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There are multivariate processes in which two or more quality characteristics must 
be controlled simultaneously. In controlling such processes, two goals must be 
achieved. The first one is to identify an out of control situation and the second is to 
determine the quality features caused the out of control signal. In this paper, both 
goals are investigated. In addition to the current methods used to diagnose an out of 
control situation, for the purpose of making the Hotelling T2 more sensitive, the 
warning limits for T2 are also defined. In determining the quality characteristics 
caused the out of control situation, current methods are investigated and a new 
procedure is suggested. Not only the new approach does not have some of the 
deficiencies with the current methods, but also its application is much simpler in 
practice. The results of simulation using the warning limits for very small shifts in 
process mean vector indicate that in 81% of the time, shifts are being detected. While 
in similar conditions, when the regular T2 is used, only 19% of the time true signals 
are observed. In comparison with similar techniques, use of new procedure in 
detecting the quality characteristics responsible for an out of control situation 
identifies the shifted quality features in 76% of the time. While in existing methods at 
most in 64% of the time the shifted quality characteristics are detected. 
 

  ©æèíí�ŶƬū��çå�ƵŹŚưƃ��æ��Ŷǀƫƺţ�ŢƿźƿŶƯ�ƹ�ƖƿŚƴƇ�ƾſŶƴƸƯ�ƾƬƬưƫř�Ʋǀŝ�ƶƿźƄƳ���
 
 
 
 
 
 

 

�ƵŹŚƯō�ƾūƹŻ�ƶƿżŬţ�ŽŚſř�źŝ�ƵźǀƜŤƯ�Ŷƴģ�ƩźŤƴĩ�ŹřŵƺưƳ�źǀƀƠţ�ƵŹŚƯō�ƾūƹŻ�ƶƿżŬţ�ŽŚſř�źŝ�ƵźǀƜŤƯ�Ŷƴģ�ƩźŤƴĩ�ŹřŵƺưƳ�źǀƀƠţTT22��
��

ƾƔƟŚů�ŶǀƘſƾƔƟŚů�ŶǀƘſ��ƹ�����ƹ���ƽŹŚƿźƸƃ�Ŷǀưů�ƽŹŚƿźƸƃ�Ŷǀưů���
ŶǀƬĩ�šŚưƬĩŶǀƬĩ�šŚưƬĩƽƽ����������������������������������������������������������������������������ƵŶǀĪģƵŶǀĪģ����

ōźƟ�ŹŵƿŚƷŶƴƽƜŤƯ�Ŷƴģ�ǀƳ�ƶĩ�Ƶźǀ�ƹŵ�ƩźŤƴĩ�ŶƴƯŻŚƿĩ�ƶƈŴƄƯ�Ŷƴģ�ŚǀƠƾ��ŶƴŤƀƷ�ƱŚƯżưƷ�ŹƺƏ�ƶŝ�
Śŝƿĭ�ƢƤŰƯ� ƵŶưƗ�ƝŶƷ� ƹŵ�Ŷŵŵź� �ŴƄţ�Ʃƹř�ƝŶƷǀƘƋƹ�ƆǀŢ�ŚƷƽ�ƭƹŵ�ƝŶƷ� ƹ�ƩźŤƴĩ� Żř� ũŹŚų�

ŚſŚƴƃƾƿƶƈŴƄƯ��ŚƷƽĩ�ǀƠƾƝźŰƴƯ���ƕƺƣƹ�ƱŚƯŻ�Źŵ��ƵŶƃƿƘƋƹ�ĨǀƯ�ƩźŤƴĩ�Żř�ũŹŚų�Ţƾ�ŶƃŚŝ���Źŵ
řƿſŹźŝ�źŝ�ƵƹǈƗ�ƶƫŚƤƯ�ƲƾƁƹŹ��ŚƷƽřźŝ�ŵƺūƺƯ�ƽŴƄţ�ǀƘƋƹ�ƆǀŚƷŹřŵƺưƳ�Źŵ�ƩźŤƴĩ�Żř�ũŹŚų�Ţƽ�

�ƩźŤƴĩT2ř�ŹƺƔƴƯ�ƶŝ���ƿſŚƀů�ŵŚŬǀŝ�ŢǀźŤƄř�Źŵ�ƿřźŝ�ŹřŶƄƷ�ŵƹŶů��ŚƷŹřŵƺưƳ�ƲƽźƘţ�ŚƸƳō�ƿ�ƵŶƃ�ƞ
Ţſř� �ŚſŚƴƃ�ŹŵƾƿƶƈŴƄƯ��ŚƷƽĩ�ǀƠƾƝźŰƴƯ��ƁƹŹ� �ƵŶƃ�ŚƷƽſŹźŝ� ŵŹƺƯ�ŵƺūƺƯ�ƾ�ƹ�ƶŤƟźĭ� Źřźƣ�
ƃƹŹƾŶū�ƿě�ŶǀŢſř�ƵŶƃ�ŵŚƸƴƄ��ŚŤƳƿŞƃ�Ūǀƶ�ŻŚſƽŻŹř�ƅƺƈųŹŵ�ƿŝŚƾ�ƱŚƄƳ�ŹřŶƄƷ�ŵƹŶů�ŵźĪƬưƗ�

Ưƾ�źƘţ� Śŝ� ƶĩ�ŶƷŵƿř�ƞƿřźŝ� ŵƹŶů�Ʋƽ�ƩźŤƴĩ� ŹřŵƺưƳ�Hotelling T2Ư�ƾ��Ʊřƺţíæ��ƘƋƹ� ŻřǀŢ�ŚƷƽ�
ŤſŹŵ� ƶŝ� řŹ�ƩźŤƴĩ� Żř� ũŹŚųƾŚſŚƴƃ�ƾƿŵźĩ�� �řƿƫŚů� Źŵ�Ʋƾ�ƩźŤƴĩ� ŹřŵƺưƳ� Żř� ƵŵŚƠŤſř� Śŝ� ƶĩ�Ţſř�

                                                 
ƩƺƇƹ�ŲƿŹŚţ��èå�æå�íë��
Ŝƿƺƈţ�ŲƿŹŚţ��çê�î�íì��
�ƾƔƟŚů�ŶǀƘſ��ƾſƺƏ�ƲƿŶƫřźǀƈƳ�ƶūřƺų�ƾŤƘƴƇ�ƵŚĮƄƳřŵ�ƖƿŚƴƇ�ƾſŶƴƸƯ�ƵŶĪƄƳřŵ��ŶƃŹř�ŽŚƴƃŹŚĩ�saeed_hafezi@yahoo.com��

ů�źŤĩŵƽŹŚƿźƸƃ�Ŷǀư��šŐǀƷ�ƺƌƗƾưƬƗ��ƾſŶƴƸƯ�ƵŶĪƄƳřŵ�ƖƿŚƴƇ�ƾſƺƏ�ƲƿŶƫřźǀƈƳ�ƶūřƺų�ƾŤƘƴƇ�ƵŚĮƄƳřŵ��hshahriari@kntu.ac.ir��

MSPC, T2 
Chart, Warning 
Limits, Paired 
Decomposition 
of T2 

ưƃưƃºººº�ƵŹŚ�ƵŹŚææƬū��Ƭū��ºººº�Ŷ�ŶçåçåƸŝ��Ƹŝ��ºººº�ŹŚ�ŹŚæèííæèíí  
 

  
  

JJoouurrnnaall  WWeebbssiittee::  hhttttpp::////iijjiieeffaa..iiuusstt..aacc..iirr//  
 

 

 

 

�ƩźŤƴĩōƽŹŚƯ�
�Ŷƴģ�ŶƴƿōźƟ

�ŵƹŶů��ƵźǀƜŤƯ
�ƶƿżŬţ��ŹřŶƄƷ

ƹŻƵŹŚƯō�ƾū 

ĨºŝŚƃ��ÔÐÔÒ�ÎÍÎÕ 

id21378171 pdfMachine by Broadgun Software  - a great PDF writer!  - a great PDF creator! - http://www.pdfmachine.com  http://www.broadgun.com 

Archive of SID

www.SID.ir

mailto:�
mailto:���
www.sid.ir
www.sid.ir


�ƵŹŚƯō�ƾūƹŻ�ƶƿżŬţ�ŽŚſř�źŝ�ƵźǀƜŤƯ�Ŷƴģ�ƩźŤƴĩ�ŹřŵƺưƳ�źǀƀƠţ�ƵŹŚƯō�ƾūƹŻ�ƶƿżŬţ�ŽŚſř�źŝ�ƵźǀƜŤƯ�Ŷƴģ�ƩźŤƴĩ�ŹřŵƺưƳ�źǀƀƠţTT22������������������������������������������������������������������������������������������������������������������������ƾƔƟŚů�ŶǀƘſƹ�ƽŹŚƿźƸƃ�Ŷǀưů���������������çé 

 

ƫƺưƘƯƾ� Źŵ� ŚƸƴţ�æî��ƴģ�ŵŹřƺƯ� ŻřǀƘƋƹ�ƲǀŢ�ŚƷƾƿƯ�ƞƄĩ�ƪŝŚƣ�ƾ�ŶƴƃŚŝ� �ƴĤưƷǀŚƤƯ� Źŵ�Ʋƿ�Śŝ� ƶƀ
ƁƹŹ�ŚƷƽƹŹ�Żř�ƵŵŚƠŤſř��ƶŝŚƄƯ�ƿżŬţ�ƶƿūƹŻ�ƶƾƵŹŚƯō�T2�ƶƈŴƄƯ�ƞƄĩ�Źŵ�ŚƷƽĩ�ǀƠƾ��ƝřźŰƳř�ƪƯŚƗ�

ŚſŚƴƃ�ƶŝ�źŬƴƯƾƿƣŵ�ǀƶƈŴƄƯ�Ƣ�ŚƷƽƬƇř�ƾƝźŰƴƯ���Źŵ�ƵŶƃìë��Ţſř�ƵŶƃ�ŵŹřƺƯ�Żř��ƫŚů�Źŵƾ�ƶĩ�
ƁƹŹ�Źŵ��Źŵ�źŨĩřŶů��ƶŝŚƄƯ�ëé��ƶƈŴƄƯ�ŵŹřƺƯ�Żř�ŚƷƽŝƺų�ƶŝ�ƝřźŰƳř�ƪƯŚƗ�ƾŚſŚƴƃ�ƾƿƯ�ƾ�ŶƳƺƃ���

  
æ��ƶƯŶƤƯ��

ŢƘƴƇ� Źŵ�ŢǀƠǀƧ�ƩźŤƴƧ�ƪŗŚƀƯ��ƪƯŚƃ�Ţſř�ƲƨưƯ�ŝ�Ƃǀ�Ʀƿ� Żř
ŶƴƃŚŝ�ƾƠǀƧ�ƶƈŴƄƯ�Żř�ƽŹřŵźŝ�ƾƴƘƿ��ƶƈŴƄƯ�ŚƷŶƃŚŝ�ƶŤƃřŵ�ŵƺūƹ���
Ʋƿř� ƾŤƣƹ� ľŚƇƺƈų�ƶƈŴƄƯ�� �ŶƴŤƀƷ� ƶŤƀŝřƹ� ŚƷ� ŶƿŚŝ�ƾŞſŚƴƯ�ƁƹŹ

�ƽřźŝƩźŤƴƧ�ƱŚƯżưƷ��ŚƸƳōƮƷřźƟŶƃŚŝ��ƵŵźŤƀĭ�ƶƴǀƯŻ�ƹŹ�Ʋƿř�Żř���Źŵ�ƽř
ƩźŤƴƧŹŚƯō�ƽōźƟ�ƿ� Ŷƴ� ƵźǀƜŤƯ� Ŷƴģ�MSPC

1� �Ţſř� ƵŶƃ� ŵŚŬƿř��
� ƶĩ� ŹƺƐƳŚưƷLowry and Montgomery�ƵŹŚƃř� ŵƺų� ƶƘƫŚƐƯ� Źŵ�

Ƶŵźĩ���ŶƳřƮƸƯ�ř�Źŵ�ŹŚĩ�Ʋƿźţƿ�Ǝſƺţ�ƶƴǀƯŻ�Ʋ�æîéì�Hotelling�ƭŚŬƳř�
Ŷƃ@�æ>�� 

ƁƹŹ�ƽƹT2�řŹ�ƶƘſƺţŵřŵ��ƵŵŚƠŤſř� ƩźŤƴƧ� ƽŚƷŹřŵƺưƳ� Źŵ� Ʊō� Żř� ƹ�
ƺưƳŵ��ƩŚſ�Źŵ�æîëåźţƺǀĜƯŚƧ�ƽĥƺƫƺƴƨţ�ŢƟźƄǀě�Śŝ���ƩźŤƴƧƽŹŚƯō��

Ŷƴģ� ŶƴƿōźƟ�ūƺţ� ŵŹƺƯ� ŹŚǀƀŝ� ƵźǀƜŤƯ�ƩźŤƴƧ� ŦŰŝ� ƹ� ŢƟźĭ� Źřźƣ� ƶ
�ƾƠǀƧ�ƶƈŴƄƯ�ƲƿŶƴģ�ƱŚƯżưƷŹŵŶƃ�ŭźƐƯ�ƾƘǀſƹ�ŮƐſ����Ʋƿř�Żř

Ŷƃ�źƄŤƴƯ�ƶƴǀƯŻ�Ʋƿř�Źŵ�ƽŵŶƘŤƯ�šǇŚƤƯ�ŶƘŝ�ƶŝ�ƩŚſ��Ʊō�Żř�Ƃǀě��
ƾƯ�ƵŵŚƠŤſř�ƽŵŶƘŤƯ�ƵźǀƜŤƯ�Ʀƿ�ƩźŤƴƧ�ƽŚƷŹřŵƺưƳ�Żř��ƶƧ�ŶƃřżƟřƿ�Ƃ

ŚƐųƽ�ƕƺƳ�IŢƃřŵ�ƩŚŞƳŵ�ƶŝ�řŹ���ŹřŵƺưƳ�Hotelling T2��ƞƄĩ�Źŵ�ƿ�Ĩ
ƘƋƹǀƀŝ�ƩźŤƴĩ�Żř�ũŹŚų�ŢǀƯ�ƪưƗ�śƺų�ŹŚƾ�Ŷƴĩ��ƞƘƋ�ƶƐƤƳƵŶưƗ��

ŹřŵƺưƳ� Ʋƿř� Ʊō�ƾƬƗ� ƶƧ� ŢſřƾƯ� ƶƨƴƿř� ƮƛŹ��Ʀƿ� ƾŤſŹŵ� ƶŝ� ŶƳřƺţ
ŢǀƘƋƹų�ũŹŚ�ŶƷŵ�ƱŚƄƳ�řŹ�ƩźŤƴƧ�Żř�ƶƈŴƄƯ�ƲǀǀƘţ�Źŵ��ŚƷƽĩ�ǀƠƾ�
ƝźŰƴƯ��ƵŶƃŵŹřŵ�ŵƺŞưƧ��� 

ƶģźĭ�Śŝ�Ư� źƷ�ƾſŹźŝƶƈŴƄ��ŵźƠƴƯ�šŹƺƇ�ƶŝƾƯ�ƽŶů� Śţ�Ʊřƺţ�ƶŝ�
ƺƯ� ŪƿŚŤƳŢƟŚƿ� Ţſŵ� źƔƳ� ŵŹ�Ư� ŵřŶƘţ� ƲŤƟŹ� ǇŚŝ� Śŝ� ŚƯř�ƶƈŴƄ�ŚƷƽ�

ĩǀƠƾ�ŵƺŝ�ŶƷřƺų�ƾƿǇŚŝ�ƽŚƐų�ƽřŹřŵ�ŹŚƧ�Ʋƿř�Ż��ƿĮŤƀŞưƷ�řźƾŝ�ǀ�Ʋ
ƶƈŴƄƯ�ưƳ�ƶŤƟźĭ�źƔƳ� Źŵ� ŚƷƾ�ŵƺƃ��ŹřŵƺưƳ�ƲǀƴĤưƷ�Hotelling T2��

šřźǀǀƜţ�ƶŝĨģƺĩ��Źŵ��Źřŵźŝ�ƹ�ƲǀĮƳŚǀƯźţŚƯƿ�žžƳŚƿŹřƹ�ŹřƹƺĩƿžƳŚ�
ſŚƀůǀưĩ�ŢƾŵŹřŵ�����
�Ʋƿř�ŹŵƤƯ�ƶƫŚ�ŹřŵƺưƳ�źŝ�ƾƫŚưūř�ŹƹźƯ�Żř�žě��ƵźǀƜŤƯ�Ŷƴģ�ƩźŤƴĩ�ƽŚƷ�

ř� ŹƺƔƴƯ� ƶŝƿſŚƀů� ŵŚŬǀŝ�Ţǀ�ƩźŤƴĩ� ŹřŵƺưƳ� Źŵ� źŤƄHotelling T2��
řźŝƽƜţ�ƞƄĩ�ǀǀōźƟ�Źŵ�Ĩģƺĩ�šřźƿźƘţ�ƶŝ��Ŷƴƿřźŝ�ŹřŶƄƷ�ŵƹŶů�ƞƽ�
řƿƯ�ƶŤųřŵźě�ŹřŵƺưƳ�Ʋƾ�ŵƺƃ���žĜſźŤưƸƯƿƲƁƹŹ���ƽŚƷřźŝ�ŵƺūƺƯƽ�

Ư�ƆǀŴƄţƶƈŴƄ�ŚƷƽĩ�ǀƠƾř�ƪƯŚƗ�ƟźƘƯ��ƝřźŰƳƾŶū�ƁƹŹ�ƹ�ƿŶƽ�
Ŷƃ� ŶƷřƺų� ƶŗřŹř��Ƶŵřŵ� Żř�ŚƷƽŞƃ�ǀƶ�ŻŚſƽƳ�ǀřźŝ� żƽŻŹř�ƿŝŚƾřŹŚĩ�ƾƿ�

ƺƳ�ƁƹŹ� ƹ� ŹřŶƄƷ� ŵƹŶůƿźƘţ� Ʋƿřźŝ� ƵŶƃ�ƞƽƶƈŴƄƯ�ƞƄĩ��ŚƷƽ�
ĩǀƠƾ�ƝřźŰƳř�ƪƯŚƗ�ōźƟ�ƩźŤƴĩ�Źŵ�ƿŚƷŶƴƽƜŤƯ�Ŷƴģ�ǀ�ƵŶƃ�ƵŵŚƠŤſř�Ƶź

Ţſř����
��

                                                 
1. Multivariate Statistical Process Control� 

ç��ŚƷŹřŵƺưƳƽƜŤƯ�Ŷƴģ�ƩźŤƴĩ�ǀƵź��
ƯƺưƗƾ�źţƿƵŹŚƯō� Ʋ�ŚƷƽ�ŹŚƯō� ƩźŤƴĩ� Źŵ� ƵŵŚƠŤſř� ŵŹƺƯƽōźƟ�ƿŚƷŶƴƽ�

ƜŤƯ�Ŷƴģǀ�Żř�ŶƴţŹŚŞƗ�ƵźT2���MEWMA
2�ƹ�MCUSUM

3�����ŽŚſř�źŝ
� ƶĤƳōLowry and Montgomery� ��Mason and Young�ƹ�

Bersimisŝ�ŵƺų�šŚƘƫŚƐƯ�Źŵ�ƱřŹŚĪưƷ�ƹ�ǀƵŵźĩ�ƱŚ�ŶƳř@�æ�è>ƁƹŹ���
Hotelling T2ŧŐţ��ǀƶƈŴƄƯ�ƶưƷ�šřź�ŚƷƽĩ�ǀƠƾ�Źŵ�řŹ�ƿ�ƵŹŚƯō�ĨT2�

ĩźţǀŻƺţ�Żř�ƹ�Ƶŵźĩ�ŜƿŹŚƯō�Ɩƽ2�ƿ�ŚFƯ�ƵŵŚƠŤſř�ƾ�Ŷƴĩ��ţŹƺƇ�Źŵƾ�
ƶĩŶƴƃŚŝ�ƭƺƬƘƯ�ƩŚưŤůř�ƖƿŻƺţ�ƽŚƷźŤƯřŹŚě��ƖƿŻƺţ�Żř�2ƛ�Źŵ�ƹ�ǀ�ź
řƿŻƺţ�Żř�šŹƺƈƴƿ�ƖFƯ�ƵŵŚƠŤſř�ƾ�ŵƺƃ�źƟ�źĭř�ōŶƴƿ��ƪƯŚƃ�p�ƶƈŴƄƯ�

ŶƃŚŝ�ƾƠǀƧ�źƿŵŚƤƯ� Ʊŵƺŝ� ƭƺƬƘƯ� Śŝ�
0� ƹ�

0��ŚƷźŤƯřŹŚěƽŻƺţ�ƿ�Ɩ

�ƩŚƯźƳpƜŤƯ�ǀƵź�� �Ưō� ŹřŶƤƯƵŹŚŝ�ŶƴƿōźƟ�ƩźŤƴƧ�ƽřźŝ� ƵŵŚƠŤſř�ŵŹƺƯ��ƶ
�źƿŻ�šŹƺƇƿźƘţƾƯ�ƞ�ŵƺƃ���

��

�æ����
��

Ʊō� Źŵ� ƶĩ� TpXXXX ,...,, 21�� ƹ Tp ,...,, 210 �
Ưƾ�ŶƴƃŚŝ� �ǇŚŝ�ŶůƽƳ�Ʋƿř�ƽřźŝ�ƾƫźŤƴƧ�šŹƺƈŝ� Źřŵƺư2

,pUCL �
ŵƺŝ� ŶƷřƺų�ƶĤƳŚƴģ�ƃŚŞƳ� ƭƺƬƘƯ� ƩŚưŤůř� ƖƿŻƺţ� ƽŚƷźŤƯřŹŚě�ƴ�Śŝ� ƹ� Ŷ

ƶƳƺưƳ� Żř� ƵŵŚƠŤſř�� ƽŚƷƟŵŚƈţƾ�ŝ� ƶƵŶƯō� Ţſŵ�ŶƳƺƃ� ƵŵŻ� ƲǀưŴţ���
�ƖƿŻƺţ�Żř�ƵŚĮƳōFŵƺƃ�ƾƯ�ƵŵŚƠŤſř���ŚƯōŹ�ŢƫŚů�Ʋƿř�Źŵ�ƵŵŚƠŤſř�ŵŹƺƯ�Ƶ

ŵƺŝ�ŶƷřƺų�źƿŻ�šŹƺƈŝ���
��
�ç���   XXSXXnT

T


12��

��

ƩźŤƴƧ�ƽŚƷŹřŵƺưƳ�Żř�ƵŵŚƠŤſř�ƽřźŝ�šƹŚƠŤƯ�ƶƬůźƯ�ƹŵ�Hotelling T2�
ŵŹřŵ�ŵƺūƹ�ŻŚƟ�Źŵ�řźƃ�Źŵ�ƹ�Ʃƹř�ƿƐƾōźƟ�ƶĩ�ƿƜŤƯ�Ŷƴģ�ŶƴǀŚě�Ƶźƿ�ŹřŶ
ŚưƳ�ƪưƗƿ��Ŷ mƟŵŚƈţ�ƶƳƺưƳƾ�pƜŤƯ�ǀƵź�ƶǀƫƹř�śŚŴŤƳřō�ƹ�ƯƵŹŚ�ƽŚƷX 

� ƹSưŴţ�ƱřƺƴƗ� ƶŝ�ǀƲ�ŚƷƾƿřźŝ�ƽŚƷźŤƯřŹŚě�ƽ��ƹ���ƶŞſŚŰƯ
ƾƯ�ŶƳƺƃ��ƭƹŵ�ŻŚƟ�Źŵ��Ʃƹř�ŻŚƟ�Źŵ�ƵŶƯō�Ţſŵ�ƶŝ�šŚƗǈƏř�ƶŝ�ƶūƺţ�Śŝ�

ŚƷŹřŵƺưƳ�Żřƽ�ƩźŤƴƧŻ�ŵƹŶů�Śŝ�ƿřźŝ� �źƽōźƟ�ƩźŤƴĩ�ƿƜŤƯ�Ŷƴģ�Ŷƴǀ�Ƶź
Ư�ƵŵŚƠŤſřƾ�ŵƺƃ����

��

�è���

��

                                                 
2. Multivariate Exponentially  Weighted Moving Average 
3. Multivariate Cumulative Sum
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ĩ�ƶƈŴƄƯǀƠƾ�ƪƣřŶů�ŹřŶƤƯ�Żř� ��� ��ƹ�Ƶŵƺŝ�źŤĪģƺĩ1. BA�
řźŝŚƴŝ� �Ţſřƿ�źƷ�ƲƿƶƈŴƄƯ�Żř�Ĩ�ŚƷƽĩ�ǀƠƾ�Ʊŵƺŝ�ŽƺƀŰƯ�ƱƹŶŝ� �

ĮŤƀŞưƷƾŝ�ǀƜţ� �ŚƸƳō�ƲǀǀƵŵźĩ�ź�ŶƳř� �řźŝƽſŹźŝ�ƾĭŹżŝ�ƾ�ƿĪģƺĩ�Śƾ�
řƿƜţ� ƲǀǀŵřźƠƳř� ŹƺƏ� ƶŝ� ƶƈŴƄƯ� źƷ� Źŵ� źƽƯ� �ƾ�ŚƤƯ� ƶŝ� Ʊřƺţƿ�ƶƀ

ŵŚƤƯƿź2
iT�ƹ2

jTŢųřŵźě�� �ŤƫŚů� Źŵƾ� ƶĩ�2
2
,0 qT ji �ŶƃŚŝ�

ŤƳǀƯ� ƶŬƾ�� ƶĩ� ŵƺƃ1. BAřźŝŚƴŝ� ƹ� Ţſř�ƿ� ŚƸƴţ� ƲƿĪƾ�Żř�
ƶƈŴƄƯ�ŚƷƽĩ�ǀƠƾĮưƄģ�ŹƺƐŝ�ǀźƽƜţ�ǀǀƯ�ƹ�Ƶŵźĩ�źƾ��Żř�řŹ�Ʊō�Ʊřƺţ

ŵŚƤƯ�ƵŶƷŚƄƯƿ�ź2
iT�ƹ2

jTƘţ�ǀǀ�Ʋŵźĩ����������
ŢƫŚů� Źŵ�ŚƷƿ� ƶƧ� ƾ02

, jiT�ŶƃŚŝ�ţ� ƶƧ� Ţſř� ƾƴƘƯ� ƲƿŶŝ�Ő�źǀŧ
Ư� ƪŝŚƤŤƯƶƈŴƄ��ƽŚƷi� ƹ� ƭřj� ƭř�ŹřŶƤƯ� ƽƹŹ� źŝ2T� ��ƹ� Ƶŵƺŝ� ƾƠƴƯ

Ţſř�ƵŶƃ�ƵŹŚƯō�Ʋƿř�ŹřŶƤƯ�ƂƷŚƧ�ŦƗŚŝ��ƃŚƳ�ƂƷŚĩ�ŹřŶƤƯ�źŨĩřŶůƾ�
ŧŐţ�ŻřǀƶƈŴƄƯ�ƪŝŚƤŤƯ�ź�ƵŹŚƯō�Źŵ�ŚƷ2T�źŝřźŝ�êå��ŹřŶƤƯ2T�ŶƷřƺų�

Ż� �ŵƺŝƿ� Śŝ� řźƿŧŐţ� ƲŤƟźĭ� źƔƳ� Źŵ� ƱŚƀĪǀĩ� ƶƈŴƄƯ� ƹŵ� źǀƠƾ�ƿƴƘƾ�
22
ji TT ŧŐţ� ƹ�ǀĮŤƀŞưƷ�źƾŝ�ǀ� ŚƸƳō�ƲƿƴƘƾ�2

, jiT� ŹřŶƤƯ� ��2
, jiT�

Ư�źŨĩřŶůƾ��ƵŻřŶƳř�ƶŝ�ŶƳřƺţêå��Ż��ŶƃŚŝ�ƵŹŚƯō�ƪĩƿƛ�Źŵ�řźǀř�źƿ�šŹƺƈƴ
ƵŹŚƯō� ŹřŶƤƯ2TƠƴƯ�ƾř� ƹ� Ŷƃ� ŶƷřƺų�ƿźƯř� Ʋƽƛ�ǀŢſř� ƲĪưƯź��

řźŝŚƴŝƿŤƫŚů� Źŵ� Ʋƾ� ƶĩ�02
, jiTƯ� źŨĩřŶů� �ŶƃŚŝ�ǀ�Źŵ� ƂƷŚĩ� Ʊřż

ƵŹŚƯō2Tźŝřźŝ�)2( 1qŶƤƯ�ƹ�ŵƺŝ�ŶƷřƺų�ƴƘƯ�Źřƾ�řźŝ�Ʊŵƺŝ�Źřŵƽř�ƿ�Ʋ
�źŝřźŝ�ƵŹŚƯō)2()2( 111 qqq Ư�ƶŤƟźĭ�źƔƳ�Źŵ�ƾ�ŵƺƃ���Źŵ�ŚƯř

ŤƫŚůƾ�ƶĩ�02
,2  jiTqĩŶƳř�ƮƸſ�Ʊƺģ��ŶƃŚŝ�ƾƵŹŚƯō�Żř�2T�

řźŝŚƴŝ� �Ţſř�ƵŶƃ�ƶŤſŚĩƿƴƘƯ�ŹřŶƤƯ�Ʋƾ�řźŝ�Ʊŵƺŝ�Źřŵƽ2T�ƱŚưƷ� řŹ�
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Ư�ŹřŶƤ1qƯ�źƔƳ� Źŵ�ƾ�ĭǀźƿƮ� �ƬŰţǀŢƫŚů�ƪ�ŚƷƽř�ƞƬŤŴƯ�ƿ�ƵŶƃ�ŵŚŬ
ƘƋƹ�ŹŵǀŤƾ�ƶĩ�

2
2
, qT ji Ƴ�ŶƃŚŝ�ǀŢſř�ƪŞƣ�ŢƫŚů�ƶŝŚƄƯ�ż���

��
ç�ê���ƩŚŨƯ��
řźŝƽŶū� ƁƹŹ� źŤƸŝ� ħŹŵ�ƿƫŚŨƯ� �ƵŶƃ� ƶŗřŹř� Ŷƾ�Ūƴě� ƪƯŚƃ� ƶĩ�

ĩ� ƶƈŴƄƯǀƠƾſŹźŝ� Ţſř� ƶŤƀŞưƷ�ƾŶƃ� ŶƷřƺų�� �ƴĩ� ƉźƟǀ�Ŷ
źƟōƿŶƴƽĩ�ƶƈŴƄƯ�Ūƴě�ƪƯŚƃ�ǀƠƾř�ƶĩ�Ţſř�ƿƶƈŴƄƯ�Ʋ�Śŝ�ŚƷƿ�ƶŝ�Ŷ

ŶƳƺƃ� ƩźŤƴĩ� ƱŚƯżưƷ� ŹƺƏ� �řźŝƽř�ƿ�Żř� ƵŵŚƠŤſř� �ƝŶƷ� ŹƺƔƴƯ� Ʋ
ŹřŵƺưƳHotellingT2�ŚſŚƴƃ� Źŵ� ƹ� ƵŵƺŝƾƿƶƈŴƄƯ��ŚƷƽĩ�ǀƠƾ�

ƝźŰƴƯ�ƵŶƃ��ŢƫŚů� Źŵ�ŚƷƽŶū� ƁƹŹ� Żř� �ƩźŤƴĩ� Żř� ũŹŚų�ƿ�Ŷ
ěǀŵŚƸƴƄƽŶƃ� ŶƷřƺų� ƵŵŚƠŤſř�� �řźŝƽźŤƴĩ� ŹřŵƺưƳ� ƮſŹ�Ʃ���

Hotelling T2� řŶŤŝř�çê m�ƶƳƺưƳ�é nŚţƾƿōźƟ� Żř�ƿ�ƹ�ƵŶƃ�ƶŤƟźĭ�Ŷƴ
ŵŚƤƯƿ�ź SX ,ưŴţ�ǀƵŶƃ�ƵŵŻ�Ʋ�ŶƳř���

��
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ŵŚƤƯƿź2T�řźŝ�ƽ�çê���Ƹţ�ƶºƳƺưƳ��ºǀ�������ƹŹźºŝ�ƹ�ƶŞºſŚŰƯ�ƵŶºƃ�ƶƽ��ŹřŵƺºưƳ�
ƪĪƃ�ƩźŤƴĩçƵŶƃ�ƮſŹ��ŶƳř���

��
ƪĪƃç��řźŝ�ƩźŤƴĩ�ŹřŵƺưƳƽƵŵřŵ��ŚƷƽƫƹř�ǀƶ 

 
�ƪĪƃ�ŹřŵƺưƳçŝ�ǀ�źĮƳŚƿƹ�ĨƘƋǀřźŝŚƴŝ��Ţſř�ƩźŤƴĩ�ŢŰţ�Ţƿř�Żř�Ʋƿ�Ʋ

řźŝ�ŹřŵƺưƳƽţō�ƩźŤƴĩ�ƾōźƟ�ƿƯ�ƵŵŚƠŤſř�Ŷƴƾ�ƺƃŵ����
ř� ŚŝƿƜţ� ŵŚŬǀǀ�Ĩģƺĩ� ź�ó ê�å� ��Ư� ŹŵǀĮƳŚǀƶƈŴƄƯ� Ʋ�ŚƷƽĩ�ǀƠƾ�

� ƶƳƺưƳ� Żř� ƮŬƴě� ƹ� ƭƺſçë� ƪĪƃ� ƩźŤƴĩ� ŹřŵƺưƳ� �ƭřè�ƵŶƃ� ƪƇŚů�
Ţſř���

�
�ƪĪƃè��Ɯţ�Żř�žě�ƩźŤƴĩ�ŹřŵƺưƳǀǀƯ�Źŵ�źǀĮƳŚǀƶƈŴƄƯ�Ʋ�ŚƷƽ�

ĩǀƠƾ�x3�ƹ�x5Ư�ƶŝ�ǀƱřżó ê�å� 

��
ƫřƺŤƯ� ƶƐƤƳ� ƹŵ� ƶĩ� ŚŬƳō� Żřƾŝ�ǀ� ŹřŶƄƷ�Ŷů�ƲUCW2� ƹ�UCL�Źřźƣ�

ƶŤƟźĭ�řźŝŚƴŝ� �ŶƳřƿ�ƲƿƘƋƹ�ĨǀŚŝ� ƹ� ƵŶƃ�ťŵŚů�ƩźŤƴĩ� Żř�ũŹŚų�Ţƿ�Ŷ
ƬŰţ�ŵŹƺƯǀĭ�Źřźƣ�ƪǀŵź���

ƱŚưƷ�ƹŹ�źŝ�ƵŶƃ�ƮſŹ�ƍŚƤƳ�ƶƯřŵř�ƶĩ�ŹƺƏƽƯ�ƱŚƄƳ�ŹřŵƺưƳ�ƾ��ƶŝ��ŶƷŵ
ƫŵǀƯ� Ʊŵƺŝ� Ĩģƺĩ� ƪǀƜţ� ƱřżǀǀřŵƺưƳ� �šřź� ŹHotelling T2�ƱƹŶŝ�

ƘƋƹ� �ŹřŶƄƷ�ŵƹŶůǀ�ƶƳƺưƳ� Śţ� řŹ�ƩźŤƴĩ� Żř�ũŹŚų�ŢèéƳ� ƭřǀ�ƱŚƄƳ� ż
ưƳƾ�ŶƷŵ� �ƬŰţ� ŹŵǀƵŵřŵ� ƪ�ŚƷ��� ƩƹŶūç�� ŹřŶƤƯ� �é�å �ƱřƺƴƗ� ƶŝ�

źƋ� ƪƣřŶůƿĮŤƀŞưƷ� ŜƾŢſř� ƵŶƃ� ƶŤƟźĭ� źƔƳ� Źŵ� ƩƺŞƣ� ƪŝŚƣ���
ƴĤưƷǀŵŚƤƯ�ƲŤƟźĭ�źƔƳ�Źŵ�Śŝ�Ʋƿ�źçê m�ƹ�é nƯ�ƾ�ƱřƺţŵŚƤƯ�ƿ�ź1q�

�ƹ2qŻ�šŹƺƇ�ƶŝ�řŹ�ƿŵźĩ�ƶŞſŚŰƯ�ź���
��
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�ƩƹŶūç��ƬŰţ�ƩƹŶūǀƵŵřŵ�ƪ�ŚƷ��

 
 

�ƩƹŶū�ŪƿŚŤƳçƯ�ƱŚƄƳ�ƾ�ƶƈŴƄƯ�ƶĩ�ŶƷŵ�ŚƷƽĩ�ǀƠƾ�ƮŬƴě�ƹ�ƭƺſ�
ƜţǀǀƵŵźĩ� ź�ŶƳř� �ưƷǀſŹźŝ� Śŝ� ŹƺƐƴƾƣŵ�ǀƢ�Ƶŵřŵ� źţ�ŚƷƽř�ƿ�ƩƹŶū� Ʋ

ŴƄƯƯ�Ɔƾ�Ɯţ�ƶĩ�ŵƺƃǀǀř� źƿĩ�ƶƈŴƄƯ�ƹŵ�ƲǀƠƾŧŐţ� �ǀźƽƹŹ�źŝ�ƽ�
ŚſƿƶƈŴƄƯ�ź�Ţſř�ƶŤƃřŶƳ�ŚƷ��ŚŤƳƿƯ�ƱŚƄƳ�Ūƾ�Ɯţ�ƶĩ�ŶƷŵǀǀř�źƿ�ƹŵ�Ʋ

ĩ�ƶƈŴƄƯǀƠƾ�Źŵ�ƿŢſř�Ƶŵƺŝ�ŢƸū�Ĩ���
��

ë��ŻŹřƿŝŚƾŶū�ƁƹŹ�ƿŚƷ�Ƶŵřŵ�Żř�ƵŵŚƠŤſř�Śŝ�Ŷƽ�
Şƃǀƶ�ŻŚſƽ��

řźŝƽſŹźŝ�ƾřŹŚĩ�ƾƿŶū� ƁƹŹ�ƿƶƈŴƄƯ� ƞƄĩ� Ŷ�ŚƷƽĩ�ǀƠƾ�
ƝźŰƴƯ�Ŷů�ƹ�ƵŶƃźƘţ�ŹřŶƄƷ�ŵƹƿřźŝ�ƵŶƃ�ƞƽŹřŵƺưƳ� HotellingT2�

ř�ŹŵƿƵŵřŵ�Żř�ƵŵŚƠŤſř�Śŝ��ƶƫŚƤƯ�Ʋ�ŚƷƽƫƹř�ǀ�ƂŴŝ�ƩŚŨƯ�ƶç�ê���æååå�
� ƶƳƺưƳéŚţƾƿŞƃ�ǀƶ�ŻŚſƽŢſř� ƵŶƃ�� �Şƃ� Źŵǀƶ�ŻŚſƽƵŵřŵ���ƉźƟ� ŚƷ

ƶƈŴƄƯ�ƶĩ�ƵŶƃ�ŚƷƽ�x2� �x4�ƹ�x5�źƷ� �ƿƯ�ƶŝ�Ĩǀ�Ʊřżê�å�ƝřźŰƳř�
ƘƯǀƯ� ŹřŶƤƯ� Żř� ŹŚǀĮƳŚǀŰƴƯ� ŢŞŨƯ� ŢƸū� Źŵ� ƲƵŶƃ� Ɲź�ŶƳř� �ŚŤƳƿ�Ū
Şƃǀƶ�ŻŚſƽƯ� ƱŚƄƳ�ƾ�� ŚƸƴţ� ƶĩ� ŶƷŵæî� �ƘƋƹ� ŻřǀŢ�ŚƷƽ�Żř� ũŹŚų�

ř�ƩźŤƴĩƿ�ƩźŤƴĩ�ŹřŵƺưƳ�Żř�ƵŵŚƠŤſř�Śŝ��ƵŶƃ�ŵŚŬHotelling T2�ƱƹŶŝ�
Ţſř�Ƶŵƺŝ�ƞƄĩ�ƪŝŚƣ��ŹřŶƄƷ�ŵƹŶů��ƫŚů�Źŵǀ�ŹřŵƺưƳ�Żř�ƵŵŚƠŤſř�Śŝ�ƶĪ

�ƩźŤƴĩT2� �ŹřŶƄƷ�ŵƹŶů�Śŝ�íæ��ƘƋƹ�ŻřǀŢ�ŚƷƽ�řŹ�ƩźŤƴĩ�Żř�ũŹŚų�
Ưƾ�ŚſŚƴƃ�ŹřŶƄƷ�ŵƹŶů�Żř�ƵŵŚƠŤſř�Śŝ�Ʊřƺţƾƿŵźĩ�����

řźŝŚƴŝƿřŹŚĩ� �ŹřŶƄƷ� ŵƹŶů� Ʋƾƿ� ŹřŵƺưƳ�Hotelling T2�ŹƺƏ� ƶŝ� řŹ�
ĮưƄģǀźƽřżƟř�ƿƯ�Ƃƾ�ŶƷŵ� �� Żř� ƵƹǈƗ� ƶŝèêîŤƫŚů�ƾ�ŢƯǈƗ� ƶĩ�

�Źŵ��Ţſř�ƵŶƃ�ťŵŚů�ƩźŤƴĩ�Żř�ũŹŚųçìéĭŹŚĪŝ�Śŝ�ŵŹƺƯ�ǀźƽ�ƁƹŹ�
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