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Stress Analysis of Flight Vehicles under Flight Conditions

Hassan Haddadpour

Aecrospace Engineering Department, Sharif University of Technology

Abstract: 4 method is presented for the stress analysis of flight vehicles under different flight conditions including gust and
control surface deflection (or maneuver) using the governing equations of rigid-body motions and elastic deformations. The
Lagrangian approach is used to derive the governing equations of motions. For this purpose, the basic equations of motions are
derived in terms of potential energy, kinetic energy and generalized forces, which are, in turn, computed in terms of rigid-body

motion variables, elastic mode shapes and c, (X) distribution for aerodynamic forces. By replacing them into the relations
obtained, the governing equations for aeroelastic behavior of the vehicle are derived. The system of aeroelastic equations of
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motions is solved in time domain using numerical methods. The stress distribution is determined using the relation between modal
variables and strain at each point. Finally, the prepared code is verified through comparison of the results obtained from the
proposed method for the stability of a rocket and the same results reported by other studies. Also additional information such as
maximum stress in the body is presented for various flight conditions.

Keywords: Aeroelasticity, Aerodynamic, Stress, Mode shape, Dynamic.

SVl T 5l sl 1 sl o5 [0] 15U S
Shealal Oy camio 55 Ol 55 O LSy Sk
g o3l Ul s Sl eslial U gs 5 JelS S¥slas
Cdds Sl ) mges o D) [Voaedl bl Sl 3 )y
o 0yl S SV T SVslne 055
Gz 6l iy onl aalsl 53 3 S alyl i) slas se
N3 eslial 3550 5130055 SleSTy oSl Vslee 035
Soelus 5 Sl ol 2 e o A VIS S
[V AT ey Oliis 31 (goldns w50 Ko

e JS Sl Sl 52 (Sl SVoles 51 sl
Dy e Sl sl Gl s S Sl esliul L
Sge pean LS dal g eslizal ol e Sz Vlg
LIRS I WU U | Y W fL,.}J O e gl Olge s
byl b o el bl ol ST (sl palialine 4ol
o Sdse o GlgmaS s p oDl b
en A el atls 5o STl Vgl S, ) 0
s e (225 LSl ool LGRS sl ' Sle a6
53 A el s Ll 8 Gl 53 (il s g s s 1)
3540 GL:" L o> c:l:\.: Shssldss s glanslie 50 Ll
25,5 el ploil el

‘.Sb Yol Y
Sheslanal U (gdny acw sliad s ccul osls glas (V) K3

e e edae ol gl s sl gl Sl glas e
(kga\jq_?ﬁ C_,a"l.@'&)d\;_}a J:)));.MC,SJ? ol ¢l
Jle w‘)bm;)‘} oJLﬂ..:.w‘J)}A &:IMY‘QSFQbé‘J;

\Y’AO )j‘ij‘@":’ L\ g)la...:r LYO JLM LdM‘

dodke —)
o8> 53 5l ey plaarl SVl 5T 5Ly )
22 0,8 o pll Sy 1 51, eyt 5 SO o
ol 3 01 3 aSil oyl 5 3L 4S5l e
as e OLislay st GG L 1515 Lt Sl e
03 gdmn 3085l Tl Sl 5 3 L s ) e E 00
S, P T LG SO S R LS P R IR
Bl e ol a4 L s asls 13 0T
2ls 35y el il s s 13 5 Oliabl 5 el
o A Sane flo i ol po el el Dlides
5l ey Cilie Olo b 5, S i g lnl
St a1 5y 3 s & S o Sy g
plocrl 51 ool 50 Olsie 4 55 00 05L31 5 (IS L 5o
U555 s ol 0wl K pe e ol 53 ey
VIS RGN L W <=L..,.>_-\ S Gl e g 30
3 @asre SV, Ul Vol S 5 )
D0l SVl el plearl 6ol O sl [V 05
5 CS o oSl el Vsl 515V s 3l aslinad |
ol ol OVslas A0l e |y ST Atz
L IY] e S s 55 5100000 sleSiige Oly5s 0 oS-
Lol 2l 31 T s 2l sl 5188 S¥slas 1 slinud
[¥] sty s S i o Slialoes 0550 YU s 53
55,5 bld sy 53 1 53005 Sl s sl e S
Ll e loslw gl ol OV 51 Lan 535 S b
O gl Gl p s bl el e oL Sl
Sl G Oaisn g 1) miie p L Ol

I o o (] s 5 s Lo s Sl

YA



03 RSl a4 ol Ol on kel pslan by e S
L sles ol Oaosl cowsany sl 3 5 Sige ) abi
SVl ol 55 oy 1 Sl 0t byl Sl 31 S e
(XZ 4t 0) Glami o &S > = 6l 5 SVsles s g
.Juju.a Cews 4 () &Ysles Ko
e 48l and Dl 74 5q,8 O Vsl o
5 e ez ly ol G S 5 en s (Slos
Sy U i S Bl g0 b Blite 4l anaisis
A Cnb ST Ollos Il s 503 Sige o
o bl e i Wi Tom lgnaS 5l e a8 S
G g b S 5 e S e D el 5sleiS
o Sl S L e 25 Cl g e S ol
Slsg o ia D ST pslie (Cul odd 30 0 Sy
Oty Glas b Jl Jome 53 o ity 45 Lizd Ly 5 Ol
) s oS el S5 0L S e 3 (xp ) Ly 5 (x7)
Sisn 59,5 01 prig 3 eslial L Olgs oo 1) Ly (55,0
S 3 o Sk e SaQy sMYL ] sl 5 S 4l
L bline anlennd S50 5y ssome dy= 5skiS 0 Z 5 e
5 Sl (X) 5 LX) e Liedn ol byl 5 5
Sl 53 Ly S e 5 ) sla3ge IS5 55
Aslas 51 55 Jsb dly ol (S e Lpd 0 25 G
o v sy S e el 1, (X)= qy Sicpy (%)

Lol oJ))T (\) J)J\} BE] J-AJ QYJ&A

o sl s Y
sl 4 5L Oley g 5o (F) SVl oKais > sl
Olgeds o)l 55m s pns (535 oS Jos )l Glas
pds ol i i 51 6 W15 e b ol Dl
Esl by ol 3y Bl JES s sl O e 05l
05 asalsl s gl e hls SVslae o) G 555 o0
S s b asly slay eds S obas Gl an

ot a4l eens glag o Jls o SIL Gl s

ABR

P X
Cx
//
5 ) ,>
z Oy
g ey
//}j/,(//f’) g
=
C6 ///f -
b~
S [y
S A
S //
/// . )
</ “
L\ /
daDNs
7

oK of o & (Bhny dw ld 3 SVl K pe -V S
SN Slat

CS ) Jas =0k ey Loy sdsl S Ll
ol b 3 0E a0 S ek el (Slamis
Z e sl 53 a0l OS> el wlsl DYl
Sy gl SV O okl Dlpe s (W 2 5 500)
Sl o s ol il sl 4 S By (e ss
o3le 8lp 5 2 L s 03 0oy 5 S oKas )3 OIS
s Ol 3 s & oS e
¥
e, = o fi(x)z(t) M
i=1

034 (&m_;.}) <=|i d_.';lx_?)\ s Fi(X) Osb dolas
s lag s Cmn gl b0l S5 Sles U Z(0)
ol Glas ge JSG Sl @ a5 L alpand Sliatss
oslel e Bloand Dla s Ol e a Z(0) ) Sl o slae
Calg = sbls Llg e Slatte pl CJEU Sy o
A pslas Qo) o Lo Z(f) ml 5 a3l 520
abisd a o ) Sise laki o ol b Ol s
ORS8Ol e gl b O35 pabae 3 S il
Ol o o adslee sleslacal L1y 40y 5o s
23 S dsloes

Mz d’e ¥4 i(x)
s,= —=Ez—%=Ezs L2zt (x)
o= F e e S

—lF o Ll las g p s Gris ailr Gl

\Y’AO )j‘ij‘@":’ L\ g)la...:r LYO JLM LdM‘



S 2) 90 SadI SV d g

e b S b s glabi &y o | O Uls o &S 03 S
i s S QTCE.“XC dols 3 o ez Joms € Sl
a8 Ja553C OF aher sl o o Lo S8 0

g Ol e W 53 s 58 Gl gl s e
V)

w(x) = qy ScCjpedx - xc)

Olgs oo b= ol s bl pand glas o gl onl ol

HGSRPY
MC - Xe
Yy
= gy S.C v
(7% B TN (O )

Sy Sles oS = I-To¥
oS82 Ly Sy S O sea DIl s SILES -~
Db atds p) JKhe L

W(x) = qy S.Cpa ed(x - x.)sin(wt) \)

\Y’AO )j‘ij‘@":’ t.\ g)lA..:r LYO JL-N LdM‘

L, = ) 1, (x)dx M, = ) xl, (x)dx
L L
I = X’ (x)dx M= f{(0m(x)dx
L L
I = ) 1, (x)f j(x)dx I = ) xl, (x)f (x)dx
L L
I3 = o (x)f dx)dx I = x|y (x)f dx)dx
L L
115J = L, (Of(0f j(x)dx Ig = 1, (x)fi(x)ff(x)dx
L L
¢ I 2 S, cmusMa S1L - Tf dxp)+ Df f(xp) Lt D)
e dmu 0 -+ L. H u : e
oo 0 LTQ ¢ v dm g e TocSunra)a ofiea) g8 {‘f:
e i P L 2 5 5 I +D@c - xp)ffxp) + T1(xp) :Hz My
Do M LS y if g 1 e “Su Q:§
¢ . g Ig ¢ 1 I M- is . !
g\/j M M O go 0 + 2M;wixg Liy\,i ¢l = L,{ Mi
gM " " o. g u - TEf(xp)f 1(xg)+ Dff(xp)fi(xp) -
g 0 g M M M oy

sbas -V

Sige i SLEL b 55 e S5 Sl al
abdl & s b“})‘j)l{@jjﬁkscﬁgd)\j‘jﬁ 3 g 0als0lis
s 0ol 0L b plply el el Wl ae 4505 51 b
CMJ‘).: U‘jsg;‘ 4.:.)\.: JL,\.A‘)J w(x) CUL’LA))?’
%)

wx) = 1 (x)vu—g

Dy e g p5 S by s b plple

i ~ w(x)dx pil, Ve
ol L u
{Mit - xw(x)dx _ M, vy ]
L.fQ ey L = u (0)
1
“ ~WOf (x)dx livg
M 5 u
M M

Sy 4515 laly ks 1YY

el 3l S W ol sl me cnl il EYKVRIAT

YYe



N

10° ELN.m’

m(x),Kg/m

0 1 2 x,m 3 4 5

08¢ &¢

0.3 —o— ¢

0.1
0.0
-0.1

L

0 1 2 Xx.m 3 4 5

[Jrpege G)jjdi Slie o Jyl ‘;i':bﬁﬂ éyﬂgcﬁ GJ": (S GJ": JALZ LS..Z‘,AQLG)\H—YJSJ»

45‘,»3 C«S‘J 6',3 d“’ ﬁé‘.&c-'d‘g-‘.?

shls 2l 3pe SO L Lostal sty &Vslee Law s
sy 5l L ST Oluls go cpl o [Y] sl 315 <35
(b Jm el i ial = ool Jyl 5l
s 88 eslanal a5 ol Sige a4 by e slresls
Cl- as by e polie 5ol 5 xe [0] e abh S e
S eslial Uy 55 [V]aor o ol ol onlons ol golbt
Gz Siige ol Sln b plie S V] o e 2,
5 (V) Jsdsr s Slige ol 40 bgy e Sledbl .ol 05,51
O3d0 Con® 93 5 C:Lb aalsl 53 . dUles 63,50 (V) IS
Lel i b5 (Sl Job Co ) (Sopme slas b 5l

é)_jwdujﬁ)}«w Q)J‘a C,Jl?)}w‘c.u L;'”)JJ

vy

das Slade Jbes! Jowe m (et
V4 o
AVAN v/¢ TJ.SN CLQ
4
N.m/rad xS Y/A i b e
£/s
2 FAEx) (S) g o o
N.m’ VARAS TN (EL) g o e
rad/s VY07 Jsl 350 rb (S 5
gl 4 e T

HGINPY u\jdafwbvmxj (51.&))?} LS‘;{

E ]
L .= Qg ScclaeSin(@)ufl(Xc)u

E ]

<6

@)

Sless 3l eslial L SV f ately ¥l olacis |~
b.;)l_»jcj_,:ﬁQYJl_uJ)AJL&@\)A‘J;JM&

el @b S el (g2ue SIS slgdss 3 ealazal

mb ¥

&.ﬁv}a &AI_MJYUJ.J)LE) u..w)ﬂASb\J QLLJ w‘}:yﬂ

\Y’AO )j‘ij‘@":’ t.\ g)lA..:r LYO JL-N LdM‘



Lr bl b Ll b 015
025 05 075__ 1 125 15 175 - 025 05 075
Time, s

1 125 15 175
Time, s

IS RNEEE NEEEE NEEEE NNREE N
025 05 075 _ 1 125 15 175
ime, s

Voo m/S Mﬂ))‘_;‘a}\.a&'# Q}J;ALJ;SMM&.«\:—‘“JQ

R T FEEEE FEEE N

I RS FREE NN NS SN NEREE S 1
025 05 075_ 1 125 15 175 025 05 0.7
Time, s

5
Ti

L | L | I L
25 15 175 0 02 05 075_1 125 15 175
Time, s

Veor /S Sy 5 Glojlu L e e I A

Wy &S slp Qv ole —Yd s

Qdiv

=S,

/1 84x) 0

(e 295) [0] e o

VAV +

aJ..JrA.:bl Q:‘j)

Vs Adschs

V] e oo

Aas e Olas ol Sy s Ol Sl cased
S baly (2555 4 ot fuly (V) JS0 55 e
el e o3, TS e 4l e Ve b
A e gl CI ol G s sd e sdalie S 4,5k
sl as Jls s e |J_<.,:.A S rp s ol Hluis
= (V) IS s dle o e i G o La e
Slr A e AL e 2000 a4 S mel
Cpnd el QLS L oS sl ol 4y )] SIL al
ol 53 0LLE el S Sl Sl Sl s ate el
5T U558 5 Calis e o SO 5 a3 58

Colda ads by Aol sy oy gl 500

\Y’AO )j‘ij‘@":’ t.\ g)la...:r LYO JLM LdM‘

=S s eI 5 abas o o Sl mly
(F) JSd 53 iie e gl (5l e Vove s )
Ao ol L (8) IS5 o 5 Slesle pl e Sl 05
A b Sslus Hlis o uled i eslsOlis o/ Y
e Sl B, Sl elial L Sdse ol ol ST
DL (1) Jsdr 53 el gl L aglis 3 5 ot
RGOV I WAy
s Al b e 0L o555 4 SL) al
O=losicmal sl eals OLAS (0) J_(_; 03 rie 4w Gl
aS ol o,sa gl e Vi S oy Sl

S ol iy gl cpl ) ol 21815 cs e 31 Sl

YYY



0 F
L ofs
L s
0.25 - r
L Py
o 2[
- 3
4 = & C
505 2 30
8 . (=2 .
[ 40
0.75 - £
L sF
L 61
1 I L | L
0 0.25 05 075 1 0
Time, s
e - v . . 0 B
\¥ m/s Wﬁ)}}\{d—;ﬁwcﬂg ‘S.w
0.025 0.2
0.02 - L
r 0015
0.015 -
3 L r
'3 [ 1 0.01 -
3 L L
001 -
[ 0.005
0.005 r
ol bbb b b b L 04 N WS WS FETTE PR SR ot b b b b b b L
025 05 075 1 125 15 1.75 - 025 05 075 1 1.25 15 175 0 025 05 075_ 1 125 15 175 2
Time, s Time, s Time, s
N - . . . _ N
\ m/Swﬁ))JrSchﬂ6|ﬁ4&6:})}quﬂ\: '\JS..«
0.025 - 0.15 0.02
0.02F
0.015F
0.01F
E w
0005 3
£ @
g of &
-0.005 F
0.01
0.015F
002 P L Rk RN R S S oo b
0.02 025 05 075__ 1 125 15 175 025 05 0751..7 125 15 175 0025 05 1 15
Time, s ime, s Time, s

FA T AN IS Co g 0 SRS mhaw gl dy (52500 4 e Gl -V IS

RGIU P W o9

DL, (Ses S Ve Ol e S (A) JSSS s
S Sl pl s caledd eals Ol Sl Solys

QL{LZ@“MWL;LA AN LSLM.__:. v—ij‘pfjjl"j:"l‘“"“

YyYY

o1 Sl w48 358 Bl SVsles 4 55 S
L So Sl S el s Gl el s e
SV Sl Sl (IS maw Sl s
S350 4 s (A) S5 55 nolod s 4w S b o
S35 45 5 a3 83 L SIL sl Gl o e
Sdse Glog Sesles) o CLals)l anb (365 o

\Y’AO ))‘ij@":’ L\ SJLA..; LYO JLM LdM‘



q, Radls

0.025
002f
0015
001

0.005 |-

-0.005 |
0.01F
0.015F

0.02F

-0.025:‘ L

b b Yo b
025 05 075 1 1.25
Time, s

IS
15 175

Time, s ’ Time, s

P odge S ALV MYS Co e 53 IS e gl Sleg $2005 & e el A JSS

o
0005 1220 -
o )
:
Time, s Time, s
E omsof

o0
& 02

003 015

oos o

oo
] g oo
€ 3
3 g

oos €

001 005

o00s o

° % L Il L Il L

L S R R o i L
Time, s )
Time,

o0

ooaf-

ouzs

o onf .

H ]

d H

3 oo &

001

oo0s|-

, .
0 0.28 05 0, 1 2
Time,

Yo KN Syt 8 s b 2Ll & g oy -V 0 K3

o33d e ialS Sy e couhoddd )y (V) IS
el Ol s (690 IR L ol
DR b s e SV el gl aalsl s
o L asd e amms (V) doles 51l a S o]
=l S ge BRI TSP 350 SOl eslaal
Sige lp O Hllie cp min 5 ol 550 0l £> i
S Sl sl Sl e YA akol s andllas 5 4
Yo S Sk sl 28 L

.Joj_:J.A QLA) e)};- B Zl(t) 4.,‘.:..:..:_: O‘JAAAJ LJ..S:LJ JLN:Jl‘N

J""‘J U';‘ J\;UL}J )‘J\iﬁ .})‘.}

RGO P WS oJ)_)I (i) J)J};)J LS)‘))'.’. CJY[}-A.JSM

\Y’AO ))‘ij@":’ L\ SJLA..; LYO JLM Ldm‘

Qﬁiyuljlogjfdzwoiwbuélﬁ)o:ﬁw
SVl oK 5 ods S wlol dlas 5 S Vsl
AV U e el eds S > Ol aj s 3
Stpn Soaliys S, 1 S50 ¥ 0Lty s
3 ds Sy e edalice a5 5 ob Olan cnlodd oals LS
Sl ol s 4 SClise Jib s O
I el oS A5 i () 255 e 35 Sl
o S P on Gl Sl e e B8
e opl ) eslizal b ol Sipe Szl 5T 5lbL

YY¢



ahd 53) By 53 deg g ey S5 plie —E ] gl

f | max = 0.15

- max Smax_ <J-
E

VAAXY T YAV ¥ USE
VAR YTV ¢ s
VAT YA 1S
Ve Y/gox\ Vs
VT YY) LYt
V/Yax) s Yoy e

LSl 5L 31 e Lol sl Ll e el Szl
Sosee Slag s 5 etames IS )l el e
A5 A esls 0L 5 A S e ML e b s R
SVl T 50l e3sdme 2alS ol (65 e S50

21548

il i ;3 o oKl Cnlex b fols i
oot Glands 5 S Lol i 5 ilnen .l 4 S
I AL Al mbe oSl ufpdals Sliiic s sl
S e

1. time history 2. thrust

1. Meirovitch, L., and Nelson, H. D., “On the High-Spin
Motion of a Satellite Containing Elastic Parts”, J.
Spacecraft and Rockets, Vol. 3, pp. 1597-1602, Nov.
1966

2. Crimi, P., “Aeroelastic Stability and Response of
Flexible Tactical Weapons,” AIAA Paper 84-0392,
Jan. 1984

3. Platus, D. H., “Aecroelastic Stability of Slender,

YYo

1200
1000

800 |

200

. . v N
0 0 250 500 750 1000
Thrust, kN

SIRLL Skl plid » 012 658 11 JSe

S5 ams 5 Lo =0
Syl s Sl S 7 Vslan lis ol
Sl paza gl sslimal Ly (Sige) oy i ool 2l
S Sl glasse 5 o e sl Sl
b o Salussnl Gl e (%) miss SaYl
e slasge S5 LU I e 5 45 5,6
Wl ealil 5l dsb s A als sl dlase 155
63355 LS sy Jald ol 4 S50 (g5l5, Ll
SFS e Sl Sl S35 5 JAS ok Gl 4
o e el oSl gl e ST pmes o
S b S A Ol e sl ewsay gl ) eslinl b A
sl (5l (g o 50) Sl (S0 51 esliz

JA—Q)J}OJ‘):\:I u.‘.BLSo.,\.;).ér.me-o)'L.u f‘)b J.\.J).‘))JUL.S

asls ojb

3. drag

el
Spinning Missiles,” J. Guidance, Vol. 15, No. 1,
1992.

4. Meirovitch, L., and Wesley, D. A., “On the Dynamic

Characteristics of a Variable-Mass Slender Elastic
Body under High Accelerations,” AIAA Journal,
Vol. 5, No. 8, pp. 1439-1447, 1967.

5. Elyada, D. “Closed Form Approach to Rocket

2

Vehicles Aecroelastic Divergence,” J. Spacecraft,

\Y’AO )j‘ij‘@":’ t.\ g)la...:r LYO JLM LdM‘



Vol. 26, No. 2, 1989.

. Bilimoria, K.D., and Schmidt, D. K., “Integrated
Development of the Equation of Motion for Elastic
Hypersonic Flight Vehicles,” J. Guidance, Control,
and Dynamics, Vol. 18, No. 1, 1995.

B L-s_.NLsN‘ CJYJL&A .9 cQL\.:L@JLA‘ 9 .0 ‘QS;UG'LN”"C 4)‘)._:::‘.)\7- A%

cmelige VLl S a5 €S go SxaVly T (g5l

AW e Olgaol il Sl ms oliils Ll 50

8. Beal, T. R., “Dynamic Stability of a Flexible Missile

\Y’AO )j‘ij‘@":’ L\ g)la...:r LYO JLM LdM‘

under Constant and Pulsating Thrust”, American
Institute of Aeronautics and Astronautics Journal,
Vol 3, pp. 486-494, 1965.

. Yoon, S. J., and Kim J. H., “A Concentrated Mass on

the Spinning Unconstrained Beam Subjected to a
Thrust”, Journal of Sound and Vibration, Vol. 254,
iss. 4, pp. 621-634(14), 2002.

10. Pourtakdoust, S. H., and Assadian, N., “Investigation

of Thrust Effect on the Vibrational Characteristics of
Flexible Guided Missiles,” Journal of Sound and
Vibration, Vol. 254, iss. 1, pp. 287-299, 2004.

Yyl



