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There are multivariate processes in which two or more quality characteristics must 
be controlled simultaneously. In controlling such processes, two goals must be 
achieved. The first one is to identify an out of control situation and the second is to 
determine the quality features caused the out of control signal. In this paper, both 
goals are investigated. In addition to the current methods used to diagnose an out of 
control situation, for the purpose of making the Hotelling T2 more sensitive, the 
warning limits for T2 are also defined. In determining the quality characteristics 
caused the out of control situation, current methods are investigated and a new 
procedure is suggested. Not only the new approach does not have some of the 
deficiencies with the current methods, but also its application is much simpler in 
practice. The results of simulation using the warning limits for very small shifts in 
process mean vector indicate that in 81% of the time, shifts are being detected. While 
in similar conditions, when the regular T2 is used, only 19% of the time true signals 
are observed. In comparison with similar techniques, use of new procedure in 
detecting the quality characteristics responsible for an out of control situation 
identifies the shifted quality features in 76% of the time. While in existing methods at 
most in 64% of the time the shifted quality characteristics are detected. 
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2. Multivariate Exponentially  Weighted Moving Average 
3. Multivariate Cumulative Sum
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Ŷƃ�ŶƷřƺų���
��
æ�ê��ŹƺĮƫřƿŶū�ƁƹŹ�ƮŤƿ�Ŷ��

ŚƷźŤƯřŹŚě�ƶĪƳō�ƉźƟ�ŚŝƽƜŤƯ�Ŷƴģ�ƶƘƯŚū�ǀ�ƩŚƯźƳ�Ƶź),( �ƭƺƬƘƯ�
ƿƵŵřŵ� Żř� ƵŵŚƠŤſř� Śŝ� Ś�ŚƷƽƫƹř�ǀưŴţ� �ƩźŤƴĩ� ŢŰţ� ƶǀ�ƵŶƃ� ƵŵŻ� Ʋ

ŶƴƃŚŝ),( SXƯ�ƾ�ŹƺĮƫř� ƱřƺţƿŻ� ƮŤƿřźŝ� řŹźƽƶƈŴƄƯ� ƞƄĩ��ŚƷƽ�
ĩǀƠƾƝźŰƴƯ��ƵŶƃŢƟźĭ�ŹŚĩ�ƶŝ�����

ƭŚĭæ��ƵŹŚƯō� ŹřŶƤƯ�2Třźŝ� řŹ�ƽ� ƶƐŝřŹ� Żř� ƵŵŚƠŤſř� Śŝ� ƶƳƺưƳ� źƷ��ç��
ţŹƺƇ�Źŵ�ƹ�ƶŞſŚŰƯƾǇŚŝ�Ŷů�Żř�ƶƐƤƳ�ƶĩ�ƽƫźŤƴĩ�ƾ�ƹ�ũŹŚų�ƿ�ŚƿĪƾ�

ŢƫŚů� Żř�ŚƷƽŝ� ƩźŤƴĩ� Żř� ũŹŚų�ǀƂŴŝ� Źŵ� ƵŶƃ� ƱŚ�ŚƷƽřźŝ� ƪŞƣ�ƽ�
ŚƷŹřŵƺưƳƽ�HotellingT2ŵźĭ�ťŵŚů� �� ŹřŶƄƷ�ŵƹŶů� Śŝ�ƿ�ƭŚĭ�ƶŝ�Ŷç�

ŝƹźƿŶ���
�ƭŚĭç��ĪƄţ�Śŝ�ǀĩźţ�ƪǀŚţƹŵ�šŚŞƾƿƶƈŴƄƯ�Żř��ŚƷƽĩ�ǀƠƾŹřŶƤƯ��2T�
řźŝ� řŹƽ�źƷ�ƿ�ƎŝřƹŹ�Żř�ƵŵŚƠŤſř�Śŝ�ŚƸƳō�Żř�Ĩ�ì���Śţ�î��Źƹō�ŢſŶŝƿŶ��

�ƶƐŝřŹ�Żř�ƵŵŚƠŤſř�Śŝ�žĜſ�ææ��ƟźƏ�ƶŞſŚŰƯ�ƶŝǀ�ƹ�ƶŤųřŵźě�ƶƫŵŚƘƯ�Ʋ
ƀƤţ� Śŝǀ� źƷ�ƮƿƗ� źŝ� ƶƫŵŚƘƯ�Ěģ�Ţưſ� źƈƴƗ� ƶſ� Żř�Ĩ�Ţưſ� źƈƴ

ŹřŶƤƯ� Źŵ� řŹ� šŹŚŞƗ� źƷ� ŶƇŹŵ� �ŢſřŹ2Třźŝ� ƵŶƯō�Ţſŵ� ƶŝ�ƽ�źƷ�
ŗŚưƳ�ƶŞſŚŰƯ�ƶƳƺưƳǀŶ����

ƭŚĭè��ŵŚƤƯ�ƿ� ź1q� ƹ�2q� ƎŝřƹŹ� � Żř� ƵŵŚƠŤſř� Śŝ� řŹ��æç� �� ƹ�æè��
�ŹřŶƤƯ�ƹ�ƶŞſŚŰƯƘţ�řŹ�ǀǀŗŚưƳ�ƲǀŶ��ƴĤưƷǀ�ŹřŶƤƯ�Ʋjir ,řźŝ�řŹ�ƽ�

ƴĩ�ƶŞſŚŰƯ�ũƹŻ�źƷǀŶ���
ƭŚĭé���źƷ�ŶƇŹŵ�ƲŤƃřŵ�Ţſŵ�Źŵ� Śŝ�ƿ�šŹŚŞƗ�ƶſ�Żř�Ĩ2

iT�2
jT�ƹ

2
, jiTŹřŶƤƯ� Źŵ2TŵŚƤƯ� ƹ�ƿ� ź1q� ��2q� ��� ƹ�jir ,ƬŰţ� ƶŝ� �ǀ�ƪ

Ƶŵřŵ�ŚƷƽřźŝ� ƵŶƯō� Ţſŵ� ƶŝ�ƽŢƫŚů� ŽŚſř� źŝ� ũƹŻ� źƷ��ŚƷƽŻ�ƿ�ź
Ư�ƶŤųřŵźěƾ�ŵƺƃ���

��
�ŢƫŚůæ���02

, jiT��
æ�ƞƫř��� ŹřŶƤƯ� źĭř1

2 qT � ��
2

2
, qT ji � ƹ�jir ,�ŶƴƃŚŝ�

ŤƳ�ƵŚĮƳōǀƯ�ƶŬƾ�ĩ�ƶƈŴƄƯ�ƹŵ�źƷ�ƶĩ�ŵƺƃǀƠƾ�iƹjƜţ�ǀǀŶƳř�Ƶŵźĩ�ź���Śŝ
ŚƤƯ�ƹ�ƵŶƷŚƄƯƿŵŚƤƯ�ƶƀƿ�ź2

iT�ƹ�2
jTƯ�ƾ�ĭŹżŝ�ƶŝ�Ʊřƺţƾ�ƿĪģƺĩ�Śƾ�

Ɯţǀǀĩ�ƶƈŴƄƯ�źƷ�źǀƠƾě� řżŬƯ�ŹƺƏ�ƶŝ�ƾŵźŝ�� �ř� ŹŵƿŧŐţ�ŢƫŚů�Ʋǀ�ź
ĮŤƀŞưƷƾŢſř�ƵŵƺŞƳ�ŽƺƀŰƯ����

æ�ś���źĭř1
2 qT ���2

2
, qT ji �ƹ�jir ,ŤƳ�ƵŚĮƳō��ŶƃŚŝ�ǀ�ƶŬ

Ưƾ�ĩ� ƶƈŴƄƯ� ƹŵ� źƷ� ƶĩ� ŵƺƃǀƠƾŧŐţ�ŢŰţ�ǀĮŤƀŞưƷ� źƾŝ�ǀ�ŚƸƳō�Ʋ
ƜţǀǀƵŵźĩ� ź�ŶƳř� �ŵ�šŹŚŞƗ�ƶŝƿř� Źŵ� źĮƿĮŤƀŞưƷ�ŢƫŚů�ƲƾŧŐţ� �ǀ�ŹřŸĭź

Ţſř� Ƶŵƺŝ� �ŚƤƯ� Śŝƿ�ƶƀŵŚƤƯƿ�ź2
iT� ƹ�2

jT� ƹ�ƿřŹřŵ�ƶƈŴƄƯ�ƲŤƟŚƽ�
ŝ�ŶƇŹŵǀ�ƵŹŚƯō�Źŵ�źŤƄ2TƯ�ƾ�ƬƇř�ƶƈŴƄƯ�ƱřƺţƾƝźŰƴƯ���řŹ�ƵŶƃ
ŚſŚƴƃƾƿŵźĩ�������

æ�ũ��� źĭř
1

2 qT � ƹ�
2

2
,0 qT ji ƶƈŴƄƯ� ŚƸƴţ� ƵŚĮƳō��řƽ�

ƵŶƃ�ƝźŰƴƯřŹřŵ�ƶĩ�Ţſř�ƽ�2
iT�ƿ�Ś2

jTŝ�ǀźŤƄƽŶƃŚŝ�����
��

�ŢƫŚůç���02
, jiT��

ç�ƞƫř��źĭř)2( 1
2 qT ���2

2
, qT ji �ƹ�jir ,

�źƷ��ŶƃŚŝ

�ƶƈŴƄƯ�ƹŵiƹjƜţ�ǀǀƵŵźĩ�ź�ŶƳř� ��ƵŶƷŚƄƯ�ŚŝŚƤƯ�ƹƿŵŚƤƯ�ƶƀƿ�ź2
iT�ƹ�

2
jTƯ�ƾ�ĭŹżŝ�ƶŝ�Ʊřƺţƾ�ƿĪģƺĩ�ŚƾƜţ�ǀǀĩ�ƶƈŴƄƯ�źƷ�źǀƠƾ�ŹƺƏ�ƶŝ�

ě�řżŬƯƾŵźŝ���ř�ŹŵƿŧŐţ�ŢƫŚů�ƲǀĮŤƀŞưƷ�źƾŢſř�ƵŵƺŞƳ�ŽƺƀŰƯ�����
ç�ś��� źĭř)2( 1
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Ư�źŨĩřŶůƾ��ƵŻřŶƳř�ƶŝ�ŶƳřƺţêå��Ż��ŶƃŚŝ�ƵŹŚƯō�ƪĩƿƛ�Źŵ�řźǀř�źƿ�šŹƺƈƴ
ƵŹŚƯō� ŹřŶƤƯ2TƠƴƯ�ƾř� ƹ� Ŷƃ� ŶƷřƺų�ƿźƯř� Ʋƽƛ�ǀŢſř� ƲĪưƯź��

řźŝŚƴŝƿŤƫŚů� Źŵ� Ʋƾ� ƶĩ�02
, jiTƯ� źŨĩřŶů� �ŶƃŚŝ�ǀ�Źŵ� ƂƷŚĩ� Ʊřż

ƵŹŚƯō2Tźŝřźŝ�)2( 1qŶƤƯ�ƹ�ŵƺŝ�ŶƷřƺų�ƴƘƯ�Źřƾ�řźŝ�Ʊŵƺŝ�Źřŵƽř�ƿ�Ʋ
�źŝřźŝ�ƵŹŚƯō)2()2( 111 qqq Ư�ƶŤƟźĭ�źƔƳ�Źŵ�ƾ�ŵƺƃ���Źŵ�ŚƯř

ŤƫŚůƾ�ƶĩ�02
,2  jiTqĩŶƳř�ƮƸſ�Ʊƺģ��ŶƃŚŝ�ƾƵŹŚƯō�Żř�2T�

řźŝŚƴŝ� �Ţſř�ƵŶƃ�ƶŤſŚĩƿƴƘƯ�ŹřŶƤƯ�Ʋƾ�řźŝ�Ʊŵƺŝ�Źřŵƽ2T�ƱŚưƷ� řŹ�
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Ư�ŹřŶƤ1qƯ�źƔƳ� Źŵ�ƾ�ĭǀźƿƮ� �ƬŰţǀŢƫŚů�ƪ�ŚƷƽř�ƞƬŤŴƯ�ƿ�ƵŶƃ�ŵŚŬ
ƘƋƹ�ŹŵǀŤƾ�ƶĩ�

2
2
, qT ji Ƴ�ŶƃŚŝ�ǀŢſř�ƪŞƣ�ŢƫŚů�ƶŝŚƄƯ�ż���

��
ç�ê���ƩŚŨƯ��
řźŝƽŶū� ƁƹŹ� źŤƸŝ� ħŹŵ�ƿƫŚŨƯ� �ƵŶƃ� ƶŗřŹř� Ŷƾ�Ūƴě� ƪƯŚƃ� ƶĩ�

ĩ� ƶƈŴƄƯǀƠƾſŹźŝ� Ţſř� ƶŤƀŞưƷ�ƾŶƃ� ŶƷřƺų�� �ƴĩ� ƉźƟǀ�Ŷ
źƟōƿŶƴƽĩ�ƶƈŴƄƯ�Ūƴě�ƪƯŚƃ�ǀƠƾř�ƶĩ�Ţſř�ƿƶƈŴƄƯ�Ʋ�Śŝ�ŚƷƿ�ƶŝ�Ŷ

ŶƳƺƃ� ƩźŤƴĩ� ƱŚƯżưƷ� ŹƺƏ� �řźŝƽř�ƿ�Żř� ƵŵŚƠŤſř� �ƝŶƷ� ŹƺƔƴƯ� Ʋ
ŹřŵƺưƳHotellingT2�ŚſŚƴƃ� Źŵ� ƹ� ƵŵƺŝƾƿƶƈŴƄƯ��ŚƷƽĩ�ǀƠƾ�

ƝźŰƴƯ�ƵŶƃ��ŢƫŚů� Źŵ�ŚƷƽŶū� ƁƹŹ� Żř� �ƩźŤƴĩ� Żř� ũŹŚų�ƿ�Ŷ
ěǀŵŚƸƴƄƽŶƃ� ŶƷřƺų� ƵŵŚƠŤſř�� �řźŝƽźŤƴĩ� ŹřŵƺưƳ� ƮſŹ�Ʃ���

Hotelling T2� řŶŤŝř�çê m�ƶƳƺưƳ�é nŚţƾƿōźƟ� Żř�ƿ�ƹ�ƵŶƃ�ƶŤƟźĭ�Ŷƴ
ŵŚƤƯƿ�ź SX ,ưŴţ�ǀƵŶƃ�ƵŵŻ�Ʋ�ŶƳř���
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ƫźŤƴĩ�ŵƹŶůƾŻ�šŹƺƇ�ƶŝ�ŹřŵƺưƳ�ƿƯ�ƶŞſŚŰƯ�źƾ�ŶƳŵźĭ���

��

416.9
1525100

)3)(26(5
1

58.12
1525100

)3)(26(5
2

31.22
1525100

)3)(26(5

1

)1)(1(

71,5,143.0

71,5,055.0

71,5,0027.01,,


















 

FUCW

FUCW

FF
pmmn

nmp
UCL pmmnp

��

ŵŚƤƯƿź2T�řźŝ�ƽ�çê���Ƹţ�ƶºƳƺưƳ��ºǀ�������ƹŹźºŝ�ƹ�ƶŞºſŚŰƯ�ƵŶºƃ�ƶƽ��ŹřŵƺºưƳ�
ƪĪƃ�ƩźŤƴĩçƵŶƃ�ƮſŹ��ŶƳř���

��
ƪĪƃç��řźŝ�ƩźŤƴĩ�ŹřŵƺưƳƽƵŵřŵ��ŚƷƽƫƹř�ǀƶ 

 
�ƪĪƃ�ŹřŵƺưƳçŝ�ǀ�źĮƳŚƿƹ�ĨƘƋǀřźŝŚƴŝ��Ţſř�ƩźŤƴĩ�ŢŰţ�Ţƿř�Żř�Ʋƿ�Ʋ

řźŝ�ŹřŵƺưƳƽţō�ƩźŤƴĩ�ƾōźƟ�ƿƯ�ƵŵŚƠŤſř�Ŷƴƾ�ƺƃŵ����
ř� ŚŝƿƜţ� ŵŚŬǀǀ�Ĩģƺĩ� ź�ó ê�å� ��Ư� ŹŵǀĮƳŚǀƶƈŴƄƯ� Ʋ�ŚƷƽĩ�ǀƠƾ�

� ƶƳƺưƳ� Żř� ƮŬƴě� ƹ� ƭƺſçë� ƪĪƃ� ƩźŤƴĩ� ŹřŵƺưƳ� �ƭřè�ƵŶƃ� ƪƇŚů�
Ţſř���

�
�ƪĪƃè��Ɯţ�Żř�žě�ƩźŤƴĩ�ŹřŵƺưƳǀǀƯ�Źŵ�źǀĮƳŚǀƶƈŴƄƯ�Ʋ�ŚƷƽ�

ĩǀƠƾ�x3�ƹ�x5Ư�ƶŝ�ǀƱřżó ê�å� 

��
ƫřƺŤƯ� ƶƐƤƳ� ƹŵ� ƶĩ� ŚŬƳō� Żřƾŝ�ǀ� ŹřŶƄƷ�Ŷů�ƲUCW2� ƹ�UCL�Źřźƣ�

ƶŤƟźĭ�řźŝŚƴŝ� �ŶƳřƿ�ƲƿƘƋƹ�ĨǀŚŝ� ƹ� ƵŶƃ�ťŵŚů�ƩźŤƴĩ� Żř�ũŹŚų�Ţƿ�Ŷ
ƬŰţ�ŵŹƺƯǀĭ�Źřźƣ�ƪǀŵź���

ƱŚưƷ�ƹŹ�źŝ�ƵŶƃ�ƮſŹ�ƍŚƤƳ�ƶƯřŵř�ƶĩ�ŹƺƏƽƯ�ƱŚƄƳ�ŹřŵƺưƳ�ƾ��ƶŝ��ŶƷŵ
ƫŵǀƯ� Ʊŵƺŝ� Ĩģƺĩ� ƪǀƜţ� ƱřżǀǀřŵƺưƳ� �šřź� ŹHotelling T2�ƱƹŶŝ�

ƘƋƹ� �ŹřŶƄƷ�ŵƹŶůǀ�ƶƳƺưƳ� Śţ� řŹ�ƩźŤƴĩ� Żř�ũŹŚų�ŢèéƳ� ƭřǀ�ƱŚƄƳ� ż
ưƳƾ�ŶƷŵ� �ƬŰţ� ŹŵǀƵŵřŵ� ƪ�ŚƷ��� ƩƹŶūç�� ŹřŶƤƯ� �é�å �ƱřƺƴƗ� ƶŝ�

źƋ� ƪƣřŶůƿĮŤƀŞưƷ� ŜƾŢſř� ƵŶƃ� ƶŤƟźĭ� źƔƳ� Źŵ� ƩƺŞƣ� ƪŝŚƣ���
ƴĤưƷǀŵŚƤƯ�ƲŤƟźĭ�źƔƳ�Źŵ�Śŝ�Ʋƿ�źçê m�ƹ�é nƯ�ƾ�ƱřƺţŵŚƤƯ�ƿ�ź1q�

�ƹ2qŻ�šŹƺƇ�ƶŝ�řŹ�ƿŵźĩ�ƶŞſŚŰƯ�ź���
��
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�ƩƹŶūç��ƬŰţ�ƩƹŶūǀƵŵřŵ�ƪ�ŚƷ��

 
 

�ƩƹŶū�ŪƿŚŤƳçƯ�ƱŚƄƳ�ƾ�ƶƈŴƄƯ�ƶĩ�ŶƷŵ�ŚƷƽĩ�ǀƠƾ�ƮŬƴě�ƹ�ƭƺſ�
ƜţǀǀƵŵźĩ� ź�ŶƳř� �ưƷǀſŹźŝ� Śŝ� ŹƺƐƴƾƣŵ�ǀƢ�Ƶŵřŵ� źţ�ŚƷƽř�ƿ�ƩƹŶū� Ʋ

ŴƄƯƯ�Ɔƾ�Ɯţ�ƶĩ�ŵƺƃǀǀř� źƿĩ�ƶƈŴƄƯ�ƹŵ�ƲǀƠƾŧŐţ� �ǀźƽƹŹ�źŝ�ƽ�
ŚſƿƶƈŴƄƯ�ź�Ţſř�ƶŤƃřŶƳ�ŚƷ��ŚŤƳƿƯ�ƱŚƄƳ�Ūƾ�Ɯţ�ƶĩ�ŶƷŵǀǀř�źƿ�ƹŵ�Ʋ

ĩ�ƶƈŴƄƯǀƠƾ�Źŵ�ƿŢſř�Ƶŵƺŝ�ŢƸū�Ĩ���
��

ë��ŻŹřƿŝŚƾŶū�ƁƹŹ�ƿŚƷ�Ƶŵřŵ�Żř�ƵŵŚƠŤſř�Śŝ�Ŷƽ�
Şƃǀƶ�ŻŚſƽ��

řźŝƽſŹźŝ�ƾřŹŚĩ�ƾƿŶū� ƁƹŹ�ƿƶƈŴƄƯ� ƞƄĩ� Ŷ�ŚƷƽĩ�ǀƠƾ�
ƝźŰƴƯ�Ŷů�ƹ�ƵŶƃźƘţ�ŹřŶƄƷ�ŵƹƿřźŝ�ƵŶƃ�ƞƽŹřŵƺưƳ� HotellingT2�

ř�ŹŵƿƵŵřŵ�Żř�ƵŵŚƠŤſř�Śŝ��ƶƫŚƤƯ�Ʋ�ŚƷƽƫƹř�ǀ�ƂŴŝ�ƩŚŨƯ�ƶç�ê���æååå�
� ƶƳƺưƳéŚţƾƿŞƃ�ǀƶ�ŻŚſƽŢſř� ƵŶƃ�� �Şƃ� Źŵǀƶ�ŻŚſƽƵŵřŵ���ƉźƟ� ŚƷ

ƶƈŴƄƯ�ƶĩ�ƵŶƃ�ŚƷƽ�x2� �x4�ƹ�x5�źƷ� �ƿƯ�ƶŝ�Ĩǀ�Ʊřżê�å�ƝřźŰƳř�
ƘƯǀƯ� ŹřŶƤƯ� Żř� ŹŚǀĮƳŚǀŰƴƯ� ŢŞŨƯ� ŢƸū� Źŵ� ƲƵŶƃ� Ɲź�ŶƳř� �ŚŤƳƿ�Ū
Şƃǀƶ�ŻŚſƽƯ� ƱŚƄƳ�ƾ�� ŚƸƴţ� ƶĩ� ŶƷŵæî� �ƘƋƹ� ŻřǀŢ�ŚƷƽ�Żř� ũŹŚų�

ř�ƩźŤƴĩƿ�ƩźŤƴĩ�ŹřŵƺưƳ�Żř�ƵŵŚƠŤſř�Śŝ��ƵŶƃ�ŵŚŬHotelling T2�ƱƹŶŝ�
Ţſř�Ƶŵƺŝ�ƞƄĩ�ƪŝŚƣ��ŹřŶƄƷ�ŵƹŶů��ƫŚů�Źŵǀ�ŹřŵƺưƳ�Żř�ƵŵŚƠŤſř�Śŝ�ƶĪ

�ƩźŤƴĩT2� �ŹřŶƄƷ�ŵƹŶů�Śŝ�íæ��ƘƋƹ�ŻřǀŢ�ŚƷƽ�řŹ�ƩźŤƴĩ�Żř�ũŹŚų�
Ưƾ�ŚſŚƴƃ�ŹřŶƄƷ�ŵƹŶů�Żř�ƵŵŚƠŤſř�Śŝ�Ʊřƺţƾƿŵźĩ�����

řźŝŚƴŝƿřŹŚĩ� �ŹřŶƄƷ� ŵƹŶů� Ʋƾƿ� ŹřŵƺưƳ�Hotelling T2�ŹƺƏ� ƶŝ� řŹ�
ĮưƄģǀźƽřżƟř�ƿƯ�Ƃƾ�ŶƷŵ� �� Żř� ƵƹǈƗ� ƶŝèêîŤƫŚů�ƾ�ŢƯǈƗ� ƶĩ�

�Źŵ��Ţſř�ƵŶƃ�ťŵŚů�ƩźŤƴĩ�Żř�ũŹŚųçìéĭŹŚĪŝ�Śŝ�ŵŹƺƯ�ǀźƽ�ƁƹŹ�
ŶūƿƶƈŴƄƯ� ƞƄĩ� Ŷ�ŚƷƽĩ�ǀƠƾƝźŰƴƯ��ƣŵ� �ƵŶƃǀ� ľŚƤƶƈŴƄƯ�ŚƷƽ�
x2� �x4�ƹ�x5ƶƈŴƄƯ�ƱřƺƴƗ�ƶŝ��ŚƷƽƝźŰƴƯ��ŚſŚƴƃ�ƵŶƃƾƿƵŶƃ��ŶƳř��

ř� ƶŤŞƫřƿƴƘƯ� ƱřŶŝ� ƲƾƳ�ǀƤŝ� Źŵ� ƶĩ� ŢƀǀŢƫŚů� ƶ�ř� ŚƷƿƶƈŴƄƯ� Ʋ��ŚƷ
ŚſŚƴƃƾƿƵŶƄƳ��� Źŵ� ƶĪƬŝ� �ŶƳříêƤŝ� ŵŹƺƯ�ǀƣŵ� �ƶǀ�ƶƈŴƄƯ� ƶſ� źƷ� ľŚƤ

ĩǀƠƾ�x2� �x4� ƹ�x5ƶƈŴƄƯ� ƱřƺƴƗ� ƶŝ��ŚƷƽƝźŰƴƯ���ƶŤųŚƴƃ� ƵŶƃ
ƵŶƄƳ��ŚƸƴţ�ƹ�ŶƳřƿ�ĨƿŚſŚƴƃ�ŚƸƳō�Żř�ŵŹƺƯ�ƹŵ�ŚƾƿŢſř�ƵŶƃ���řźŝŚƴŝƿ�Ʋ

ŚŤƳƿƯ�ƱŚƄƳ�Ūƾ��Źŵ�ƶĩ�ŶƷŵìë��ŢƫŚů�Żř�ŚƷƾƿ�ƶĩ�ƿƘƋƹ�Ĩǀ�ũŹŚų�Ţ
Ŷū�ƁƹŹ� �Ţſř� ƵŵŚŤƟř� ơŚƠţř� ƩźŤƴĩ� Żřƿř� Źŵ� ƵŶƃ� ƶŗřŹř� Ŷƿ�ƶƫŚƤƯ� Ʋ

ƣŵǀƶƈŴƄƯ� ƶưƷ� ľŚƤ�ŚƷƽƬƇř�ƾƝźŰƴƯ��ŴƄţ� řŹ� ƵŶƃǀƤŝ� Źŵ� ƹ�Ɔǀ�ƶ
ŢƫŚůųźŝ�ŚƷƾř�Żř�ƿƶƈŴƄƯ�Ʋ�ŚſŚƴƃ�řŹ�ŚƷƾƿŢſř�Ƶŵźĩ���řƿ�ŹřŶƤƯ�Ʋ

řźŝƽ�źŝřźŝ�źŨĩřŶů�ƶŝŚƄƯ�ƁƹŹ�ëé��Ţſř���

ì��ŤƳǀƶŬ�ĭǀźƽ��
Ŷū�ƁƹŹƿř�Źŵ�ƵŶƃ�ƶŗřŹř�Ŷƿřźŝ�ƶƫŚƤƯ�ƲƽƘţ�ǀǀƶƈŴƄƯ�Ʋ�ŚƷƽĩ�ǀƠƾ�

ƩźŤƴĩ� ŹřŵƺưƳ� Źŵ� ƝřźŰƳř� ƪƯŚƗ�HotellingT2���ƀŝǀŹŚƽŚƘƯ� Żř�ƿ�Ŝ
ƁƹŹ�ŚƷƽř�Źŵ�ŵƺūƺƯ�ƿƯŻ�ƲǀŢſř�Ƶŵźĩ�ƖƠţźƯ�řŹ�ƶƴ��ƴĤưƷǀ�Ʋ�ŵźŝŹŚĩ

ưƗ� Źŵ�Ʊōƀŝ�ƪǀƠƯ� ƹ�ƱŚſō� ŹŚǀƯ�Ŷƾ�Ż� �ŶƃŚŝƿƀŝ�Ɲǈųźŝ� řźǀŹŚƽ�Żř�
ƁƹŹ�ŚƷƽƬŰţ� �ŵƺūƺƯ�ǀŚŤƳ�ƪƿƱŚĪƯř�ŢƫƺƸſ� ƶŝ�Ū�ŸěƿŢſř� ź� �ŵŚƳƿ�ƵŶ

ĮŤƀŞưƷ�ƲŤƟźĭƾŝ�ǀƶƈŴƄƯ�Ʋ�ŚƷƽĩ�ǀƠƾƳǇƺƏ�ƪůřźƯ� ƭŚŬƳř� ƹ�ƾ�
řźŝƽŤſŵ�ǀŝŚƾƶƈŴƄƯ�ƶŝ��ŚƷƽĩ�ǀƠƾƵŶưƗ�Żř�ƶĩ�ƝřźŰƳř�ƪƯŚƗ��źţƿ�Ʋ
ŚƘƯƿųźŝ�ŜƾƁƹŹ��ŚƷƽƬƘƟ�ƾ�Ưƾ��ŶƴƃŚŝŶū�ƁƹŹ�Źŵ�ƿ�ƶūƺţ�ŵŹƺƯ�Ŷ

ƶŤƟźĭ�Źřźƣ�ŶƳř���
ŚŤƳƿŞƃ� Ūǀƶ�ŻŚſƽźƘţ� ƅƺƈų� Źŵ�ƿřźŝ� ŹřŶƄƷ� ŵƹŶů� ƞƽ�ŹřŵƺưƳ�

Hotelling T2�Ư� ƱŚƄƳ�ƾ�ř� ƶĩ� ŶƷŵƿ� ƲŵƹŶůř� ƶŝ� źŬƴƯ� �ƿ�ŵŚŬ
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ƘƋƹǀŢ�ŚƷƽŤſŹŵ� ƶŝ� řŹ� ƩźŤƴĩ� Żř� ũŹŚų�ƾŚſŚƴƃ�ƾƿŢſř� Ƶŵźĩ���

ƷƴĤưǀŚŤƳ�ƲƿŞƃ�Ūǀƶ�ŻŚſƽŶū�ƁƹŹ� Żř� ƵŵŚƠŤſř� ŵŹƺƯ� Źŵ�ƿƘţ�Ŷǀǀ�Ʋ
ƶƈŴƄƯ�ŚƷƽĩ�ǀƠƾŝ� �ƝřźŰƳř� ƪƯŚƗ�ǀř� Ʊŵƺŝ� źŧŒƯ� źĮƳŚƿ�Źŵ�ƁƹŹ�Ʋ

ìë��Ţſř� Ƶŵƺŝ�ŵŹřƺƯ� Żř� �ƫŚů� ŹŵƾƁƹŹ�Źŵ�ƶĩ���Źŵ�źŨĩřŶů� �ƶŝŚƄƯ�
ëé� �ƶƈŴƄƯ� ŵŹřƺƯ� Żř�ŚƷƽŝƺų� ƶŝ� ƝřźŰƳř� ƪƯŚƗ�ƾŚſŚƴƃ�ƾƿ�
Ưƾ�ŶƳƺƃ���
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