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Corotational Lagrangian Formulation for Elastic and Elastic-Plastic Large 

Deformation Analysis Using FEM 

M. Jabbarzadeh  R. Naghdabadi  M. Tahani

Abstract In this paper, a corotational Lagrangian finite element method is presented to analyze the 
geometric and material nonlinearity problems using degenerated shell and solid elements. The 
formulation is based on the updated - Lagrangian conjugate stress and strain tensors with the linear and 
nonlinear terms to eliminate the approximation of the Cauchy stress in the finite element formulation. 
Linear work hardening and Prandtle-Reuss flow rule along with 1`von-Mises yield criterion is used to 
model material nonlinearity. To investigate the accuracy and computational efficiency of the formulation, 
some examples in elastic and elastic-plastic regime is presented. Also, the results obtained from this 
method are compared with those available using other corotaional finite element formulations. 

Key Words Solid Element, Degenerated Shell Element, Corotational Finite Element, Elastic-Plastic.
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gg ��;�!� " ��;�!� /�2#3       J��;�P= ...  
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      B� ��O;�� 9"%>� �"� '�;1 '"���+    "�j#� $�%&� 

  E�:,Q /�2#3 +��4  ��4 ��B    �� @Q H��%>� � /�2#3 *  �j�
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   %�� E�F��#��np��� .  +B�j� ��j�    ��O;j�� �<j� +�j�

  qG�4��no3 9��"          E�Fj��#� Y��j;� �j4 ��<  K2i +��
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  @jj�� E�Fjj��#� 9�jj�B �jj�B H��%jj>�gJ;jj��  B� ��O
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 ������ �5������<� .

'"���+       uj�<3 ��;4� � �5�� Wempner[3] 

  "Belytschko  ��	�� "   '[4]    �j��  �j0��� .   �  B�j.`

'"���+        9�j�(� T�3����j� �j4 ��� �0���  �;1j4�"  j4 <

  �jI '"� �j�+"consistent formulation"  �j� ��j����

[5,6,7] .  '"� *�� �  ��+��F(<��>     �j5�� +��   +��j4

    9��(� w<� ��     �0��� �%�� E�<i �4 �j� �j� .Rankin  " 

Brogan[8]     B� +�5� C<�O�+��F(<��>     �j0��� �j5�� 

    �<��> +��F� �4 �I ���     9��(� T�3����� B� /);1� +��4

 �� ���=   ��� +%<4  .        � �jF,Q ��%�3 ���= �4 '"� *��

  x�)����5;��+��    9��(�   ��<;���� �j��4 .    '"� *j�� �

     ��F,Q ��%�3 T�I �49��"��       �j��?3 B� �j�<  K2i +
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         ��O;�� 9��(� %I�� � �2#� E�l;S� �<#� T�  ��j�

 C���� �,)� *�� � u)> �F,Q ��%�3 "��<�.
   �4 9�))#�   B� ��O;��'"�  ��� �� 7��    �j4 �:� 

     �;Sjj� {��3�jj� � �jjI �jj3����?3 �jj4 �jj3 �jj��� 9`

�<��> ���?3 +��4/	���  ���� X�%4 + �j� �j��I, ��noj3

       � ��O;j�� �<j� K��)3 +�j�F(<��>    �� �j,- �j�. �

  ��� H��I E�F��#� .�iP-    B� +� '"���+  �5�� 

    u�<3 ��� �0���9�))#�     }j&�� � [10]    ��j��  �j0��� 

@��.

  ��B��jF& " +�4`�j)�[11]     E��jn� LMjN +��j4

  ���?3/	���      �j4 ��<  K2i + H�j3 �j�   +�j5� '"�

 ��I �0������ .  '"���� ��    +���<1j��3 B� ��O;j�� �j4 

  +6��� !  ��<;�������4. H��I    +6��� ! +����9<R

*��  H��IJ<�4 H��I " 6��� !(Biot Stress)� <- 

"  ~��  ��;1� �5�� 9�
��� .9��"��     �j�<  K2ji 7

   H�3 E�F��#� Y��;� �4   ��  H��8 " 7��      �jn� 76j��� ! 

z����M ��   " 7�� ~�� ���` ��NH��I    +�j2�"� +�j�

  ��.  �5��������4.     �V� �<� L�� +��4 �j�   B� 9�<j3

    " H�3 @O& jI  *��j  H��J      !<j�= H�j3 " 6j��� !J

 C" h����I     �I <�� ��O;�� 9"%>�     B� 9<4 �5�� �4 

�"%� %��  +���� �V�(Energetically conjugate pair) 
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    � " �<4�g  3 �4 <��   ���G� ����<� .   /�2#3 +��4 ��3

  B��   E�<i �4 9��(� ^*[    @j�� ��� ��O;��  .   /	j� �

)� (��<��              � "�j�� K��jk �j4��4 � �j�3 +�j�;�� %�- 

  @(�N0=ν       " �j�<I H�j3 /��jF3 �j4 �@j(�N " � 

            Y��j;� �j4 " ����  ����3 ���<I H�3 /��F3 9"�4  �j4

@jj��jj5�� '"� B� ��jj�` Moita " Crisfield[9] 

  @�� ��� �1��)� .  ����
� �I ��<5�������   Y��j;� �

      ���j)� B� �jI �� �4�j,3 }&�� *�� Y��;� �4 �3�<i �

  ��<I H�3 �:Q�")   �j,4��)�� ((   <j� ��O;j�� .  zj�;O 

     }&�� � �I @��[9]     B� /�2#3 +��4 �g    ��O;j�� 9��(� 

 @�� ��� . /	� �)� (  ��<��    � ��3 %�-   +"�j�� �4��4

  @jj(�N � �(�j�G�49.0=ν   Y��jj;� �j4 " ��jj� ��j��3 

 }&����� ��@�� ����  �1��)� .
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Non - dimentional tip deflection

Load factor ( K=PR2 / E I )

W/R

- V / R

- U /R

/	�� ��<�� "��� K��k �4��4 � ��3 +��;�� %�- E����?3

)0=ν(

�/	� ��<����;�� %�- E����?3�4��4 � � "��� K��k �

)49.0=ν(
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/	������� E�lS
�  ��W� +� ���<;�� �;�<=g
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/	����<��"��� J�4�&�& ����� �,)� �� �;�<=���<;��+�

��W�g

  <�=��@         X�%j4 /	j� �j��?3 ��jW� *�� � �;j�<=   +� ���<;j�� 

  /	�)� ( E�lS
� �4         /j�2#3 �j�B +�� " �����  �j� <j�:

Sjjjjjjk@��mm7.12h =�2mm/N3.10275kE =�

3.0=ν,mm254L ="mm2540r =.�;jj�<= +���

  2lO� +B�� u����� " �L�m�   ��#�� 9"�4"  @j#3

��4 %I��;� P    u�" �   9`�����4 . 2#3 +��4   /j�  $�%j&�

"�#� ,� 9��(�       C��j�s Tj� � �;j�<=    � +� ���<;j��

   @�� ��� �;>�  �V� .    K1N�4 "��� E����?3�4�& �j& ��

     /	� � ����� �,)�)� (��"`��� "  �4    Y��;�   @j� �4

 ���`� }&�� [9] �1��)�@�� ��� .

<�=��@  9�))#�'"���+   +�5��   ��    �4 ���)� � �I

    �I +��4 �� ����� ���`      � ��O;j�� �<j� Kj��)3 9�I 

/�2#3          ���jQ ��O;j�� �<� �,- ��. "�#� $�%&� +��

     �3!�)� � " ��    '"� *�� ����4 �4 �I �;-��= ��  �j��

     E<Q 9� 9�
� +��4+��F(<��>�V� �<�, Y��;�  /�2#3

  ����=   �;�<= T� � '�=���<;��        �j5� Y��j;� �j4 �� +�

'"�   ��� �<�� �1��)� ��[6,9,15] .    �2e1j� ��S;�� /�(

 ��� �� ,9��"            � �jI @j�� +�j�B �j�<  K2ji +��

 ��O3� �;�<= '�= �V#(���;>�.

          �f:4 � �I +� �V#( /	� ���?3 �4 '�= ����=

           �;j�<= ��j- +B�j� u���� �4 " ����� ��	�� B�  �j�

  ��O3���   �Pm� �;>����  .z�;O       �j��?3 *�� �I @�� 

     @��Sk �3 ��- /	�   ���� �lS
���<� . /�2#3

           �j�. +�� /�2#3 � ���R�= /��1� �2�& B� '�= ����=

  @j�� �,- .    �j8 �j��` B�        +"�j�� � �;j�<= +%j��"�> 

     +"��� $�B� �4 " ��;>� ��O3� �i�-��� �� �j4�& �j& ��

  "9��"��      E�<i +��B ��<  K2i +����  ,  +��j4

       /�2#3 T� B� �;�<= +%��"�> �V#( 9� 9�
�  +B�j��

 �� ��O;��<�[15] .        �j2N�� �j� B� +B�j�� /�2#3 *��

 �� /�	
3  <��J    �"� �2N��  :       �2�j�" �j4 �j2N�� *��

 ��;�I '"��4�&�&��(Displacemen control)  /�2#3

   " ���� �4�&�&�     �j& �j3 �;j�<= ����� �,)� ��  �j��� �

��         K1jN �4 "��� ��#�� K�� �I �4�� �j4�& �j&�   �j4 �

  /�� �Oi @�� �����  .       +��j4 �jI @j�� �j�:� 9��4 *��

  ���� �j4�& �j&             B�j�� �j0"��� �j4 �;j�<= ���j�� �j,)� �0

������4.gJ  C" �2N��  :       �j8 �j��` B�      ��jN � �;j�<=

             <j- +���j��= 9� @j� B� " *���= @�� �4 @I�N

@�� ,  7��4            LPj- � "�j�� ��j�G� �j4 B��� ��1� ����

   @I�N @�&�����4 .  2N�� � *���4��4     '"� �j4 C" �

"��� ��;�I(Force control)     @j�& LPj- � �j�"���

     ���G� 9` �4 @I�N���  .       +"�j�� H��jI �4 ��I *��

         @j�� ������ �2N�� *�� �4 �� �;�<= �I �(��G��   C�j��� 

���  .   �& �3 ��#�� *���    �j��� � �j�      K�j� �jI �j4��

 "��� ��#��J�4�&�&�           *j�� ��j�I /j�� �Oji @�� �4 �
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9��4              " �� C�j��� �� <j- '�j= �;�<= �I @�� ��:� 

        B��� "��� H��%>� �4 ��1� ���� +��4�����4 .�J  �2N�� 

C<� :             �� <j- '�j= �;j�<= �C" �2N�� B� �M  B� {=

           @j�� B��� "��� H��%>� �4 ��1� ���� +��4 " �� C���� .

         ��;�I '"� B� ��O;�� �4 �2N�� *�� ��4�&�&  ���?3 ��

 = /	�   ���� �;�<���4�� .     �j8 ���` B�      *�j4 /ji�> �jN

       � ��Q E�<i �4 �� '�= ����= /N�����  �F��#� 9�<3

  <��            x�j)� *j�� 9�"` @j� �j4 +��j4    '"� Tj� B�

   ��O;�� �k��������I.  }&�� � [15]     *�� B� ��<�� T� 

'"�   �� ����  <�� ����
� 9�<3 .  /	�)� (��<�� "��� 

J  �,)� 9�	� ���?3      9�
� �� �;�<= �����  �j� �j� .  *j��

    Y��;� �4 ��#��@� �4 }&�� �5�� '"� B� ���` [9] 

  @�� ��� �1��)� .z�;O     �����	3 ��:3 u�<;� @�� � �

     }&�� *�� � �I   @j� �j4    ��j�` 4.1     uj�<;� " �<j4

 � ��O;jj�� �<jj� +�jj� ���jj	3 ��jj:3 '"� +6jj��� !

    ��� �0��� �5��3.04 �j� �j��4 . *�j�R��    /	j� )� (

       � �� �;j�<= /	� ���?3 �Pj-       H��j�� '�j= �j��`�> 

����.

.+$77�/� ��771 (77+?3- .+$77�6% 7   . /jj�2#3 �jj���� �

T�;�!� T�;�P= j      �j	� ��jW� "   �2�j�" �j4   �j��?3 9�j�(� 

       +� ��j  @1j�4 �jF:	� 9��(� T�I �4 +�5� " �;>�� /	�

 /	�\ "��� ��#�� J3 +��4 9�	� ���?3 +B��� /�2# �;�<= 

���<;�� ��W� +�_

 /	�� /I �;�<= /	� ���?3 ��W� +� ���<;��_

 �� �0���<� .           " �j5�� '"� �j0��� ����B � �I ���� �(�)�

�4��IT�;�!� u�#� � 9` T�;�P= j  @�� ��� �0��� 

  j(�)� *��R�� "� ��j�   �j��` � �jI � ~�j� �j�  hj2;S� +

   � ����4 H�3 �5�� @�� ���      �� " �<4 �2�2#3 K2.� 

  �jj4 �� �jj5�� ~�jj� E��jjn���jjW��jj��� '�jj4 �jj�V�

��jj�(simple shear) �<jj�� H��jj�B`�jj�� .*���4�jj�4

��W�7��  ���`  ��W� �;S� �4 zF����      Y��j;� �1��)� +��4 

  <&<������4 .          @jQ 9� 9�
j� +��j4 /�( *��� �4

     H�3 �&"�- ��#�� ��O;�� �<� +��F(<��> �npj�   �j4 

   H��I K1N�np�   @�� ��� ����4  .   '"� �I +B��;��

            B� ��O;j�� C�5�� � �I @�� 9` �� ��� �0��� �5��

    T�;�!� +�� /�2#3 � 9`J     uj4�"� � ��);1� T�;�P=

T�;�!�J  � ��" �T�;�P=�� " <�     �Fj��#� B� /jFQ u)>

 T�;�!� {��3��j T�;�P=         �j5�� E�<ji �4 �� H�3 

����"` .

 <�=�A@ T�;j�!� u�#� � �(�W� ����� �  T�;j�P= j 

        �0��� �;>�� /	� ���?3 9��(� T�I �4��<� .9��(�  +�j�

/�2#3 +��4 �;>�� /	� ���?3 T�;j�!� +��  T�;j�P= j 

  9���s            B� Y��j;� �jI @j�� ��V;�� ���F� " �<F� K����

 !�4 @Q�  ����4 ���<-�4 � .     #� �j�� *j�� @2G  E�Fj��

    ���)� �4 x<4�� H�j3 �j�        {��3�j� � ��O;j�� �<j� +

T�;�!�J  T�;�P=�� �j��4 .         �j���� ���j	3 �j� B� �j:4

      C" �j&� }4�j3 E�<ji �4 H�3 �T�;�!� +�� /�2#3
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 ��B��F& ����– 7�4`�)� �k� –z���m <:1� ��

B�ζ   �F��#� ���  .        {��3�j� �Fj��#� C�j5�� � ���

T�;�!� T�;�P= j     uj4�"� � �jI �j�<5���� )�� (  �j3

)�� (  �VNP���� �   �4 H�3��    " ��<I +H�3 �j� +

        B��� /FQ ���	3 B� ��� w�&�� �>��#���� �j��4 .   �j��` B�

 �jj8{��3�jj� T�;jj�!� +�jj�J  x�jj)� � T�;jj�P=

���5;��+��  9��(�    �F��#� ����� ���  � �5� ��  9�<j3

               H�j3 C" �j&� }4�j3 B� {��3�j� *j�� �Fj��#� +��4

<jj�� ��O;jj�� ��" H�jj3 }4�jj3 @jj4�n @�1jjQ ujj)> " 

  E�F��#���<� .        " {��3�j� *j�� �Fj��#� B� �:4 �;F(�

  H��I � 9` ��k  �j� ���j��     }4�j3 E�<ji �j4 H�j3 

      �2#� �l;S� B� C" �&�ζ   � ��      @j2G �j4 ��� ��`

      T�;j�!� {��3�j� � ��O;j�� �<j� Kj��)3 *�j��  j 

T�;�P=E�F��#� @Q � H��I ���4�� .

              +� ���<;j�� �;j�<= ��jW� 9�j�� �jV� �<j� ��W�

��      9` ��213 H�3 �I ���42
yp mm/N10=σ    �"�j� " 

 9` �;Sjj� H��jjI2
T mm/N150E = �jj;>�  �jjV� � 

 @�� ��� .         B� /);1j� /�2#3 9�� �5�� �	�` @2G �4

T�;�!� +��F(<��> T�;�P= j  �j�   j�� �>�jI ��j��4 @

     �4 �� /�2#3 @#i��<��   H�3 �np�      H��jI K1jN �4 

�np�   9�
� ��� .z�;O          � T�;j�P= �j2N�� �jI @�� 

          �;>�  �V� � �,- �;S� H��I E�<i �4 /�2#3 *��

 @�� ��� .     /	� � �I ��<5����)� (  �VNP���  �<j�

��<�� H�3 J  H��I�np�        H�j3 �4 �,- E�<i �4 %�� 

  ��213 �npj���   @j� �j4  ��j�`  @j��  .   /	j� *j�� �

��<��       @�1Q " +��� T�;�!� �2N�� �����4 .  /j�(

             /j�2#3 � �jI @j�� /	� ���?3 +"��� H��I ��� *��

��;�IJ"����    ��O3� �;�<= ����;>� .     �� "�j�� H��I *��

  ���<��   ����� )� (��   <j�� ����
� 9�<3 .  �j�<5����

  � �I��<�� H�3 �np� H��I K1N �4  �npj� j�  ����


��       ��O;�� �<� K��)3 @2G �4 �<� ��<j��   �j&"�- 

      �4 @F1� �,- +�i� �4��<��   +"�"  @� �4   ��j�` 

@��.

 /	����<��H�3 J H��I�np�T�;�!� /�2#3 +��4 J

+� ���<;�� �;�<= T�;�P=

  <�=�B@    T�;�!� /�2#3 ����� � J    �j�3 T� T�;�P=

           jI��;� ��j4 @j#3 �� �j�  �j� T�    �j0��� �j�;�� � %

��<� .          /	j� � �j�3 *j�� ����� E�lS
�)�� (

��"`@jj�� ��jj�  . *jj�� +��jj4��jjW� ��21jj3 H�jj3 
2

yp m/N55×=σ  �;Sjjjj� H��jjjjI �"�jjjj� " 
2

T m/N660E ×=@jj�� ��jj� �jj;>�  �jjV� �  . �jj�3

      +"�j�� �3 �V� �<�N240      @j�� ��j� +��Mj ��4  .

 �4 +��4      %�� /�2#3 *�� �	2�G ���  ��<��  �j&"�-

  H�3�np�     H��I K1N �4  �npj�      @j�� ��j� �j��  �

)  /	j��� .(    *j�� B� �jI �j�<5���� ��<j�� ����
jj� 

��     �	�` @2G �4 �<�     �H�j3 �F��#� +��4    �j4 H�j3

 /��I E�<i�          �@j�� ��j� �j;>�  ���Q ��O;�� �<� 

7����<��   �&"�- "   +"�"       �j�%� �j� �j4 ���14

��4����.
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 /	��� ��W� �� ��  �� T� ��3 ����� E�lS
��

 /	�����<��H�3 H��I j �np� /�2#3 +��4 

T�;�!�T�;�P= j 

 C��
�
+DE- �
0!1 F2� ��* �G���H����3�  ��� 
� 

    � �8 ��<5����B�.`    ��)#3 *��   ��"`���    B� ��O;�� �4 

'"���7   �5�� ��<3        ���j)� �j4 �� E�F��#� 9��B 9�

    � H��8 7� �VNP� /4�Q . 7��j4       *j�� �jn� 9� 9�
j�

  �'"������  ����� ��W� [         hj2;S� <j�� ��j:3 7��j4 

@�� ��� /�2#3.

  <�=�I@     ��W� *�� � ��no3     �j4 ��j� �j0��� �5�� '"� 

     ����4 /	� ����I �;�<=��<� .    E!�)� � ��W� *��

   �4 h2;S���  #3 <��  ��� /�2 ���   /ji�N Y��;� ����� � 

    <�� ��:3 7��4 /�2#3 B�7�� S� ;   z���4 h2�� �j  .

  /��) �g(      �� <�� H��8 E����?3   �3[�   �G    Y��j;� �4

9�
� z� �� .   ����
j� �8 ��<5����  zj�       �j��` �j4 <j�

   <�� ��:3�/[           �j�� @j�� ��j8 ���= H��8 �4��4   �j��?3

 Y��;� ���14%�s�������4.

�jj�/) ��(��nojj3 /��jjF3 H�jj3�jj� C�jj5�� � �� 

        �;j�<= /j�2#3 �4 ��<�� H��8      �� /	j� ���j�I 9�
j�

z��� .��<��  7�� ��� ��   7��4 a�      ��j� ��j��3 <�� 

@�� .   B� �	���<��  ��     /��F3 �8 �;(�N � �� /�2#3  �j�

 ��� C����  "+�5�       H�3 /��F3 9"�4 @(�N � /�2#3 

 9�
�����.

�� T� ��3 ��W� �� ��  �

 /	��g��no3 ��W� /�� z���8 �;�<= E�F��#� �4 <�� ��:3 �

 /	�����no3 /��F3 H�3�� ��<�� ��:3 H��I C�5�� � 
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 ��B��F& ����– 7�4`�)� �k� –z���m <:1� ��

 �
+; �J+$� 2 K3�

       �4 ��<  K2i +�� 9��" E��n� LMN +��4H�3 �j�  � 

  +��F(<��> "�#� $�%&�  �,- ��.  ,'"���+ S�  jO2;�

  @�� ��� �0��� .  � '"� *��  ���O� B� ����  LMN 9<s

9��"��         /	j� �j��?3 /jI B� ��<  K2i +    *�j�R�� " 

~����    ��O;�� ��<I H�3 �5�� +�� �j  .  +��j:3

  '"� *�� B�   �j�9��" �j�          Tj�I �j4 �� �j�<  K2ji +

     x�)� � �F,Q ��%�3���5;�� +�j�    E�Fj��#� B� 9�j�(� 

 LMjjN�jj��jj����� . *jj��'"� �jj4 �;1jj4�" ��jj;4� � �jj�

           /);1j� E�<i �4 9��(� �� +��4 " <4 9��(� T�3�����

  �0��������  . '"� {�����    ���  �0��� �  /);1� �I

 9�jj�(� T�3����jj� B��9��"�jj�  B� �� �jj�<  K2jji +
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