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Topic Modeling Based on Variational Bayes Method
Vahid Heidari, Seyed Mahmoud Taheri”
And Seyed Morteza Amini

Abstract

The Latent Dirichlet Allocation (LDA) model is a generative model with several applications in natural
language processing, text mining, dimension reduction, and bioinformatics. It is a powerful technique in
topic modeling in text mining, which is a data mining method to categorize documents by their topics.
Basic methods for topic modeling, including TF-IDF, unigram, and mixture of unigrams
successfully deployed in modern search engines. Although these methods have some useful benefits, they
do not provide much summarization and reduction. To overcome these shortcomings, the latent
semantic analysis (LSA) has been proposed, which uses singular value decomposition (SVD) of word-
document matrix to compress big collection of text corpora. User’s search key words can be queried by
making a pseudo-document vector. The next improvement step in topic modeling was probabilistic
latent semantic analysis (PLSA), which has a close relation to LSA and matrix decomposition with SVD.
By introducing the concept of exchangeability for the words in documents, the topic modeling has been
proceeded beyond PLSA and leads to LDA model.
We consider a corpus D = (Wj, -+, Wy) contains M documents, each document Wy = (wy, -+, wy)
has N words, and each word is an indicator from one of {1,2,---,V} vocabularies. We defined a
0, : generative model for generation of each document as follows. For each document draw its topic @ from
,&jj Dir(a) and repeatedly for each n = 1, ..., N draw topic of each word z, from Mult(0) and draw each
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word from the probability matrix of ¢ with probability of P(w,|z,, ¢). We can repeat this procedure to
generate whole documents of corpus. We want to find corpus related parameters a and ¢ as well as
latent variables Z and 0 for each document. Unfortunately, the posterior P(W|a, ¢) is intractable, and
we have to choose an approximation scheme.

In this paper, we utilize LDA for collection of discrete text corpora. We describe procedures for
inference and parameter estimation. Since computing posterior distribution of hidden variables given a
document is intractable to compute in general, we use approximate inference algorithm called
variational Bayes method. The basic idea of variational Bayes is to consider a family of adjustable lower
bound on the posterior and find the tightest possible one. To estimate the optimal hyper-parameters in
the model, we use the empirical Bayes method, as well as a specialized Expectation-Maximization (EM)
algorithm called the variational-EM algorithm. Also, we propose a new perspective of this problem with
Iterative-Variational-Bayes (IVB) method.

We report the results of document modeling, text classification, and collaborative filtering. The
topic modeling of LDA and PLSA models are compared on a Persian news data set. It is observed that
LDA has perplexity between 9.1e2 and 1.67e3, while the PLSA has perplexity between 9.16e4 and
2.27e5, which shows domination of LDA over PLSA.

We apply the LDA model in dimension reduction for a document classification problem, along
with the support vector machines (SVM) classification method. Two competitor models are compared,
first trained on a low-dimensional representation provided by LDA and the second trained on all
documents of corpus, with accuracies 94.3% and 97.61%, respectively, this means we lose accuracy
but it remains in reasonable range when LDA model is used for dimensionality reduction.

Finally, we use the LDA and PLSA methods along with the collaborative filtering for MovieLens
1m data set. We observed that the predictive-perplexity of LDA changes from 2.9e5 to 1.05e5 while it
changes from 8.90e7 to 2.37e8 for PLSA, again showing the domination of the LDA method.

Keywords: Variational Bayes method, Latent Dirichlet allocation, Expectation-Maximization
algorithm, Machine learning, Natural language processing
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OF 2l ¥ 5Ll 1F-Y Jlo

plad IVB jo (uzmen 058 o0 A Slyss als L
o sl arls gilwanian Jols (o ,sSl slapls
Sl Sy plo ob;) sl o Sl e

o soosls fdxi -0
o & By leosls sl eslaul b e cpl o
e wlal 5 Sy Sl o LDA - I8
S D (Ghdinwd Ao )0 e o B0 g Sty
lLen iYh 5o I LDA & )5 pizmod a0 o0
S (0 )2

5 el iy cds 5 S ey sl
il i )35 ] ol 5l e ol
5 O ol 5 N Jollin Jelo iy 59 msS
a4 Sl g wited Ll Ve fols (52 |, Tazos,
Sl il eSSk slagie ity s
22 ey a ools (gilweslsl g zlZusl Jolye coao,S
]
G R 4O 0B 48 Slxio 55 L @
oB5ls gilulas g @Yl e gl 5l @
lis o 55l dcgommo 5l TaBys 5515 B3> @
OBl Jlop o Sobxl @

LS, 35l YA L Slasius 8,50 >0 ol )0

S 053> £990 2 (sl a5 05 g0 Sbml £5550 90

Jlesl 05 cnl 3, &

@l bull jo 1) wh,sll LB Olgioe 0sdise
)5 s

Sl b .ojls 0429 aiiuss

Olacumo 3;.&3.; LS"\‘;??Q‘ -\-0

l,PLSA 5 LDA (slajss, Sy s (oo ol 5o
oSl dnslie sl (Joome Hobdr oS oo aunlie
sy 5 99 i oolial Jlozol 3l ipaitis jsbots b5
5 4 55 o ool T KA s Do 5| jslate ol
el Ol Alie ol @l sl
el by gangS slagtg,

! https://www.farsnews.ir/world/Analysis-International
2 https://www.farsnews.ir/economy/macroeconomics

3 Stop words

4 Perplexity

% Generalization

Archive of SID.ir


https://www.farsnews.ir/world/Analysis-International
https://www.farsnews.ir/economy/macroeconomics
https://www.farsnews.ir/economy/macroeconomics
https://www.farsnews.ir/world/Analysis-International
https://www.farsnews.ir/economy/macroeconomics
https://jsdp.rcisp.ac.ir/article-1-1228-fa.html

Archive of SID.ir

[ Downloaded from jsdp.rcisp.ac.ir on 2023-12-26 |

(L) Glaieg L3

55 2 Gl sl sleodls czyy gty 20
029) oty (piole
o AL s i (o) S
igal slaosls (sl (amangd cds bjgel slaosls
sloosls al¥l b (patein jobay 39,00 Vb (y9e)]
5935 5l gyl slosls (sly sonaisd B (bl
58 iz b o il %92.31 sga 4 %75
Jop 5l esliiul Cds a5 sl askie (z-0) S
a8 col G 4 Soop aidbolal alS sla S5y
s (Gl 5o 0l oolitul ads G sla s 1o
Dol oo olaiwl guaiws (gl aul olul als oy
S 50 9wl AFYY sgus 0 hawge jebay 280
sobas SBs e go colaiul 0 Sy S slecols 3l aS
w210 %097 /61 sg0> 0 bwgio

asbly slag) Eals

SVMY

Sl 5alS (s
Soiais 3 3l 2alS e (D

100 : : 100
a0 o0
80 so | 1
70

T >

70

60 | —e— LDA L sl slal 5alS clrasls 60

S 0 oSy sl
50 s0
100 200 300 400 500 600 700 S00 900 100 200 300 400 500 600 700 800 900

Ermye on o Sldms sl By o 53 s slans

SVM gananes Z3s ()
ot 6138 i srosloac gozmo (gl (guvaiigs o (B - JSCi)
(Figure-5): Accuracy of clustering for farsnews data set

LDA ganad,s o3 ()

Jisl ool o 1) Laodly csomadiss 5l m
Jlizl aS 1) slosly Con 5 G0 5090 2 0 1S
Jouz) jo |y asmii 5 w5 zhseil wijle YL 1SS
30 5 50 OBGly (Fr &S W Gl el plis
2 OB5ly &S Cwl phgy (Jy salead 1SS g9dse

Ayl glixe blsjlaiws ol Ead0 4 Awd

Egogo 32 )3 YL 1SS Jlaal b oT5lg :() - Jgua)
(Table-1): Most probable words in each topic

az0g9 9 oIS Slassl

35 doxo )kl dgo
slasdl Ryt oy e
Sl olojlw oz 29S
axy ologs Sl eolasil
‘yanA J..;U.-u‘ ngé lSJ,cT
<l & 5ol ey ol
oz Ol e ™5 2988
b &g (Stigateo ol 5
ol Ry adlaie &lye

Oladcinn 8 Ky (guiualgs —Y-0
b oads glann sloosloacgaa g9, 1, LDA 1,65l
y &Vl 5l eolass jb o meiS o0 L2l ¥ (250 (b
3995 g o1 yeS 50 )l350 (o550 (slrosloasgaze (lsica,
looslsacsaze gl EYlie saile 3l 5l 1, alie o
Gduddg L83 g oS oo Sl Bolal 4 g0l
053l 5 ehisel slaeslsacsere slp 1, oVl
Sxsleszr oly 0 Soldde 4 myslicecansn
Ol 5l Soje gaoe canz p doslbacgese
slp 1 ganadss 30 pilgioe il et
rgliwssar ogail 5 (B5el slaosls

wile BSSe (Gaiddisd CBS )y jshiiods
97y Toymgs SleMbl 5 T, a3l el
Syl 5o aS docpla sl o Ll IVel s)ls
ol atmie Al ;2 cawz g dboslddegasme
Som S eslial 5 ) by, Sl el s
=5 e ] bades g saadss
Glluddgs> iblodSs Coli b o 0,5 (5 IO i
laddigs gy (6 8z glaceiS glr ales sl
as oleosls slasws ol wlal 5 g @S oo dg )
B g ket Wl e ez b plipd o
Ll &S SETGlr iS00 dunlxe 1) (anals>
C8S g Cawyd (6,08 iz Glaseas wdbazils 1) cds
390 (rl ) S o0 pAlel 2o )d iz ) Ganaldes
oS ades g bewsp olass a5 ul s 4 whg
S S il |y sy ol Ol s
el Lae Sl

b9y Sadss S dwlis ln eizen
o oedle Sl ganadss slagty, o L LDA
Gaitied sy SYM oS o eolitl Toluiiy
bl 1) oslsacgerme 0gd o oolaiwl © 090
S0 SISz g el A 93 4 Egdge
55,5 oolizl ol LzalS (gl LDA 5l ol e aSlouil|
,5 silwasds V(W) jo 1) ste 6 o Shg
Jop olyear ¥ slp 1, LDA Sl Jol> mls )b
(@23 50 SVM (S 4 0 Sy (9,0 Sl slo S5g
e O3 |y 0 Sy Sl (5315 oy K3 b ol5 ]
(o eeB3es 53 SYM & (S o p (lprea

! Purity

2 Rand index

3 Mutual information

4 Support vector machine (SVM)
% Binary classification

0F 2l ¥ 5, Py Jl

Archive of SID.ir

&


https://jsdp.rcisp.ac.ir/article-1-1228-fa.html

Archive of SID.ir

[ Downloaded from jsdp.rcisp.ac.ir on 2023-12-26 |

S su oby) A p Dlegidgo §lwgS)

Gyl eanin s (Sl s S e Jsi)
Sgds oo oadlive a2 oo Lis PLSA 4 LDA (sleeXll
bain e (oS s e o0lddcgeze ol (gl a8
/YA NP BV /00X V8 sy 5l LDA osS)
YYV7JAY X sg0> 51 PLSA lp g Wb oo Lials
S s e ials AT AV XY S )0
PLSA ;| LDA (lyp al)Kan Vb 50 saiis i
4 S (S el 55 0 p)8 ol 5o g Sl teS
3,10 PLSA (5451
S S e 5 Lo =
SYlkizl 668 S, as d, LDA (663 alae o) o
w.).b‘..) C)..u ] S 6boé‘é 6&.@9§.” 6‘;: J.ls.o
Sl o Oy b L LDA ol s 288
21 0sSasy ol ST 0,8 dlone (o) )50
sl L |, C)T o Slos 5_(5)’L»0¢L,’.$ Ml sleosls (g9,
sebar 1) ol Galisee slo )5 20,5 awslie PLSA
LDA 5l lgise a5 msls ol 9 23,5 (o p paites
.o)f solarul (> ools sl u,..&lf 6‘)‘3
2,5 ety 55 OIS Gles co o IS (6 S ams (o
6‘)‘? d.‘yo @YL«.&-‘ 65§'” S LDA 69i” °
A s oS pl Ll Slasias § S (gaueSll
BURTEUI S CYVIPPRRVEIWO IS VIR E 9 FRRVE PV R o ¢
5 boasls wits ply Jloas! anld ol s,
J5 el o1 5l g dloma |y ol (sl usio
J.»S‘.SA k_’Lu.\} ‘) Slosows z)iu
Wge 5951 G PLSA 05i o Lol a5 > o @
Wdgi oz At g ces o 51 eolanl b el
dole wos Slasiis gl |y Jloo! sl b
s Jol5 Wgo (665 SO PLSA caes jo )8
Ao Glgi oo LDA 5l oslawl b aS 5,900
Iy eadolml Siba as Jlz! b adss was
LDA  (slp oado)lsl sla Shs 3l ocolaiwl L @
5 Sleats b egran b (Lo sleosls olg5 oo
JolS laize 5,50 SO g 9,5 sl olgds slass
Ll 5h 8 emepssl osesl sl of 5l g cole
2,5 ookl sdly saosls (54,

0F 2l ¥ 5, VoY JLlu

4l K0n oY Y-8
!y [¥Y] MovieLens Im (slascols 51 SLL Jul>s o
oolsasgaze il ) eeiS so oolil Vel e sVl
O 3l oleaddles jao slapld 5l golaxs 4y IS #-F-
Silools i B S Skl ()] 50 39290 olid yaoy
5 e [ble o gay Maddlesjge slapld g 218
@ alen oVl Gl s wiee 98 (BTl
S o0 oo 5 oSS
ogel 1) ool cadoanlin ol S glaosls L @
S0
slaphs  ples osdiosalin ) o lp @
e se 85Xl 4 old S sz ) ol A8Des g0
Ot Slpkd leel Gl eolaial L e
oS 0 (i |y Toaariloass
i3l sools g5, LDA § PLSA (clapzy 55l
&y leican,o PO LN W WDl 0 e PRWAE
Slp 05 oo Al cdbaiilodSS yg,m sesls
a5 Todiin ey (ST e S I L by, Aeylie

o)y
YA, InP(wai|wgc-iy)
predpP(Dtest) =expy— M ’
slass M QT 3O A S o ooliiwl gl pe iy,
Sl

Wi loads soliiwl (yge)l slassls lgicas a5 ol
L;loolo
Bgd geosle Hlis oSl 4y a8 wiws pi sols 3l e

1.1

1

0.9

o8

o7

0.6

| os

| 04

| oa

15 20 1 5 10 15 20
a3

10

(KD gyoe S (KD g 3000 a5
PLSA (2) LDA (M
——LDA
—— PLSA |
0
o
1 5 10 15 20

(K g yiopn 3l

13303 s > LDA 3 PLSA (seaity iy [S288 0 (1)

& oy gy (SlS o SH 2P (- D)

MovieLens 1mgrodlsac gosxo
(Figure-6): Peredictive perplexity of MovieLens 1M data set

! Collaborative filtering
2 Held-out
% Predictive perplexity

Archive of SID.ir


https://jsdp.rcisp.ac.ir/article-1-1228-fa.html

Archive of SID.ir

[ Downloaded from jsdp.rcisp.ac.ir on 2023-12-26 |

6- Refrence &=l =%

okl ool o o alis o Jswy o D]

P R S R P R S

s Y o5l 0,90 Llaosls g WD 3lo
Avay ey

[1] M. S. Rasoli, B. Minaei Bidgoli, H. Faili, and
M. Aminian, “Unsupervised Persian Verb
Valency Induction,” Signal and Data
Processing, vol. 9, no. 2, 3-12, 2013.

B ) iy b s lalS e ol Sae T [Y]
N0 o9 Lol ¢ @Wde isley ) ow B 55
AYAY YV -AF o ) 6 lads
[2] E. Asgarian, M. Kahani, and S. Sharifi,
“HesNegar: Persian Sentiment WordNet,”
Signal and Data Processing, vol. 15, no. 1, pp.
71-86, 2018.
oby Ykl slaSaios jl eslinul | Ls o [¥]

@ ol (29,5 JWdl hoz 5 g ez b
) oosleds 4V 0,80 Lleosls g @M i3le T, o8

AYAL L 20-YF Slxaos

[3] H. Faili, “Phrasal Verb Translation from
English to Persian Using Statistical Parsing,”
Signal and Data Processing, vol. 7, no. 1, pp.
66-76, 2010.

Slp = 69§J‘ vy ,‘;,.9-”3] P ,yol8 T sk o [f]
5wl (9310 sl 0Ly a5 (o0 b gl B!
A N AYF Slras ) o,leds 1 0,90, osls

[4] H. Faili, H. Ghader, and M. Analoui, “A
Bayesian Model for Supervised Grammar
Induction,” Signal and Data Processing, vol. 9,
no. 1, pp. 19-34, 2012.

OB5ly b pleal @3, , Sl sl . so9nme o (0]

5 ol oy "LDA egbe Jon b o)l mess

DYAATE Slio [ F olad T )0 Jlaosls
Avas

[5] B. Masoudi, and R. G. Saeid, “Farsi Word
Sense Disambiguation with LDA Topic Model,”
Signal and Data Processing, vol. 12, no. 4, pp.
117-125, 2016.

[6] E. Asgari, and J.-C. Chappelier, "Linguistic [1]
Analysis of Persian Poems," Proceedings of the
Second  Workshop  on Computational
Linguistics for Literature, Atlanta, Georgia, pp.
23-31, 2013.

[7] D. Blei, A. Ng, and J. Michael, “Latent
Dirichlet Allocation,” Journal of Machine
Learning Research, vol. 3, pp. 993-1022, 2003.

[8] S. Deerwester, S. T. Dumais, T. K. Landauer,
G. W. Furnas, and R. Harshman, “Indexing by
Latent Semantic Analysis,” Journal of the

Wl ool oYlis! s8Il Xy LDA osS)
oSl lp Wlgee g cwl pddlasl
Albide gladis; o (hwsr slo)Sle
"liley SVl oS SO 1) el solaiul
500 GYles! bl o Wl e gl
G aas o o3>l LDA & S35 ol 050 T sslul
5 Fodez bl 3l sl 9wl piyanws
ol aS Jl o 0l eolaiul alize oo, IS o
2,105 0429 LSA wiile 5631 jo oLl
sl 5o by, 4 Cond LDA (g, Cuje @
@ by Slegdge yge gilwesl il 8,5
Sl I lais 0gd oo Eel a5 Cel i SO
SN i g pdpiilbnl b 1) Slaitae )l eee
IS 1, T il et A Gy otz 3,5
L Comd G Spdyeedi D)a8 g aed s
Sl Ko sla g,
PR LDA o st slais, it il @
(K) balgs olawi 5L ,0 S5 iy (ils 09 o0
Conaly yo aidl ouils so L8 511 T Jlode g oo
2 295 B dulpd ez o Wlie Gy S
Kolhaie oyl sl alagss, sl lse ol
4 K ooply wlsice @i Ghgy o pem)Sa
OS50 S sl gy il esls bys
95 w0l Gzl g 0jl S0 Kosgus
it 5 K 5l s haie Sl 5 o3l polie 5SS
Sl S cwlon S a3l esls gl 1, oI
sl (K b glacas,s wilg oo g X
5l Slatis 5,55 el o )8y (Jle sl p
ol a5 0,5 odnlie et oo (F - US0) slo,loges
6ol Sl O B Y polie gl (KnaS pw loged
DLl gl go ol oy jsbar ol 5l ey 5 0l
»Uswbwhﬂxlyuﬁab* wo3b 5l K
318 Bl pa Zodly b ool
ilwosly &5 el ojlal 4 5l bl e
5 TolzS o33e 4o PLSA 4 LDA (lyy ouisalon

! Modular

2 Embed

8 Overfitting

4 https://github.com/VahidHeidari/TopicModeling/

0F 2l ¥ 5, Py Jl

Archive of SID.ir


https://github.com/VahidHeidari/TopicModeling/
https://github.com/VahidHeidari/TopicModeling/
https://jsdp.rcisp.ac.ir/article-1-1228-fa.html

Archive of SID.ir

[ Downloaded from jsdp.rcisp.ac.ir on 2023-12-26 |

S by &b » Dlegidgo 5 weSll

[23] T. Minka, "Estimating a Dirichlet
Distribution,", Technical report, M.1.T., 2000.
[24] K. P. Morphy, Machine Learning: A

Probabilistic Perspective, London, England:
MIT Press, 2012.

[25] A. Raj, M. Stephens, and J. K. Pritchard,
“fastSTRUCTURE: Variational Inference of
Population Structure in Large SNP Data
Sets,” Genetics, vol. 197, pp. 573-589, 2014.

[26] V. Smidl, and A. Quinn, The Variational
Bayes Method in Signal Processing, Berlin
Heidelberg, Germany: Springer, 2006.

VY It NS Y VE S Ve
FomelS gwiige o)l bl 8
3 Slale g lan SN l S
Oliml ddles g0 imgh (slodis)
slogl; Glon 5 ) yselocun; (udle (550l

) el e Lol LI, e
vahid.heidari@ut.ac.ir

Sl sliwl gl Sgozxe
S e L
Sl Gl oRails 28 Fasadls
Sl dis, jo 1) 09 gl olay]
Juo o sl oRadls 51 L2k,
bloxol slasl dMes g0 sloais) cunlas 5 V\YYP
3l Jlol 5 kel 5 (55l Ghate 5 Slusl; )bl
ol
5wl @ile lasl ALl glas
sm_taheri@ut.ac.ir

Sl Lessly (Pl (o podw
psle g )LJ (ool sasasls
oBisls pgle HFasiils  anwls
o1y 0em gl mSe linl .l ol e
4o 6)LJ blool il s )LJ i,
:L»...A) w“\.d)f *"er‘“" ‘5.»3&)5 oKislo )‘ \yYa: JLA.AJ

5 el & le plaol AbLI, glas
morteza.amini@ut.ac.ir

OF 2l ¥ 5Ll 1F-Y Jlo

American Society for Information Science, vol.
41, pp. 391-407, 1990.

[9] Y. Du, Y. Yi, X. Li, X. Chen, Y. Fan, and F. Su,
“Extracting and Tracking Hot Topics of Micro-
blogs Based on Improved Latent Dirichlet

Allocation,”
Artificial Intelligence, vol.

Engineering  Applications of
87, pp. 103279,

2020.

[10]

[11]

[12]

[13]

[14]

[15]

[17]

[20]

[21]

[22]

C. Geigle, "Inference Methods for Latent
Dirichlet  Allocation,”,  Course  notes
(cs598cxz advanced topics in information
retrieval), Department of Computer Science,
University of Illlinois at Urbana-Champaign,
2016.

Y. Gong, Q. Zhang, and X. Huang, “Hashtag
Recommendation for Multimodal Microblog
Posts,” Neurocomputing, vol. 272, pp. 170-
177, 2018.

M. Hoffman, D. Blei, and F. Bach, "Online
Learning for Latent Dirichlet Allocation,”
Advances in Neural Information Processing
Systems. pp. 856-864, 2010.

T. Hofmann, "Probabilistic Latent Semantic
Indexing," SIGIR '99. pp. 50-57, 1999.

T. Hofmann, "Probabilistic Latent Semantic
Analysis," UAI'99. pp. 289-296, 1999.

T. Hofmann, “Unsupervised Learning by
Probabilistic Latent Semantic Analysis,”
Machine Learning, vol. 42, pp. 177-196,
2001.

H. Jelodar, Y. Wang, C. Yuan, X. Feng, X
Jiang, Y. Li, and L. Zhao, “Latent Dirichlet
Allocation (LDA) and Topic Modeling:
Models, Applications, a Survey,” Multimedia
Tools Applications, vol. 78, pp. 15169—
15211, 2019.

D. Jurafsky, and J. H. Martin, Speech and
Language Processing: An Introduction to
Natural Language Processing, Computational
Linguistics, and Speech Recognition, USA:
Prentice Hall PTR, 2000.

J. Leskovec, A. Rajaraman, and J. D. Ullman,
Mining of Massive Datasets, USA:
Cambridge University Press, 2014.

B. Liu, C. Wang, Y. Wang, K. Zhang, and C.
Wang, “Microblog Topic Mining Based on
FR-DATM,” Chinese Journal of Electronics,
vol. 27, pp. 334-341, 2018.

X. Liu, Y. Gao, Z. Cao, and G. Sun, “LDA-
based Topic Mining of Microblog
Comments,” Journal of Physics: Conference
Series, vol. 1757, pp. 012118, 2021.

Y. Lu, Q. Mei, and C. Zhai, “Investigating
Task Performance of Probabilistic Topic
Models: An Empirical Study of PLSA and
LDA,” Information Retrieval, vol. 14, pp.
178-203, 2011.

H. F. Maxwell, and K. Joseph, “The
MovieLens Datasets: History and Context,”
ACM Transactions on Interactive Intelligent
Systems, vol. 5, 2015.

Archive of SID.ir


mailto:vahid.heidari@ut.ac.ir
https://jsdp.rcisp.ac.ir/article-1-1228-fa.html

Archive of SID.ir

~

Sl 3 95 Cawg

)L..u MLSA LS W"")?i'” LS')"." LS‘):’ Y - T l) o..\..'l';ol..:g ‘chsdJa..u‘) g 50[..:.3 1) o;‘).u.su ) dua8 (s g U"‘ e
9 oS o ool Sl s Jgl &0a8 5 bl o Lol ecawloas eolil saled ol oS (o5lodigs (g, 5l [V] jo el S3 4
5l (Sl S g siies kel By 990 B o o0 LS

il 53 ©y90 4 P(D,0,Z|a, @) alys Jloxs! (0 5em, Slpmss o by, ol sleion
P(D,8,Z|a, d) = P(8,Z|D, o, $) P(D|a, d) « P(6,Z|D, at, p)

constant

M N
~Q©.20) = | [ealve) | |QCaniman)
d=1 n=1

A ‘SJM L;Lmua}l,b TyYy Q—l a0, oolaz! P(D, 9,Z|O(, (1)) &9 u;)ib Qb_:.ca\.g les‘s.o Q(e, Z|D) &9 }\
(35S anxl e [YE] 0 VYN is

Sygo a oy oy K a8 aialb 0 5 aens o3l b o a9 P(BIX) oS 65 (Slpess o) ) dndd
001,00, 0K lp byt Jitee slagjs @ oabogasme ()i @ie o Q(B]X) 5 wsbeas 5181 0 = (B4, Ok)

bl pj Ojge

K
QBIX) = Q(6;,+,0x1%) = | [l
i=1
] ecwsas ;5 dlal, 51 Q(6]X) = arg r&lgl KL[Q(BIX) Il P(BIX)] 21,515 diweS oS5

Q" (8:1%) o exp {Eq (g, ) I P(®, )1}, i = 1, K,
aizea Q7 (01]X) = [T 1121 Q7 (6;]X) 58 10 8; JoSe sloaslt degama 05 o] 0 a5
g 0 0000 7, plaS e ol je aslsl jo a8 el o5 g0 Jolis Sl exi-EM 2,531
g bailo 5 slapls Cenl 5L Gledy (Lo pite (e @i B (HBL jsliied; [E- oS
o ) o 5 Lo o3 el Jlotol tss )
(S Slogis (9,5 asie g loasls jlA1 LY
Wlosds paseia (1) &pdd 5l o5 QU (Bi1X) sz 5| Sl slopasls Sluyzgye .7
5 lagasls plgs Jloxo! o2y S o5 5 9bas g on asmlone 55U slosas Ly polie (oot slomiie (38,5550 2o b (M-8
Mgl o gu i Jolie ol dalol o oS a1 Slaslis

el plg Jloio! gy &I —1-T
il 5 O yge a4 ey plg Jloas|

Ng
P(Wq, 0,21, $) = Dir(@l) | | P(zan[Buzgn) P(Wanl7an, ).
n=1
ol e i S (0 srb o, alal) ol
K Ng
In P(W,, 6, Z|a, b) = In T'(ctg) + Z (0 — 1) In By — InT(c) + Z In04,, +Indy, w,
k=1 n=1

— VK 1
Qo = V=g O &1 3 45

&

[ Downloaded from jsdp.rcisp.ac.ir on 2023-12-26 |

0F 2l ¥ 5, Py Jl

Archive of SID.ir


https://jsdp.rcisp.ac.ir/article-1-1228-fa.html

Archive of SID.ir

K -
Yo = Zk=1Yk ol »» &5

2 St s 5e8 w8 -Y-1
.3\ oS (o0 B p8 5 D yso |y (i slagje
3 N

q QB4 Zlva™ = Dir@alve) | | Qzan|msypuns)

-;’J n=1

X oS (0 sk i, YL & Le
3. K Ng

~ InQ(84,Zlyg,m) = InT(yy) + Z (yk — D InBgx — InT(yy) + Z Inm,, w,.,

3 k=1 n=1

X

=_b

Q" (Z) 1y 2595 -¥-1
Q" (zan)  exp{Eqe)[In P(Wy, 6, Z, |, $)]}
X exp{IEQ(e) [[ln P(Zdn|edzdn) +In p(delZdn, (I))]]}
exp{IEQ(e)[[I [zqn = KI (ln B4k + In d)kwn)]]]
n=k
(brw,, exp{Eqce)[In edk]]])l[[Zd !,
ol 25 023 b P(Zan[Bazg, ) wiss s3lyiles o le 0,31 58 Jol> gjgi domn

* * IﬂZdHZk]]
Q (Zdn) x Mz 34nWn ’

:Q)Q..a a T[;dnwn ua.‘>l.w UT B as
T wy & Prw, €XP{Eqce)[In O4i]}

= bxw, exp{¥(yr) — ¥Y(vo)}
g s drmlone

Q" (89) Syt 22595 ~F-1
I’“"""‘"’?"&S" ) :Lwaﬁ )l oolazw! la
InQ*(84) = Eqz)[ln P(Wg, 8, 8]a, )] + C4

K Ng
= IEQ(Z) z ((Xk - 1) In Gdk + Z In Gdzdn + Cz
k=1 n=1
K Ng
= Z(ak — 1) In B4k + In B4k z IEQ(Z) [[I[[Zdn = k]]]] +C,
k=1 n=1
K Ng
=z O(k+z1'[kwn—1 lank+C2.
k=1 n=1

1D ygo 4 Yk ol g Col pasie o] e DIr(Bgly) st po 95 dws 31 o )le

Ng
Yk = 0 + z Thwy,»
n=1

D9 g0 By

-

~

0F 2l ¥ 5, VoY JLlu

[ Downloaded from jsdp.rcisp.ac.ir on 2023-12-26 |

Archive of SID.ir


https://jsdp.rcisp.ac.ir/article-1-1228-fa.html

Archive of SID.ir
ol 0ygl p gy Jeddl 7,0 10 Cawgny

Sly 275 3 0590 Aias ;0 5 pd 0 50 [V] 5 gliie (229, L1, B Laslis 0,91 sl o681 51 M—plS isw ol 5o
2,5 dezl e e Sles 4 lg 0 O 2Ll %3—‘)9

b 3l Gluyjea-1-o
Ao 0505953 ke IS sl @ Jlosto) G le & S 1) 5l Jlatol 080 (b5 arel wanlss oo Mgl o
e

arg mq?x Eqzyqee[InP(D,8,Z|a, d)],
N e PTSS Jleiml 0,8 a5

Ng
InP(D, 8, Z|a, ) = Z In Dir(8,]) + Z 1n P24, 184) + In P(Way |Zgn, )
Ng K
Z InT(ay) + Z(ak —1)InBgx — InT(ay) + z Z I[zgn, = K] (In Bgy + [[wgn = v] In dyy)-
n=1k=1
1ols oaplys (i ylas LLS I P ey a8 Jlyle 28,5 a5 0 ol b
M Nga K
arg max Eq@zq®) Z Z Z Izgn = K] Ifwgn = V] In ey ||-
=1n=1k=1

S Lol 5 Cadgase 5wl alts (pl sl (el o
VkKke{l, K&V VE(L ", V}:Pry >0 masbacsls cois polio wb P L jlo polie )
VKELL K} : XV_i Py = 1 osl (g el Jlozm| g5 9sls o yile Sl o a8 Ll 51 .Y
oolitul 51,5V Colpo 5l pge Codgame Loyl sl aslons 03,91 5 i (@28,5 solitul o & 51 aS opl o Jgl cosgame
Sl 8 Syl 25 Al 4 eZales 5 S AL VL Alaly 1y logsgamme plos oz ol s slate ol (sl oS 0

oS Addion | QT
M Na K K \%
L =Eqz)qe) Z Z Z Izgn = K] I[Wgn = V] In ¢y Z Ak (Z brv — 1)
~1in=1k=1 =1 \v=1

M Ng K K \%
= Z Eq[1zan = KI] Iwan = vI In dyy + Z Ak (Z by — 1)

d=1n=1k=1 =1 v=1

M Ng K
= Z Mgy [[Wan = v]In iy, + Z A (Z Grv — 1)

d=1n=1k=1 =1 v=1

6L Zd 1211 1T[dkv H[[de = V]]

+ )\k = 0,
(Sq)kv q)kv
S 50 4 g
L I, Ty 1wy = V]
(I)kV A )
Ak
e g s i Zv 1Zd 1Zn 1T[dkv Iwan = V] @550 & 5 el jladley <ol glos =Ry ol o &5

:M)L)
M Ng

by z Z Ttt*ikv H[[de =v].
d=1n=1

&

[ Downloaded from jsdp.rcisp.ac.ir on 2023-12-26 |

0F 2l ¥ 5, Py Jl

Archive of SID.ir


https://jsdp.rcisp.ac.ir/article-1-1228-fa.html

Archive of SID.ir

. oo £ e o w & . see &, .
(IVB) (&l yuad' 3o 8059 5| ST g9y (bl T o 17 — Cowguy
aelgd (1) dwad 5l oolatwl L g ol &SI F psu jo a5 0200 Sy 8545 1,8 o8l g Jolie 4 Cwg ol 4o
W s slepls Q‘M‘EM mi,o b aliee jebay VB POTPPN S -M.)B—‘s" Cewd |y Slss glaasls Sloyjs e
w‘
O )8 dslore 5 o as e ply Jloasl i )
(s slag i@ 9,8 patine g laasls 53T
Wlosds jaseia (1) dpdd 5k 45 Q(0i1X) Glogss 5l Slmets slagasls Sloysee .7
LT gy ez o w05 am H, Sl 6l yite aiilean S slaaslis b a8 cosl oyl o Slyeeis-EM L IVB cglis
5508 Jds ped 4 W9h o drbne Ll sl p (St o et Gleyie,d aelgd (s toa 8 oo y0 Sl slag s
oS o0 oS 1y e ol calsl )8 anjlas M=plS (6l s ailSlas glal> 0 4 (55U

S by &b » Dlegidgo 5iweS

b asls plgi Jhis! o8 -z
il g &g & laasls ply Lo

K M Na
PD,0,Z ¢l ) = [ [Dir(@ulpid | [Dir@ald | [P(zanlOuzan) P(Wanzam, drgmavan)-
k=1 d=1 n=1

ol e i S (o0 sl o, alal) ol ]
InP(D, 6,Z, d|a, B)

K v
= > i) + ) (B = DIy~ InT(Biy)
k=1 v=1

Ng

M K
+ Z InT(ay) + z (ax — D In0gx — InT(ay) + Z In64,,, + by wy»
d=1 k=1 n=1

_yV _vK .
Bro = Xv=1Bxrv s Ao = D=1 Ok o1 0 &5
Slrd s joi p )W V-7

oS (o0 8 05 D yge |y (Sl Slag e
Ng

K M
Q®,7,0ly, 1) = | [Dir@ulpo | [2ir@slva) | [Q(zanl )
k=1 d=1 n=1

oS (0 sk e, YL O Le
InQ(8,Z, |y, mA)

K v
= D T (o) + ) (Bry = D In gy ~ InT(Bio)
k=1 v=1
Ng

M K
£ IT(1) + ) (= DB = InT (1) + ) Iy,
d=1 k=1 n=1

Bro = Zv=1Brv 5 Yo = Dot Yi o] o &5

Q(Z) Sy 2595 Y-
eyl (1) auad Gllae 3 ausle
Q" (zan)  exp{Eqayq(e)[In P(D, 6, Z, dlat, B)I}
o exp{Eqe)q() [1n P(2an[Bazg,) + 10 P(Wan |Zan, $)] }
exp{Eqeo)q(e) [11Zan = kI (In B4 + In by, )|}
(eXP{EQ(e) [InB4x] + I[wgn = v] Eq(gy[In Pivl})
il 5 S8 P(Zdnledzdn) &9 8355 em Oyl (5 o Jol> g9 dn

1 =k
Q" (Zan) Ty, "7an™H,

I[zgn=KI

WD yge T[f(wdn Lo ol &S
Ty, & €XP{Eqee)[In Oqi]l + I[wan = V] Eqg)[In di 1}
[ Y - exp{¥ (Vi) = ¥(¥o) + I[Wan = VI(¥ (i) = ¥ o))},

[ Downloaded from jsdp.rcisp.ac.ir on 2023-12-26 |

OF 2l ¥ 5Ll 1F-Y Jlo

- _Archive of SID.ir


https://jsdp.rcisp.ac.ir/article-1-1228-fa.html

Archive of SID.ir

Q' (04) 1t 22595 F-2
Myso (\) M )| oolau! l)

InQ*(84) = Eqzyqe[InP(D,6,Z, ¢pla, B)] + C4
Ng

K
= IEQ(Z)Q(q)) Z ((Xk - 1) In Gdk + Z In Gdzdn + CZ
k=1 n=1

K Ng
= Z(ak - 1) In Gdk +1n Gdk Z ]EQ(Z) H:I[[Zdn = k]]]] + CZ
k=1 n=1
K Ng
ZZ (Xk+z‘l'[i:wn—1 ll’ledk+C2.
k=1 n=1

1O yg0 4 Vi el g sl jaseie DIr(Bgly) 4l po a9 dwn ;51 o)le o

Ng
X
Yk = ax + Z Tlkwy
n=1

Dyl o iy y2i

Q(P) s @595 :0-¢

W}J‘SA (‘) M )l oalazw! l.; (I) ua?Lu ‘5)‘),4.:.&7 e)}: ua}Lw u\))s—lwét 6‘)"
In Q" (dy) = Eqez)qey[InP(D, 8, Z, dla, )] + C;

\Y% M Ng
= Eqmqe) Z(Bkv - DIndy, + Z Z Izgn = kK[I[wgy = v]In dyy || + C;
v=1 d=1n=1
M Ng
= B+ D ) Bop[1zan = K]1lwan = VI = 1 | In e + C,
d=1n=1
M Ng

Bkv + Z Z T[;(wdn]l[[wdn = V]] =1 |In q)kv + CZ:
d=1n=1

Gy ) Oppe a4 Ay (St (als o5 cl pansas BB DIr(Prldy) ojse & A ps s 2w 31 o le o

Ry
M Ng

Ny = B + ) ) Mgy I = VI
d=1n=1

&

[ Downloaded from jsdp.rcisp.ac.ir on 2023-12-26 |

0F 2l ¥ 5, Py Jl

Archive of SID.ir


https://jsdp.rcisp.ac.ir/article-1-1228-fa.html

Archive of SID.ir

i w2l v, by ol 10 Cowgny
B ly valsd 00 8 nl oS sileange Gbgy 5 [V] 50 &5 medsse 58 1) wolseds (o0 )8 (ol oS 4a8 Cangn cnl 5o
g\\ asloas ool Slass sloasls Slu,js,n aelgd o sleamsa
Tfi Om Y-S oSy oSS Jolee walsls 00,8 (mly oS oS At (aalsd (w0 8 Gnly o1S) (V) Al
bR oSl ey Sloiie (e @35 9 St slogss
3 e pior Ol Slo i (o slagje om 1) Y-S ol S5 L
% KL[Q(6,Z|D) Il P(6, ZID, a, ¢)] =
) Q(6,Z|D)
X ZI QO ZID) In 5 D &) P00, ZID, o ) 0
;1 Q(6, ZID)P(Dla, ¢)
3 _ZI Q(8,ZID) In=r e s de

Q(e, ZlD)

2f Q(6,Z|D) In POD.6.2%.6) de +zfQ(e Z|D) InP(D|a, $) d6

Qe Z| )
Zf Q,ZID) Inep s de+1np(D|a,¢)ZZ:LQ(e,Z|D) do,

ﬂlnP(D 0,7Z|a, ¢)]| 1
“o(6, Z|D)[" o8, ZID)

il 505 e b
InP(D|a, $) = KL[Q(6, Z|D) Il P(8,Z|D, o, )] + £[Q(6, Z|D); o, BI,
. D, 8,Z|a, -
by olyise b 51 €[Q(, ZID); o, Bl = Eq g, 7Dy Hln P(QTZ:IO;)@]I ol s

In P(D|o, ) =1anP(D,e,Z|a,¢) do
P(D, 0,7
I“Zf Q6,ZID) (Q(G Z:g)¢)

P(D,6,Z|a, §)
=In IEQ(G, Z|D) ﬂmﬂ

bl punly e oS (o0 (22b ) dwel 0)lg |y pands 0 8 piz (6 2l U 5l eolasl b

InP(D > E PO Zla &) o6 21D
nP(Dl|a, p) = Q(0,Z|D) UW [Q(6,Z|D); a, B].

el LS oS At 85 4 s ey Sl 8lsd 038 sl b oS 2 €[Q(D, ZID); o B] o jle 815 5
<l KL[Q(B,Z|D) Il P(8,ZID, ot, §)] 2! 315 (35,5 4 Jolao algs o )1

Gilwaiin 5 (V) &wdd 5l onelcavsdy dons 5l oolitul b a5 culoas ools (yLas [V] slacamsn idu o 5w s [V 0] o
) o b aS ) o Sl Slaatll Gl p Sleyie,a kuly, Glea ‘E[Q(e' Z|D); a, B] s led o )5 ol oS
2syS L6508 Gho) b g

i

[ Downloaded from jsdp.rcisp.ac.ir on 2023-12-26 |

OF 2l ¥ 5Ll 1F-Y Jlo

Archive of SID.ir


https://jsdp.rcisp.ac.ir/article-1-1228-fa.html

Archive of SID.ir

[ Downloaded from jsdp.rcisp.ac.ir on 2023-12-26 |

Archive of SID.ir


https://jsdp.rcisp.ac.ir/article-1-1228-fa.html
http://www.tcpdf.org

