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Combination of Finite Element and Boundary Element Methods
in the Analysis of Arch Dam-Foundation Rock Interaction

A. Aftabi Sani                        Vahid Lotfi

Abstract To obtain the more accurate response of the arch dam in frequency domain, the dynamic 
analysis should be carried out by imposing the dam-foundation rock interaction effects. To do so, the 
foundation rock is usually considered as a substructure, and its impedance matrix is computed 
separately. In this article, the impedance matrix for the static case is obtained by utilizing the three-
dimensional boundary element method, and so, the flexibility effect of the foundation rock is imposed. In 
this approach, the geometry of canyon could be quite arbitrary and this has become possible due to the 
fact that a 3D boundary element formulation is applied for foundation rock domain. In the results section, 
the seismic responses of a real arch dam are presented, and they are verified by the results of the well-
known finite element method. It should be mentioned that the analyses are performed by the special 
purpose program developed.

Key Words Arch dam, Boundary element, Finite element, Dam-foundation rock interaction, Impedance 
matrix, Dynamic analysis.
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;4��XXX�   �/ XXX@���b� )l�XXXA� /XXX% "�XXXJ "

r��!<� ��G���R� �X��� .     ��X� ��X	��� ���!X��� +X�� �
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  �XE'� �J�AX� 9�	��  w2 �+ �g��    �X�4�� �X� O�X2 �� "�

 "?XX#��25/13�XX<�  �XX�1�� 4 ��XX� r�XXB!�� ��XX��

 � 9�� r�f �� 3� ����. ������ )��  w22ω−  "��X�

 3��#�$ F@% �� �r�!� �� /��T2ω�� � ��2 �X, .

 �E'� �� t���� ���� v�!
 � ��f4 / � �� �=@�� ����

k��12 "��� ��4���   �XE'� 4 �h�X& 4 9���< =�< � "

 ��X� �9���< =�< �� ��J k��12 "��� �54��  =X�

 �<4�> �� + �� �#=� �� �	 ���� / 012 �� ���.

�� 9��M
�4[� �<�2 ��� ����& "����  ��X A� �� 4 �

;4� L6����=�� ��� /��T2 9�,���, �0 012 ".

 /	� �)3(� "��� "�?<� ��� � �  /X 012 � �!$� ��#

 "��� �# �� 7��716 4 ��,238=
� 9���� ���,

���� /��J    �X�. � L��X�� �X� �X��� =X�� �.  {��Xp�

   9�X@
# 4 �M��X@�� �+M�� ��4�1� +�� � �<��

9����� =T@� �� ��E>2/0�� |�$  F��Xf �# ��

/XX 012 � �9. ���XX@
#�XX� �XX� 4 )4�XXb!� 9�,�XX��, "

 � ��b!�� ��� +!� �! @ !�l� �4�� �� �T��f )��U

�XX� ��XX��XX��� . =TXX@� +XX��)df E/E ( =XX���� � �XX#

F0U "��A� �� �9. +!����� �X
( 4 �� 9��  �� �X���

   �=X�� �� 7�� X �� �
�#���� )��*� �X���� �  "�X�

  �X���� �"�J2 �1 �5/0 425/0  �X� |�X$   �X2 �X,

�� �<4 ~0!B� )l�%  � �� ~ AXf �� 4 54�'� "��

� ,��.

 /	�3 R� 7�� Q��� Q�?<� ���

 /	�4 R� 7�� 4 �� 4�1� Q�?<� ���

R� 9�
� �Y�>�������� R!�� 9� 9�
� Q��� �X� Q

=� ��� ���. 4�1� 9���� ��� �Q��� Q�?<� ;4� �

  Q4� �X� �/ 012 ��I 4 ��� � �2 ? � R� 7�� �� t����

 =X�� �� �� 5�6�� �� 9. .   �X# ��X� +X��  /	X� �)4 (

9�������   L��X�� �X� "��� "�?<� ��� �� =T@� �����

 /	� � ���.�)3( � � � ���2 4 �!���� "���� )4�b2

��, "���9���� 4 ����  �X0>� "  �$�Xf� =X��  � �X#

 /	�)4 (����# ����
� �� ���. 9��2.   �4?X$� �X��� �

���� )��U��� +�� �� ���<   ��b!X�� �X� "�� � �M� �

   4�XX1� "�?XX<� ��XX� 4 ��XXT� 3���XX:�� 3��2�XX� ��

       ��X� �X� ��X�# � ��X� 7�X� 4 �X��& �� �(��:	�

�� ���& / 012� , .=��% +�� ������ ����  �X m "��
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�	2     �X� �#�X% �X��A� Fh��Xf 3��2�� �bU � m 4 "��

����       � 4 ��X� �X� 7�X� 4 �X� /��X� �X6��� � �#

 C��6�1757  4 ��X,316 ��� 9�X���   � "�XJ �X�

 4�%106×6/1�����.   �X# /X 012 +�� ������ �!b,��

� �� / 012 �� �2�T���� F2��� �� �  ���X���� +$ "� ,��#

���XX:�� 3��2�XX� �� ��b!XX�� 4 �XX@��'� "��XX� �=XX�� 3

������    )��XU "���X
 � ;4� �!X�� �� 9�� �Y� 4

����G�.

 )
= >(���

     ��X1� �LXB� +X�� � ��X� �h��� Q������� ����2 �

   3��X#�$ �X� 3��X#�$ �� � @'2 �� �'$� �X�  �X� �4� "

   =X��% 4 � �F0XU �� "4� �� ���> 9?B� �� ���&

 9��XXX'!� /	XXX��  w2)rps5.26s
1 =ω ( 9��XXX'!� �XXX� 4

)rps75.23a
1 =ω (=� ��=�� ���. . ��J� �+ �g��

   =TX@� ��X������ "������ LB� �� t����df E/E 4

�� 9�
� �� / 012 � �!$� ��	� ��� ��� /��� �# ���

  /	X� 4�1� "�?<�)4(  9�X��� ��X� � �X�   �X� "��X� "

 /	� �!@� �4�1�)3 (�� 4 �4�1� �� "��� "�?<� �

 ���)9���� ���2 �X�  �%��X� � �X<�� "i4q (  �X���>

��.�=�� R�!b,   7�X� �4�X1� �	 ���� / 012 "���

�!@� ��� �� ���T� ��� /	� ����� "�)3 (  =X@< ��X�� .

 �I ��(    ��X��. =X
,�� 4 ���X!12 ��� �� O���� ��>��

���� � �M!b�. �6�� FT����� ���. �!���� 4�� .

   O��X�� _`�!X�� �2�s �,[�4 �� �<�2 �� �=��% +�� �

      ��� �X<4 "��X� "�?X<� ;4� +��X, jX���2 � �#

����� �� 9��2��   �X %�� 4 �X# ��b!�� ��� "r  /	X�

)1 (��� DG% �� .�� 9�
� �Y�>  �X�( �� ���# 9. �

  3��2�X� /��# ������ ? � )��U]H[   �TX��1� "��X� �

����r��!<� 9. "�E& "�� �X� ��G���    5�XJ �X�� ��X����

9���� �� ��b!����    DGX% 4 ��X�?� �X %�� � �<�� "

3��2�XX��XX� "]H[ r 4]G[ r �XX� �)�TXX��1� �XX�4� ��

� L��# )l�A� ��M!� �A�)16 (  4 �����X# L��?$� 4

�� / 012 �����$ =J�����6�� .  �X %�� DG% ��6��� �

r���� 4 ��� ��� �� ���<)  �X�178 9�X��� (  /X 012 �

 �X� �# �!$�, ���& ����� ��� ? � �� 7�� �	 2�!��  9��X2

 K��!��� 9. "������� � �LB� +������
��#.

 �����)1(     4 �X� �X
�#���� /X 012 �� /XU�% K��!� �

 ��� �+ �g�� 4 "���
 � ;4� �� ��b!�� �� ��� 7��

 4�1� "�?<�)FEM (  /	X� � ���.� L���� ��)4 (

  �X��� r�X> i��E2 �� 4 �� "�< �> � �� �X� 4 "

 ��XX� �XXh��� ��XX	��� �!XX�� ��XX6 !� � 4 ��XX�?� ;4�

�� =��	% .�6�. ��  3��2�X� �"���
 � ��	��� � �#

� �� �� 7�� 3���:�� � "��� "�?<� ;4� "� ,��#  �X�

=��� + 2l ����� ���.BEM  +!>�X� �B
� "���

� 9. �=�� �!$� ��# .����� �!b,��   +!>�X� ����X$ "��� �

 �X��� �@��'� N���� �X�     4 ���XM( +!X����� �bXU �X� �

 �� 7�� � �<�� {��p� ���� �"�?<� ���  4�X1�

 /	�)4(    �X����� �X� 7�X� �4�1� �	 2�!�� =��% �

 /	� "��� "�?<� ���)3 (=�� ����, �6��.

 �X� "�4.��     ;4� Fh��Xf 3��2�X� �XA�� ��X�#

   �TX��1� 4 ���X���� ;4� �� ��b!�� / � �� �"���
 �

   3��2�X� �� �!	(�X# �� @� ��� 7�� 3���:�� 3��2��

 /��# ��� �� t����9����4�1�  ��X� �� 7�� 4 �� 

 k� 4�% 9���. N> ;4� � 9. 5�0A� ���� ��Y 4

=XX�� /XX��# ��XX� �XX� . ��XX	��� � �+XX�� �XX� 94?XX$�

  ��X >s 4 �T��1� ��T	� N'$ 3���:�� 3��2�� "���
 �

 �� "��� �� ���& �� �	 ���� / 012 ��� �� � 4 ���

�� ����>��$ ���2 �3��#�$�, .   /X 012 )��XU � ���

��      4 kX 	b2 5�XJ /X � �X� ��X� 7�� 4 �� /��# �

     ��X�� +X�� 4 ��XT� ����X$ ���	�� + �( ����?� �4�1�

 ;4� =J�XX�BEM �XX� �XX@��'� � ��FEM+XX�� � �

Z�> ��\@�   �X� L��?X$� �X���� �� 4�% �X�.  �X���

=@��  �TX��1� �� �� � )��U � �d�$ ���� �� �4`J

 XM� ��� 7�� �	 ���� �!B� 3��2�� �X�� �  �� 9��X2

    /	X� �X����� ���X� 4 4�1� "�?<� ;4�)4 (  ��X��
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   9�X��� ��X	��� �� ��b!X�� 4 =@< �X�   "�X�� "��X� "r��!<� �� ����> ��G���[10].
تحريك در جهت جريان تحريك قائم زمين

تحريك عمود بر جهت جريان

 �����1;4� �@��'���9���� Q��� 4 Q��� Q��� / 012 � 4�1� Q�?<�� /	� ")3 ( 4)4(

 K��!����. =� ��   "��X� "�?X<� ��� / 012 ��

�!@�)Closed ( /	�)3(�  ~X0!B� ���X'� ���( "��� ��

 =TX@� "���df E/E �X� ��   "�X������ � 9��X2)2 (

�XX# ����XX
� . K��XX!� ���XX�?� "�XX������ � + XX�g��

� / 012 �� /U�%  ��X� "��� "�?<� ��)Open (  7�X�

 �# ����Y ��      �!BX� 3��2�X� �TX��1� "��X� ��X�A�

�XX� ��XX# �XX� 9. �	 ��XX�� ���XX�� �XX� ��XX6��� � 4 4�

/%��       �X!$�, ���X& ��b!X�� ��X� �	 2�!X�� �X���� "

���.� L���� �� �=�����.

 3���XXX:�� 3��2�XXX� �9��MXXX
�4[� �� "�� XXX@�

�!B� 3��2�� 9��� �� �	 2�!��  �X� 7�� ��� �#��!�

�!���M�� �� ��b!�� �� ����    94�X� 4 �	 ��X�� /X 012 "

����� /% "� ,��	�)Fund. Sol. ( �	 2�!�� =X� ��

��4. ���]5 .[9.�� �<�� {��p� ���M( ���# +�� "���

   ? (�X� �� �X� 7�� �)    RXA&�4 ���X'� 5��?X� �X� ( 4

 ���� � F��f�� 9.  4 �X!$�, �-� � �bU)](S[ f ω ��

3��#�$ ����2 "��� ������ �T��1�    "�X�4� �X# �X��#

�� ����> ���� 4 �T���� �� @� .   4 +X�� �=X@�� ����

R� FT� |�$ �I �,   �RX� 7�X� RH ���� / 012  �X�

 9. RH 2�!�� / 012 ��A�   ��X� 9�X�� �j&�4 � 4 ��

    �X , ���X& RX���� ��X� 5�< 94�� R� 7�� . ��X� 9�

 R� 7�� {��p� R�6% 5�< +!@�� �bU �=�� �<�2

 Q�J Q���E> �4�� FT� �k��12 3��I�$ + �g�� 4

���� ����M�� 5�J 4��   �X� 5�X< �*� �4� +�� �� 4 ���

R� DG% ��\@� �� �9. +!����� �bU �� 4 ? (���,.

R� Q�4.�����I�2��U �   �4�X1� /X 012 �I

� Q��H��� Q��� �� �R� 7�� RH 2�!�)  � �Xg�. ������

�� �h��� ���'� +�� (    �9. �� /XU�% �X6 !� ���GX� 5�6��

   9�X�� �X� R� R!B� 3��2�� ?< Q? (]S[ f  �X���B�

�� . / 012 Q��� R�4� 9�� u�!� � )��U � ���

  �X��� �4 5�< )��*� +!$�, �-� � R�����2 �I RH ����

R� ����� �!�� ? � ��    ? (�X� �X� 9��X2���� X�+!  4 +X��
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  R!BX� 3��2�� �+ 
 � ��� � ��� 9� � F 2�2 �� /��JD�EA�� �*� /��� ���2 �# R� ���� � 4 5�< �� 4 "��G�
تحريك در جهت جريان تحريك قائم زمين

تحريك عمود بر جهت جريان

 �����2@� 4 ��� ��� 4 �@��'�  ~�� X"��� "�?<� �!

تحريك در جهت جريان تحريك قائم زمين

تحريك عمود بر جهت جريان
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 �����2"��� "�?<� �!@� 4 ��� ��� 4 �@��'�  r X

9.� �� =�=� ���4. . "������� �)3( +�� K��!� �

        �X����� �X�I �X� �X# �X� 7�X� ��X� ��� "4� �� ��#

���������� / 012 Q�RH  =�� �� �� 5�6�� ��[10]  �X� �

   =X��* 3��XI�$ |�X$5.0=ω    5��?X� kX� R��XM( 4

R� ����
� /��& ��A&�4 ���'�����.

4?$� ����      �X� �	 ��X�� /X 012 �X����$ =J�X� �

 4 ����� /% 9�� N0!B� / � �� �"��� "�?<� ;4�

 �� �!�# �� @� �3��#�$ �� 9. �M!@��4 �.�$ =J�X�  �X�

4 ��� ���?� ;4� �� �	 2�!�� / 012 =X� �� 9�4.

=XX�� �T��XX�� �� XX@� 3���XX:�� 3��2�XX�.XX� ��XX6 !� � �

9. "� ,��# �T��1� "���]S[ f��	 2�!�����, �� �# "�

=�� ����B� �����( � <�2 =$�, ���& }1� ���.

R� 9�
� �Y�>� �� �I ��( �� ���I����I +�*� �2 5�<

R� ? (�� Q��� 4�%    ��X� 3��XI�$ �X� ��� ��� ���

 �T��1� Q��� ��b!��)](S[ f ω���� �� �X� Q  =X� �X�

R� � *\2 ���.��G, .   ��X*� +X�� 9� 9�
� Q��� �6��� �

      �X� �X���� RX�6% 5�X< |�X$ �� �R� 7�� �4�1�

      X� � 4 �bXU �X��� � F��Xf �RXA&�4 ���X'� 5��?� �

=��%100,50,5.0=ω  �/XU�% K��!� 4 ����, / 012

 ����� �)4 (=�� ���. � L���� ��.

�?��� ��@

   /X 012 �X� �X<�2 �� �LB� +�� � �X�   4 ��X� 5�X6�� "

������ "�� t���� ����.���� K��!� �� "�=� ��  ��X�.

�� =���$ L�4[� +�� ������:

���� F���� i��E2 X���% "  �X� "���
 � ;4� �� /U

تحريك در جهت جريان تحريك قائم زمين

تحريك عمود بر جهت جريان

 �����3� �� /U�% K��!�  ~�� X �R� 7�� ��� ��� � �	 ���� 4 RH 2�!�� ����� /% "� ,��#
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تحريك در جهت جريان تحريك قائم زمين

جهت جريانتحريك عمود بر

 �����3� �� /U�% K��!�  r X �R� 7�� ��� ��� � �	 ���� 4 RH 2�!�� ����� /% "� ,��#

 ��	������ �!>���4�1� "�?<� 4  =J�X� �+ �g��

 "��� "�?<� ;4� �� ��b!�� �9. k�# �� / 012 "l��

�� ���� 4 _�> L�#���� / 012 "���   =X��% � �X!% �

�	 2�!��� <�2  �X� ��GX� �X���� .  �X� �4.�X� ��X, �

� ��	 ���� =��% �9���� ��	��� "� ,��#��  4 "��X� "

�����r��!<� "��� ���� "�� ��G�������.

 X���� �@��'� ���� "=� ���� ���. �	 2�!X�� / 012

��� 4 "��X� "�?<�  �!X@� 4 ��X�  "�X������ �)2(
��� �� /U�% K��!� �# =$��� 9��2  L��?X$� �� ���� ��

   ��XT!J� �+ X�� �h�& k��12 =��% � �[�4 �� 4 3��#�$

���� ���@���� 5�J +�� 4 �!���� �����(�� �!b Af �� �

 =T@� L��# 4 �� 7�� 9��df E/E�� ��4?$����.

 X���� r�> i��E2 �X� "     /X 012 �X� �	 2�!X�� /X 012

 t4�XX
� �	 ��XX��)� � 4 �XX# ���XXM(�bXXU �XX�� ( �

 "�������)3(�   j��X2 �X���� /% ����M�� �������
�

    /X% �X� ����X� �	 ���� ��!$� �� �#�% ���A� 3��#�$

3��#�$ � 9. �	 2�!�� ����� �X�    �X� �X!T�� 4 ? (�X� "

 ���� � 4 �# ���M( |�$�bU=��.

 �d�$ �6 !� �<4 �� X  ���X��)4 (   = X��@% �M��X����

������ "=� �����.  3��X#�$ �� �	 ���� / 012 ��

   4 ���XM( +!X����� ? (�� )��U � �!% ���� |�$

=�� ���� � . �� �� 7�� �!B� 3��2�� +!$�� �+�������

 ��X�� 94�� 4 t4�
� �	 ���� / 012 �� ��b!��  ���X<

/% ����  �	 2�!X�� ����� "]5 [    �!X�� 9��X�( ��X#

�������.
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ت جريان تحريك در جهتحريك قائم زمين

تحريك عمود بر جهت جريان

 �����4� �� /U�% K��!� � �	 ���� ����� /% "� ,��#)���� � 9�� �bU 4 ���M( +!����� ? (�� �� ("���3��#�$�� ���B!�� "
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