= 
3 �lG K.C�DL M�NC�)� �C 	 ;C5 [C���  K�*C.� 

�= >� F�)�(	 6 P M
Ga G�!:

)�([ ]TF F 1 2 3 4 5q x , y , ,θ ,θ ,θ ,θ ,θ= ϕ

�C567 @E
 ;Ca��� �C567 6Cb	 �C= `G=6� I.=G5	^ T 6L��

�'( @6]� >����(	 �>eJ�= �>� � 6DL 6 P M
Ga !G�:

)
%��	 (e e eX J .q=& &

O3 
! �5:

)
%F(
[ ]

T

e 1 2 3 4 5

T
e e / F e / F e / F

q

X x y z

 = θ θ θ θ θ 

=

& & & & &&

& & & &
 

T �(	e�'( @6]� 6V(�/(  >
~ 
	!6= E ��	 eX&�W6C� 6V(�/C( 

�'( @6]� mY6� [H�( >)�S� m8	E 
! O3 �= ;N�� _�V��! �(�S*C(

 �CH�( 
! �C �4 �C= ;NC�� _�V�C�! �=F)_�V�C�!000 zyx(�C�	 .

�= >�6� 	 _�V��! �= �S*( �H�( I 	 �W6� ��	 6 P M
Ga:

)�(e F e e
ˆV V X k ρ= + +ϕ ×& &

�H=	
 I 	 
! �5eV�C'( @6]� k?H� �W6� �>FV�W6C� 

�H�( k?H�FEeρ�C'( @6C]� mCY6� [CH�( O�h� 
	!6=  
! >

_�V��!000 zyx��	 .

>� pGHD� � �4 �= 	
 !GJ �YGL ��7 K.�5 .d�CW 
GCv�� �=

 O	
E! >(3 \56� ��'J6c 
! �\i�
� ICR ���	 
! 9�W ;*5	 !	

 ME�C��� O	
E! @	
	! G?Y @�'J6c E)>C�B�� @�U6.*C� 
! (

��	 .�H�( 
! @P�]� Q6c X  6R	F@�C�L �K 6C.V= 6Cv( 
! 

� E	P @	ω=�u.C4 
GLG� 
E��/R ���W	 ��S(! IC 	 
! _�C(6=

 !�] 	 Q6c&�!G� .I.�{�U� E	P @P�C]� Q6Cc IC 	 !	�C��	 

6=	6=β��	 ;h� 
! �5)�(��	 _�� _!	! O�/( .I 	6=��=:

)�(.Fv r= ω

www.SID.irwww.SID.ir



Arc
hi

ve
 o

f S
ID

��� ������	
��
��� �������	 ���� ���

>?@B8�/��	� ���	������ 
 �3�� J�� �����
� �
K�� 

>?@F8���� �L �� M��	� ���	������ 
 N	7 ��)7 

O3 
! �5Fv�CH�( �W6� �P	�(	 FEr
G5qC� Q6Cc n�DC� 

��	 .�H�( �W6� @�U �����F�C= >�6� 	 _�V��! 
! M
GCa

 6 P���*U:

)�(
cos( )
sin( )

1 sin( )

F F

F F

F

x v
y v

v
l

= ϕ+β
= ϕ+β

ϕ = β

&

&

&

�H�( �W6� k.�?L �=FE�D���! )�(&�O	GL >h.L���.� ��� �=

�= K�*.� �.�
 6 P M
Ga:

)#%��	(1X J .v=&

O3 
! �5:

)#%F(
T

F F e e e ze xe

T

1 2 3 4 5

X x y x y z

v .cos( ) .sin( )

 = θ θ 

 = ω β ω β θ θ θ θ θ 

& && & & & & &

& & & & &

2 3 4

1 5

ze

xe

θ = θ + θ + θ
θ = θ + θ +ϕ

1JM�NC�)� m=�CL �C5 �C�	 �CWG�]� ;C5 I.=GC5	^ T 6L�� 

K.�DL ��	 K�*.� >���U @�U6��	
�4 E ���� ]�,.[�C5 �](3 P	

 �\i� �8�� �'J6c �6� k=�H� 	�GCS8 ;=�8 |���5 >:6� �5 ��(

 K5 @�'�W6� 
!��	 9C�W ;*C5	 >(�C.� [H�( �W6� !	���	 �

5	 6= !G�W _
	G�U &� >8�= ;* �(�� .K�*.� 
! �.8 X  I 	6=��=

�= 6 P M
Ga��! �=>�� 3:

),(.sin( ) .cos( ) . 0F Fx y lϕ − ϕ + ϕ =&& & 

��!�D� �.8 X  6.J	 �(�C�	 X.�G(G�GU)�	6CV�(	 >C�D  6 qC4

�*.( .( �.8 I 	 ;<� �= >?.*(	6� ! 

 �C= ; �CSL 6C P M
GCa

>� G�!:

www.SID.irwww.SID.ir



Arc
hi

ve
 o

f S
ID

��� ������	
��
��� �������	 ���� ���

)�(A(q) q 0=&

��!�D�O3 6V(�.= lG� 	�5 ��:

( )q Nullspace A(q)∈&

6U �5 K 
	! �YGLq&	
 &�O	GL P	 >HJ 9.56L X  9*7 6= 

@��S� @�U
	!6=
� ��G( >cG4 @�j� I 	 .9 	6C: F�C)�(	 �=

 9.56L �W6� 
	!6= 6a��W �= 6=	6= >HJvK.U	GJ ��	!:

)+(q S(q) v=&

T 6L�� @�'(G�� 9.L6L I �=S(q)
G5qC� 
	!6C= ��U ;��� 

>cGC4 @�jC� �C= kC?D�� X 6U �5 ��	A(q)���*CU 
! E

K.U	GJ �].�( ��	!:

)�~(A S = 0

>CC�
6= d�C�L	 �C= XC� 	 Mf!�CD� �CC.8 E �CWG�]� X.L���.C� 

C= �= ��gG=6� �Mf!�CD� �	6)�C�	 �C= eC(	6Rf �E
 @6.R
�C5

>� X.��� ! P	!64K .

O8������� P��3 �$� 

@EP�C= @	\CY	 XCL XCL d6CY \C56� k?H� �W6� 	�C�=	

 	
 X.L�=E
 ��! �=>�K 
E3 .;CB� 
! �?.� 6U �= 
Gv�� I �=

 &C� ;NC�� M�N�)� _�V��! X  O3 d6Y \56� K.C�5 .�W6C�

�= �?.� 6U d6Y \56� k?H� ��	 6 P M
Ga:

)��(
i ic c / F F i

ˆV V V k ρ= + +ϕ ×&

O3 
! �CC5iρ�CC?.� d6CCY \CC56� O�CCh� 
	!6CC= i_�V�CC�! 
! d	 

0 0 0x y zE
ic / FV_�V��! I 	 
! O3 �W6� �C�	 �E
 P	 �C5 

I.=G5	^��! �=>��� 3]��.[

>/S�Y @^6(	 I 	6=��= �?.�iI.�c d	 ��! �=>�� 3:

)�
(
i i

T i T i
i i c c i i i

1 1T m V V ω I ω
2 2

= + 

im�?.� d6Y iE d	 iI_�V��! �= �S*( >�6� 	 O��� 
G*(�L 

�?.� �= ;N��iE d6Y \56� 
! d	 i
iω� E	P �W6� @	kC?H� 

�?.�id	 ��	 O�.= �?.� O3 �= ;N�� _�V��! 
! �5_�� �C�	 

I.=G5	^ �E
 P	 �5�C�! �=>C� �C 3 ]��.[@^6C(	 mC�Y �C=

 � �4 E �U �?.� ;5 >/S�Y)0T((	 �K�*C.� ;C5 >/S�Y @^6T

��! �=>�� 3:

)��(
5

i
i 0

T T
=

=∑
�= �U �?.� ;.*(��4 @^6(	 I.�{�U 6 P M
Ga��	:

)��(
5

i i
i 1

U m g ρ
=

= ⋅∑
O3 
! �5g�=��Y F��� 
	!6= ��	 .@E
 � �4 �567 �?W �=

 �>��	 �H�U;.*C(��4 @^6C(	 �C8�� �C �4 E _!G= EP�= r�)� 

��	 .@	6= ��! �=K�*C.� �C567 >h.��� ! Mf!�D� O!
E3 

>� _!����	 e(	6Rf �E
 P	 �1K..C.� I e(	6Rf �C= K�* M
GCa

 6 P��! �=>�� 3 :

)��(L(q,q) T U= −&

�.8 X  �= �.�� K�*.� X  @	6= e(	6Rf Mf!�D��(X.�G(G�GU

�= M
Ga6 P��	 :

)�#(( ) . 1, ,8i i
i i

d L L p a i
dt q q

∂ ∂
− = + λ =

∂ ∂
K

&

I 	 
!��!�D� ip��C���  K.C�DL @E6.( ia6NC�W i%P	 d	 �C 	
3 

A(q)Eλe(	6Rf 9 6: 
� ��	]�+.[

t	6= 
E��/CR ��C �4 �C= `GC=6� ����  K.�DL @�UE6.( I..DL 

6c 0��L �H�( 
! �5 E6.( X  �= 	
 K�*.� _�(6=G?Y @P�]� Q

!
	E �567 �'Y 
! E I.�P �=&�!G� >� ��� .�1K.I.�{�U

 
E��/Rβτ
! �C5 @P�C]� Q6Cc 6= !G�W @E6.( X  �= \.( 	
 

O3 O	
E! �C'Y 
! E Q6Cc [B�Ca 6= !G�W E >W�D� @�'�(	

�8 
GB� �G7 >� ���W	 K>� ��� �!G� .�1 ;h� K)�(.

K.�DL @�UE6.( = ����  
! >��C�W	 @�U
E��/R �= 6=	6= \.( EP�

 ��	 ;a��� .K.�DL @�UE6.( �� �'( 
! K�*C.� �C= `G=6� ���� 

 P	��!�D� �S��B� 6 P &�!G�:

)�,(
p

j j
i j j

j 1 i i

r
p (F ) ( )

q q=

∂ ∂θ
= ⋅ + τ

∂ ∂∑ ∑ 

O3 
! �5jr@E6.( ���W	 6b	 �H�( O�h� 
	!6= jFEjθ�C E	P 

;NC�� O	
E!j%
E��/CCR ��C�W	 ;CCB� >CC�D  d	jτ�CC�	 .�CC=

 P	 _!����	 f�= ��!�D� &�O	GL @�jC� �C5 ��6R 6v( 
! >���V( 

K.�DL @�UE6.( @�j� �= 	
 @�.�GL @�U
E��/R !
�V�= ����  .I 	

 T 6L�� Z�GL ���V(E(q)O�.= &�!G�:

)��(P E(q) τ=

www.SID.irwww.SID.ir



Arc
hi

ve
 o

f S
ID

��� ������	
��
��� �������	 ���� ���

>?@O8�L �� M��	� ���
	�& 
 �K�Q� N	7 

1 2 3 4 5

T

x y

T

1 2 3 4 5

P p p p p p p p p

τ

ϕ θ θ θ θ θ

ω β

 =  

 = τ τ τ τ τ τ τ 

 

k�/CC� E dPf M�SCC��B� d�CC](	 P	 TCC4 .RCC' 6 E �CCgG=6� @�

 Mf!�D� 
! >� \V �Y�#��	! K.U	GJ :

)�+(TM(q) q V(q,q) E(q) τ A (q)+ = + λ&& & 

O3 
! �5M(q)>�6� 	 T 6L�� )>C�6Y �C E (�*��V(q,q)&

� 	
3�*�;��� �?�Y �W6C� �= ��*=	E @�U �C�	 .6CR	 ��C7

��!�D� +� !
	E 	
 XC.�hL 0�C�	 6= T�� E _!65 lG� Mf!�D

 
! 	
 ;Ca�7 [C�!�D� I.�6Cg >CD.Sg �C��D�� ;�h�TSu.C4 

�K.�5 F6:]
~[�= �YGL �= ���!�D� �~uU�C5 ��C� �C���  @	

�= 6 P M
Ga��! �=>�� 3:

)
~%��	 (* * *M v V τ+ =&

O3 
! �5:

)
~%F(

* T
7 7

* T
7 1

* * T

M S .M. S

V S .(M.S.v V)

τ E .τ S .E.τ

×

×

=

= +

= =

&

P	 _!���C�	 �C= eC(	6Rf 9 6C: pqC7 k 6g P	 �5 K 
	! �YGL

�E
 NOC  !	�CDL ;8	�C7 �C= K�*C.� �C���  uU�C5 ��� �= �

Mf!�D�)��!�D� ��U (����  ��! K 	 .>� 	
 Mf!�D� I 	 O	GL

 ��� k.�?L �= �6C��5 @�CU6.i�� �C= `G=6� @�j� �= >h.L���.� 

;���� _�(G�!61 .�= �YGL �= 
Gv�� I �=��!�D�)#(�C�! �C= 

>� � 3:

)
�%��	 (*
1 2M X V .X V τ+ + =&& & 

O3 
! �5:

)
�%F(

T -1
1

T 1
1 1

T
2

M S .M.S.J
dV S .M. S.J
dt

V S .V

−

=

 =  

=

��Y ��� @�'.C�
6= 
! @!6=
�C5 �C.�U	 P	 lGC� >h.��C� ! m


	!
GJ6= >�6��5��	 �U6V?�W @�U
E��/R �5)@!E
E (�C= 	


�6CC��5 @�CCU6.i�� >CC� ZSL6CC� _�(GCC� !P�CC� .M�SCC��B� d�CC](	

 >h.��� ! m��Y ��� �	6)��	 ��! �= [C��(6= �
�CV( �C= _��3 

d6( 
! >?��5 
	\�	 ;�� �C��6R M
GCa �CL ��C�	 L
GCa �C= >

/CC� _6CC'= ;CC=�8 E _!6 E >CC7	6g 
GCC�	 d�CC](	 
! @
	!6CC=

�.S� 	
	 	
 K�*.� X.��� ! �>�6��5 @�' P������1.

R8�K��1$� $&
� ��	3� ��6 I��	� 

[C��(6= 
! lGC� ;C7	6� d�C](	 �Ba P	 O��.�g	 
Gv�� �=

E! 6CU @	6CY	 E 6CV ! �!�C� [C��(6= XC  I E�L �= �@P�*���

 
	\�	 d6( @�j� 
! ���(6=��;@�CU6��	
�4 6 !��� I..DL P	 T4 �

>C� � �C�( [* ��� �= �K�*.� >�6Y E >���U K P	!6C4 .0�C�	

 >/CS�Y @^6C(	 I.C.DL �dE! [C��(6= 
! >h.��� ! ��� �	6)��	

 _!�C.4 M�SC��B� [C.?5 d�](	 E K�*.� 
! eC(	6Rf �E
 @P�C�

 
	\�	 d6( @�j�;�� ��	 .I �= �?Ca�7 >h.��C� ! ��� �9.L6L

 = I 	 P	 _6'= @	6= E _!G= K.]7 
�.*= �_!�� [��(6 @�CD= @
	!6=

 �.S� 
! Ih� ��*.( 9���� K�*.� ��� 6= >��S� �6��5 E @P��

 >?Ca	 @P�*C��� [C��(6= � �C�( �Ba P	 O��.�g	 �GN7 @	6=

 _!���CC�	 ;CC=�8�CC�	 .�E
 P	 �CC��(6= E! 6CCU 
! ���CC7 6CCU 
!

 >CC� _!���CC�	 �CCWG�]� XCC.��� ! >CC�
6= @	6CC= eCC(	6Rf !GCC� .

Fω

ωτ

Fβ
rr

βτ

www.SID.irwww.SID.ir



Arc
hi

ve
 o

f S
ID

��� ������	
��
��� �������	 ���� ���

>�6Y E >���U M�N)/� �E�CY 
! |�SC8 K�*C.�)�(_�C�3 

��	.

>�6� 	 T 6L�� � ��( p��J	 �* ��� �C�! �=E! P	 _�C�3 

>?CCa	 [CC��(6= P	 Mf!�CCD� �	6)�CC�	 �CC(E
1M (q)@G(�CCb E

2M (q)�E�Y 
! �)
(��	 _�� �
! .O��U _�U�/� �5 
Gg

&� !G���d�C8
	 O!6C5 !6CR P	 >C��( @�CHJ I��6CR 6v( 
! �= 

6�CCa mCC8	E 
! � �CC�( p��CCJ	�CC�	 .� �CC�( p��CCJ	�CC 	
3 

�?�Y �C�	 _!GC= 6 !��� I.�U �=�/� \.( �W6� �= ��*=	E @�U.

@P�*��� [��(6= M�S��B� @	6Y	 �(E
 �Ba 6V(�.= �� ��( I 	

 
!	
3��K�*C.� X.��� ! m��Y ��� L
GCa �C= GC= _!6/C� >_!

��	.

@	6C= O��P 6�*= 
! �567 6.*� >7	6g �= �D= ��*8 
!

>� K�*.� �6��5 
! 6v( !
G� @�U6.i�� K P	!64.

S8��	
 	��� I
�	/ 

�C5 �C�	 ���!GC� >(�C�P _e E �= A6B�� X.L�=E
 K�*.�

 �C(GR �= M�=E
 P	 _�� ��	GJ 
! 
�5 P	 �
�CJ �C5 �C��= @	

 mCC8	E M�CC=E
 @
�CC5 @�jCC�GCC�!.CC� &CC7	6g 
! �CC567 6.*
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( , , ) cos( )
( , , )

F F

F F

F F

P x y
Q x y
R x y l

ϕ = ϕ
 ϕ = − ϕ
 ϕ =

9C���� 6.*� >7	6g p	�U	 @	6= ��!�D� I 	 �*C.( .I 	6=�C�=

 6.*� >7	6g �= @6V ! @�j� 
! O	G�= �5 ��	 >���V( �= P�.(

�J	!64 .�= >?.*(	6� ! �.8 ; �SL �= ���V( I 	;<�6C P �C=
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 ( ), ,P Q R!
�CV�= �C �= Mf!�CD� 
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���= :

)
�(

.

.

.

F F

F F

u wP v
x x
u wQ v
y y
u wR v

 ∂ ∂
= + ∂ ∂

 ∂ ∂ = +
∂ ∂

 ∂ ∂
= +
∂ϕ ∂ϕ

&� 6v( 
! 	
 @6V ! >���V( ��7 6.R �C��V( E! k.�?L �= E K 

 6V �h  �=&�O	GL �E	 �CSL6� @	 _
�C4 ;.*C(	6� ! ��!�D� �� �= 

�'(3 ;7 P	 �5 �.�
 >HJ( ), ,F Fx y ϕ9*C7 6C= ( ), ,u v w

�= 6 P M
Ga��! �=>�� 3:

)
#(
sin( ). cos( ).( )

cos( ). sin( ).( )
F

F

x u l v
y u l v

w

= ϕ + ϕ −
 = − ϕ + ϕ −
ϕ =

6R 6v( 
! �= @	6C= 9���� >(��P m=	GL I��( ), ,u v w&C� O	GCL 

@	6= 	
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w f (t)
u g(w)
v g (w)

=
 =
 ′= −

F&� �(	GL �= >(��P m=�L 6U �?�Y ��c M
Ga E >C�B�� �@	 �C 

 > �C'(E �.�E	 Z 	6� �5 ���= �J	G�h  E ���G.4 m=�L 6Uϕ	
 

�:
	��1 .m=�CL �W6C� E �C.D8G� ZC�� OGc 9.L6L I.�U �=

g(w)!GYG� &���1 O3 �?�Y��c 	
 F�C)�(	 �C� �Y
! P	 @	

&� K.�5 .@	6C= O�C�P 6�*C= 
! �567 6.*� I 	6=��= M�NC�)�

K.�DL �� I..DL � �4 ���� .

^8
K�� ��	
 	��� I
�	/ 

EP�= �� �4 �8GL P	 T4� �= �C.D8G� �C= mY6� �.D8G� P	 

��5 �567 6 P :

[ ]e e e xe ze final 2x y z =θ θ 

;NC�� ZCJ �C= �C �= EP�= �E	 �?.� �� �h� 	 �= �YGL �= _�C��5

 C E	P > �C'( �.D8G� ����= ���	6�U �567 O� �4 E nE6� �1θ

)1,2θ(�=6 P M
Ga��! �=>�� 3:

)
�(1,2 2θ = α −ϕ

> �'( �.D8G� O3 mSL �= E5θ)5,2θ(�=�SC��B� 6C P M
Ga

&� !G� :

)
+(5,2 xE2 2 1,2θ = θ − ϕ −θ

> �CC'( �CC.D8G� I.CC.DL @	6CC=3θE2θ;hCC� ),(6CCv( 
! 	
 

>� K 6.R .0GChD� X.L���.� ;7 �=3,2θE3,2θ�C= M
GCa

 6 P��! �=>��� 3:

( )( )22 2 2
3,2 1 e2 2 3

2 3

1cos( ) . L z L L
2.L .L

θ = ρ + − − − 

)�~(3
2,2 3,22 2

1 e2

L .
sin( ) sin( )

(L z )

−
θ + γ = θ

ρ + −

O3 
! �5:

2Lρ =E1 e2L z
tan( )

−
γ =

ρ

�S��B� 
Gv�� �=4,2θP	 ��!�D� )#%F(���	 &� _!� K.�5:

)��(4,2 ze2 2,2 3,2θ = θ −θ −θ

dGC?D� ;Ca��� @�C 	EP O�C �4 E nE6C� 6 !�C�� �5 ��7 �C�	 

&� O	GL �CJ	!64 �'(3 @	6= 9���� >(��P m=	GL �S��B� �=.IC 	

 �= 	
 >(��P m=	GL �C?�Y��c M
GCa 6Cv( 
! ��C4 �CY
! P	 @	

>� K 6.R .
!	
	 K�*.� �6��5 �D= ��*8��&�!G�.

_8� ����� !
�	/���@ 
 !1	�� �K�� 

d�C](	 >?NC�� @�jC� 
! }CB= !
GC� X.L�=E
 K�*.� �6��5

��	 .@�CU6.i�� �C= @
�C5 @�jC� @�CU6.i�� >� \V �CY 
Gv�� �=

�= K.��*� X.L���.� P	 >?N�� @�j� >� _!����	 6 P M
Ga K.�5:

)�
(
1

T

1 F F 1 2 3 4 5

X = f(q) X = J(q).q

q x y

⇒

 = θ θ θ θ θ 

& &

& & & & && & &
 

�CC.8 �CC= �CCYGL �CC= �CC5�(�CCgG=6� XCC.�G(G�GUϕ&�CCWG�]� P	 

K.�DL @�'�W6� E �C�	 _�� �
�J ���� JI.=GC5	^ T 6L�C� 

K�*.���	 .C= @
	qCR�Y �= �@�CYX&EX&&m��CY ��C� 
! 

��	! K.U	GJ >h.��� !:

)��(
*

1 1

1 21 1 1

M.J.q V(q,q ) = τ

V(q,q ) = M.J.q + V .J.q + V

+&& &

&& & &
 

K�*C.� XC.��� ! �C���  6..iL m��Y ��� �6.J	 Mf!�D� �C�	 .

OG�5	&�O	GL 6 !��� I.= p��J	 �5 	
 K�*.� @�HJ Mf!�D� 

K.�DL M�N�)� !GCJ FGC?H� 6 !�C�� E >CD8	E �C���  ���*CU �

�= !	! ;.h/L 6 P M
Ga:

)��(1desired 1

1desired 1

e = q - q
e = q - q& & &

�.S� 
	\C�	 d6C( ZC�GL 6v( !
G� X.L�=E
 K�*.� tP�� 9C?�� 

��	 _�� d�](	 .P	 T4 >h.��� ! m��Y ��� I..DL 
! ��! �= 

	\C�	 d6( @�j� 
! ��� @�'* 6L�� O!
E3 @
 ;C�� �C= M
GCa

I !��(
, @�U�5 �.�GL �= �C
	\C�	 d6C( �= �'* 6L�� I 	 6a��W �

9CC?��>CC� ;CC���� GCC�!.M	
G�CC�! �CC.?5 �CCh� 	 �CC= �CCYGL �CC=

�	6V�(	 
	\�	 d6( 
! @6.R9?�� �	6V�(	 �?76� X  ;��� @6C.R

��	 K�*C.� ���
 uU�5 �= ���7 @�j� 
! ��� @6.R ;h� 

�= X  �=� d�](	 6 P M
Ga&G�!:

)��(
[ ]

1 1

1 2 T
1 2 3 15*1

3

q = X Y = G(Y)
q = X

Y X X XX

  ⇒ 
= ϕ =

&
&
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P	 �C?76� 6CU 
! >(��P 
	6hL ��?7 X  
!Y&�	6CV�(	 @6C.R

 P d�CR 6CU @�'�(	 
! K�*.� ���7 @�U6.i�� E _�� >(�C�
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��!>�� 3.

v( �&�6��5 OG(�8 ���W	 t	6= 6��!
	! !GCYE &C�?�)� t�CU
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�.[I 	 
! E! �C����LC�
	6C8 }CB= !
GC� 6C P &C�6��5 t
G

&� �(6.R:

�(���� 6= >��S� K� 
GV�	MBA 

�(�I.=G5	^ �!�'(	6L K� 
GV�	TJ 

6��5 K� 
GV�	 T�� E �E	 >�6��5 K� 
GV�	 	��=	 ��	!	 
! dE! >�

�.S� � ��( E ���W	 K�*.� 6= &� 
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E��/CR >C�6��5*τ	
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	 6 P M
Ga >� ��1�:

)�#([ ] ( )*
1desired V P 1

ˆ ˆˆτ = M.J. q + K .e + K .e + V q,q&& & &

M̂�ĴEV̂��	
�46&h.��C� ! ��� t�U 	�C( �	6Cg ZC�GL �C5 

�(	 _�� �S��B��6 !�C�� I.C= p��CJ	 &5�C(	 �5 ��	 &D.Sg 

� 	���C��= ��C�	! !GCYE &C�.�7 6 !��� �= lG� �.VKEPK
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