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Statistical process control charts are generally designed assuming that when 
the process is in control the observations are independent and identically 
distributed (i.i.d.) over time. However, the assumption of independence is 
easily violated when a process inherently generates auto correlated 
observations. When traditional control charts are applied to such processes 
then the false alarm rate experienced would be higher than what is expected. 
Machining process, due to the tool wear out, usually generates auto 
correlated observations. If such phenomenon is not incorporated in the chart 
design then one should expect a pattern in the plotted observations that will 
eventually lead to false alarms from time to time. This paper discusses the 
application of logistic regression to model and eliminate patterns that 
appear on fraction nonconforming items chart because of tool wear. 
Numerical results indicate significant improvements. 
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ŚƸƷƹźĭ� źƿŻ� ŵřŶƘţ� Ʊō� ƾƏ� ƶƧ� ŶƴŤųřŵźě� Ŷǀƫƺţ�Ʋƿř� ƽřźŝ� ƾƧŶƳř� ƽ
ŵƺŝ� ŻŚǀƳ� ŹƺƔƴƯ]æì[� �ƶƨŞƃ� Żř� ƵŵŚƠŤſř�Źŵ� ƾƗƺƴƈƯ� ƾŞƈƗ� ƽŚƷ
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Ƴ� Źŵ� ƺĮƫř� ƆǀŴƄţ� Źŵ� ƽŻŚƟ�ƩźŤƴƧ� ŹřŵƺưƳ� ƹ� ƩźŤƴƧ� Źřŵƺư

ŶƳŵřŵ� Źřźƣ�ƾſŹźŝ� ŵŹƺƯ�ƦǀŤƀƿŹƺǀƷ]æî[� ƹ�Yaser ��ƶƫŚſŹ� Źŵ� żǀƳ
�Źŵ� ƽŹřżŝř� ƱřƺƴƘŝ� ƾŞƈƗ� ƽŚƷ� ƶƨŞƃ� ŵźŝŹŚƧ� ƶŝ� Ƃƿƺų� ƽřźŤƧŵ
�Ƃǀě�ƹ�ŶƴƿōźƟ�ƽźƿŸěźǀǀƜţ�ƆǀŴƄţ�ƹ�ƩźŤƴƧ�ƽŚƷŹřŵƺưƳ�Żř�ƵŵŚƠŤſř
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ſŹźŝƾŚƷŹřŵƺưƳ� Żř� ƵŵŚƠŤſř� Śŝ� Źřżŝř�ƂƿŚſźƟ�ƽ�ŢƫŚů�ƹŵ� Źŵ�ƩźŤƴĩ�
Ţſř�ƲǀǀŞţ�ƪŝŚƣ��ŤƫŚůƾŚƷ�ƶƈŴƄƯ�ƶĩ�ƽưĩ�ƾ��źǀƜŤƯ��Żř�řŹ�ŶƴƿřźƟ��
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��
ç���ƭǈƣř�ŢŞƀƳ�ƩźŤƴĩ�ŹřŵƺưƳ�ƹ�Źřżŝř�ƂƿŚſźƟ�ƶƫŚƀƯ
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ŵƺƘƇ� ŶƳƹŹ� ŵŚŬƿř� ŦƗŚŝ� ƂƿŚſźƟ� ƪƯŚƗ� ŶƴƿřźƟƽ�ƭǈƣř� ŢŞƀƳ� Źŵ�
Ư�śƺǀƘƯƾŵƺƃ�� �ƫřƺŘſƾƯ�ŭźƐƯ�Ʊƺƴĩř� ƶĩ�ƾ�ŵźĪƬưƗ� ƵƺŰƳ� ŵƺƃ�

ŹŚĩ� ƲǀƃŚƯ� ŶƴƿřźƟ� Ĩƿ� Źŵ� ŹřżŝřƽƬƯřƺƗ� ƶģ� ƶĪƴƿř� ƹ� Ţſř�ƾ�Źŵ�
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Ư�ƩźŤƴĩ�ŹřŵƺưƳ�Źŵ�ŶƳƹŹ�Żƹźŝƾ�ƩźŤƴĩ�ŹřŵƺưƳ�ŵźĪƬưƗ�ǇƺƇř�ƹ�ŵŵźĭ�
�źǀŧŚţ�ŢŰţ� Źřżŝř�ƂƿŚſźƟ�ƪƯŚƗ� źŧř� Źŵ� ƶƳƺĮģ�śƺǀƘƯ� ƭǈƣř�ŢŞƀƳ

Ư�ŹřźƣƾŵƺƄǀƯ�Ƶŵřŵ�ŲſŚě�šǇřƺſ�Ʋƿř�ƶŝ�ƂŴŝ�Ʋƿř�Źŵ��ŵźǀĭ����
 

æ�ç��ƴƿżĮƿŚū�ƹ�Źřżŝř�ƂƿŚſźƟƾƱō���
ŹŚĩ�ƲǀƃŚƯ�ŶƴƿōźƟ�Ĩƿ�ŹŵƽƟ�źǀƔƳ�ŚƷŶƴƿřźƽŹŚĪƃźŝ�ƽƳŻ�Ĭƴſ��ƾ��

ŹŚĪųřŹƺſƽ�ƹ�����Ư�ƵŵƺſźƟ�ƱŚƯŻ�ŹƹźƯ�ƶŝ�Źřżŝřƾŵƺƃ���ŵŚƿŻ�ƪƯřƺƗƽ�
ŹŚĩ�ƲǀƃŚƯ�ŶƴƿřźƟ�Ĩƿ�Źŵ� Źřżŝř�ħǈƸŤſř� ŹŵƽŢſř�ŹřŸĭźǀŧŚţ�� ��Ʋƿř

Śū� źƿŻ� ƶƤŞƏ� ŹŚƸģ� Źŵ�ƪƯřƺƗƽƯ�ƾŶƳźǀĭ�� ŚƷźŤƯřŹŚěƽ�Ɓźŝ� ƶǀƫƹř�
ŵŚƘŝř� šŚƈŴƄƯ� �Ɓźŝ� ŹŚŝ� ƹ� ŢƗźſ� źǀƔƳƽƱō�žƴū� ƹ� Źřżŝř��ƶĩ�

Ư�ƱŚƄƳ� řŹ�Źřżŝř�Ĩƿ�ŹŚĩ�ŢǀƟźƓƾ�ŶƷŵ��ƟŵŚƈţ�ƽźǀƜŤƯ�ƹƾŢſř����
ŵŚƘŝř�šŚƈŴƄƯƽ�ŚƸƳō�žƴū�ƹ�šŚƘƐƣ��ƟŵŚƈţ�źǀƜŤƯ�ƶĩƾŢſř����ƹ

�ƶĩ�ŶƴƿřźƟ�ƭŚŬƳř�ƎǀŰƯ�ƹ�šŚƘƐƣ� ƹ�šǇōŹřżŝř� �šǇō�ƲǀƃŚƯ�Ŝǀĩźţ
Ţſř�ŢŝŚŧ�ǇƺưƘƯ]ì[� 

�Źřżŝř�ŮƐſ�Żř�żƿŹ�ŹŚǀƀŝ�šŚƘƐƣ�ƱŶƃ�řŶū�ƶŬǀŤƳ�Źŵ�Źřżŝř�ħǈƸŤſř
ŵŹřŵźŝ�Ƶŵřźŝ�źŧř�ŹƽŶƷŵ�ƾƯ�űŹ���Ư�řŹ�Źřżŝřƾř�ƶƬǀſƹ�ƱřƺƴƗ�ƶŝ�Ʊřƺţ�ƽ�

ƈŴƄƯ� ŵřŶƘţ� ƶĩƾŚū� ŵƺų� ŮƐſ� Źŵ� řŹ� żƿŹ� šřŹŷ� Ʋƿř� Żř�ƽ�Ƶŵřŵ�
ŢƟźĭ�źƔƳ�Źŵ��Ţſř��źǀƜŤƯ�ŚƸƳō�ŵřŶƘţ�ƶĩ�żƿŹ�šřŹŷ�Ʋƿř�ŻřƽƟŵŚƈţ�ƾ�

ŚƋŚƤţ� Śƿ�ŢǀƟźƓ� ƱřƺƴƗ� ƶŝ�ŢſřƽƯ� ŵŚƿ� żǀƳ� Źřżŝř�ƾŵƺƃ�� ��ƭŚŬƳř� Śŝ
ƹŹ� źŝ� šŚǀƬưƗƽƣ�ŢƀĪƃ� ŹŚģŵ� Źřżŝř� �ƶƘƐŚƷƽƯ�Ĩģƺĩ�ǀ�Śţ� ŵƺƄ

ƄŴŝ� ŢƿŚƋŹ� ŹƺƐŝ� ŶƴƿřźƟƾŶƳŚſźŝ� ƭŚŬƳř� ƶŝ� řŹ� Ƃƿƺų� ƶƠǀƓƹ���
ŚƸŤƀţƽƷŚĮƄƿŚƯŻō� Ǝƿřźƃ� Źŵ� ǇƺưƘƯ� Źřżŝř� źưƗ� ƲǀǀƘţ�ƾ�ƭŚŬƳř�

ƯǀŵźǀĮ��ţřźǀǀƜţ�Ǝƿřźƃ�Ʋƿř�ŹŵƾƴƟ�šŚƈŴƄƯ�źǀǀƜţ�ƶŬǀŤƳ�Źŵ�ƶĩ�ƾ�
Ư�ŵŚŬƿř�ŶƴƿřźƟ�Źŵ�šŚƘƐƣƾƯ�ƶƴǀưĩ��ŵƺƃ�ƾŵŵźĭ�� �ŻƺţƫŚưŤůř�Ɩƿƾ�

Ư�ŢſŶŝ� ŚƸƄƿŚƯŻō� Ʋƿř� ƶŬǀŤƳ� Źŵ� ƶĩ� Źřżŝř� źưƗƾ�Ƃǀŝ� ƹ� Ʈĩ� �Ŷƿō�
Ư�žĪƘƴƯ� řŹ� Źřżŝř�šŚǀƇƺƈųƾŶƴĩ�� �ŹŚĩ�ƲǀƃŚƯ� ŶƴƿřźƟ�Ĩƿ� Źŵƽ��

ř�ƶƘƐƣ�šŚƈŴƄƯ� ƹ� Źřżŝř� źưƗ�ƖƿŻƺţƽ�ŵŹřŵ� Źřźƣ�šŚǀƬưƗ�ŢŰţ�ƶĩ�
ưƸƯ�ƂƤƳƾƯ�ŚƠƿř�Źřżŝř�ŢƀĪƃ�ƱŚƯŻ�ƲǀǀƘţ�Źŵ�ƾƫŚů�Źŵ��Ŷƴĩ�ƾ�ƶĩ�

ƸŤƀţ�Źŵ�ƪƯřƺƗ�ƲƿřŚƽƷŚĮƄƿŚƯŻō�ƾưƳ�ƶŤƟźĭ�źƔƳ�Źŵ�ƾŵƺƃ����ƹźƴƿř�Żř
�ŢƀĪƃ�ƶĪƳō�ƲưƋ��ŵŹřŵ�ŵƺūƹ�Źřżŝř�Źŵ�ŢƀĪƃ�ƱŚĪƯř�ƶƔŰƫ�źƷ�Źŵ

ŚƷƽ�żǀƳ�Ĩģƺĩ���šŹƺƈŝ�Źřżŝř�ŮƐſ�Żř�żƿŹ�šřŹŷ�ƱŶƃ�řŶū�źŧř�Źŵ
ŶƳƹŹƽ� �Ţƃřŵ� ŶƷřƺų� ŵƺūƹ� ŶƴƿřźƟ� Źŵ� ���ŚƷ� ŢƀĪƃ� Ʋƿř� źŧř� Źŵ

ƫźŤƴĩ�ƶƈŴƄƯƾŶƳƹŹ�šŹƺƈŝ�šŚƘƐƣ�ƽ�žĪƗ�ŢƸū�Źŵ�ƹ��šřźǀǀƜţ
�ƭǈƣř�ŢŞƀƳ�ƩźŤƴĩ� ŹřŵƺưƳ� Źŵ� ƶŬǀŤƳ� Źŵ� ƹ� ŵźĩ�ŶƷřƺų� źǀǀƜţ� �Źřżŝř

ŶƳƹŹ��śƺǀƘƯƽ�Źŵ�řŹ�ƩźŤƴĩ�ŹřŵƺưƳ�ŵźĪƬưƗ�ƶĩ�Ŷƃ�ŶƷřƺų�ƵŶƷŚƄƯ�
Ư�Źřźƣ�źǀŧŚţ�ŢŰţ�źƐų�ĬƳŻ�ƭǈƗřƾŶƷŵ�]ì[���
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ç�ç���Źřżŝř�ƂƿŚſźƟ�źǀŧŚţŢŞƀƳ�ƩźŤƴĩ�ŹřŵƺưƳ�ŹŵśƺǀƘƯ�ƭǈƣř���
ƺūƹ�ƭŶƗ�Ŷƿŵźĭ�ƱŚǀŝ�źŤƄǀě�ƶĤƳŚƴģĮŤƀŞưƷ�ŵƾĪƿ�ŚƷ�Ƶŵřŵ�Źŵ�ƾ�Żř�
ŚƷŹřŵƺưƳ�Żř�ƵŵŚƠŤſř�Źŵ�ƮƸƯ�šŚǀƋźƟƽŢſř�šŹŚƷƺƃ�ƩźŤƴĩ����ƊƤƳ

�ŦƗŚŝ� ƹ� ƶŤƃřŸĭ� źǀŧŚţ� ƩźŤƴĩ� ŹřŵƺưƳ� Żř� ƶƬƇŚů�ŪƿŚŤƳ� źŝ�ƉźƟ�Ʋƿř
ŚƷŹřŶƄƷ�ŽŚĪƘƳř�Śŝ�ŹřŵƺưƳ�Ŷƃ�ŶƷřƺųƽ�ĬƳŻ�ŚůǈƐƇř�Śƿ�ƹ�ŢſŹŵŚƳ�

ŚƷźƐųƽƷŚŞŤƃř�ƾŶƷŶŝ�Ţſŵ� Żř� řŹ� ŵƺų�ƾƿřŹŚĩ� �� �ƿŚſźƟ� ŵƺūƹ�Ƃ
Īƿ�Żƹźŝ�ƶŝ�źŬƴƯ�Ŷǀƫƺţ�ŶƴƿřźƟ�Ĩƿ�Źŵ�ŹřżŝřƾĮŤƀŞưƷŵƺų�šǇŚů�Żř�ƾ�

Ư�ƩźŤƴĩ�ŹřŵƺưƳ�Źŵ�ŶƳƹŹ�ƱřƺƴƗ�ŢŰţƾŵŵźĭ���ŤƫŚů�Ʋǀƴģ�Źŵƾ�ƪƯŚƗ��
Ư�ŦƗŚŝ�ƂƿŚſźƟƾ�Ƃǀě�ƪŝŚƣ�ƾƿƺĮƫř�Śŝ�śƺǀƘƯ�ƭǈƣř�ŢŞƀƳ�Śţ�ŵƺƃ�

ƴǀŝƾŵƺƘƇ� šŹƺƈŝ� ƹ�ƽř� ƶƔŰƫ� Źŵ� ƶŬǀŤƳ� Źŵ� ƹ� Ŷƴĩ� źǀǀƜţ�ƽ�Śŝ� �
ǀƘƯ� ƭǈƣř�ŢŞƀƳ� ũƹźųǇŚŝ� Ŷů� Żř� śƺƽ�Żř� ũŹŚų�ŢǀƘƋƹ� �ƩźŤƴĩ�
Ư�ƭǈƗř�ŶƴƿřźƟ�Źŵ�ƩźŤƴĩƾŵŵźĭ���ƪĪƃ �æ��Ư�ƱŚƄƳ�řŹ�ŢƫŚů�Ʋƿřƾ�
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Śĩ�ƖŝźƯ�ƵŹŚƯō�ƶƬǀſƹ�ƶŝƽ�Źŵ�ƶĩ�Bain�ƟźƘƯƾſƹ�ƶŝ�ƹ�ǀ�ƶƐŝřŹ�ƶƬ�è��
Ư�Źřźƣ�ƱƺƯŻō�ŵŹƺƯ��Ţſř�ƵŶƃ�ƆŴƄƯƾŵźǀĭ����
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�ƶƐŝřŹ�Źŵ�è���oƳřƹřźƟ�ƾ��ƵŶƃ�ƵŶƷŚƄƯ�eƳřƹřźƟ�ƾŹŚƔŤƳř�ƽ�ƹ�T�ŵřŶƘţ�

Źřŵźŝ� ƶƳƺưƳ� ƶĩ� Źřżŝř� ŵźĩŹŚĩ� ŭƺƐſƽ�ƵŶƃ� ƭŚŬƳř� ŚƷŵźĩŹŚĩ� Ʊō� Źŵ�
Ư� ƞƿźƘţ� Ţſřƾŵƺƃ� �� źƿŵŚƤƯeřźŝ�ƽƶƳƺưƳ�ŚƷƽ�ƢƿźƏ� Żř� ƞƬŤŴƯ�

�ƶƐŝřŹ�é���ŢſŶŝƯƾŶƿō���
��
�é����������������������������������  xne ii   exp1���
��

�ƶƐŝřŹ�Źŵ�é��n Ţſř�ŚƷ�ƶƳƺưƳ�ƮŬů�ƲǀŞƯ���ţŹƺƇ�Źŵƾ �ƶĩe�ŵŶƗ�Żř�
êƯ�ƭŚƛŵř�źĮƿŶĪƿ�Śŝ�ŹƹŚŬƯ�źƿŵŚƤƯ��ŶƃŚŝ�źŤĪģƺĩ�ƾŵƺƃ�� �Ţſř�ŮƋřƹ
ƶĩ2�ƶƐŝřŹ� Źŵ��è� �řŹřŵƽŚĩ�ƖŝźƯ�ƖƿŻƺţ�ƽ� Śŝ�è�TŵřŻō�ƶūŹŵ�ƽ�

ţŹƺƇ�Źŵ�ƹ�Ţſřƾ�ƶĩ�2
3,

2
 TƴŞƯ�źƠƇ�ƉźƟ�ƾ�ƹ�ơŚŞƐƳř�źŝ�

ĭŶƴŞƿŻƾƯ�ƶŤƟźƿŸě�ƩŶƯ�ƾŵƺƃ]í[���
��
ê�ç��ŶƳƹŹ�ŵƺūƹ�ƱƺƯŻō��

ŝŚƿŻŹř� Żř�žěƾŽŚſřźŝ� �ƩŶƯ� ŢƿŚƠĩ�Piegorsch �ƶĩ� Ţſř� ƭŻǇ� �
ſŹźŝ�ŵŹƺƯ�ŚƷ�Ƶŵřŵ�Źŵ�ŶƳƹŹ�ŵƺūƹƾ�źĮƿŵ�šŹŚŞƗ�ƶŝ�Śƿ�ƹ�ƶŤƟźĭ�Źřźƣ�

ƶǀƋźƟ�0:0 HŝŚƿŻŹř�ƾŵƺƃ�� ��ĨǀŤƀŬƫ� ƱƺǀſźĭŹ� ƩŶƯ� Źŵ
�ƶĤƳŚƴģ�Żř�ƪƤŤƀƯ�ŲſŚě�ƖŝŚţ� �ŶƃŚŝ�źƠƇ�źŝřźŝ�x��Źřżŝř�ŵźĩŹŚĩ��

�źƿŵŚƤƯ�ƹźƴƿř�Żř�ƹ�Ţſř)(xpŵƺŝ�ŶƷřƺų�ŢŝŚŧ�� �Wald�ř�ƵŹŚƯōƽ�řŹ�
ƟźƘƯƾƯ�Ʊō�Żř�ƵŵŚƠŤſř�Śŝ�ƶĩ�ŵźĩ�ƾ�ŚƷ�Ƶŵřŵ�Źŵ� řŹ�ŶƳƹŹ�ŵƺūƹ�Ʊřƺţ�

ſŹźŝ�ŵŹƺƯƾŵřŵ�Źřźƣ�����
�ŹŚƯōWald�řźŝƽŚƷ�ƶƳƺưƳ�ƽŤƣƹ��īŹżŝ�ƾƶƳƺưƳ�ƮŬů�ƶĩ��ƪĩ�żǀƳ�ƹ�ŚƷ

ƶƳƺưƳ� ƵŻřŶƳřŶƃŚŝ� īŹżŝ� ŚƷ�)100,25(  Nni
�źǀƜŤƯ� Ĩƿ� ƱřƺƴƘŝ�

Ư� ƪưƗ� ŵŹřŶƳŚŤſř� ƩŚƯźƳƾŶƴĩ�� �řźŝ� ŹŚƯō� Ʋƿřƽ�ƱƺǀſźĭŹ� ƩŶƯ�
�ƶƐŝřŹ�Ǝſƺţ�ĨǀŤƀŬƫ�ê��ţƯ�ƞƿźƘƾŵƺƃ�]æå[���

��

�ê����������������������������������������������������������������






�

�
wZ��

��

� ƶƐŝřŹ� Źŵ�ê�� �


 �
ŹŚǀƘƯ�ƝřźŰƳř�  Ţſř� �� źƿŵŚƤƯ�ƹ�


 �

�ƶŝ�
ƷŚƄƯ�ĨưĩƯ�ƵŵŻ�ƲǀưŴţ�ƪƇŚů�šřŶƾŵƺƃ����ƶĤƳŚƴģwZ�Żř�Z�

�ƳřźŰŝ�ƶǀůŚƳƾ���ƶǀƋźƟ�ƵŚĮƳō�ŶƃŚŝ�źŤƄǀŝ0:0 H���ŵƺūƹ�ƭŶƗ
ŶƳƹŹ� �ŵƺƘƇ� ŶƳƹŹ� ŵƺūƹ�ƉźƟ� ƹ� ŵŹƽƵŵřŵ� Źŵ�Ư� ŶǀƿŚţ� ŚƷƾŵŵźĭ��

� źĭř� Ŝǀţźţ� ƲǀưƸŝwZŻř�Z�źǀĭ� ƶŬǀŤƳ� ƵŚĮƳō� �ŶƃŚŝ� źŤưĩ�ƽ���
ƯƾƫƹżƳ�ŶƳƹŹ�ƶĩ�ŵƺƃƾƵŵřŵ�Źŵ�ŵŹřŵ�ŵƺūƹ�ŚƷ]î[���Ţſř�źĩŷ�ƶŝ�ƭŻǇ

�ŽŚſřźŝHauck&Donner� źŤƯřŹŚě�Ʊŵƺŝ�īŹżŝ�šŹƺƇ� Źŵ� ���Żř
ƢƬƐƯŹŶƣ� źƔƳ�� ŹŚƯō� �Wald�ŻŚſ� ŹŚĪƃō� Źŵƽ�ƪưƗ� ƞǀƘƋ� ŶƳƹŹ����

ƯƾŶƴĩ� �ƫƹƾŤƫŚů�Ʋǀƴģ�šŹŶƴŝ� ƶĩ�Ţƃřŵ� ƶūƺţ� ŶƿŚŝ�ƾ�űŹ� ơŚƠţř�
ƯƾŶƷŵ]ææ[���

ë�ç��ůřźƏƾŹřŵŶƳƹŹ�śƺǀƘƯ�ƭǈƣř�ŢŞƀƳ�ƩźŤƴĩ�ŹřŵƺưƳ���
�ŹŚƯō�ƹ�Ŷƃ�ƁŻřźŝ�ŚƷ�Ƶŵřŵ�źŝ�ĨǀŤƀŬƫ�ƱƺǀſźĭŹ�ƩŶƯ�ƶĪƳō�Żř�žě

Wald�ƃŚƳ�ŶƳƹŹ�źǀŧŚţ�ŶƿŚŝ��ŵƺưƳ�ŶǀƿŚţ�ŚƷ�Ƶŵřŵ�Źŵ�řŹ�ŶƳƹŹ�ŵƺūƹ�żǀƳƾ�
Ƴ� Żř� Źŵ� řŹ� Źřżŝř�ƂƿŚſźƟ� Żř�ƝŸů�śƺǀƘƯ�ƭǈƣř�ŢŞƀƳ�ƩźŤƴĩ� Źřŵƺư

ŵƺưƳ��Ư�ƶĤƳŚƴģƾŚƷŹřŵƺưƳ�ŹŚĩ�ŽŚſř�ƮǀƳřŵ�ƽ�ƩźŤƴĩ�ŢŰţ��ƩźŤƴĩ�
� ŚƷŚƐų� Ʊŵřŵ� Źřźƣ�i� �Ţſř� ŶƴƿřźƟ� Ĩƿ� Źŵ� �řźŝƽ�ƭǈƣř� ŢŞƀƳ�

�ŚƷ�ƵƹźĭźƿŻ�Żř�Ĩƿ�źƷ�śƺǀƘƯ�ip���ƶƐŝřŹ�ŶƴƿřźƟ�Ĩƿ�Źŵ�ë���Źřźƣźŝ
Ţſř���

��

�ë������������������������������������������������������������ii pp ��
��

ŶƴƿřźƟ� Źŵ� ŚƯřƽƯ� ƶƯřŵř� Źřżŝř�ƂƿŚſźƟ� Śŝ� ƶĩ�ƾ�ŢŞƀƳ�ƎſƺŤƯ� ŶŝŚƿ�
śƺǀƘƯ� ƭǈƣřp�ƭǈƣř� ŢŞƀƳ� ƎſƺŤƯ� ƪƯŚƗ� ƹŵ� ƶŝ� ƮǀƀƤţ� ƪŝŚƣ�
ƃŚƳ�śƺǀƘƯƾ�Źřżŝř�ƂƿŚſźƟ�Żř�)

toolP���śƺǀƘƯ�ƭǈƣř�ŢŞƀƳ�ƎſƺŤƯ�ƹ
ƃŚƳƾ�ŶƴƿřźƟ�ƪƯřƺƗ�źƿŚſ�Żř��

factorsp��ƯƾŶƃŚŝ����ƶƐŝřŹ�ì��řƿ�ƶƐŝřŹ�Ʋ
Ư�ƱŚƄƳ�řŹƾŶƷŵ����

��

�ì��������������������������������������������������factorstool ppp ��
��

ƴƿżĮƿŚū�Śŝƾ�ƶƐŝřŹ��ì���ƶƐŝřŹ�Źŵ�ë��ǀƷřƺųŢƃřŵ�Ʈ���
��
�í�������������������������������������������

ifactorstooli ppp ��
��

ƃŚƳ�śƺǀƘƯ�ƭǈƣř�ŢŞƀƳ�źǀŧŚţ�ƶĤƳŚƴģ�ƲƿřźŝŚƴŝƾ�ƂƿŚſźƟ�Żř��
toolp��

�ƶƐŝřŹ�ŵƺƃ�ƑŚŰƫ�ƩźŤƴĩ�ŹřŵƺưƳ�Źŵ�í���ƶƐŝřŹ�ƩŵŚƘƯ�ë���ŵƺŝ�ŶƷřƺų
ŧŚţ�ƝŸů�ŹƺƔƴƯ�ƶŝ� ƹǀŚſźƟ�šřźƿ� Źřżŝř�Ƃ�ĨǀŤƀŬƫ�ƱƺǀſźĭŹ�ƩŶƯ

ƃŚƳ� ŶƳƹŹ� ƶĩƾŚū�ŵƺų� Źŵ� řŹ� Źřżŝř�ħǈƸŤſř� Żř�ƽ�ŵŹƺƯ� �Ţſř� Ƶŵřŵ�
ƾƯ� Źřźƣ� ƵŵŚƠŤſřŵźǀĭ� ��ƶĩ� śƺǀƘƯ� ƭǈƣř� ŢŞƀƳ� ƩźŤƴĩ� ŹřŵƺưƳ� Źŵ

ůřźƏ�ĨǀŤƀŬƫ�ƱƺǀſźĭŹ�ƩŶƯ�ƶƬǀſƺŝƾƯ�ƾ�ũŹŚų�ƝřźŰƳř�źƷ��ŵƺƃ
ƵƹźĭźƿŻ�Źŵ�ŚƐų�ƲǀŞƯ�ƩźŤƴĩ�ŵƹŶů�Żřř�ƶŝ�ƹ�Ƶŵƺŝ�ŚƷƿƫŵ�Ʋǀ�źƿŚſ�ƪ

źŰƳřſŚſř� šŚƟřƾ� ŶƴƿřźƟ��Źřżŝř� ƂƿŚſźƟ� żŬŝ� ��Źřźƣ� ƩźŤƴĩ� ŢŰţ���
Ưƾŵźǀĭ��ůřźƏ�ŹƺƔƴƯ�ƶŝ�Ʊƺƴĩřƾ�śƺǀƘƯ�ƭǈƣř�ŢŞƀƳ�ƩźŤƴĩ�ŹřŵƺưƳ�

ƴŤŞƯƾ� ƶƐŝřŹ� �ĨǀŤƀŬƫ� ƱƺǀſźĭŹ� ƩŶƯ� źŝ��ç� �ŶƿźǀĮŝ� źƔƳ� Źŵ� řŹ��
ŹřŶƤƯ)(xp�Źřżŝř�ŵźĩŹŚĩ�ƞƬŤŴƯ�ŭƺƐſ�Źŵ��x���pƃŚƳ�ƾ�źƿŚſ�Żř�

ſŚſř� ƪƯřƺƗƾƯ� ƂƿŚưƳ� řŹ� ŶƴƿřźƟ�ƾŶƷŵ� �ƲƿřźŝŚƴŝ �ƭǈƣř� ƎſƺŤƯ
Śŝ� Ţſř� źŝřźŝ� ŶƴƿřźƟ� śƺǀƘƯ)(xpp � ��ƲŤƟźĭ� źƔƳ� Źŵ� Śŝ� ƹźƴƿřŻř

ƫźŤƴĩ�ŵƹŶůƾ�pkŢƃřŵ�ƮǀƷřƺų����
��

pkxpUCL  )(  
�î�����������������������������������������������������������)(xpCL ��

pkxpLCL  )(  
��
�ƹ)(xp�ƶƐŝřŹ�Żř�żǀƳ��ç��Ư�ŢſŶŝƾŶƿō���ƴŤŞƯ�ƩźŤƴĩ�ŹřŵƺưƳƾ�źŝ�

�ƎŝřƹŹ�î���ƪĪƃ�Źŵ�é��Ţſř�ƶŤƟŚƿ�ƂƿŚưƳ���
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�ƪĪƃé�ƴŤŞƯ�ŹřŵŶƳƹŹ�ƩźŤƴĩ�ŵƹŶů�ƾƩŶƯ�źŝ��ƱƺǀſźĭŹ�
ĨǀŤƀŬƫ��

��

è� ƽŵŶƗ�ƩŚŨƯ��
ſŹźŝ�ŢƸū�ƂŴŝ�Ʋƿř�ŹŵƾźƄţ�ƹ�ƩŶƯ�ŵźĪƬưƗ�ƿŝ�Ůǀ�źĩŷ�ŶƴƿřźƟ�źŤƄ

řźŝ� ƵŶƃƽ�Ĩƿ� �śƺǀƘƯ� ƭǈƣř�ŢŞƀƳ� ƩźŤƴĩ� ŹřŵƺưƳ� Źŵ� ŶƳƹŹ�ƝŸů�

ŵŶƗ�ƩŚŨƯƽƯ�ƶŗřŹř�ƾŵŵźĭ��ŹŚĪƃřźţ�ŶƴƿřźƟ�ŹƺƔƴƯ�ƲƿŶŝƽ�řŹ�ƱƺŤƀǀě�
ŶƿźǀĮŝ� źƔƳ� Źŵ� �ţŚƘƐƣ� ŵřŶƘţ� ŶƴƿřźƟ� Ʋƿř� ŹŵƾźƷ� Ǝſƺţ� ƶĩ��Źřżŝř�

ŹŚĪƃřźţƽƯ�ƾưƸƯ�ƂƤƳ�ŵƺƃƾŵŹřŵ�śƺǀƘƯ�ƭǈƣř�ŢŞƀƳ�ƂƿřżƟř�Źŵ���
ƫźŤƴĩ� ƶƈŴƄƯ�ƱƺŤƀǀě� źƐƣ�ŶƴƿřźƟ�Ʋƿř� ŹŵƾưƸƯ�ƾ�ŶƿŚŝ� ƶĩ�Ţſř�

ŵźǀĭ�Źřźƣ�ƩźŤƴĩ�ŢŰţ����
ţŚŞſŚŰƯ�ŽŚſřźŝƾſŶƴƸƯ�ƂŴŝ�Ǝſƺţ�ƶĩ�ƾ�ƶŝ�ƶūƺţ�Śŝ�ƹ�ŢǀƠǀĩ�
ƴƟ�ƶƈŴƄƯ�ŵƹŶůƾ�šŹƺƇ�Ɓřźţ�Źřżŝř�ƊƿƺƘţ�ƶƴƿżƷ�ƹ�ƱƺŤƀǀě�źƐƣ�

źƿŸě�Ŷǀƫƺţ�ŮƐſ�Źŵ�Źřżŝř�ƶƴǀƸŝ�ŵźĩŹŚĩ��ƶŤƟëååå�ƵŶƃ�ƞƿźƘţ�ƶƘƐƣ�
Ţſř����

� ŵřŶƘţ� ŶƴƿřźƟ� Ʋƿř� šŚƟřźŰƳř� ƩźŤƴĩ� ŹƺƔƴƯ� ƶŝèå� ƶƳƺưƳ�çê�ƾƿŚţ�
� ƩƹŶū� Źŵ� ƶƬƇŚů� ŪƿŚŤƳ� ƶĩ� ƵŶƃ� śŚŴŤƳř�æ� �ŚưƳƿ�ƂƿŢſř� ƶŤƟŚ��
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