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Product support and after sales services are among the important areas 
which have attracted the attention of managers and decision makers, 
especially in the field of supply chain and logistics management. Supplying 
the spare parts of products to guarantee the desired operation of product 
during its life time is in the focus of attention of logistics and supply chain 
managers. What makes the demand forecasting possible and real is the 
correct identification of demand affecting factors and their relation. So, the 
best model of spare parts' demand forecasting is one which incorporates all 
factors influencing the failure rate of the parts. This article presents a model 
which incorporates the environmental covariates influencing the failure rate 
as well as the reliability characteristics of parts. In addition, a portion of 
spare parts demand is due to the interaction of different parts in a system 
which is known as failure interaction. This factor is regarded in the model as 
another factor affecting the failure rate of the parts and, the demand 
estimation as a result. This model uses the reliability models and renewal 
process to forecast spare parts demand, based on reliability, operational 
environment and failure interaction. 
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řźŝƽƵŻřŶƳř�ĭǀźƽƬŝŚƣ�ǀưƏř�ŢǀƳŚĪƯ�šŚƘƐƣ� ƱŚƴǀĪƾƛ�ǀưƘţ� ƪŝŚƣźǀ�ź
ŰƯ�ƪƯřƺƗ�źŧř�ƉźƘƯ�Źŵ�ƶĩǀƐƾƮƷźŝ�ƹ�Śſ�ŢƀĪƃ�Ƃƴĩƿ�šŚƘƐƣ�ź

ƶŤųřŵźě� �ŶƴŤƀƷřƿƮ� � ��ƂŴŝ� Źŵç�éưŴţ� ƩŶƯ� �ǀ�ƝźƈƯ� ŵřŶƘţ� Ʋ
ƬŝŚƣ�ŽŚſř�źŝ�šŚƘƐƣǀưƏř�ŢǀƳŚƴƾŻ�Żř�ƶĩ�ƿ�ƂŴŝ�ƩŶƯźæ��éƶŝ��Ţſŵ

Şţ�ƹ�ƶƘſƺţ�ƵŶƯōǀǀ�ƲƿŢſř�ƶŤƟŚ���
ŚƸƳ�ƩŶƯƾƿưŴţ�ǀ�ƂŴŝ�Źŵ�šŚƘƐƣ�ƝźƈƯ�ŵřŶƘţ�Ʋè�é�źƔƳŹŵ�Śŝ�ƹ�

Żƺţ�ƲŤƟźĭƿřƹ�Ɩƿřźŝ�ƩƺŞƽ�ƶƘſƺţ��ŚƴŞƯ�ŢƀĪƃ�ƱŚƯŻ�ƿŢſř�ƶŤƟŚ����
řźŝ�źƔƳŵŹƺƯ�ƩŶƯƽƮƷźŝ��Śŝ�ƶƘƐƣ�ƹŵ�ƝźƈƯ�ƶŞſŚŰƯ��ƕƺƳ�ƂƴĩI�Źŵ�

�ƂŴŝêŢſř�ƶŤƟŹ�ŹŚĪŝ�����ƂŴŝëŤƳ�ƶŝ�ǀƶŬĭǀźƽſŹźŝ�ƹ�ƾƬĩ�ƾ�ƩŶƯ�
ƯƾŵŻřŵźě���
��

ç��ƢǀƤŰţ�ƶƴǀƄǀě��
ěǀƂŝǀƴƾĭŵŚŤƟřŹŚĩ�Żř�ƹ�ŢƀĪƃ�ƾſ�ǀƯ�řŹ�ŚƸưŤƀƾźƏ�ƹŵ�ƶŝ�Ʊřƺţƿ�Ƣ

ŶƳŚſŹ�ƭŚŬƳř�ƶŝ� �ƶƋŹŚƗƿŝŚƾſō�ƹ�ǀŜſŚƴƃƾźƏ�Żř�šǇŚĪƃř�ƿ�ŶƇŹ�Ƣ
ſǀƬŰţ�ƹ�ŚƸƫŚƴĮǀƵŵřŵ�ƪŚƷƽƶŬƴſ�ũřźŴŤſř�ƹ�ƶŤƃŸĭ�ƤƯ�ƹ�ŚƷǀŚƸſŚƽ�

ƬŝŚƣ�ŜſŚƴƯǀưƏř�ŢǀƱŚƴ��źƀţ�źưƗ�ƱƺƯŻōƿƖ�ƵŶƃƿĪƾƹŹ�Żř�ƿŚƷŵźĪƾƿ�
řźŝ�ƶĩ�ŢſřƽƘţ�ǀǀƬŝŚƣ�ƹ�ŢƀĪƃ�űźƳ�ƲǀưƏř�Ţǀſ�ƱŚƴǀƮŤƀ��ƶƠƫƺƯ��

ŚƷƽƳŚƯŻ�šŶƯ�Źŵ�Ʊō�ƾƶŝ�ƵŚţƺĩ�Ư�ŹŚĩƾŵƹŹ����
ĭŹŚĪŝǀźƽŚƸƃƹŹ�ƽŹŚƯō�ƽƹŹ�ƿŵ�ŵźĪƿźĮƽřźŝ�ƶĩ�Ţſř�ƽě�ǀƂŝǀƴƾ�
ƬŝŚƣǀưƏř�Ţǀſ�ƱŚƴǀřźƃ�ŢŰţ�ƮŤƀƿƯŹŚĪŝ�ƅŚų�ƎƾŵƹŹ���řźŝƽ�ƩŚŨƯ�
ěǀƂŝǀƴƾƬŝŚƣ�ǀưƏř� ŢǀŶƘŝ� ƪůřźƯ� Źŵ� ƱŚƴƽ�ƿŹŵ� ŚŵŹřƺƯ�ƽ������������
ƶŝě� ƱŵźĩŻƹŹǀƂŝǀƴƾŚƷƽƶŤƃŸĭ� Żř� ŵƺūƺƯ�� ��ƘƣřƺƯ� Źŵƾ��ƶĩ

ě� ƹ�ƶŤųŚƴƃŚƳǀĤǀƵŶŻƺţ�Ʊŵƺŝƿſ�ŢƀĪƃ�ƱŚƯŻ�Ɩǀ�ƮŤƀƿƶƠƫƺƯ� ŚŚƷƽ�
ſǀ�ƹ�ƮŤƀƿƟŚĩŚƳ�Śƾ�ƁŻřźŝ��šřŶƷŚƄƯ�ŵřŶƘţ�Ʊŵƺŝ�ħŶƳř�ƹ�ƿŻƺţ�Ĩƿ�Ɩ

Ƶŵřŵ�ƶŝ�ŜſŚƴƯƯ� Źřƺƃŵ� řŹ� ŚƷƾƳ� ƹ�ŵŻŚſǀřźŝ� żƽ�ƱŵƺƯŻō�Żř�ŢƘƳŚưƯ�
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źƟƋǀƀŝ� šŚǀŚƸƫŶƯ� Żř� ƵŵŚƠŤſř� �ŹŚƽŹŚƯō�ƽźŤƯřŹŚěŚƳ�ƽƠƯ�ǀŢſř� Ŷ��
ƿĪƾŚƸƫŶƯ�Żř�ƽƀŝ�ǀźŤƯřŹŚěŚƳ�ƭƺſźƯ�ŹŚƽ��ſźĭŹǀƶƳŚĭŶƴģ�Ʊƺ��Ţſř��
řƿƯ� ƉźƟ� ƩŶƯ� Ʋƾ� źŧƺƯ� ƪƯřƺƗ� ƶĩ� Ŷƴĩ�ūŹŚų� ƪƯřƺƗƾ�źŝ� źŧƺƯ�

ƬŝŚƣǀưƏř� ŢǀŞƣ� Żř� ƱŚƴǀƜŤƯ� ƪǀŚƷźƽŰƯ�ǀƐƾřźƃ�ƿƬưƗ� ƎǀţŚƾ��
ŚƸƄƴţƽſ�źŝ�ŵŹřƹ�ǀƮŤƀ��ƜŤƯǀŚƷźƽƯ�ſźĭŹ�ƩŶƯ�ƪƤŤƀǀ�ŶƴŤƀƷ�Ʊƺ
řźŝ�ƶĩƽě�ǀƂŝǀƴƾ�ŢƀĪƃ�ƱŚƯŻ�ƿ�ƶƘƐƣ�ĨƿƯ�ŹŚĩ�ƶŝ�ƶƠƫƺƯ�ŚƾŶƳƹŹ��

ſō� ƩŶƯǀŜŚƷƽŞƀƳ�ƾ�(PHM
1)�ƿĪƾŚƸƫŶƯ� ƕřƺƳř� Żř�ƽźŤƯřŹŚěŚƳ�ƽ�

�Ǝſƺţ� ƶĩ�ŢſřCOX(1972)ě�ǀ� ƶƘſƺţ� ŵŚƸƴƄƿ�Ʊō� Źŵ� ƹ� ƶŤƟŚƿ�Ĩ
�Ʊŵźĩ�ŵŹřƹ�Śŝ�ŚƴŞƯ�ŢƀĪƃ�ƖŝŚţƿŝźƋ�šŹŚŞƗ�Ĩƾĩźţ�Żř�ƪƇŚů�ǀ�Ŝ

ƺƯ� ƪƯřƺƗƜţ� źŧǀǀƯ� źƾŶƴĩ� �� ƩŶƯPHM��šŹƺƇ� ƶŝ� ƶĩ
h(t)=h0(t)ø(z,á)ŚưƳ�ƿƯ� Ƶŵřŵ�Ƃƾŝ� ŵƺƃǀ�űźƳ� ƶĩ� Ţſř� Ʊō� źĮƳŚ

ſō� ƹ�ŢƀĪƃǀſ�ŜǀƜţ� źŧř� Źŵ� ƮŤƀǀǀƜţ� źŧƺƯ�ƪƯřƺƗ� źǀǀƯ� źƾ��Ŷƴĩ
ƿƴƘƾƜŤƯ� źŧƺƯ� ƪƯřƺƗ�ǀŚƷźƽƇƺţ�ǀƠƾƜŤƯ�ŢƀĪƃ� űźƳ� ƹ�ǀ�ŲſŚě� ź

Ţſř� 

ƜŤƯ� ƩŶƯǀŚƷźƽŞƀƳ� źŧƺƯ�ƾ��PCM
2� �ƿĪƾŵ�ƿƯ� ƕřƺƳř� Żř� źĮŚƸƫŶƽ�

ěǀƂŝǀƴƾƬŝŚƣ�ƹ�ŢƀĪƃ�űźƳ�ǀưƏř�Ţǀſ�ƱŚƴǀŚƸưŤƀ�ƳŚĪƯ�šŚƘƐƣǀĪƾ�
Ţſř� �ř� Źŵƿ�ƱřƺƴƗ�ƶŝ�źŧƺƯ�ƪƯřƺƗ�ŢŞŧ�ƹ�ŶƇŹ�Żř�ƵŵŚƠŤſř� Śŝ�ƩŶƯ�Ʋ
ƜŤƯǀŚƷźƽƬŝŚƣ�ƹ�ŢƀĪƃ�űźƳ��ŲſŚě�ǀưƏř�Ţǀſ�ƱŚƴǀě�ƮŤƀǀƂŝǀƴƾ�
Ưƾŵƺƃ� ��Ţƀƨƃ�űźƳ� ƹ�ŲſŚě�ƽŚƷźǀƜŤƯ�źŧƺƯ�ƪƯřƺƗ�ŢƫŚů�Ʋƿř�Źŵ

ƾƯ�śƺƀŰƯ�ƾƠǀƇƺţ�źǀƜŤƯ�ŵƺƃ�Sun et al., 2006� ���ƩŶƯPHM�
�źǀƜŤƯ� �Ţƀƨƃ� űźƳ� Ʊō� Źŵ� ƶƧ� ƾƿƺƿŹŚƴſ� Ʋǀƴģ� ƽŻŚƀƫŶƯ� ƽřźŝ

ƾƯ�ŹŚưƃ�ƶŝ�ŲſŚě�ƽŚƷźǀƜŤƯ� �źŧƺƯ�ƪƯřƺƗ� ƹ�ƾƠǀƇƺţ�ŜſŚƴƯ� �ŶƳƹŹ
� šŚŞŧř� ƢŞƏ� ƶƧřźģ� �ŢƀǀƳMoore & McCabe (2003)�ƶŬǀŤƳ�

�ŶƷřƺų�źǀǀƜţ�ƾƠǀƇƺţ�ƹ�ŲſŚě�ƽŚƷźǀƜŤƯ�ƾƿŚŬŝŚū�źŧř�Źŵ�ƱƺǀſźĭŹ
ŵźƧ���

� ƩŶƯPCM�ǈƯŚƧ� ŻƺƴƷ� ƶƧ� Ţſř� ƚƫŚŝŚƳ� ŚŤŞƀƳ� ƾƃƹŹ� ƹ� ƺƳ� ƾƫŶƯ� �
Ţſř� ƮƸŞƯ� šŚƨƳ� ƾųźŝ� ŹŚģŵ� ƹ� ƵŶƄƳ� ƱƺƯŻō� ��űźƳ� ƩŶƯ� Ʋƿř� Źŵ

�Ţƀƨƃ�űźƳ�Żř�ƾƘŝŚţ�ŵƺų�ƶƧ�ŢſŚƴŞƯ�źŧƺƯ�ƪƯřƺƗ�Żř�ƾƘŝŚţ�Ţƀƨƃ
źĮƿŵ�ƱŚǀŝ�ƶŝ��ŶƴŤƀƷ�       ��

��

�æ�               �������                    ����h(t , z)= h0(t) Ø(zi(t)) ��
��

� ƱōŹŵ� ƶƧh0(t)�� ƹ� ŚƴŞƯ� ŢƀĪƃ� űźƳh(t,z)��Żř� ƪƇŚů�ŢƀĪƃ� űźƳ
ƬŝŚƣǀưƏř�Ţǀ�ƱŚƴ�ŚƴŞƯ�ŢƀĪƃ�űźƳ��ŧŚţ�ƹǀŰƯ�ƪƯřƺƗ�źǀƐƾ�ƹ��zi(t)�
źƷƿƜŤƯ�ĨǀŚƷźƽ��ƪƯřƺƗ��ŰƯ�źŧƺƯǀƐƾ��i=1,2,�,n��ƹ�ŶƴŤƀƷ�����������

��

�ç���������������������������������������������������������� zi(t)= f(h(t,z))��
��

�ƲƿřźŝŚƴŝ�ƹ���������
��

�è������������������������������������h(t , z)= h0(t) Ø[f(h(t , z))]��
��

                                                 
1 �� Proportional Hazard Model 
2� Proportional Covariates Model 

ƾƯ�ƶƔůǈƯ�ƶƧ�ŹƺƐƳŚưƷŵƺƃ� h(t , z)�ƹ�ŵŹřŵ�Źřźƣ�ƶƫŵŚƘƯ�ƝźƏ�ƹŵ�Źŵ
ƾƯ�Źřƺƃŵ�řŹ�Ʊō�ƽřźūř�ƹ�ƮƸŞƯ�řŹ�ƩŶƯ�ƶƧ�Ţſř�źƯř�ƲǀưƷŵŻŚſ����

ƫŶƯ�ƽřźŝ�ƶƧ�ƾƿŚƸƃƹŹ�Żř�źĮƿŵ�ƾƨƿƂǀě�ƹ�ƽŻŚƀ�Ţƀƨƃ�űźƳ�ƾƴǀŝ
ƾƯ�ŹŚƨŝ�šŚƘƐƣƂƴţ�ƩŶƯ�ŵƹŹ�Ţſř�šŹŶƣ� ��źĭřX� ��šŹŶƣ�źĮƳŚƿŚưƳ

ƶƘƐƣ�Ƃƴţ�ƉźƘƯ�Źŵ�ƶƧ�ŶƃŚŝ�ƽřY��šŹƺƈƴƿř�Źŵ��Ţſř�ƶŤƟźĭ�Źřźƣ
ŵŹřŵ�ŵƺūƹ�ƱŚƴǀưƏř�ŢǀƬŝŚƣ�ƲǀưŴţ�ƹ�ƽŻŚƀƫŶƯ�ƽřźŝ�ƶƴƿżĭ�ƹŵ���

ƾƟŵŚƈţ�šŹŶƣ�ƹ�ƾƘƐƣ�Ƃƴţ���ƱŚƴǀưƏř�ŢǀƬŝŚƣ�ŢƫŚů�Ʋƿř�Źŵ(R)�Żř�
ŝřŹƾƯ�ƪƇŚů�źƿŻ�ƶƐŵƺƃ����

���������������������������������������������������������������R= P{X>Y}����������
�é������������������������������������������������������������R= 1- FX(Y) 
��

�Ʊō�Źŵ�ƶƧFX(Y)�Ţſř�ƖƿŻƺţ�ƖŝŚţ����
��

ƾƟŵŚƈţ�ƹŵ�źƷ�šŹŶƣ�ƹ�Ƃƴţ��Śƈţ�źǀƜŤƯ�ŢƫŚů�Ʋƿř�ŹŵƟŵƾ�Z��ƶŝ� řŹ
�šŹƺƇZ= X-Y�ƾƯ�ƞƿźƘţ�Ʊō�Źŵ�ƶĩ�ƮǀƴƧX��ƹ�ƶƘƐƣ�šŹŶƣY��Ƃƴţ

Żř�ŢƀţŹŚŞƗ�ƱŚƴǀưƏř�ŢǀƬŝŚƣ�ƲƿřźŝŚƴŝ��Ţſř�ƶƘƐƣ�ƶŝ�ƵŶƃ�ŵŹřƹ����
��

�ê�������������������������������������������R = P{Z>0}= 1- FZ(0) 
��

��ŶƴƃŚŝ�ƾƿŚưƳ�ƖƿŻƺţ�ƽřŹřŵ�ƹŵ�źƷ�šŹŶƣ�ƹ�Ƃƴţ�ƶĤƳŚƴģ�ƩŚŨƯ�ƽřźŝ
řƺųŢƃřŵ�ƮǀƷ����

��

�ë�������������������������������������������������������Y

X Y

R


 



��

��

ƾƯ�ƶŤƟźĭ�ŹŚƨŝ�šƹŚƠŤƯ�ƾƐƿřźƃ�Źŵ�šŚƘƐƣ�ŜƬƛř�ƶƧ�ŚŬƳō�Żř�ƶƧ�ŶƳƺƃ
�ƭƺſźƯ��ƵŶƄƳ�ƾſŹźŝ�ƵŚĮƄƿŚƯŻō�Źŵ�ƹ�ŢƀǀƳ�ƵŶƃ�ƶŤųŚƴƃ�ŚƸƳō�ƶưƷ

ƐǀŰƯ�ƪƯřƺƗ�ƶƧ�ƾŤƀƨƃ�űźƳ�ƶŞſŚŰƯ�ƽřźŝ�Ţſř�šřźǀŧŚţ�ƪǀŞƣ�Żř�ƾ
Ƃǀě� źƿŵŚƤƯ� ƪƯřƺƗ� źƿŚſ� ƹ� ĥŚŤƫƹ� ƱŚſƺƳ� �ŢŝƺƏŹ� �ŚƯŵƹ� ƾƴǀŝ������

ƵŻřŶƳřƽźǀĭƾƯ� źƔƳ� Źŵ� řŹ� ƵŶƃ�ƪƿŶƘţ� řŹ� ƶƬƇŚů�Ţƀƨƃ�űźƳ� �ŵźǀĭ
ƾƯŢƀƨƃ� űźƳ� ƩŚŨƯ� ƽřźŝ� �ŶƴƴƧ�śźƋ� ŜſŚƴƯ� ŢŝŚŧ� Ʀƿ� Źŵ� řŹ������
ƾƯŶƴƴƧ� ��ƶƧ� Ţſř� ŜſŚƴƯ� ƾţŚƘƐƣ� ƹ� ƭǈƣř� ƽřźŝ� ŜƬƛř� ƩŶƯ� Ʋƿř

�ƾŝřźų�ƕƺƣƹ�ŢƫŚů�ƹŵ�ƶƧ�Ţſř�ƾƬƯřƺƗ�ƹ�ƾĭŹŚě��Ţƀƨƃ�ƶŬǀŤƳ�ŚƸƳō
ŶƳŹřŵ�ƕƺƣƹ�ƭŶƗ�ƹ��Ŝǀſō�ƩŶƯ�Śƿ�ƾŞƀƳ�ƽŚƷPHM�ƹŹƿţƹŚƠŤƯ�ŵźĪƾ�

řźŝƽŻŚƀƫŶƯ�ƽŧŚţ�ƲŤƟźĭźƔƳŹŵ�ƹ�ǀŰƯ�ƪƯřƺƗ�źǀƐƾŵŹřŵ�� ��Ʋƿř�ƢŞƏ
ƶƘƐƣ�Ʀƿ� Ţƀƨƃ� ƖŝŚţ� �ƩŶƯ�Ţƀƨƃ� ƖŝŚţ� śźƌƬƇŚů� ƮŤƀǀſ� ƽ

ƲƿŶƴģ�źŧř� ƶƧ�Ţſř�ƾƿŚưƳ�šŹŚŞƗ�Ʀƿ�Źŵ� ŚƴŞƯ�Śƿ� �ƾƠǀƇƺţ�źǀƜŤƯ�
ƵŶƿŵźĭ�ƑŚŰƫ�Ʊō�Źŵ�ŹřŸĭźŧř�ƪƯŚƗŢſř� ��Ʋƿř�ƾƬƧ�ƹ�ƾƯƺưƗ�šŹƺƇ

ƶŝ�ƶưƷ�Żř�Ƃǀŝ�ƶƧ�ƩŶƯŻř�ŢƀţŹŚŞƗ�ƶŤƟŹ�ŹŚƧ����
��
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     0

1

,
n

i i
i

h t z h t za

z z 


 


��

��
�Ʊō�Źŵ�ƶƧh(t , z)�Ţƀƨƃ�ƖŝŚţ� �ƹá��ƾƳƺŤſ�Źřŵźŝ���ƭƺƬƘƯŚƳ�źŤƯřŹŚě

ƩŶƯ�ƱƺǀſźĭŹ�ŜƿźƋ� Śƿ�n�� ƶƏƺŝźƯ�ƾƠǀƇƺţ� źǀƜŤƯ��ƽźƐſ� Źřŵźŝ
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źŧƺƯ�ƪƯřƺƗ�ƹ� ŚƷźǀƜŤƯ�ƪƯŚƃ���Źŵ� řŹ�ƪƯŚƗ�źƷ�źǀŧŚţ�ƶūŹŵ�ƶƧ�Ţſř
ƾƯ�ƆŴƄƯ�Ţƀƨƃ�űźƳ�ƹ�ŶƴƧh0(t)Ţſř�ŚƴŞƯ�Ţƀƨƃ�űźƳ����ƶģźĭ

�ƩŶƯPHM�ƖƿŻƺţ�ƩŶƯ�Ʀƿ��ŵƺų��ƅŚų�ƖƿŻƺţ�Ʀƿ�źĭř�ŚƯř�Ţſř�ŵřŻō
ƽřźŝ h0(t)ƯřŹŚě� ǈƯŚƧ� ƩŶƯ�Ʀƿ� �ŵƺƃ�ƉźƟƶŝ�ƦƿźŤƾƯ�ŢſŵŶƿō��

ƶƳƺưƳ�ƲƿźŤưƸƯ�Żř�ƾƨƿƩŶƯ�Ʋǀƴģ�ƽŚƷ�ƶƧ�Ţſř�ƩƺŞƿřƹ�ƩŶƯ�ƾƿŚƷ
�ŚƴŞƯ�Ţƀƨƃ�űźƳ�Ʊō� Źŵ 1)/)(/( 


 t h0(t)�ŢƫŚůŹŵ�ƶƧ� �

=1�ȕƾƯ�ƪƯŚƃ�żǀƳ�řŹ�ƾƿŚưƳ�ƖƿŻƺţ�ŵƺƃ���
ƽźţźŝ� Żř�ƾƨƿƖƿŻƺţ�ƩŶƯ�Ʋƿř�ƽŚƷ�Ʋƿř� Śŝ� �Ţſř�Ʊō�Ʊŵƺŝ� ŵřŻō�ƩŚů

ō�ƽŚƸǀĭĦƿƹ� Żř�ƽŹŚǀƀŝ�Źŵ� Śƿ� �ƶǀƫƹř�ƉƹźƠƯ� źưƗ�ƩƺƏ�ƖƿŻƺţ� ƶŝ� Ʊ
Ɩƣřƹ�h0(t)ŢƀǀƳ�ƶŤƀŝřƹ����ƶŝ�ƶŤƨƳ�Ʋƿř�Ƶŵřŵ�ĢǀƷ�ƶƧ�ƾŤƫŚů�Źŵ�ƵĦƿƹ

Ʋƿř�Śŝ��Ţſř�ŮǀŰƇ�ǈƯŚƧ�ŵŹřŶƳ�ŵƺūƹ�ƾƟƹŸŰƯ�ŵƺūƹ�Ǝƿřźƃ�Źŵ�ƩŚů
Ƶŵřŵ� ƶŝ� ƾĮŤƀŝřƹ� żǀƳ� ŹŚǀƀŝ� ÊƝƹŸŰƯ� ƽŚƷh0(t)��żǀģŚƳ� ŹŚǀƀŝ
Ţſř��Lawless, 1982�����

ƪƨƃ�ƉźƟ� Śŝ� ƲƿřźŝŚƴŝƵŶƷŚƄƯ�Ţƀƨƃ� űźƳ� �ƖŝŚţ� ƾƿŚưƳ��Ʀƿ� ƵŶƃ
�ŶƷřƺų�źƿŻ�ƪƨƃ�ƶŝ��ŶƃŚŝ�żǀƳ�ƾƐǀŰƯ�ƪƯřƺƗ�źǀŧŚţ�ƪƯŚƃ�ƶƧ�ƮŤƀǀſ

�ŵƺŝ@ê�>���
��

�í��     0 0
0

, .exp ( ).exp( )
n

i i
i

t z t z t z    


   

��
ƱōŹŵ�ƶƧ0(t) ���ŚƴŞƯ�ŢƀĪƃ�űźƳ(t,z)��źŧř�Źŵ�ƶƘƐƣ�ŢƀĪƃ�űźƳ

ŰƯ�źŧƺƯ�ƪƯřƺƗ�ƹ�ŚƴŞƯ�ŢƀĪƃ�űźƳǀƐƾ�ƹ�zi, i=1,2,�,n��ƪƯřƺƗ�
źŧƺƯƹ�ƎŞţźƯ�ƹ�ái ,i=1,2,�,n���ŶƴŤƀƷ�ƩŶƯ�ƭƺƬƘƯŚƳ�ƽŚƷźŤƯřŹŚě

ƾƯ�ƆŴƄƯ�Ţƀƨƃ�űźƳ�źŝ�řŹ�ƪƯřƺƗ�Żř�Ʀƿ�źƷ�źǀŧŚţ�ƶƧŶƴƴƧ���
�ƾŝźƋ�ƪƯŚƗexp(zá)ƾƯ� řŹ��ƪǀƫŵ� ƶŝ�Ţƀƨƃ�ƾŞƀƳ�ƦƀƿŹ� Ʊřƺţ

ŶǀƯŚƳ�ƪƯřƺƗ�Żř�Ʀƿ�źƷ�ƕƺƣƹ�Śƿ�Źƺƌů���
ƶƠƫƺƯŶƴģ�ƮŤƀǀſ�Ʀƿ�Źŵ��Ŝǀſō�ƹ�Ţƀƨƃ�ǇƺưƘƯ�ƽř�Ʀƿ�ƾĭŶƿŵ

ƾƨƿ�ƶƘƐƣ�šŚƘƐƣ�źƿŚſ�Ţƀƨƃ�ƹ�źưƗ�ƩƺƏ�źŝ�źŧƺƯ�ƮƸƯ�ƪƯřƺƗ�Żř�
Ţſř� �Murthy & Nguyan (1985)��řŹ� šŚƘƐƣ� ƱŚǀƯ� ƪƯŚƘţ� Ʋƿř

�ƮƷźŝŢƀƨƃ�ƂƴƧ�ÎƾƯ�� šƹŚƠŤƯ� ƕƺƳ� ƶſ� ƹ� ŶƴƯŚƳ�� ƕřƺƳřI-II-III��
ŶƴƬŗŚƣ�Ʊō�ƽřźŝ����

ƮƷźŝ� Źŵ�� ƕƺƳ�Ţƀƨƃ�ƂƴƧIƶƘƐƣ�Ʀƿ� ƱŵŚŤƟř� ŹŚƧ� Żř� ƶŞţźƯ� źƷ� ������
ƾƯŚƧŻř�ƹ�Ţƀƨƃ�ŶƳřƺţ�Ʀƿ�ƾĭŵŚŤƟřŹƿ�ƮŤƀǀſ�Źŵ�źĮƿŵ�ƶƘƐƣ�Ŷƴģ�Ś

ŶƴƧ� ŚƤƫř� řŹ� �ƮƷźŝ� Źŵ� ƕƺƳ� Ţƀƨƃ�ƂƴƧII�ƶƘƐƣ� ƵŚĭźƷŹŚƧ� Żř� ƽř����
ƾƯ�šŚƘƐƣ� źƿŚſ� ƽřźŝ� ƶŝźƋ�Ʀƿ� ƶŝŚŨƯ� ƶŝ� ƶƘƐƣ� Ʊō�Ţƀƨƃ� �ŶŤƟř

ƾƯ�ƪưƗƾƯ� ŵŚŬƿř� źǀǀƜţ�šŚƘƐƣ� źƿŚſ�Ţƀƨƃ�űźƳ� Źŵ� ƹ� ŶƴƧŶƴƧ��
ƶƳ� �šŚƘƐƣ� źƿŚſ�Ţƀƨƃ�űźƳ�ƲƿřźŝŚƴŝźưƗ� ƖŝŚţ� ŚƸƴţ�ƖŝŚţ� ƶƨƬŝ� ŚƸƳō�

ŢƟŚƿŹŵ�šŚŝźƋ�ŵřŶƘţŢſř�šŚƘƐƣ�źƿŚſ�Żř�ƵŶƃ����
ƮƷźŝ�ŢƿŚƸƳŹŵ�ƕƺƳ�Ţƀƨƃ�ƂƴƧIII���ƕřƺƳř�Żř�ƾŞǀƧźţI��ƹII��Ţſř���Źŵ

ƶƘƐƣ�ƶƨǀƳŚƯŻ��ŢƫŚů�ƲƿřƾƯ�ŹŚƧ�Żř�ƽřƾƯ�ŶŤƟř�šŚƘƐƣ�źƿŚſ�Źŵ�ŶƳřƺţ
ƹ�ŶƴƧ�ŚƤƫř�Ţƀƨƃ��ŶƴƧ�źǀǀƜţ�ŹŚģŵ�řŹ�šŚƘƐƣ�źƿŚſ�Ţƀƨƃ�űźƳ�Śƿ���

                                                 
1�Failure interaction 

Lai and Chen(2007)ƶƳƺưƳ��řŹ�šŚƘƐƣ�Ţƀƨƃ�ƪƯŚƘţ� ƩŶƯ� Żř� ƽř
Ƶŵřŵ�ƶƘſƺţƮƷźŝ�ƶƧ�ŶƳřƕƺƳ�ƂƴƧ�III��ƞǀƇƺţ�řŹƾƯŶƴƧ���ƩŶƯ�Ʋƿř�Źŵ

�ƶƘƐƣ�ƶƧ�ŹŚŝźƷæƾƯ�ŹŚƧ�Żř��ƶƘƐƣ�Ţƀƨƃ�űźƳ�źǀǀƜţ�ŜūƺƯ��ŶŤƟřç�
ƾƯ�ƶƘƐƣ�ƶƧ�ŹŚŝźƷ�ƹ�ŵƺƃçŹŚƧ�Żř�ƾƯ�Ţƀƨƃ�ŜūƺƯ�ľŚưǀƤŤƀƯ��ŶŤƟř

�ƶƘƐƣæƾƯ�ŵŵźĭ����
Ɵŵ� ŵřŶƘţ� źĭř� ƶƘƐƣ�Ţƀƨƃ�šŚƘæ� ƵŻŚŝ� Źŵ�[0,t]��źǀƜŤƯ�Ʀƿ� ƶƧ� �řŹ

� Śŝ� �Ţſř� ƾƟŵŚƈţM1(t)żǀƳ� �ƮǀƷŵ� ƱŚƄƳ�P(M1(t)=j)�źĮƳŚƿŚưƳ�
�ƩŚưŤůřj�ƶƘƐƣ�ƾĭŵŚŤƟřŹŚƧŻř�ŹŚŝ�æ�ƾƳŚƯŻ�ƵŻŚŝ�Źŵ�[0,t]��űźƳ�ƹ�ŶƃŚŝ

�ƶƘƐƣ�ƾƏźƃ�Ţƀƨƃç�ƶƘƐƣ�ƶƨƳō�ƍźƃ�ƶŝ�æ�ƶƔŰƫ�Śţ�t��j�Żř�ŹŚŝ��
ƊƿƺƘţ�ƹ�ƵŵŚŤƟřŹŚƧ�Śŝ�řŹ�ŶƃŚŝ�ƵŶƃë2(t| M1(t)=j) =ë2j(t)�ƱŚƄƳ��

Ţƃřŵ�ƮǀƷřƺų��ƮǀƷŵ����
����
�î���������������������

12 2
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( ) ( ) ( ( ) )
j

j

t t P M t j 




  ��

��
�ƶƘƐƣ�ƾƏźƃ�Ţƀƨƃ�űźƳ�ƶƧ�Ţſř�Ʊō�ƩŶƯ�Ʋƿř�ƶƯŻǇç�ƶǀƬƧ�ƽřźŝ�

j�ƹ�ƱŚĭźŞų�šřźƔƳ� Żř� ƵŵŚƠŤſř� Śŝ�ŶƿŚŝ� Śƿ� ŹŚƧ�Ʋƿř� �ŵƺƃ�ƶŞſŚŰƯ� ŚƷ�
ƮŬů�ŶƴƯŻŚǀƳ� Śƿ� ƹ� ŵƺƃ� ƭŚŬƳř� ƱŚſŚƴƃŹŚƧ�ƽřźŝ�šŚƗǈƏř� Żř�ƽŵŚƿŻ�

Ţſř� ƽŹŚƯō� ƪǀƬŰţ� �ƶŞſŚŰƯ� �Ʋƿř� źŝ� ƵƹǈƗ P(M1(t)=j)żǀƳ����
ƂǀěƵŵŚǀě��šŚƨƳ�ƲǀưƷ�ƹ�ŢſřŹřŵ� řŹ�ŵƺų�ƾţŚŞſŚŰƯ�ƽŚƷŻŚǀƳ�ƽŻŚſ

ƾƯ�Źřƺƃŵ�ŢǀƘƣřƹ�Źŵ�řŹ�ƾƫŶƯ�ƲǀƴģŵŻŚſ����
ţŚƘƫŚƐƯ�ƶģźĭƾƯŻ�Źŵ�ǀƮƷźŝ�ƶƴ�šŚƘƐƣ�Ƃƴĩ�ƶƘƐƣ�ƹŵ�ƶŝ�ŵƹŶŰƯ��

řźŝƽƘţ�ǀǀƺƘţ�ƱŚƯŻ�Ʋƿŝ�ƊƸǀưƘţ�šŚƯřŶƣř�ƶŝ�ƶūƺţ�Śŝ�ƶƴǀţřźƾ�ƅŚų�
řźŝ� ƹƽưƘţ�ƪŝŚƣ�šŚƘƐƣ�ǀ�ƶŤƟźĭ� ƭŚŬƳř� ź ř� żĩźưţ� ŚƯřƿƶƳƺưƳ�Ʋ�źŝ� ŚƷ

ƘţǀǀưƘţ�šŚƘƟŵ�ŵřŶƘţ�ƲǀƸŝ�źǀƺƘţ�Żř�ƪŞƣ�ƶƴƿřźŝ�Ɗƽ�ƪŝŚƣ�šŚƘƐƣ�
ưƘţǀƵŵƺŝ�źŢſř����

ŝŵř�Źŵ�ŵƺūƺƯ�ƶƳƺưƳ�ŚƸƴţǀƘţ�ƶŝ�ƶĩ�šŚǀǀƛ�šŚƘƐƣ�ƝźƈƯ�Ʋǀ�ƪŝŚƣ�ź
ưƘţǀƯ�źƾřƺƗ�ƹ�ŵŻřŵźěŰƯ�źŧƺƯ�ƪƯǀƐƾƳ�řŹ�ǀƯ�źƔƳ�Źŵ�żƾĭǀ�ƶƫŚƤƯ��ŵź

Ghodrati & Kumar, 2005Ţſř�� �ř�Źŵ�ƵŶƃ�ƶŗřŹř�ƩŶƯƿ�ƶƫŚƤƯ�Ʋ
�ƩŶƯ�ŽŚſř�źŝPHMŻƺţ�ƉźƟ� Śŝ�ƹ� �ƿřƹ�Ɩƿřźŝ�ƩƺŞƽ�ŢƀĪƃ�ƱŚƯŻ�

�ƶƘſƺţ��ŚƴŞƯƿŢſř�ƶŤƟŚ����
Ghodrati & Kumar�Żƺţ�ƱŚƯŻ�ƲŤƟźĭ�źƔƳŹŵ� Śŝƿ�Śŝ�ƶĩ�ƎſƺŤƯ�Ɩ

Ư� Żř� ƵŵŚƠŤſřǀĮƳŚǀƲĭǀźƽř�Ƶŵřŵ� ŻŚƷƽƶŝ� ƶƘƐƣ� źưƗ�ƵŶƯō� Ţſŵ��ŶƳř
řŻř� ƶŝ� řŹ� šŚƘƐƣ� ƝźƈƯƽŚƷźŤƯřŹŚě�ƽřźŝ� ƞƬŤŴƯ�ƽŻƺţ�ƿřƹ� Ɩƿ�ƩƺŞ

�ŚƴŞƯ�ŢƀĪƃ�ƱŚƯŻ��ŚƷźŤƯřŹŚě�ƹ�Ƶŵźĩ�ƶŞſŚŰƯƽ�ŽŚſř�źŝ�řŹ�ŜſŚƴƯ�
ŚƐųƽě�ǀƂŝǀƴƾƘţ�ǀǀƯ�ƲƾŶƴƴĩ��ř�ŚŝƿŧŚţ�ƶŝ�ƵŶƃ�ƶŗřŹř�ƩŶƯ�ƩŚů�Ʋǀ�ź
ƮƷźŝ�ưƳ� šŚƘƐƣ�Ƃƴĩƾř� źŝ� ƵƹǈƗ� ƹ� ŵŻřŵźěƿƲƘţ�ǀǀŚƷźŤƯřŹŚě� Ʋƽ�

řźŝ�ŜſŚƴƯƽŻƺţ�ƿřƹ� ƖƿƳ� źƔƳ� ŵŹƺƯ�ƩƺŞǀŵ� Żř� żƿě�šǈĪƄƯ� źĮǀƵŵŚ��
ŻŚſƽř�ƿŢſř�ƩŶƯ�Ʋ���

��

è��ƋźƟǀƤŰţ�šŚǀƢ 
�ƶŗřŹř�ƶƬŘƀƯ�ƝŶƷ�ƶĩŚŬƳō�ŻřƿŹ�ƩŶƯ�ĨƿƋŚƾřźŝ�ƽƘţ�ǀǀƯ�ƶƐŝřŹ�Ʋǀ�ƱŚ

ŚƋŚƤţƽ� šŚƘƐƣ�ƿĩŶƾźŤưƸƯ� ƹ�ƿƜŤƯ� ƲǀŚƷźƽř�ƿ�ŚƋŚƤţ� ƵŶƴƴĩŵŚŬ
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Ŷŝ� �ŢſřƿƸƾŻŚƀƫŶƯ� ƶĩ�Ţſř�ƽƬŘƀƯ�Ƴ� ƶǀƋźƟ� ŶƴƯŻŚǀţŚƾ�ŵŹƺƯ� Źŵ�

ƜŤƯǀŚƷźƽŤů�ƹ�ŚƸƳō�ƶƐŝřŹ��źŧƺƯ�ƾƯ�ŚƸƳō�ŵřŶƘţ�ƾř�źŝ��ŶƃŚŝƿ�ŽŚſř�Ʋ
ƋźƟǀţŚƾŻ�Źŵ�ƶĩ�ƿƵŶƃ�Ƶŵřŵ�ŭźƃ�źŻŚƀƫŶƯ�Źŵ��ŶƳřƽƵŶƃ�ƑŚŰƫ�ŶƳř����
æ�ě�ƶƫŚƤƯ� Źŵ� ƵŶƃ�ƶŗřŹř�ƩŶƯ�ǀřźŝ� �ƹŹ�Ƃƽƛ�šŚƘƐƣ�ǀưƘţ�ƪŝŚƣźǀ�ź

� ƶƘſƺţƿƳŚƯŻ� Śţ� ŚſŚſř� ƶĩřźģ� �Ţſř� ƶŤƟŚǀƶƘƐƣ� ƶĪřƽưƘţ� ƪŝŚƣ�ǀ�ź
ŚƋŚƤţ� �Ţſřƾƿřźŝ�ƽř� Ʊō�ƿưƳ� ŵŚŬƾƸŝ� ƱŚƯŻ� ƹ� ŵƺƃǀƺƘţ� ƶƴƿ�Źŵ�Ɗ

ſ� ŹƺƌůǀŚƸŤſŚƽưƘţ�ǀţřźƾŚƸƫŶƯ� Żř� ƵŵŚƠŤſř� Śŝ� ƞƬŤŴƯ�ƽŵ�ƿźĮƽ�
ſŹźŝ�ƪŝŚƣƾŢſř����

ç�ě�ƩŶƯ�ǀƂŝǀƴƾřźŝ�ƝźƈƯ�ƽƮƷźŝ�Śŝ�ƶƘƐƣ�ƹŵ��ƕƺƳ�ƂƴĩI��ƶƘſƺţ
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ƶƘƐƣ�ƶĩ�ŹŚŝźƷřƽƺƘţ�ƿƯ�ƊƾƺƳ�ƶƘƐƣ��ŵƺƃƾƿŚū�ƿżĮƿƯ�Ʊō�Ʋƾƺƃ�ŵ
ƬƯřƺƗ�źŧř�Źŵ�Ʊō�ŢƀĪƃ�ƶĩƾƬŞƣ�ƶƘƐƣ�źŝ�źŧƺƯ�ƪƯřƺƗ�Śŝ�ƶŝŚƄƯ�ƾ�ŚƯř��
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é��ƩŶƯŻŚſƽ�ƶƬŘƀƯ� 

æ�é���ƵŻřŶƳř�ƩŶƯ����������ƎǀºŰƯ�ƽŚºƴŞƯźŝ�ƱŚºƴǀưƏř�ŢºǀƬŝŚƣ�ƽźºǀĭ
ƮƷźŝ�ƹ�ƾţŚǀƬưƗŢƀƨƃ�ƂƴƧ��
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ŚƋŚƤţ� ƹ�ƝźƈƯƽ�šŚƘƐƣ�ƿĩŶƾƯ�ƾŵŻřŵźě� �� źƷ� ŹŵƿŚƸƯŚĭ� Żř�Ĩƽ�
�ƪĪƃ�śƺģŹŚģæƄŴŝ�ƾƬĩ�ŢƀĪƃ�űźƳ�ƪƯřƺƗ�Żř�ƾ�ƿ�Źŵ�ƶƘƐƣ�Ĩ
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� ƩŶƯ� Żř� ƵŵŚƠŤſř� ŚŝPHM�ƾƯ�űźƳ� ƶƧ� ƾūŹŚų� ƪƯřƺƗ� šřźŧř� Ʊřƺţ
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Ţſř���ƶŤƨƳ�Ʋƿř�ƩŶƯ�Źŵ�ƾƈƤƳ�ƱřƺƴƗ�ƶŝPHM���ƶƧřźģ�Ţſř�ŭźƐƯ

ƮƷźŝ�ƝŸů�řŹ�ƾƘƣřƹ�ƽŚǀƳŵ�ƶŝ�ƩŶƯ�ŢƷŚŞƃ� �šŚƘƐƣ�Ţƀƨƃ�ƂƴƧ
ƾƯ�ƂƷŚƧŶƷŵ���ƶƘƐƣ�ƾţŚǀƬưƗ�ƎǀŰƯ�Źŵ�ŵƺūƺƯ�ƪƯřƺƗ�ƶƗƺưŬƯ�źĭř

ƾƯ� Ʊō�Ţƀƨƃ� űźƳ� źǀǀƜţ�ŜūƺƯ� ƶƧ� řŹ�ƪƯřƺƗ� ƶŤſŵ� ƹŵ� ƶŝ� �ŵƺƃ
� �ƮǀƴƧ� ƮǀƀƤţ� ƮŤƀǀſ� Ʊƹźǀŝ� ƹ� ƱƹŹŵPHM��ƵŶƸƗ� Żř� ƾŝƺų� ƶŝ

ƾƯ�źŝ�ƾƳƹźǀŝ�ƪƯřƺƗ�źǀŧŚţ�ƽŻŚƀƫŶƯŶƿō� �ƶŝ� řŹ�ƩŶƯ�ŢƀǀƟŚƧƶƳƺĭ�ƽř

ƮƷźŝ� ƶƧ� ƮǀƷŵ� ƶƘſƺţ� Ţƀƨƃ� ƂƴƧ�ƾƳŹƹŵ� ƪƯřƺƗ��ƪƯŚƃ� żǀƳ� řŹ
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�ƶƠƫƺƯ�ƹŵ�Żř�ƪƨƄŤƯ�ƾưŤƀǀſ�ƶƘƐƣ��ƾƯ�źƔƳ�Źŵ�řŹƮƷźŝ�ƶƧ�Ʈƿźǀĭ��

�ƕƺƳ�Żř�ŚƸƳō�Ţƀƨƃ�ƂƴƧIř�Ţſ���ƶƘƐƣ�ŹŚŝ�źƷ�ƾƴƘƿæƾƯ�ŹŚƧ�Żř��ŶŤƟř
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�ƶƘƐƣ�ƊƿƺƘţ�ŹŚŝźƷ�ƶƧæ�ƶƘƐƣ�ƊƿƺƘţ�ŜūƺƯ�çƾƯ�ŵƺƃ����ƶƔůǈƯ

ƾƯ�ƶƘƐƣ�ƝźƈƯ�ƶƧ�ŵƺƃç�ƶƘƐƣ�ƝźƈƯ�Śŝ�æƯ�ƶƐŝřŹ��ƹ�ŵŹřŵ�ƮǀƤŤƀ
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ŵřŵ�ŶƷřƺų�źǀǀƜţ�ŹŚǀƀŝ� řŹ�ƾƟźƈƯ�šŚƘƐƣ���ƶƘƐƣ�ƹŵ�Ʋƿř�Żř�Ʀƿ�źƷ
�ƶƘƐƣ�Ţƀƨƃ�űźƳ�źĭř��ŵŹřŵ�Źřźƣ�ƾƳƹźǀŝ�ƪƯřƺƗ�ƉźƘƯ�Źŵ�ŵƺųç�Śŝ�

ƝźƇ�ƾƐǀŰƯ�ƪƯřƺƗ�źŧř�ƲŤƟźĭ�źƔƳŹŵ�ƶƘƐƣ�Ţƀƨƃ�šřźŧř�Żř�źƔƳæ��
Ţƀƨƃ�űźƳ�ƾƴƘƿ�ƶƘƐƣ�ç�ƶƘƐƣ�źŧř�Żř�ƪƤŤƀƯ��æ��)()(2 text�űźƳ��

�ƶƘƐƣ�Ţƀƨƃç�ƮŤƀǀſ�ƱƹŹŵ�ƹ�Ʊƹźǀŝ�ƪƯřƺƗ�źŧř� Źŵ���ƶƘƐƣ�ƾƴƘƿ
æ�� �)(2 tT� ƶƘƐƣ� Ţƀƨƃ� űźƳ� ƹ�æ�ƶưƷ� ƲŤƟźĭźƔƳŹŵ� Śŝ� żǀƳ�

�Ʊō�źŝ�źŧƺƯ�ƪƯřƺƗ)(1 t�ƶƘƐƣ�Ţƀƨƃ�ƱŚƯŻ�ƖƿŻƺţ�ƹ��ŶƃŚŝ�çŹŵ��
ƝźƇ�ƹ�ƮŤƀǀſ�Ʊƹźǀŝ�ƪƯřƺƗ�źŧř�ƶƘƐƣ�źŧř� Żř� źƔƳæ� �)()(2 tF ext��
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�ƶƘƐƣ�Ţƀƨƃ�ƱŚƯŻ�ƖƿŻƺţç�ƪųřŵ�ƹ�Ʊƹźǀŝ�ƪƯřƺƗ�ƲŤƟźĭ�źƔƳŹŵ�Śŝ�

�ƮŤƀǀſ�ƶƠƫƺƯ�ƹŵ�źŝ�ŚƯ�ƉźƟ�ƪǀƫŵ�ƶŝ�ŚŬƴƿř�Źŵ�ƶƧǀſ�Ʊŵƺŝ�ƽř�ƮŤƀ��
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�ƱŚƯŻ�Źŵ�ƶƘƐƣ�ŢƀƨƃX=min {Xe, Xi}ƾƯ�űŹ��ƽřŹřŵ�ƶƧ�ŶƷŵ
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�ƞǀƇƺţ�ƮŤƀǀſ�Żř�ƾƿŚưƳ�ƪƨƃ�Źŵ� řŹ� ƵŶƃçƾƯ�ƵŶƷŚƄƯ��ƶĩ�ŶǀƴƧ
� ƱōŹŵZeƱŚƄƳ�ƜŤƯ� ƵŶƴƷŵǀŚƷźƽŰƯ�ǀƐƾ� ƶƘƐƣ� źŝ� źŧƺƯ�ç� ƹ�Z'
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ŰƯ�ƪƯřƺƗ�ƵŶƴƷŵ�ƱŚƄƳǀƐƾ�ƶƘƐƣ�ŢƀĪƃ�űźƳ�źŝ�źŧƺƯ�æŢſř����
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ç�é���ŶƿŶŬţ�ŶƴƿōźƟ�Żř�ƵŵŚƠŤſř�Śŝ�šŚƘƐƣ�ŵřŶƘţ�ƲǀưŴţ��

ƶƿźƔƳƶƿźƔƳ� �ŶƿŶŬţ�ƽŚƷŶƴƿōźƟ�ƶƘſƺţ�ǈƯŚƧ�ƽřŢſř� ƚƫŚŝ� ƹ� ƶŤƟŚƿ��
�ŶƿŶŬţ�ƹŵ�ƱŚǀƯ�ƱŚƯŻ�ƖƿŻƺţ�ƶƧ��ƖƿŻƺţ�Ʀƿ�Ǝſƺţ�ŶƿŶŬţ�ŶƴƿōźƟ�Ʀƿ

� Śŝ� řŹ�Ʊō� ƹ�ŢſřF(t)ƾƯ�ƱŚƄƳ�ƾƯ�ƆŴƄƯ�ƮǀƷŵŵƺƃ� �� źĭřN(t)��
� ƱŚƯŻ� Śţ� Ƶŵřŵ� ƽƹŹ� ÊŶƿŶŬţ� šŚƘƟŵ� ŵřŶƘţt���šŚƘƟŵ� ŵřŶƘţ� ŚŬƴƿř� Źŵ

ƶƘƐƣ�Ţƀƨƃ� �� ƾƟŵŚƈţ�ƽŚƷźǀƜŤƯ� ƶƧ�ƉźƟ�Ʋƿř� Śŝ� ƹ� ŶƃŚŝXi��Śƿ
ƾƫřƺŤƯ�Ţƀƨƃ�ƹŵ�ƱŚǀƯ�ƽŚƸƳŚƯŻ��i≥2��ƹ� �ƪƤŤƀƯ�ƖƿŻƺţ� �ƽřŹřŵ� �

�ƥźŤƄƯF(t)Ʋƿř� Źŵ� �ŶƴƃŚŝ� ��šŚƘƟŵ� ŵřŶƘţ� ƩŚưŤůř� ƖƿŻƺţ� šŹƺƇ
ƶŝ�źƿŻ�ƶƐŝřŹ�Żř�ŢƀƨƃƾƯ�ŢſŵŶƿō���
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ƪƨƃç��ƹ�ƾƐǀŰƯ�ƪƯřƺƗ�ƉźƘƯ�Źŵ�ƽř�ƶƠƫƺƯ�ƹŵ�ƮŤƀǀſ�Ʀƿ�
ƮƷźŝŢƀƨƃ�ƂƴƧ��
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Fn(t)�ƱŚƄƳ�Ţƀƨƃ� ƕƺƣƹ�ƩŚưŤůř� ƵŶƴƷŵ�ŵřŶųŹ� �n� ƶƔŰƫ� Śţ� ƭřt�
Ţſř���ŹŚƔŤƳřŵŹƺƯ�ŵřŶƘţ�ƽŹŚƔŤƳř�ŹřŶƤƯ��ƵŻŚŝ�Źŵ�Ţƀƨƃ�ƶŝ�ƾƳŚƯŻ�ƽ
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ƾƯ�ŶƿŶŬţ�ƖŝŚţ�řŹ�ơƺƟ�ƶƐŝřŹ�ƵŻŚŝ�Źŵ�ŚƷŶƿŶŬţ�ŵřŶƘţ�ƶƧ�ŶƴƯŚƳ(0,t]�
ƶŝ�řŹƾƯ�ŢſŵŻř�ŢƀţŹŚŞƗ�Ʊō�źĮƿŵ�šŹƺƇ�ƹ�ŶƷŵ����
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�ƂŴŝ� Źŵ�ƶƧ�ƾƧŶƿè�é��ƪƨƃ� Źŵ� �Ŷƃ�ƾƟźƘƯé�ƵŶƃ� Ƶŵřŵ�ƱŚƄƳ�
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��ƱƺǀſźĭŹCOX������Ţºſř�ƵŶºƃ�ƭŚºŬƳř�����Ƙţ�Żř�žºě�ǀºǀ��ƶºƗƺưŬƯ�Ʋřƽ��Żř�
ƜŤƯǀŚƷźƽ�ƤƐƴƯ�ƾ�ř��šŚƘƐƣ�ŢƀĪƃ�űźƳ�źŝ�źŧƺƯ�ƿ�šŹƺƇ�ƶŝ�ƪƯřƺƗ�Ʋ
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ƭŚĭæ���ƱŚƯŻ�ƖƿŻƺţ�ƖŝŚţ�ƶŞſŚŰƯ
ƃ�ŚƴŞƯ�Ţƀƨ�ŢǀƠǀƧ�Żř�ƾƃŚƳ���Żř

ƩƺŞƿƹ�ƖƿŻƺţ�ƁŻřźŝ�ƢƿźƏ��Ƶŵřŵ�ƶŝ
�ƊƿƺƘţ�ƽŚƷ�ƵŹƹŵ�Źŵ�ƶƘƐƣ

ƾŤƳřŹŚĭ��

�ƭŚĭç���ƱŚƯŻ�ƖƿŻƺţ�ƶŞſŚŰƯ
�Żř�ƾƐǀŰƯ�ƪƯřƺƗ�źŧř�Źŵ�Ţƀƨƃ
�ƶƘƫŚƐƯ��ƱŚĭźŞų�Śŝ�ƶŞůŚƈƯ�ƢƿźƏ

�ŢŞŧ�ƹ�ƾƳřŶǀƯ�źŧř�Śŝ�źŧƺƯ�ƪƯřƺƗ
ƩŶƯ�Żř�ƵŵŚƠŤſř��ƾŞƀƳ�ƽŚƸŞǀſō��

ƭŚĭè��ƱŚƯŻ�ƖƿŻƺţ�ƶŞſŚŰƯ�
�ƪƯřƺƗ�ƶǀƬƧ�źŧř�Źŵ�Ţƀƨƃ��
�šŚƘƐƣ�ƲŤƟźĭ�źƔƳ�Źŵ�Śŝ��

źŧƺƯƮƷźŝ�ƹ�ƀĪƃ�Ƃƴĩ�Ţ
�ƱŚĭźŞų�šřźƔƳ�ƽŚƴŞƯźŝ���

ƭŚĭé���ŵřŶƘţ�ƶŞſŚŰƯ
ƵŻŚŝ�Źŵ�ƶƘƐƣ�Ţƀƨƃ�

�ƽŚƴŞƯźŝ�źƔƳŵŹƺƯ�ƾƳŚƯŻ
�ŶƿŶŬţ�ƶƿźƔƳ��
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��������ƱƺǀſźĭŹ�ƭŚŬƳř�ƽřźŝ�Ţƀƨƃ�ƱŚƯŻ�ƾƳřŶǀƯ�ƽŚƷCOX�����ƩƹŶºū�Źŵç�
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ŶƴŤƀƷ�ŜſŚƴƯ�ƽŚƯŵ�ƹ�ǇŚŝ�ƽŚƯŵ��ǇŚŝ���
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