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Abstract: In this research, a new multidimensional characteristic based upwind 
scheme for the solution of incompressible Navier-Stokes equations is presented. 
The incompressible flow equations have been coupled each other by the aid of 
artificial compressibility method. Unlike to the traditional characteristic based 
(CB) schemes, the present scheme is genuinely multidimensional in that the local 
characteristic paths, along which information is propagated, are used. For the first 
time, the multidimensional characteristics of incompressible flows along with 
artificial compressibility is extracted and used to construct an inherent 
multidimensional upwind scheme. The new proposed MCB (multidimensional 
characteristic based) scheme in conjunction with the finite-volume discretization is 
employed to model the convective fluxes. Using this formulation, the steady two-
dimensional incompressible flow in a lid driven cavity is solved for a wide range of 
Reynolds numbers. It was found that the new proposed scheme presents more 
accurate results than conventional CB shceme in both their first � and second � 
order counterparts in the case of cavity flow. Also, results obtained with second � 
order MCB scheme in some cases is more accurate than central scheme which in 
turn provides exact second � order discretization in this grid. With this inherent 
upwinding technique for evaluating convective fluxes at cell interfaces, no artificial 
viscosity is required even at high Reynolds numbers. Another remarkable 
advantage of MCB scheme lies in its faster convergence rate with respect to CB 
scheme which is found to exhibit substantial delays in convergence reported in the 
literature. The results obtained using new proposed shceme are in good agreement 
with standard benchmark solutions in the literature. 

��

ƶƈŴƄƯ�ŽŚſřźŝ�ƽŶƘŝŶƴģ�ŢſŵǇŚŝ�ƁƹŹƶƈŴƄƯ�ŽŚſřźŝ�ƽŶƘŝŶƴģ�ŢſŵǇŚŝ�ƁƹŹ�Ʈĩřźţ�ƱŚƿźū�ƪǀƬŰţ�ƽřźŝ�ŚƷ�Ʈĩřźţ�ƱŚƿźū�ƪǀƬŰţ�ƽřźŝ�ŚƷ
�ƵźƠů�ƪųřŵ�źƿŸěŚƳ�ƵźƠů�ƪųřŵ�źƿŸěŚƳ��

��

ƱŚǀƯżƯŻ�ŹŚǀƯŚĩƱŚǀƯżƯŻ�ŹŚǀƯŚĩÎÎ��������ſſƽƺƋŹ�ƪǀƗŚưſř�ŶǀƽƺƋŹ�ƪǀƗŚưſř�ŶǀÏÏ��ƹ�����ƹ���ƽŵŻźƟ�Ŷưůř�ƽŵŻźƟ�Ŷưůř�ÐÐ��
 

ƵŶǀĪģ��ƶƈŴƄƯ�ƽŚƴŞƯ� źŝ�ƪƯŚĩ�ƽŶƘŝƹŵ�ŢſŵǇŚŝ�ŶƿŶū�ƁƹŹ�Ĩƿ� �ƢǀƤŰţ�Ʋƿř� Źŵ�šǇŵŚƘƯ�ƽŶƘŝŶƴģ�ƽŚƷ
źƿƹŚƳ�źƿŸěŚƳ�Ʈĩřźţ�Ţſř�ƵŶƃ�ƶŗřŹř�žĩƺŤſř�� ��ƾƗƺƴƈƯ�ƽźƿŸě�Ʈĩřźţ�ƁƹŹ�Żř�ƵŵŚƠŤſř� Śŝ�źƿŸěŚƳ�Ʈĩřźţ�šǇŵŚƘƯ

                                                                 
ƩƺƇƹ�ŲƿŹŚţƩƺƇƹ�ŲƿŹŚţ����ÐÍÐÍ��ÑÑ��ÕÐÕÐ��
Ŝƿƺƈţ�ŲƿŹŚţŜƿƺƈţ�ŲƿŹŚţ����ÎÑÎÑ��ÓÓ��ÕÓÕÓ��

�ƱŚǀƯżƯŻ�ŹŚǀƯŚĩ�ƱŚǀƯżƯŻ�ŹŚǀƯŚĩ���żƿźŞţ�Ŷůřƹ�ƾƯǈſř�ŵřŻō�ƵŚĮƄƳřŵ��ĨǀƳŚĪƯ�ƾſŶƴƸƯ�Ƶƹźĭ��ƾſŶƴƸƯ�ƹ�ƾƴƟ�ƵŶĪƄƳřŵ��ƾưƬƗ�šŚǀƷ�ƺƌƗK_zamzamian@yahoo.com 

�źŤĩŵ�źŤĩŵ��ƽƺƋŹ�ƪǀƗŚưſř�Ŷǀſ��ƽƺƋŹ�ƪǀƗŚưſř�ŶǀſƴƟ�ƵŶĪƄƳřŵ��ŹŚƿŵŚŤſřżƿźŞţ�ƵŚĮƄƳřŵ��ĨǀƳŚĪƯ�ƾſŶƴƸƯ�ƹ�ƾ��Razavi@tabrizu.ac.ir 

�źŤĩŵ�źŤĩŵƽŵŻźƟ�ŶưůřƽŵŻźƟ�Ŷưůř��żƿźŞţ�ƵŚĮƄƳřŵ��ĨǀƳŚĪƯ�ƾſŶƴƸƯ�ƹ�ƾƴƟ�ƵŶĪƄƳřŵ��ŹŚƿŵŚŤſř���Afarzadi@yahoo.com 

K. Zamzamian 
 

Mechanical Engineering 
Department, Islamic Azad Univeristy 

Tabriz Branch 
K_zamzamian@yahoo.com  

S. E. Razavi 
 

School of Mechanical Engineering, 
Univeristy of Tabriz  

Razavi@tabrizu.ac.ir 

A. Farzadi 
 

School of Mechanical 
Engineering, University of 

Tabriz Afarzadi@yahoo.com 

id11577984 pdfMachine by Broadgun Software  - a great PDF writer!  - a great PDF creator! - http://www.pdfmachine.com  http://www.broadgun.com 

Archive of SID

www.SID.ir

mailto:�
mailto:��
mailto:��
mailto:K_zamzamian@yahoo.com
mailto:Razavi@tabrizu.ac.ir
mailto:Afarzadi@yahoo.com
www.sid.ir
www.sid.ir


ÎÑÎÑ������������������������������������������������������������������������������������������������������������������������������������������������������������������������������ƽŵŻźƟ�Ŷưůř�ƹ�ƽƺƋŹ�ƪǀƗŚưſř�Ŷǀſ��ƱŚǀƯżƯŻ�ŹŚǀƯŚĩ���������������������������������������������������ƽŵŻźƟ�Ŷưůř�ƹ�ƽƺƋŹ�ƪǀƗŚưſř�Ŷǀſ��ƱŚǀƯżƯŻ�ŹŚǀƯŚĩ�����������������������������������������������������
 

ƺƯ� ƹ�ƾĮŤſƺǀě�šǇŵŚƘƯ� ƹ� ƵŶƃ�ŮǀŰƈţŶƳř� ƵŶƃ�ƪěƺĩ� źĮƿŶĪƿ�ƶŝ� ƭƺŤƴƯ� �ŭźƏ�Ɲǈųźŝ�ŵƺūƺƯ�ƾţŚŞſŚŰƯ�ƽŚƷ
ƱŚƿźū�ƽřźŝ�ŚƷ�ƶƈŴƄƯ�ƶƿŚěźŝ�źƿŸěŚƳ�Ʈĩřźţ�ƽŚƷ(CB)�ŵƺưƗ�ŢƸū�Źŵ�ƱŚƿźū�Ʊŵƺŝ�ƽŶƘŝ�Ĩƿ�ƉźƟ�Śŝ�ƾĮưƷ�ƶĩ��

ƵŶƃ� ƵŵŚƸƳ� Śƴŝ�ƩƺƬſ� ƹŵ�ħźŤƄƯ� ŻźƯ� źŝƶƈŴƄƯ� ƶƿŚěźŝ� źƋŚů�ƁƹŹ� �ŶƳř�Żř� ƹ�Ţſř�ƱŚƿźū�ƽŶƘŝƹŵ�ǈƯŚĩ�ƽŚƷ
ƳƺĮĤǀƷƵŶƴƴĩ�ƵŵŚſ�ƉźƟ�ƶƾưƳ�ƵŵŚƠŤſř�ƽřŶƴĩ��ƶƈŴƄƯ�ŹŚŤųŚſ�ŮǀŰƈţ�Śŝ�źƿŸěŚƳ�Ʈĩřźţ�šǇŵŚƘƯ�ƽŶƘŝƹŵ�ƽŚƷ

�ŭźƏ�Ĩƿ�ŵŚŬƿř�ƽřźŝ�Ʊō�Żř�ƹ�ƵŶƯō�Ţſŵ�ƶŝ�ƾƋŚƿŹ�ƪǀƬŰţ�Żř�ƵŵŚƠŤſř�Śŝ�ŹŚŝ�Ʋǀƫƹř�ƽřźŝ�ƾƗƺƴƈƯ�ƽźƿŸě�Ʈĩřźţ
ƶƈŴƄƯ�ƶƿŚěźŝ�ŢſŵǇŚŝ�ƾţŚŞſŚŰƯŤſř�ũżƫ�źƿŸěŚƳ�Ʈĩřźţ�ƽŚƸƳŚƿźū�ƽřźŝ�ŚƷŢſř�ƵŶƃ�ƵŵŚƠ���ƶŗřŹř�ƾţŚŞſŚŰƯ�ŭźƏ

ƵŶƃ�MCB (multidimensional characteristic based)�ƶŞſŚŰƯ� ƽřźŝ� ŵƹŶŰƯ� ƮŬů�ƽŻŚſ� ƶŤƀƀĭ�ƁƹŹ� Śŝ�
Ţſř�ƵŶƃ�Ƶŵźŝ�ŹŚĩ�ƶŝ��ƁƹŹ�Ʋƿř�Źŵ�ƾƿŚŬŝŚū�ŹŚƃ�ƽŚƷŹřŵźŝ���Ʈĩřźţ�ƽŶƘŝƹŵ�ƱŚƿźū��ƵŶƃ�ƶŗřŹř�ƁƹŹ�Żř�ƵŵŚƠŤſř�Śŝ

ƹ�ƵŵƹŶŰƯ�Źŵ�ƵźƠů�ƪųřŵ�ŚƿŚě�źƿŸěŚƳŢſř�ƶŤƟźĭ�Źřźƣ�ƪǀƬŰţ�ŵŹƺƯ�ŻŶƫƺƴƿŹ�ŵřŶƗř�Żř�ƾƘǀſ���ƵŶƯō�Ţſŵ�ƶŝ�ŪƿŚŤƳ
ŭźƏ�Żř��ƭƹŵ�ƶŞţźƯ�ƹ�Ʃƹř�ƶŞţźƯ�ƪĪƃ�ƹŵ�źƷ�Źŵ�ƵŶƃ�ƶŗřŹř�ŶƿŶū�ƁƹŹ�ŢƀǀĩŚů�ƭƺſźƯ�ƾţŚŞſŚŰƯ�ƽŚƷCB��ŪƿŚŤƳ

ƾƯ�ƶŗřŹř� řŹ�ƽźŤƤǀƣŵŶƷŵ� �řźưƷ�ƶŝ�ƽżĩźƯ�ƾţŚŞſŚŰƯ�ŭźƏ�Śŝ�ƲǀƴĤưƷ� �ƭƹŵ�ƶŞţźƯ�ƪĪƃ�Źŵ�ƽŵŚƸƴƄǀě�ƁƹŹ�Ƶ
Ţſř�ƶŤƟźĭ�Źřźƣ�ƶƀƿŚƤƯ�ŵŹƺƯ�żǀƳ�ƪů�ƲŤųŚſ�ŹřŶƿŚě�ƽřźŝ�ƾƗƺƴƈƯ�Ţūżƫ�Ʊŵźĩ�ƶƟŚƋř���ƶĩ�ƶƫŚƀƯ�Ʋƿř�ƮƛźǀƬƗ

ƶŤƀƀĭ�Ţƣŵ�ƽřŹřŵ�ŢƫŚů�Ʋƿř�Źŵ�ƽżĩźƯ�ŭźƏ�Ţſř�ƭƹŵ�ƶŞţźƯ�ǈƯŚĩ�ƽŻŚſ�ƶĪŞƃ�Ʊŵƺŝ�ƲƿżţŹŚĩ�ƪǀƫŵ�ƶŝ���Ʋƿř�Śŝ
� ŭźƏ� ƩŚůMCB�ƣŵ� ŪƿŚŤƳ� żǀƳ� ƽżĩźƯ�ƾţŚŞſŚŰƯ� ŭźƏ� Żř� ƾŤů� ƭƹŵ� ƶŞţźƯƢǀ�ƶŗřŹř� ƱŚƀĪƿ� ƶĪŞƃ� Źŵ� řŹ� ƽźţ����

ƾƯŶƷŵ� ���ŵƹŶŰƯ�ƮŬů�ƁƹŹ� Źŵ�ƾƿŚŬŝŚū�ŹŚƃ�ƽŚƷŹřŵźŝ� ƶŞſŚŰƯ�ƽřźŝ� ƵŶƃ�ƶŗřŹř�ŢſŵǇŚŝ�ƁƹŹ� Żř� ƵŵŚƠŤſř� Śŝ
ƾưƳ�ǇŚŝ�ŻŶƫƺƴƿŹ�ŵřŶƗř�Źŵ�ƾŤů�ƾƗƺƴƈƯ�Ţūżƫ�Ʊŵźĩ�ƶƟŚƋř�ƶŝ�ƽŻŚǀƳŢſř�ŹřŶƿŚě�ǈƯŚĩ�ƪů�ƁƹŹ�ƹ�ŶƃŚŝ���ŢƿżƯ

�ƾţŚŞſŚŰƯ�ŭźƏ�źĮƿŵ�źǀĮưƄģMCB�ƁƹŹ�Śŝ�ƶƀƿŚƤƯ�Źŵ�Ʊō�Ɩƿźſ�ƾƿřźĮưƷ�űźƳ�ƽŚƷCB���ƾƿřźĮưƷ�űźƳ�ƶĩ
Ţſř� ƵŶƃ� źĩŷ�šŚƘƟŵ� ƶŝ�ƲƟ�šŚǀŝŵř� Źŵ�Ʊō� Ŷƴĩ� �ƾƯ�ƽżĩźƯ�ŭźƏ� ƹŶƃŚŝ� ��Śŝ� ƵŶƯō�Ţſŵ� ƶŝ�ŪƿŚŤƳ�ŢƿŚƸƳ� Źŵ

�ŭźƏ�Żř�ƵŵŚƠŤſřMCB��Źŵ�ƶĩ�Ţſř�ƶŤƟźĭ�Źřźƣ�ƶƀƿŚƤƯ�ŵŹƺƯ�ƲƟ�šŚǀŝŵř�Źŵ�ŵƺūƺƯ�ŵŶƘŤƯ�ŪƿŚŤƳ� Śŝ�ƭƹŵ�ƶŞţźƯ
�ƾƯŚưţƵŶƷŚƄƯ�ŚƸƳō�Ʋǀŝ�ƾŝƺų�ŹŚǀƀŝ�ƢƟřƺţ�ŵŹřƺƯ�Ưƾŵƺƃ����

��

ƵĥřƹƽŶǀƬĩ� ƽŚƷ� �źƿƹŚƳ� šǇŵŚƘƯ� �ƾƗƺƴƈƯ� ƽźƿŸě� Ʈĩřźţ� �źƿŸěŚƳ� Ʈĩřźţ� ƱŚƿźū��ƽŚƷ� ƶƈŴƄƯ� �žĩƺŤſř�
ƾƌǀŝ��ƽŹŚĭŻŚſ�ƎŝřƹŹ��ƽŶƘŝŶƴģ�űŚƯ����

��
��
��
��

æ��ƶƯŶƤƯ��
� ƾƗƺƴƈƯ� ƽźƿŸě� Ʈĩřźţ� ƭƺƸƠƯ(Artificial compressibility)�ƽřźŝ�

� ŹŚŝ� Ʋǀƫƹř� ƎſƺţChorinźƿƹŚƳ� šǇŵŚƘƯ� ƽŚƿŚě� ƪů� ŹƺƔƴƯ� ƶŝ� ƹ���
� Ŷƃ� ƕřŶŝř� źƿŸěŚƳ� Ʈĩřźţ� žĩƺŤſř@Î� �>�šǇŵŚƘƯ� �ĨǀƴĪţ� Ʋƿř� Śŝ

� ƽƹźƳŚƯŻ� ƁƹŹ� ƱŚĪƯř� ŵŚŬƿř� ƽřźŝ� ƭƺŤƴƯƺƯ� ƹ� ƾĮŤſƺǀě(time 

marching)�ƶŝ�ƾĮŤſƺǀě�ƶƫŵŚƘƯ�ƶŝ�ƽŻŚŬƯ�ƶƬưū�Ĩƿ�Ʊŵźĩ�ƶƟŚƋř�Śŝ��
ŝ�ŢǀƷŚƯ�Żř�šǇŵŚƘƯ�ƹ�ŶƳƺƃ�ƾƯ�ƪěƺĩ�źĮƿŶĪƿ�ƽƺƫƺƫŸƷ��ƶŝ�ƽƺƌǀ

ŶƳƺƃ� ƾƯ� ƪƿŶŞţ� ��ƽźƿŸěŚƳ� Ʈĩřźţ� ƍźƃ� �ƽƹźƳŚƯŻ� ƪů� ƩƺƏ� Źŵ
�ƶƟŚƋř�ƶƬưū��ŚƿŚě�śřƺū�ƶŝ�ƱŶǀſŹ�Śŝ�ŢƿŚƸƳ�Źŵ�ŚƯř�ŵƺƃ�ƾƯ�ƞǀƘƌţ
�Ʈĩřźţ�ƾƘƣřƹ�ƽŚƸŝřƺū�ƹ�Ƶŵźĩ�ƪǀƯ�źƠƇ�ƶŝ�ƾĮŤſƺǀě�ƶƫŵŚƘƯ�Źŵ�ƵŶƃ

ŶƳƺƃ� ƾƯ� ƪƇŚů� źƿŸěŚƳ� ��ƾƗƺƴƈƯ� ƽźƿŸě� Ʈĩřźţ� źŤƯřŹŚě� śŚŴŤƳř
ƺū�źŝ�ƽźǀŧŚţ�ŚƿŚě�ŢƫŚů�ƶŝ�ƾƿřźĮưƷ�ŶƳƹŹ�ŚƸƴţ�ƹ�ƶŤƃřŶƳ�ƾƿŚƸƳ�ƽŚƸŝř

�ŶƷŵ�ƾƯ�Źřźƣ�źǀŧŚţ�ŢŰţ�řŹ@Ï��>�ƽřźŝ�ƾƠƬŤŴƯ�ƾţŚŞſŚŰƯ�ƽŚƷ�ŭźƏ
�Źřźƣ� ƵŵŚƠŤſř� ŵŹƺƯ�ƾƗƺƴƈƯ�ƽźƿŸě� Ʈĩřźţ�šǇŵŚƘƯ�ƽŻŚſ� ƶŤƀƀĭ

Ţſř� ƶŤƟźĭ� �Farmer�Śŝ� ƽżĩźƯ� ƽźǀĭ� ƲǀĮƳŚǀƯ�ƁƹŹ� ƱřŹŚĪưƷ� ƹ�
�ŹŚƸģ�ƶŞţźƯ�ƾƗƺƴƈƯ�Ţūżƫ�Ʊŵźĩ�ƶƟŚƋřJameson�ƽźǀĭƺƬū�ƽřźŝ�

� ŶƳŵźŝ� ŹŚĩ� ƶŝ� řŹ� ƪů� Ʊŵźĩ� ŹřŶƿŚě� ƹ� šŚƳŚſƺƳ� Żř@Ð� �>�ƽŚƷ� ŭźƏ
�ƽźƿŸě�Ʈĩřźţ�šǇŵŚƘƯ�ƽŻŚſ�ƶŤƀƀĭ�ƽřźŝ�ƵŵŚƠŤſř�ŵŹƺƯ�ƾţŚŞſŚŰƯ
�źƿŸě�Ʈĩřźţ�ƽŚƸƳŚƿźū�ƪů�ƽŚƷ�ƁƹŹ�Śŝ�ƽŵŚƿŻ�ƽŚƷ�ŢƷŚŞƃ�ƾƗƺƴƈƯ

ŶƳŹřŵ���ŹŚƃ�ƝǈŤųř�ƽŻŚſřŶū�ƕƺƳ�Żř�ƾƿŚƸƃƹŹ�ƽŵŚƿŻ�ƱŚƤƤŰƯ(Flux 

difference splitting)��ƶŝ� ƾƗƺƴƈƯ�ƽźƿŸě� Ʈĩřźţ�šǇŵŚƘƯ�ƽřźŝ� řŹ
ŶƳř� Ƶŵźŝ� ŹŚĩ� �Rogers� ƱřŹŚĪưƷ� ƹ�@Ñ>� �Liu� ƱřŹŚĪưƷ� ƹ�@Ò>��
Kallinderis� ƱřŹŚĪưƷ� ƹ�@Ó� >ƹYuan @�Ô>�ƾţŚŞſŚŰƯ� ŭźƏ� �

�ƲưƿŹ� źĮƬů� Śŝ� ŹŚƃ�ƝǈŤųř�ƽŻŚſřŶūRoe�ƽŻŚſ�ƶŤƀƀĭ�ƽřźŝ� řŹ�
ƵŵŚƠŤſř�ŵŹƺƯ�ƾƗƺƴƈƯ�ƽźƿŸě�Ʈĩřźţ�šǇŵŚƘƯŶƳŵřŵ�Źřźƣ����ŵŹƺƯ�ƁƹŹ
�ƽźǀĭ�ƲǀĮƳŚǀƯ�ƶƿŚěźŝ�ŚƸƳō�Ǝſƺţ�ƵŵŚƠŤſřRoe�šǇŵŚƘƯ�źŝ�ƶĩ�Ţſř�

�ƶŞſŚŰƯ�ƾƿŚŬŝŚū�ŹŚƃ�ƽŚƷŹřŵźŝ�ƹ�ƵŶƃ�ƩŚưƗř�ƾƗƺƴƈƯ�ƽźƿŸě�Ʈĩřźţ
ŶƴƃŚŝ� ƾƯ� ƾƗƺƴƈƯ� ƽźƿŸě� Ʈĩřźţ� źŤƯřŹŚě� Żř� ƾƘŝřƺţ� ŚƯŚưţ� ƵŶƃ� ��Śŝ
ƹŹ�ƶĩ�ŢƟŚƿŹŵ�Ʊřƺţ�ƾƯ�ƾţŚŞſŚŰƯ�ƽŚƷ�ŭźƏ�ƶĤŴƿŹŚţ�ƶŝ�ƶƘūřźƯ�Ɓ

�ƵŵŚƠŤſř� ŵŹƺƯ� źƿŸěŚƳ� Ʈĩřźţ�šǇŵŚƘƯ�ƪǀƬŰţ�ƽřźŝ� řŶŤŝř� ŚƷ� ƶƈŴƄƯ
ŶƴŤƟźĭ� Źřźƣ� ��ƁƹŹ� Źŵ� ƾƗƺƴƈƯ� ƽźƿŸě� Ʈĩřźţ� ƶƬưū� Ʊŵźĩ� ƶƟŚƋř

�Ǝſƺţ�ƾƗřŶŝřChorin�źƿŸěŚƳ�Ʈĩřźţ�ƽŚƸƳŚƿźū�šǇŵŚƘƯ�ƶĩ�Ŷƃ�ŜŞſ��
ŶƳźǀĭ�Źřźƣ�ƪǀƬŰţ�ŵŹƺƯ�ŚƷ�ƶƈŴƄƯ�ƁƹŹ�Ǝſƺţ�żǀƳ����ŹŚŝ�Ʋǀƫƹř�ƽřźŝ

DrikakisƱřŹŚĪưƷ�ƹ��Ʈĩřźţ�šǇŵŚƘƯ�ƽŚƷ�ƶƈŴƄƯ�ƽŶƘŝ�Ĩƿ�ƎŝřƹŹ�
�ƁƹŹ� Źŵ�ƾƿŚŬŝŚū�ŹŚƃ�ƽŚƷŹřŵźŝ� ƶŞſŚŰƯ�ƽřźŝ� řŹ�ƾƗƺƴƈƯ�ƽźƿŸě
�ŶƳŵřŵ� Źřźƣ� ƵŵŚƠŤſř� ŵŹƺƯ� ƱŚƯŻŚſŚŝ� ƽŶƴŝ� ƶĪŞƃ� Źŵ� ŵƹŶŰƯ� ƮŬů

@Õ�>�ƖūźƯ�Źŵ�ƽŶƘŝ�ƶſ�ƽŚƸƳŚƿźū�ƽřźŝ�ŹƺĩŸƯ�ƁƹŹ�ƶƘſƺţ@Ö�>�ƶŝ�ƹ
�ƖūźƯ�Źŵ�ƶƳŚĭŶƴģ�ƶĪŞƃ�ƁƹŹ�ƵřźưƷ@ÎÍ�>�ƵŶƃ�ƭŚŬƳřŢſř���ƁƹŹ
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�Ǝſƺţ�ƱŚƄƿřZhao�Ʈĩřźţ�ƽŚƸƳŚƿźū�ƽŻŚſ� ƶǀŞƃ�ƽřźŝ�ƱřŹŚĪưƷ� ƹ�
�ƶſ�ƹ�ƹŵ�ƱŚƯŻŚſ�ƾŝ�ƽŚƷ�ƶĪŞƃ�Źŵ�šŹřźů�ƩŚƤŤƳř� ƵřźưƷ�ƶŝ�źƿŸěŚƳ

� Ŷƃ� Ƶŵřŵ� ƶƘſƺţ�ƽŶƘŝ@ÎÎ� �ÎÏ� �ÎÐ� �ÎÑ� �ÎÒ� �>�źŝ� ŚƷ�ƁƹŹ�Ʋƿř
�ƽŶƘŝ�Ĩƿ� ƽŚƷźǀƀƯ� ŵřŶŤƯř� Źŵ� ƱŚƿźū� ƽŚƷźǀƜŤƯ� ƶŞſŚŰƯ� ƽŚƴŞƯ

ƶƈŴƄƯƮĩřźţ�šǇŵŚƘƯ�ƽŚƷ�ŻźƯ�źŝ�ŵƺưƗ�ŢƸū�Źŵ�ƾƗƺƴƈƯ�ƽźƿŸě�
�ƪŞƣ� ƱŚƯŻ� Źŵ� ŚƸƳō� źƿŵŚƤƯ� Żř� ƵŵŚƠŤſř� Śŝ� ƩƺƬſ� ƹŵ� Ʋǀŝ� ħźŤƄƯ����

ƾƯŶƃŚŝ� �� ƁƹŹCB (characteristic based)�Ǝſƺţ� ƵŶƃ� źĩŷ�
�źƿŸěŚƳ�Ʈĩřźţ�ƽŚƸƳŚƿźū�Żř�ƾƘǀſƹ�ƞǀƏ�ƶŞſŚŰƯ�ƽřźŝ�ƽŵŚƿŻ�ƱŚƤƤŰƯ

Ţſř�ƶŤƟźĭ�Źřźƣ�ƵŵŚƠŤſř�ŵŹƺƯ����
SiongŹ�Ĩƿ��ƱřŹŚĪưƷ�ƹ��ŚƷ�ƶƈŴƄƯ�ƶƿŚěźŝ�ŵƹŶŰƯ�ƮŬů�ƾƴưƋ�Ɓƹ

�Śŝ� ƪŴƬŴŤƯ� ƎǀŰƯ� Źŵ� źƿŸěŚƳ� Ʈĩřźţ� ƱŚƿźū� ƽŻŚſ� ƶǀŞƃ� ƽřźŝ� řŹ
�ŶƳŵřŵ�ƶŗřŹř�ƱŚƯŻŚſ�ƾŝ�ƶĪŞƃ�Żř�ƵŵŚƠŤſř@ÎÓ��>Drikakis�ƹ�Shapiro�

�ƶƿŚěźŝ�ƾţŚŞſŚŰƯ�ŭźƏ�Ĩƿ� ƵřźưƷ� ƶŝ�ƾƗƺƴƈƯ�ƽźƿŸě�Ʈĩřźţ�ƁƹŹ
ƶƈŴƄƯ� ƽŚƸƳŚƿźū� ƪǀƬŰţ� ƽřźŝ� řŹ� šǇŵŚƘƯ� ƽŶƘŝ�Ĩƿ� ƽŚƷ�Ʈĩřźţ

ƾƫŚĮģ� Śŝ� źƿŸěŚƳ� ŶƳŵźŝ� ŹŚĩ� ƶŝ�ƞƬŤŴƯ�ƽŚƷ@ÎÔ� �ÎÕ� � �>�ƽŚƷ� ƶƳƺưƳ
�ƽźƿŸě� Ʈĩřźţ� ƁƹŹ� Śŝ� źƿŸěŚƳ� Ʈĩřźţ� ƽŚƸƳŚƿźū� ƪǀƬŰţ� Żř� źĮƿŵ

ŭźƏ�ƵřźưƷ�ƶŝ�ƾƗƺƴƈƯ�ŚƷ�ƶƈŴƄƯ�ƶƿŚěźŝ�ƾţŚŞſŚŰƯ�ƽŚƷ(CB)�řŹ�
�ƖūřźƯ�Źŵ�Ʊřƺţ�ƾƯ@ÎÖ�>�Śţ@ÏÐ�>ŢƟŚƿ����

ƩŚŨƯ� Źŵ� ƶĩŹƺƐƳŚưƷǀŝŵř� Źŵ� ŵƺūƺƯ� ŵŶƘŤƯ� ƽŚƷƾƯ� ƲƟ� šŚ�Ʊřƺţ
ŭźƏ� ƾƯŚưţ� �ŵƺưƳ� ƵŶƷŚƄƯƶƈŴƄƯ� ƶƿŚěźŝ� ƾţŚŞſŚŰƯ� ƽŚƷ�ƽřźŝ� ŚƷ

�ƵŵŚſ�ƽŚƷ�ƉźƟ�Żř��ƾƗƺƴƈƯ�ƽźƿŸě�Ʈĩřźţ�šǇŵŚƘƯ�ƽŻŚſ�ƶŤƀƀƀĭ
ƵŶƴƴĩ�ƵŵŚƠŤſř�ƅŚų�ƽŚƷ�ŢƸū�Źŵ�ƱŚƿźū�Ʊŵƺŝ�ƽŶƘŝ�Ĩƿ�ŶƴƳŚƯ�ƽř

Ŷƴƴĩ�ƾƯ���Śŝ�ƾţŚŞſŚŰƯ�ŭźƏ��ƾţŚǀƋźƟ�Ʋǀƴģ�ƭŚŬƳř� Śŝ�Ţſř�ƾƸƿŶŝ
řƹŹ�Żř� ƵŵŚƠŤſřƾƯ�ƪǀƬŰţ� řŹ�ƽŶƘŝ�Ŷƴģ�ƱŚƿźū�ƽŶƘŝ�Ĩƿ�Ǝŝ�ƹ�Ŷƴĩ

ƾƯ� ƶŤƟźĭ� ƵŶƿŵŚƳ� ƱŚƿźū� ƽŶƘŝŶƴģ� ƾƘƣřƹ� ĨƿżǀƟ� řŸƫŵƺƃ� ��Ʋƿř
ŭźƏ�šŚǀƋźƟ�Ƶŵźĩ�ƶĪŞƃ�ƶŝ�ƶŤƀŝřƹ�ľǈƯŚĩ�řŹ�ŵƺūƺƯ�ƾţŚŞſŚŰƯ�ƽŚƷ

�ƽŚƷ�ƾĮŤſƺǀěŚƳ� � Śŝ�ƶĪŞƃ�ƶĩ�ƾƳŚƯŻ� �Ƣǀƣŵ�ŪƿŚŤƳ�ƶŗřŹř�ƾƿŚƳřƺţ� Żř� ƹ
� �ŶƃŚŞƳ�ŹŚĭŻŚſ�ƩŚǀſ�ƱřŶǀƯ�Źŵ�ŵƺūƺƯƾƯŶƴƷŚĩ� ��źƔƳ�Źŵ�ŹƺƔƴƯ�ƶŝ

�ƾţŚŞſŚŰƯ�ƽŚƸƃƹŹ�ŭźƏ��ƱŚƿźū�ƽŶƘŝŶƴģ�ƾĪƿżǀƟ�ŢƘǀŞƏ�ƲŤƟźĭ
�ƩŚǀſ� ƱŚƿźū� ƱřŶǀƯ� Źŵ� šŚƗǈƏř� ŹŚƄŤƳř� ƾƘƣřƹ� ƽŚƷ� ŢƸū� Żř� ƶĩ

Ţſř� ƽŹƹźƋ� �Ŷƴƴĩ� ƵŵŚƠŤſř� ��ƾţŚŞſŚŰƯ� ƽŚƷ� ƁƹŹ� ŭźƏ� ƵŶƿř
�Ʈĩřźţ� ƽŚƸƳŚƿźū� ƽřźŝ� ŚƷ� ƶƈŴƄƯ� ŽŚſř� źŝ� ƽŶƘŝŶƴģ� ŢſŵǇŚŝ

ǈŞƣ�źƬƿƹř�źƿŸěŚƳ�Ʊřƺţ�ƾƯ�řŹ�Ʊō�Żř�ƾƳƺĭŚƳƺĭ�ƽŚƷ�ƩŚŨƯ�ƹ�ƵŶƃ�ƭŚŬƳř�
ŢƟŚƿ� źƿŸě� Ʈĩřźţ� ƽŚƸƳŚƿźū� ƽŵŶƗ� ƪǀƬŰţ� ƶĤŴƿŹŚţ� Źŵ� ��Źŵ� Ʋƿř

�ƽźƿŸě�Ʈĩřźţ�šǇŵŚƘƯ� ƹ� źƿŸěŚƳ�Ʈĩřźţ�ƽŚƸƳŚƿźū�ƽřźŝ� ƶĩ�ŢƀǀƫŚů
�ƮǀưƘţ� �šǇŵŚƘƯ�Ʋƿř�źŝ�ƮĩŚů�ƾƋŚƿŹ�ƾĭŶǀĤǀě�ƪǀƫŵ�ƶŝ� �ƾƗƺƴƈƯ

Śů� ƶŝ� ŚƷ� ƶƈŴƄƯ� ƶƿŚěźŝ� ŢſŵǇŚŝ� ƽŚƷ� ƁƹŹ�ƽŶƘŝŶƴģ� ƽŚƷ� Ţƫ
Ţſř�ƶŤƟźĮƳ�ƭŚŬƳř�ƱƺƴĩŚţ���ƽŚƷ�ŭźƏ�ƾƯŚưţ��Ŷƃ�ƶŤƠĭ�ƶĩ�ŹƺƐƳŚưƷ

�ƽŶƘŝ�Ĩƿ�ƩŚǀſ�źŝ�ƮĩŚů�ƎŝřƹŹ� Żř� ƶƴǀƯŻ�Ʋƿř� Źŵ� ŵƺūƺƯ�ŢſŵǇŚŝ
�Ŷƴĩ�ŹŚǀƀŝ�űźƳ�ŶƴƳŚƯ�ƽŵŚƿŻ�šǈĪƄƯ�ŹŚģŵ�ƹŹ�Ʋƿř�Żř�ƹ�Ƶŵźĩ�ƵŵŚƠŤſř

�ŶƴƳŚƯ�ƾƈŴƄƯ�ƖūřźƯ�Źŵ�ƶĩ�ŶƳř� ƵŶƃ�ƾƿřźĮưƷ@ÏÐ� �ÐÎ� �ÐÏ�>�ƶŝ
Śƃř� ƱōŢſř� ƵŶƃ� ƵŹ� ��ŹŚŤųŚſ� �ŹŚŝ� Ʋǀƫƹř� ƽřźŝ� �ƶƫŚƤƯ� Ʋƿř� Źŵ���

ƶƈŴƄƯ�Żř�ƵŵŚƠŤſř�Śŝ�ƾƗƺƴƈƯ�ƽźƿŸě�Ʈĩřźţ�šǇŵŚƘƯ�ƽŶƘŝƹŵ�ƽŚƷ
Ţſř� ƵŶƯō� Ţſŵ� ƶŝ� ƾƋŚƿŹ� ƁƹŹ� Ĩƿ� ��ƎŝřƹŹ� Żř� ƵŵŚƠŤſř� Śŝ��

ƶƈŴƄƯ�ǈƯŚĩ� ƽŶƘŝƹŵ� ƾţŚŞſŚŰƯ� ŭźƏ� Ĩƿ� �ƵŶƃ� ũřźŴŤſř� ƽř
źū� Ʊŵƺŝ� ƽŶƘŝ� Ĩƿ� ƵŶƴƴĩ� ƵŵŚſ�ƉźƟ� ƱƹŶŝ� ŢſŵǇŚŝ�ƽřźŝ� �ƱŚƿ

�Ʈĩřźţ�ƁƹŹ� Śŝ� ƵŶƃ� ŮǀŰƈţ� źƿŸěŚƳ� Ʈĩřźţ�šǇŵŚƘƯ�ƽŻŚſ� ƶŤƀƀĭ
Ţſř� ƵŶƃ� ƶŗřŹř� ƾƗƺƴƈƯ�ƽźƿŸě� ��ƽřźŝ� ƵŶƃ� ƶŗřŹř� ƾţŚŞſŚŰƯ� ŭźƏ

�ǇŚŝ� ŻŶƫƺƴƿŹ� ŵřŶƗř� Źŵ� ƵźƠů�ƪųřŵ� ŚƿŚě� źƿŸěŚƳ� Ʈĩřźţ� ƱŚƿźū�ƪǀƬŰţ
�ƽŵŚƸƴƄǀě�ƁƹŹ�Żř�ƵŶƯō�Ţſŵ�ƶŝ�ŪƿŚŤƳ�ƹ�ƶŤƟźĭ�Źřźƣ�ƵŵŚƠŤſř�ŵŹƺƯ

ƪƇŚů�ŪƿŚŤƳ� ŚŝŭźƏ� Żř�� ƭƺſźƯ�ƽŚƷCB�ƽżĩźƯ�ƽźǀĭ�ƲǀĮƳŚǀƯ� ƹ�
Ţſř�ƶŤƟźĭ�Źřźƣ�ƶƀƿŚƤƯ�ŵŹƺƯ�����

���
ç���Ʈĩřźţ�ƱŚƿźū�ƽřźŝ�ƽŶƘŝƹŵ�ƽŚƷ�ƶƈŴƄƯ�ŹŚŤųŚſ

�źƿŸěŚƳ��
��ũżƫ� źƿŸěŚƳ� Ʈĩřźţ� ƱŚƿźū�ƽŚƷ� ƶƈŴƄƯ�ƎŝřƹŹ� ũřźŴŤſř� ŹƺƔƴƯ� ƶŝ

ƾƯ� ƶŤƟźĭ� źƔƳ� Źŵ� ŚƸƳō� źƓŚƴŤƯ� źƬƿƹř� šǇŵŚƘƯ� řŶŤŝř� ŵƺƃ@ÎÎ��>
ţ�źƬƿƹř�šǇŵŚƘƯ�ŢƫŚů�Źŵ�ƾƗƺƴƈƯ�ƽźƿŸě�Ʈĩřźţ�ƁƹŹ�Śŝ�ƵŶƃ�ŮǀŰƈ

Żř�ŶƴţŹŚŞƗ�ŶƘŝ�ƾŝ�ƹ�ƽŶƘŝƹŵ���
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�ƶƈŴƄƯ�ƶƿƹŹ�Ĩƿ� �šǇŵŚƘƯ�Ʋƿř�ƽř�ƶƈŴƄƯ�ƎŝřƹŹ�ũřźŴŤſř�ƽřźŝ
� ƶƫŵŚƘƯ� Śŝ� ƾƋźƟ0),,( tyxfŵƺƃ� ƾƯ� ƶŤƟźĭ� źƔƳ� Źŵ�� ��Śŝ

ř�ŹƺƔƴƯ�ƶŝ��ƾĪǀţŚưƴǀſ�ƎŝřƹŹ�Żř�ƵŵŚƠŤſř�ƹ�ƾŗżū�šŚƤŤƄƯ�Ʋǀŝ�ƍŚŞţŹ
�źƔƳ�ŵŹƺƯ�ƶƿƹŹ�ƽƹŹ�Źŵ�ŚƷźŤƯřŹŚě�ƪƯŚĩ�ƢŤƄƯ@ÏÑ>�šǇŵŚƘƯ���Î���ƶŝ
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� ƶŰƠƇxy�ƱŚƯŻ� Żř�šŚƗǈƏř� ŹŚƄŤƳř�ƾĪƿżǀƟ� ƵŵƹŶŰƯ� ƵŶƴƷŵ�ƱŚƄƳ� �
�ƾƯ�Źřźƣ�źǀŧŚţ�ŢŰţ�źƋŚů�ƱŚƯŻ�Źŵ�řŹ�ŹƺĩŸƯ�ƶƐƤƳ�ƶĩ�ŶƃŚŝ�ƾƯ�ƪŞƣ

ŶƷŵ� ���ƱŚƿźū� ƽŶƘŝ� Ŷƴģ� ƾƘƣřƹ�ĨƿżǀƟ� ƲŤƟźĭ� źƔƳ� Źŵ� ŹƺƔƴƯ� ƶŝ
ŬƯ� ĨǀŤſƺĩř� ũƺƯ� ŹŚƸģ�ũƺƯ� ƽŚƿřƹŻ� ƶŝ� źƓŚƴŤƯ� ƽŻŚ

2/3,,2/,0  �šǇŵŚƘƯ�ƹ�ƵŶƃ�śŚŴŤƳř�
�Õ��ŶƳř�ƵŶƃ�ƽŻŚſ�ƶŤƀƀĭ�ŚƸƳō�ƩƺƏ�Źŵ����
 

��
�ƪĪƃÏ��ƶŰƠƇ�Śŝ�űŚƯ�Ūƴĩ�ƖƐƤƯ�ŮƐſ�xy�ƹ�ƪŞƣ�ƱŚƯŻ�Źŵ�

ƾƿŚŬŝŚū�šǈưū�ƲǀưŴţ�ƽřźŝ�ƾţŚŞſŚŰƯ�ŭźƏ���

�ƶƐƤƳ�Źŵ�ƾƿŚŬŝŚū�ŹŚƃ�ƽŚƷŹřŵźŝ�ƶŞſŚŰƯ�ƽřźŝ�ƩŚŨƯ�ƱřƺƴƗ�ƶŝ*ŵ��Ź
�Źřźƣ�ƵŵŚƠŤſř�ŵŹƺƯ�źƿŻ�ƽŹŚĭŻŚſ�ƎŝřƹŹ��ƩƺƬſ�ƹŵ�ħźŤƄƯ�ŻźƯ�ƽƹŹ
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�ŜƿřźƋ� �ǇŚŝ� ƶƐŝřŹ� ŹŵCBA  , ,� ƹD�ƵŶƃ�ƞƿźƘţ� źƿŻ�šŹƺƇ�ƶŝ�
ŶƳř���

�ÎÑ���
   

   

2 2
1 1 2 2

2 2
3 3 4 4

1 1
 4 ,   4 ,  

2 2
1 1

 4 ,   4
2 2

A u u B u u

C v v D v v

 

 

     

     

��

� ƶƐŝřŹ� Źŵ�ÎÐ�� �*** ,, vup�ƽŚƷ� ƶƠƫƺƯ� ƹ� ŹŚƄƟ� źƿŵŚƤƯ� źĮƳŚƄƳ�
�Żř�ƵŵŚƠŤſř�Śŝ�ƶĩ�ŶƴŤƀƷ�ƩƺƬſ�ƹŵ�Ʋǀŝ�ħźŤƄƯ�ŻźƯ�Źŵ�ŢƗźſ�Źřŵźŝ

�šǇŵŚƘƯ�ÎÐ���ƍŚƤƳ�Źŵ�ƱŚƿźū�ƽŚƷźŤƯřŹŚě�źƿŵŚƤƯ�ƹ1, 2, 3, 4�Źŵ�
ƪŞƣ�ƱŚƯŻ�ŶƳƺƃ�ƾƯ�ƶŞſŚŰƯ���ƪĪƃÏ����Ţſŵ�ƶŝ�źƿŵŚƤƯ�Żř�ƵŵŚƠŤſř�Śŝ

�ƽřźŝ�ƵŶƯō*** ,, vup�ħźŤƄƯ�ŻźƯ�Źŵ�ƾƿŚŬŝŚū�ŹŚƃ�ƽŚƷŹřŵźŝ�
ŶƳƺƃ� ƾƯ� ƶŞſŚŰƯ� ƩƺƬſ� ƹŵ� ��ŭźƏ� Ĩƿ� �ƁƹŹ� Ʋƿř� Żř� ƵŵŚƠŤſř� Śŝ

� ƭŚƳ� ƶŝ� ŚƷ� ƶƈŴƄƯ� ŽŚſřźŝ� ŢſŵǇŚŝ� ǈƯŚĩ� ƾţŚŞſŚŰƯMCB 

(Multidimensional Characteristic Based)�ƹ� ƵŶƃ� Ƶŵřŵ� ƶƘſƺţ�
�ƁƹŹ�Źŵ�ƩƺƬſƹŵ�Ʋǀŝ�ŻźƯ�Źŵ�ƾƿŚŬŝŚū�ŹŚƃ�ƽŚƷŹřŵźŝ�ƶŞſŚŰƯ�ƽřźŝ

Ţſř�ƶŤƟźĭ�Źřźƣ�ƵŵŚƠŤſř�ŵŹƺƯ�ŵƹŶŰƯ�ƮŬů���ŭźƏ�ƽřźŝMCB�ƶŞţźƯ�
�ƍŚƤƳ� Źŵ�ƱŚƿźū�ƽŚƷźǀƜŤƯ� źƿŵŚƤƯ� �Ʃƹř1, 2�ƩƺƬſ�źƿŵŚƤƯ� Śŝ� źŝřźŝ�

�ƍŚƤƳ�ƽřźŝ�ƹ�ƵŶƃ�ƶŤƟźĭ�źƔƳ�Źŵ�ŹƹŚŬƯ�ƽŚƷ3, 4ƺƬſ�ƹŵ�Żř��ƪƯŚƃ�Ʃ
Ţſř�ƵŶƃ�ƾŝŚǀƳƹŹŵ�źƔƳ�ŵŹƺƯ�ƶūƹ���ŭźƏ�ŵƺŞƸŝ�ŹƺƔƴƯ�ƶŝMCB�ƶŝ�

�ƶƐƤƳ��ƭƹŵ�ƶŞţźƯ�Ţƣŵ1�ƽŚƷ�ƩƺƬſ�Żř�(i+1,j)��ƹ(i+2,j)�ƶƐƤƳ�ƹ�2�Żř�
ƩƺƬſ� ƽŚƷ(i,j)� ƹ�(i-1,j)Ţſř� ƵŶƃ� ƾŝŚǀƳƹŹŵ�� ��źƿŵŚƤƯ� ƲǀƴĤưƷ

�ƶƐƤƳ� Źŵ�ƱŚƿźū3�ƽŚƷ�ƩƺƬſ�źƿŵŚƤƯ� Żř�(i,j+1)� ƹ�(i+1,j+1)��Źŵ� ƹ
�ƶƐƤƳ4Ư�Żř��ƽŚƷ�ƩƺƬſ�źƿŵŚƤ(i,j-1)�ƹ�(i+1,j-1)Ţſř�ƵŶƃ�ƾŝŚǀƳƹŹŵ�����

��
é�ç�ũżƫ�ŹŚƃ�ƽŚƷŹřŵźŝ���

źƿƹŚƳ�šǇŵŚƘƯ�Źŵ�ũżƫ�ŹŚƃ�ƽŚƷŹřŵźŝ�ƲǀưŴţ�ƽřźŝ��ƶŝ�ŻŚǀƳ��žĩƺŤſř�
�Ʋǀŝ�ħźŤƄƯ�ŻźƯ�Źŵ�ƱŚƿźū�ƽŚƷźŤƯřŹŚě�Ʃƹř�ƶŞţźƯ�šŚƤŤƄƯ�ƶŞſŚŰƯ

Ţſř�ƩƺƬſ�ƹŵ���ƽřźŝ�ƽżĩźƯ�ƾƫƺưƘƯ�ƽŻŚſ�ƶŤƀƀĭ��ƢǀƤŰţ�Ʋƿř�Źŵ
ưŴţ�Źřźƣ� ƵŵŚƠŤſř� ŵŹƺƯ� ƩƺƬſ� ƹŵ�ħźŤƄƯ� ŻźƯ� Źŵ� ũżƫ�šǈưū�Ʋǀ

Ţſř�ƶŤƟźĭ���ƶūƹ�ƽƹŹ�Źŵ�Ʃƹř�ƶŞţźƯ�ƢŤƄƯ��ƩŚŨƯ�ƱřƺƴƗ�ƶŝAB�Źŵ�
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� ƪĪƃ�Ð� ��źƿŻ� šŹƺƇ� ƶŝ� ƶƿƺƳŚŧ� ƶĪŞƃ� Ĩƿ� ƽƹŹ� ƽźǀĮƫřźĮŤƳř� Śŝ
ŵƺƃ�ƾƯ�ƶŞſŚŰƯ���
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Ʊō�Źŵ�ƶĩ���
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Źŵ�ƶĩŢſř�ƱŚƿźū�ƽŚƷźŤƯřŹŚě�Żř�ƾĪƿ�����
��

��
�ƪĪƃÐ�ũżƫ�šǈưū�ƶŞſŚŰƯ�ƽřźŝ�ƶƿƺƳŚŧ�ƶĪŞƃ����

��
é�è�ƾƳŚƯŻ�ƽźǀĮƫřźĮŤƳř���

�šǇŵŚƘƯ� Żř� ƶƗƺưŬƯ� Ĩƿ� ƪǀĪƄţ� ƾƳŚĪƯ� ƵŶƃ� ƶŤƀƀĭ� šǇŵŚƘƯ
�ŮƿźƇ�ƁƹŹ�Ĩƿ�Ǝſƺţ�ƱŚƯŻ�Źŵ�ƶĩ�ŶƴƷŵ�ƾƯ�řŹ�ƾƫƺưƘƯ�ƪǀƀƳřźƠƿŵ

ĬƳřŹ�źĮŤƳř� ŹŚƸģ� ƶŞţźƯ�ƽŚţƺĩ�ƾƯ�ƽźǀĮƫřŶƳƺƃ� ��ƶŤƀƀĭ�šǇŵŚƘƯ
ŶƴŤƀƷ�źƿŻ�ƪĪƃ�ƶŝ�ƾƳŚƯŻ�ƵŶƃ���

�ÎÔ���0



Q

W

t
� �

�Ʊō�Źŵ�ƶĩQ�ƹ�ƾƿŚŬŝŚū�šǈưū�Żř�ƪĪƄŤƯ�ƾƐųźǀƛ�źĮƬưƗ�Ĩƿ�
Ţſř� ũżƫ� �ĬƳřŹ� ŭźƏ��Ʋƿř� Źŵ� ƵŵŚƠŤſř� ŵŹƺƯ� ƭŹŚƸģ� ƶŞţźƯ�ƽŚţƺĩ�

Ţſř�źƿŻ�šŹƺƇ�ƶŝ��ƢǀƤŰţ���

�ÎÕ���

 

(0) (n) (1) (0) (0)

(2) (0) (1) (3) (0) (2)

(4) (0) (0) (1) (2) (3)

Ä t
W =W ,                      W =W - Q

2
Ä t

W =W - Q ,        W =W -Ä t Q
2
Ä t

W =W - Q +2Q +2Q +Q
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��

� ƾƳŚƯŻ� ƭŚĭ� ŹřŶƤƯ� ƶƴǀƄǀŝt�ŵŶƗ� ƽƹŹ� źŝ� ƶĩ� ƽŹřŶƿŚě� ƍźƃ� Żř�
� ŢƳřŹƺĩCFLŵƺƃ� ƾƯ� ƶŞſŚŰƯ� �ŵƺƃ� ƾƯ� ƩŚưƗř�� �� ŵŶƗCFL�ƶŝ�

Ţſř�ƵŶƃ�ƞƿźƘţ�źƿŻ�šŹƺƇ���

�ÎÖ���
l

t
vuvu









  2222CFL��

�Ʊō�Źŵ�ƶĩlƲǀŝ�ƶƬƇŚƟ�ƲƿźŤưĩ�Śŝ�źŝřźŝ��Śţ�źƔƳ�ŵŹƺƯ�ƩƺƬſ�żĩźƯ�
ƩƺƬſ�żĩřźƯŢſř�ŹƹŚŬƯ�ƽŚƷ���

�ŭźƏ� Żř� ƵŵŚƠŤſř� ƶĩ� ŵƺƃ� ƾƯ� ƭƺƬƘƯ� ƶƫŚƤƯ� Ʋƿř� ƽŵŶƗ� ŪƿŚŤƳ� Żř
�ƽŵŚƸƴƄǀě�ƾţŚŞſŚŰƯMCB�ŹřŶƤƯ�CFL�ƽźǀĮưƄģ�Ŷů�Śţ�řŹ�ŻŚŬƯ�

ŵƺƃ�ƾƯ�ŚƿŚě�ŢƫŚů�ƶŝ�ƾƿřźĮưƷ�ŢƗźſ�ƂƿřżƟř�ŦƗŚŝ�ƹ�Ƶŵřŵ�ƂƿřżƟř����

��
é�é�ƽŻźƯ�Ǝƿřźƃ���

� �ŶƯŚū�ƽŚƷŻźƯ�ƽƹŹ�Źŵ�ƵŶƃ�ƩŚưƗř�ŚƸŤƗźſ�ƽřźŝ�ƁżƜƫ�ƭŶƗ�ƍźƃ
Ţſř��ƶƠƫƺƯ�ƾƴǀƿŚě�ƹ�Ěģ��ŢſřŹ�ƲĩŚſ�ƽŚƷŻźƯ�Źŵ�źŝřźŝ�ŢƗźſ�ƽŚƷ

�Źŵ�ħźŰŤƯ� ƵŹřƺƿŵ�ŢƗźſ� Śŝ� źŝřźŝ�ƾƿǇŚŝ�ħźŰŤƯ� ŻźƯ� Źŵ� ƹ�źƠƇ� Śŝ
Ţſř� ƵŶƃ� ƶŤƟźĭ� źƔƳ� ��Śŝ� ŶƯŚū� ŻźƯ� ƽƹŹ� Źŵ� ŹŚƄƟ� �Ʊō� źŝ� ƵƹǈƗ

ƵŹřƺƿŵ� źŝ� ŵƺưƗ� ŢƸū� Źŵ� ƭƺŤƴƯƺƯ� ƶƫŵŚƘƯ� Żř� ƵŵŚƠŤſř�����������
(normal momentum)Ţſř�ƵŶƃ�ƶŞſŚŰƯ�����

 
ê��ŪƿŚŤƳ�Źŵ�ŦŰŝ 

�ŚƷŹŚŝ��ƪĪƃ�ƾƘŝźƯ�ƵźƠů�Ĩƿ�ƪųřŵ�ũżƫ�ƽŚƿŚě�ƹ�źƿŸěŚƳ�Ʈĩřźţ�ƱŚƿźū
�ƵŶƃ�ƶŗřŹř�ŶƿŶū�ƽŚƷ�ƁƹŹ�ƾƿŚƳřƺţ�ƾŝŚƿŻŹř�ŹƺƔƴƯ�ƶŝ�ƲǀƤƤŰƯ�Ǝſƺţ

�Ţſř�ƶŤƟźĭ�Źřźƣ�ƶƘƫŚƐƯ�ŵŹƺƯ@ÏÓ��ÏÔ��ÏÕ��ÏÖ��ÐÍ��>��
ƿŚƳřƺţ�ƶƀƿŚƤƯ�ŹƺƔƴƯ�ƶŝ�ƵŶƃ�ƶŗřŹř�ƁƹŹ�ƾMCB�ŚƸŝřƺū�Ţƣŵ�źƔƳ�Żř�

�ƱŚƿźū�ƪů�řŶŤŝř��ŵƺūƺƯ�ƽŚƷ�ƁƹŹ�Śŝ�ŚƿŚě�ŢƫŚů�ƶŝ�ƾƿřźĮưƷ�űźƳ�ƹ
�ŻŶƫƺƴƿŹ�ŵŶƗ�Źŵ�ƵźƠů�ƪųřŵÎÍÍÍ���ħźŰŤƯ�ƵŹřƺƿŵ�ŢƗźſ�ŽŚſřźŝ

ƵźƠů�ƖƬƋ�ƩƺƏ�ƹ���ƶĪŞƃ�Źŵ�ƹ4040Ţſř�ƵŶƃ�ƶŤƟźĭ�źƔƳ�Źŵ���
�ƾƯŚưţ�Źŵ�ƵŵŚƠŤſř�ŵŹƺƯ�ƽŚƷ�ƁƹŹ��ƵŶƃ�ƶŗřŹř�ŪƿŚŤƳ�ƾƯŚưţ�ŵŹƺƯ�Źŵ
�ƽŻŚſ�ƶŤƀƀĭ�ƹ�ƽŻźƯ�Ǝƿřźƃ��ƾƳŚƯŻ�ƽŻŚſ�ƶŤƀƀĭ�ƶƬưū�Żř�ŵŹřƺƯ
�ƽŚƷŹřŵźŝ� ƶŞſŚŰƯ� ƵƺŰƳ� Źŵ� ŚƸƴţ� ƹ� Ƶŵƺŝ� ƱŚƀĪƿ�ǈƯŚĩ� ũżƫ�šǈưū

ŶƳŹřŵ�šƹŚƠţ�ƾƿŚŬŝŚū�ŹŚƃ��ŢƗźſ�ƶƠƫƺƯ�ƽřźŝ�ƵŶƯō�Ţſŵ�ƶŝ�ŪƿŚŤƳ�u�
�ƶƠƫƺƯ�ƹ�ƵźƠů�żĩźƯ�Żř�řŹŸĭ�ƽŵƺưƗ�Ǝų�ƽƹŹ�Źŵv�ƾƤƟř�Ǝų�ƽƹŹ�

� ƭƺſźƯ� ƽŚƷ� ŭźƏ� Żř� ƵŵŚƠŤſř� Śŝ� ƵźƠů� żĩźƯ� Żř� řŹŸĭCB�ƁƹŹ� ƹ�
�ŶƿŶūMCB�ƽŚƷ�ƪĪƃ�Źŵ��Ñ���ƹ�Ò��Ţſř�ƵŶƃ�Ƶŵřŵ�ƱŚƄƳ���ƹŵ�źƷ

�ƪƇŚů�ŪƿŚŤƳ�ƹ�ŶƳř�ƶŤƟźĭ�Źřźƣ�ƵŵŚƠŤſř�ŵŹƺƯ�Ʃƹř�ƶŞţźƯ�Ţƣŵ�Śŝ�ƁƹŹ
ƿŚŤƳ�Śŝ�ƶƀƿŚƤƯ�Źŵ�ŚƸƳō�Żř�ƝƹźƘƯ�ŪGhia et al. [27]�ƲƟ�šŚǀŝŵř�Źŵ�ƶĩ�
�ŵŹřŶƳŚŤſř�ƪů�ƱřƺƴƗ�ƶŝ(Benchmark solution)��ƪųřŵ�ƱŚƿźū�ƽřźŝ

Ţſř�ƵŶƃ�Ƶŵřŵ�ƱŚƄƳ��Ţſř�ƵŶƃ�ƶŤųŚƴƃ�ƵźƠů���ƪĪƃ�Źŵ�ƶĩŹƺƐƳŚưƷ
�ƽŚƷ�Ñ���ƹ�Ò���ŭźƏ�Żř�ƵŵŚƠŤſř�Śŝ�ƵŶƯō�Ţſŵ�ƶŝ�ŪƿŚŤƳ�ŵƺƃ�ƾƯ�ƵŶƿŵ

�ƾţŚŞſŚŰƯMCBŤƤǀƣŵ�ŜţřźƯ�ƶŝ�Ʃƹř�ƶŞţźƯ��ƭƺſźƯ�ƁƹŹ�Żř�źCB�Śŝ�
�ƱŚƀĪƿ�ƶĪŞƃ�ƽƹŹ�Źŵ�Ʃƹř�ƶŞţźƯ�Ţƣŵ4040ŶƃŚŝ�ƾƯ����
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��
�ƪĪƃÑ��ŢƗźſ�ƶƠƫƺƯ�ƽřźŝ�ƵŶƯō�Ţſŵ�ƶŝ�ŪƿŚŤƳ�ƶƀƿŚƤƯ�u�Źŵ�

�ƽŚƷ�ŭźƏ�Żř�ƵŵŚƠŤſř�Śŝ�ƵźƠů�żĩźƯ�Żř�řŹŸĭ�ƽŵƺưƗ�Ǝų�ƽƹŹ
CB�ƹ�MCB�Źŵ�Ʃƹř�ƶŞţźƯ�Ţƣŵ�Śŝ�Re=1000�ƶĪŞƃ�ƹ�

4040���
 

 
�ƪĪƃÒ��ŢƗźſ�ƶƠƫƺƯ�ƽřźŝ�ƵŶƯō�Ţſŵ�ƶŝ�ŪƿŚŤƳ�ƶƀƿŚƤƯ�v�Źŵ�

ŭźƏ�Żř�ƵŵŚƠŤſř�Śŝ�ƵźƠů�żĩźƯ�Żř�řŹŸĭ�ƾƤƟř�Ǝų�ƽƹŹ�ƽŚƷCB�
�ƹMCB�Źŵ�Ʃƹř�ƶŞţźƯ�Ţƣŵ�Śŝ�Re=1000�ƶĪŞƃ�ƹ�4040���
��

�ƽŚƷ�ŭźƏ�ƽřźŝ�ƶŝŚƄƯ�ŪƿŚŤƳMCB�ƹ�CB�ŪƿŚŤƳ�ƵřźưƷ�ƶŝ�ƭƹŵ�ƶŞţźƯ�
ƁƹŹ� Żř� ƪƇŚů�Ţūżƫ� Ʊŵźĩ� ƶƟŚƋř� Śŝ� ƽżĩźƯ� ƽźǀĭ� ƲǀĮƳŚǀƯ�

�ƽŚƷ�ƪĪƃ�Źŵ�ƾƗƺƴƈƯ�Ó���Śţ�Õ��Ţſř�ƵŶƃ�ƶŗřŹř����

��
�ƪĪƃÓ��ŢƗźſ�ƶƠƫƺƯ�ƽřźŝ�ƵŶƯō�Ţſŵ�ƶŝ�ŪƿŚŤƳ�ƶƀƿŚƤƯu�Źŵ�

�ƽŚƷ�ŭźƏ�Żř�ƵŵŚƠŤſř�Śŝ�ƵźƠů�żĩźƯ�Żř�řŹŸĭ�ƽŵƺưƗ�Ǝų�ƽƹŹ
CB�ƹ�MCB�ƽżĩźƯ�ƽźǀĭ�ƲǀĮƳŚǀƯ�ŭźƏ�ƹ�ƭƹŵ�ƶŞţźƯ�Ţƣŵ�Śŝ�

�ŹŵRe=1000�ƹ��ƶĪŞƃ4040���
��

��
�ƪĪƃÔ��ŢƗźſ�ƶƠƫƺƯ�ƽřźŝ�ƵŶƯō�Ţſŵ�ƶŝ�ŪƿŚŤƳ�ƶƀƿŚƤƯ�v�Źŵ�

�ƽŚƷ�ŭźƏ�Żř�ƵŵŚƠŤſř�Śŝ�ƵźƠů�żĩźƯ�Żř�řŹŸĭ�ƾƤƟř�Ǝų�ƽƹŹCB�
�ƹMCB�Źŵ�ƽżĩźƯ�ƽźǀĭ�ƲǀĮƳŚǀƯ�ŭźƏ�ƹ�ƭƹŵ�ƶŞţźƯ�Ţƣŵ�Śŝ�

Re=1000�ƶĪŞƃ�ƹ�4040� 
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��
�ƪĪƃÕ��ƵŶƃ�īŹżŝ�ƽŚưƳ��ƶƠƫƺƯ�ŹřŵƺưƳ�ƶƴǀưĩ�ƹ�ƶƴǀƄǀŝ
�ŢƗźſv�Żř�ƵŵŚƠŤſř�Śŝ�ƵźƠů�żĩźƯ�Żř�řŹŸĭ�ƾƤƟř�Ǝų�ƽƹŹ�Źŵ�

�ƽŚƷ�ŭźƏCB�ƹ�MCB�ƲǀĮƳŚǀƯ�ŭźƏ�ƹ�ƭƹŵ�ƶŞţźƯ�Ţƣŵ�Śŝ�
�Źŵ�ƽżĩźƯ�ƽźǀĭRe=1000�ƶĪŞƃ�ƹ�4040���

��
ƳƪǀƟƹźě�ƶƴǀưĩ�ƹ�ƶƴǀƄǀŝ�ƵŶƃ�īŹżŝ�ƽŚư�ƽŚƷu�ƹ�v�ŹƺƔƴƯ�ƶŝ�żǀƳ�

ŤƤǀƣŵ�ƶƀƿŚƤƯŢſř�ƵŶƃ�Ƶŵřŵ�ƱŚƄƳ�ź��ƪĪƃ�Źŵ�ƶĩŹƺƐƳŚưƷ�ƽŚƷ�Ó��
� Śţ�Õ� �ƾƯ� ƵŶƿŵ�ƶƿŚěźŝ� ƽŶƘŝƹŵ� ŢſŵǇŚŝ� ƽŵŚƸƴƄǀě� ŭźƏ� �ŵƺƃ

�ŚƷ�ƶƈŴƄƯ(MCB)�Źŵ�ŵƺų�ƭƹŵ�ƶŞţźƯ�ƪĪƃ�Źŵ�řŹ�ƽźŤƤǀƣŵ�ŪƿŚŤƳ�
� ƭƺſźƯ� ŭźƏ� Śŝ� ƶƀƿŚƤƯCBƾƯ� ƶŗřŹř� ƭƹŵ� ƶŞţźƯ�ŶƷŵ� ��ŜƫŚū� ƶŤĪƳ

� ƁƹŹ� Żř� ƪƇŚů� ŪƿŚŤƳ� ƶƀƿŚƤƯ� ƶūƺţMCBƹŵ� ƶŞţźƯ��ŭźƏ� Śŝ� ƭ
ƲǀĮƳŚǀƯŶƃŚŝ�ƾƯ�ƽżĩźƯ�ƽźǀĭ����

�ƶŞţźƯ�ǈƯŚĩ�Ţƣŵ�źƋŚů�ƶĪŞƃ�ŵŹƺƯ�Źŵ�ƽżĩźƯ�ƁƹŹ�ƶĩ�Ʋƿř�ŵƺūƹ�Śŝ
�ŶƷŵ�ƾƯ�ƶŗřŹř�řŹ�ƭƹŵ�ƶĪŞƃ�Ʊŵƺŝ�ƲƿżţŹŚĩ�ƪǀƫŵ�ƶŝ��Żř�ƪƇŚů�ŪƿŚŤƳ��

� ŭźƏMCB�ƱŚƀĪƿ� ƶĪŞƃ� Źŵ� ƽżĩźƯ� ƁƹŹ� ŪƿŚŤƳ� Żř� ƭƹŵ� ƶŞţźƯ�
Ţſř�źŤƤǀƣŵ����

ŵŚƸƴƄǀě� ŭźƏ�ƾƿřźĮưƷ�ŢƗźſ� ŵŹƺƯ� Źŵ�ƶŝ� ŪƿŚŤƳ� �ŚƿŚě�ŢƫŚů� ƶŝ�ƽ
�ƁƹŹ� ƶĩ�Ţſř� Ʊō� źĮƳŚƄƳ� ƵŶƯō�ŢſŵMCB�ƽŚƸƃƹŹ� Żř� źŤƘƿźſ�

�ƭƺſźƯCBƾƯ�řźĮưƷ�ŚƿŚě�ƾƿŚƸƳ�ƽŚƸŝřƺū�ƶŝ�ƽżĩźƯ�ƹ�ŵƺƃ����
ŭźƏ�ƾƿřźĮưƷ�űźƳ�Ʊŵƺŝ�Ŷƴĩ�ƶŝ�ƶūƺţ�Śŝ�ƭƺſźƯ�ƽŚƷCB�Źŵ�ǈŞƣ�ƶĩ�

�ŶƴƳŚƯ�ƞƬŤŴƯ�ƖūřźƯ@ÏÐ�ƹÐÎ�ƹÐÏ�>��űźƳ� �Ţſř�ƵŶƃ�ƵŹŚƃř�Ʊō�ƶŝ
ŝ�ƾƿřźĮưƷ�ŭźƏ�źǀĮưƄģ�ŢƿżƯ��ƽŵŚƸƴƄǀě�ƁƹŹ�Ɩƿźſ�ŹŚǀƀMCB�

ƶƈŴƄƯ�ƶƿŚěźŝ�ƁƹŹ�ƶŝ�ŢŞƀƳ� řŹ�ƾƯ�ƱŚƄƳ�ƽŶƘŝ�Ĩƿ�ƭƺſźƯ�ƽŚƷ
ŶƷŵ����

ŭźƏ� ƾƿřźĮưƷ� űźƳ� �ƽżĩźƯ� ƽŚƷCB� ƹ�MCB�ŵřŶƗř� ƵŵƹŶŰƯ� Źŵ�
�ŻŶƫƺƴƿŹÎÍÍ�Śţ�ÎÍ�ÍÍÍ�ƾƯŚưţ�Źŵ�ƶĩ�Ţſř�ƵŶƃ�ƶƀƿŚƤƯ�źĮƿŶĪƿ�Śŝ�

�ƽŵŚƸƴƄǀě�ŭźƏ�ŵŹřƺƯMCBƷ�ŭźƏ�Żř�ƭƹŵ�ƶŞţźƯ��ƹ�ƽżĩźƯ�ƽŚCB�
ƾƯ�ƱŚƄƳ�ŵƺų�Żř� řŹ�ƽźŤƘƿźſ�ƾƿřźĮưƷ�ƭƹŵ�ƶŞţźƯŶƷŵ��ƶƳƺưƳ�Żř�ƽř

� ƪĪƃ� Źŵ� ŦŰŝ� ŵŹƺƯ� ƾţŚŞſŚŰƯ� ŭźƏ� ƶſ� ƾƿřźĮưƷ� ƶĤŴƿŹŚţ�Ö��
�ƽřźŝRe=1000Ţſř�ƵŶƃ�Ƶŵřŵ�ƱŚƄƳ�����

��

��
�ƪĪƃÖ��ƽŚƸƃƹŹ�ƾƿřźĮưƷ�ƶĤŴƿŹŚţ�ƶƀƿŚƤƯ�MCB��CB�ƹ�

ƽżĩźƯ��
��

Ţſř�ƵŶƃ�ƞƿźƘţ�źƿŻ�šŹƺƇ�ƶŝ�ŚƐų�ƭŹƺƳ���

�ÏÍ���  JMIMpp
IM

i

JM

j

n
ji

n
ji  

 



1 1

2 

,
1

,ENORM��

��
�Ʊō�Źŵ�ƶĩIM�ƹ�JM�ƽŚƷ�ŢƸū�Źŵ�ŚƷ�ƩƺƬſ�ŵřŶƘţ�x�ƹ�yŶƴŤƀƷ�����

� ƁƹŹ� Żř� ƵŵŚƠŤſř� ŚŝMCB� ŵŶƗ� ƶƴǀƄǀŝ�CFL�ŵŹƺƯ� Źŵ� ŻŚŬƯ�
Re=1000� ƶĪŞƃ� ƹ�4040� Śŝ� źŝřźŝ�Ö�Î�Źŵ� ƶĪǀƫŚů� Źŵ� Ţſř�

ŭźƏ�ƽřźŝ�ƶŝŚƄƯ�Ǝƿřźƃ�ƹ�ƽżĩźƯ�ƽŚƷCBŚŝ�źŝřźŝ�Ŝǀţźţ�ƶŝ��Ô�Î�ƹ�
Ö�ÍƾƯ�ŶƃŚŝ���Źŵ��Ţſř�ƵŶƃ�źĩŷ�ƲƟ�šŚǀŝŵř�Źŵ�ƶĩŹƺƐƳŚưƷ�ƵĦƿƹ�ƶŝ

ƂƿŚƯŻō� ŭźƏ� Ŷƴĩ� ƾƿřźĮưƷ� űźƳ� żǀƳ� ƵŶƃ� ƭŚŬƳř� ƽŵŶƗ� ƽŚƷCB�
ƾƯ� ƵŶƷŚƄƯ�ƽŚƷŚƐų�ƕƺưŬƯ� ŹŸū�ƂƷŚĩ�ƽřźŝ� ƶĩ�ƽŹƺƏ� ƶŝ� ŵƺƃ

 t/  p� ŹřŶƤƯ�ƶŝ�3101 
�ŭźƏ�Żř� ƵŵŚƠŤſř� Śŝ�CB� ƶŞţźƯ��ƭƹŵ

�ƶŝ�ŻŚǀƳÎÎÖÓÒŭźƏ�ƽřźŝ�ƶĪǀƫŚů�Źŵ�Ţſř�ŹřźĪţ�ŵřŶƘţ��ƹ�ƽżĩźƯ�ƽŚƷ
MCB�Śŝ�źŝřźŝ�Ŝǀţźţ�ƶŝ�ŵřŶƘţ�Ʋƿř�ÒÖÐÕ�ƹ�ÑÕÐÍƾƯ�ŶƃŚŝ����

� ƪĪƃ� Źŵ�ÎÍ� ��ƶŝřŵźĭ� ƱŚƿźū� ƍƺƐų� ƽřźŝ� ƵŶƯō� Ţſŵ� ƶŝ� ŪƿŚŤƳ
�Źŵ�ƵźƠů�Ěģ�Ţưſ�ƲǀƿŚě�ƶƃƺĭRe=1000�ƶĪŞƃ�ƹ�4040�Śŝ�

ŭźƏ� Żř� ƵŵŚƠŤſřƷ�ƽŚCB� ƹ�MCB�ŪƿŚŤƳ� Śŝ� ƶƀƿŚƤƯ� Źŵ� ƭƹŵ� ƶŞţźƯ�
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Erturk et al. [33]Ţſř�ƵŶƃ�Ƶŵřŵ�ƱŚƄƳ�����
��

��

��

��
�ƪĪƃÎÍ��ƵźƠů�Ěģ�Ţưſ�ƲǀƿŚě�ƶƃƺĭ�ƶŝřŵźĭ�ƱŚƿźū�ƍƺƐų�
�ŹŵRe=1000�ƶĪŞƃ�ƹ�4040��(A�Erturk et al. [33]��

(B�ŭźƏCB��ƭƹŵ�ƶŞţźƯ�(C�ŭźƏ�MCBƭƹŵ�ƶŞţźƯ��� ��

 

��
�ƪĪƃÎÎ��Źŵ�ƶƿƺƳŚŧ�ƹ�ƶǀƫƹř�ƽŚƷ�ƶŝřŵźĭ�ƱŚƿźū�ƍƺƐų�Re=100, 

400����

��
�ƪĪƃÎÏ��Źŵ�ƶƿƺƳŚŧ�ƹ�ƶǀƫƹř�ƽŚƷ�ƶŝřŵźĭ�ƱŚƿźū�ƍƺƐų�

Re=1000, 3200�� 

ƪĪƃ� Źŵ� ƶĩŹƺƐƳŚưƷƾƯ� ƵŶƿŵ� żǀƳ� ŚƷ�ƁƹŹ� Żř� ƪƇŚů� ŪƿŚŤƳ� �ŵƺƃ
MCB�ŪƿŚŤƳ�Żř�źŤƤǀƣŵ�ŹŚǀƀŝ�CB�ƪŝŚƣźǀƛ�ƽŚƸŝřƺū�ŵŹƺƯ�Ʋƿř�Źŵ�ƶĩ��

Żř�Źƹŵ�ŹŚǀƀŝ�ƹ�ƩƺŞƣŶƃŚŝ�ƾƯ��Ţſř�Ƶŵźĩ�ƶŗřŹř�ŢǀƘƣřƹ�����
ƪĪƃ�ƽŚƷ�ÎÎ��� Śţ�ÎÒ� ��ƖŝŚţ�ƽŚƷŹƺŤƳŚĩ�ƽřźŝ� ƵŶƯō�Ţſŵ�ƶŝ�ŪƿŚŤƳ

� ƶĪŞƃ� Źŵ� ƱŚƿźū256256�ŵřŶƗř� Żř� ƾƘǀſƹ� ƵŵƹŶŰƯ� ƽřźŝ� řŹ�
ŶƷŵ�ƾƯ�ƱŚƄƳ�ǇŚŝ�ŻŶƫƺƴƿŹ�ŵřŶƗř�ƲǀƴĤưƷ�ƹ�ŻŶƫƺƴƿŹ���

 

��

 
ƃ�ƪĪÎÐ�ƳŚŧ�ƹ�ƶǀƫƹř�ƽŚƷ�ƶŝřŵźĭ�ƱŚƿźū�ƍƺƐų��Źŵ�ŚƷ�ƶŝřŵźĭ�ƵŶƃ�īŹżŝ�ƽŚưƳ�ƹ�ƶƿƺRe=5000���
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��
�ƪĪƃÎÑ��Źŵ�ŚƷ�ƶŝřŵźĭ�ƵŶƃ�īŹżŝ�ƽŚưƳ�ƹ�ƶƿƺƳŚŧ�ƹ�ƶǀƫƹř�ƽŚƷ�ƶŝřŵźĭ�ƱŚƿźū�ƍƺƐų�Re=7500����

 

 
�ƪĪƃÎÒ��Źŵ�ŚƷ�ƶŝřŵźĭ�ƵŶƃ�īŹżŝ�ƽŚưƳ�ƹ�ƶƿƺƳŚŧ�ƹ�ƶǀƫƹř�ƽŚƷ�ƶŝřŵźĭ�ƱŚƿźū�ƍƺƐų�Re=10,000���

��
��

żǀƳ�ƶƿƺƳŚŧ�ƽŚƷ�ƶŝřŵźĭ�ƵŶƃ�īŹżŝ�ƽŚưƳ�ƱŚƄƳ�ǇŚŝ�ŻŶƫƺƴƿŹ�ŵřŶƗř�Źŵ�
Ţſř� ƵŶƃ� Ƶŵřŵ� �ƾƴŰƴƯ�Ƃųźģ� ƮƷ� ƹ� ŹŚƄƟ� ƮƷ� ƽŚƷ(vorticity 

contour)ƪĪƃ�Źŵ��ƽŚƷ�ÎÓ� �� ƹ�ÎÔ� �� ŻŶƫƺƴƿŹ� ŵřŶƗř�ƽřźŝÎÍÍÍ�ƹ�
ÒÍÍÍ�ƁƹŹ�Żř�ƵŵŚƠŤſř�Śŝ�MCB�ƶŗřŹř�ŪƿŚŤƳ�Śŝ�ƶƀƿŚƤƯ�Źŵ�ƭƹŵ�ƶŞţźƯ�

��Ǝſƺţ�ƵŶƃBruneau and Saad [34]Ţſř�ƵŶƃ�Ƶŵřŵ�ƱŚƄƳ�����
��

��

��
��
��
��

��
�ƪĪƃÎÓ�ƾƴŰƴƯ��ƽřźŝ�Ƃųźģ�ƮƷ�ƹ�ŹŚƄƟ�ƮƷ�ƽŚƷRe=1000��(A,C�Bruneau and Saad [34]��(B,D�ƁƹŹ�MCBƭƹŵ�ƶŞţźƯ�����

��

��
�ƪĪƃÎÔ�ƾƴŰƴƯ��ƽřźŝ�Ƃųźģ�ƮƷ�ƹ�ŹŚƄƟ�ƮƷ�ƽŚƷRe=5000��(A,C�Bruneau and Saad [34]��(B,D�ƁƹŹ�MCBƭƹŵ�ƶŞţźƯ��� 

��
�ŶƿŶū�ƾţŚŞſŚŰƯ�ŭźƏ�Ʊŵźŝ� ŹŚĩ�ƶŝ� ŚŝMCB�ŢǀƘƣřƹ�ŽŚſř�źŝ�ƶĩ��ƾţřŷ� ŢſŵǇŚŝ� ƁƹŹ� Żř� ƹ� ƵŶƃ� ƵŵŚƸƳ� Śƴŝ� ƩŚǀſ� ƽŶƘŝƹŵ� ƾĪƿżǀƟ
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ƶƈŴƄƯ�ŽŚſřźŝ�ƽŶƘŝŶƴģ�ŢſŵǇŚŝ�ƁƹŹƶƈŴƄƯ�ŽŚſřźŝ�ƽŶƘŝŶƴģ�ŢſŵǇŚŝ�ƁƹŹ�ƵźƠů�ƪųřŵ�źƿŸěŚƳ�Ʈĩřźţ�ƱŚƿźū�ƪǀƬŰţ�ƽřźŝ�ŚƷ�ƵźƠů�ƪųřŵ�źƿŸěŚƳ�Ʈĩřźţ�ƱŚƿźū�ƪǀƬŰţ�ƽřźŝ�ŚƷ������������������������������������������������������������������������������������������������������������������������������������������������������������ÏÐ��
 

�ŚƷ� ƩƺƬſ� ŻźƯ� Źŵ� ƾƿŚŬŝŚū� ŹŚƃ� ƽŚƷŹřŵźŝ� ƶŞſŚŰƯ� ƽřźŝ� ƽŶƘŝƹŵ
�ƶŝ� ŻŚǀƳ� ƹ� Ƶŵƺŝ� ŹřŶƿŚě� ŹŚǀƀŝ�ƪƇŚů�ƽŵŶƗ�ƁƹŹ� �Ŷƴĩ�ƾƯ� ƵŵŚƠŤſř
�ƪů� ƲŤųŚſ� ŹřŶƿŚě� ŹƺƔƴƯ� ƶŝ� ƾƗƺƴƈƯ� Ţūżƫ� ƶƳƺĭ� ĢǀƷ� ƱŵƹżƟř���

ŶƃŚŝ�ƾưƳ��ƪĪƃ�ƽŚƷ�ÎÕ���ƹ�ÎÖ���Żř�ƵŵŚƠŤſř�Śŝ�ƵŶƯō�Ţſŵ�ƶŝ�ŪƿŚŤƳ
�ŭźƏMCB�ŢƗźſ�ƶƠƫƺƯ�ƽřźŝ�u�żĩźƯ�Żř�řŹŸĭ�ƽŵƺưƗ�Ǝų�ƽƹŹ�Źŵ�

� ƶƠƫƺƯ� ƹ� ƵźƠův�ƶĪŞƃ� Źŵ� řŹ� ƵźƠů� żĩźƯ� Żř� řŹŸĭ�ƾƤƟř�Ǝų�ƽƹŹ�
256256ŶƴƷŵ�ƾƯ�ƱŚƄƳ�� �ƾƯ�ƵŶƿŵ�ƶĩŹƺƐƳŚưƷ�ƶŝ�ŪƿŚŤƳ� �ŵƺƃ

ţ�ƽŵŚƸƴƄǀě�ƁƹŹ�Śŝ�ƵŶƯō�Ţſŵ�ƖūźƯ�ŪƿŚŤƳ�Śŝ�ƾŝƺų�ƢƟřƺGhia et 

al. [27]ŵŹřŵ�����

��

��

 
�ƪĪƃÎÕ��ŢƗźſ�ƶƠƫƺƯ�ƽřźŝ�ƵŶƃ�ƶŞſŚŰƯ�źƿŵŚƤƯ�ƶƀƿŚƤƯ�u�ƖūźƯ�ŪƿŚŤƳ�Śŝ�ƵźƠů�żĩźƯ�Żř�řŹŸĭ�ƽŵƺưƗ�Ǝų�ƽƹŹ�Źŵ�Ghia et al. [27]�

ƞƬŤŴƯ�ŻŶƫƺƴƿŹ�ŵřŶƗř�Źŵ����

��

 
�ƪĪƃÎÖ�řźŝ�ƵŶƃ�ƶŞſŚŰƯ�źƿŵŚƤƯ�ƶƀƿŚƤƯ��ŢƗźſ�ƶƠƫƺƯ�ƽv�ƖūźƯ�ŪƿŚŤƳ�Śŝ�ƵźƠů�żĩźƯ�Żř�řŹŸĭ�ƾƤƟř�Ǝų�ƽƹŹ�Źŵ�Ghia et al. [27]�Źŵ�

ƞƬŤŴƯ�ŻŶƫƺƴƿŹ�ŵřŶƗř���

Re=100 Re=1000 Re=3200 

Re=5000 
Re=7500 Re=10,000 

Re=100 Re=1000 Re=3200 

Re=5000 Re=7500 Re=10,000 
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��
�ƪĪƃÏÍ��Źŵ�ƵźƠů�ƾſŶƴƷ�żĩźƯ�Żř�řŹŸĭ�ƽŵƺưƗ�ƹ�ƾƤƟř�ƍƺƐų�ƽƹŹ�Źŵ�Ƃųźģ�ƽřźŝ�ƵŶƯō�Ţſŵ�ƶŝ�ŪƿŚŤƳ�Re=1000�Żř�ƵŵŚƠŤſř�Śŝ�

�ŭźƏMCB�Śŝ�ƶƀƿŚƤƯ�Źŵ�ƭƹŵ�ƶŞţźƯ�Botella & Peyret [35]����
��

Botella & Peyret [35]�Źŵ�Ƃųźģ�źƿŵŚƤƯ�ƽřźŝ�ǇŚŝ�Ţƣŵ�Śŝ�ŪƿŚŤƳ�
�Śŝ� řŹ� ƵźƠů� ƾſŶƴƷ� żĩźƯ� Żř� řŹŸĭ� ƽŵƺưƗ� ƹ� ƾƤƟř� ƍƺƐų� ƽƹŹ

�ƾƠǀƏ�ƁƹŹ�Żř�ƵŵŚƠŤſřChebyshev�ŻŶƫƺƴƿŹ�ŵŶƗ�ƽřźŝ�ÎÍÍÍ�ƶŗřŹř�
ŶƳř� Ƶŵřŵ� ��ƁƹŹ� Żř� ƪƇŚů� ŪƿŚŤƳ� ƹ� ŚƸƳō� ŪƿŚŤƳMCB�Źŵ� ƭƹŵ� ƶŞţźƯ�
� ƪĪƃ�ÏÍ�ƄƳ�ƾƯ� ƶƔůǈƯ� ƶĩŹƺƐƳŚưƷ� ƹ�Ţſř� ƵŶƃ� Ƶŵřŵ� ƱŚ�ŵƺƃ

Ţſř�ƾƫŚƗ�ŪƿŚŤƳ�ƾƳřƺŴưƷ����
��

ë��ŤƳǀĭ�ƶŬǀźƽ 
�ƶƿŚěźŝ� ƽŶƘŝƹŵ� ǈƯŚĩ� ŢſŵǇŚŝ� ŶƿŶū� ƁƹŹ� Ĩƿ� ƶƫŚƤƯ� Ʋƿř� Źŵ

ƶƈŴƄƯŢſř�ƵŶƃ�ƶŗřŹř�ũżƫ�źƿŸěŚƳ�Ʈĩřźţ�ƽŚƸƳŚƿźū�ƪǀƬŰţ�ƽřźŝ�ŚƷ��
�Ʈĩřźţ� ƁƹŹ� Żř� ƵŵŚƠŤſř� Śŝ� źƿŸěŚƳ� Ʈĩřźţ� ƱŚƿźū� źŝ� ƮĩŚů� šǇŵŚƘƯ

ě�ŚƸƳō�ƽŶƘŝƹŵ�ƽŚƷ�ƶƈŴƄƯ�ŹŚŤųŚſ�ƹ�ƵŶƃ�ŮǀŰƈţ�ƾƗƺƴƈƯ�ƽźƿŸ
�ƶŤƟźĭ� Źřźƣ�ƪǀƬŰţ� ŵŹƺƯ�ƾƋŚƿŹ�ƁƹŹ� Żř� ƵŵŚƠŤſř� Śŝ� ŹŚŝ�Ʋǀƫƹř�ƽřźŝ

Ţſř���ƽŶƘŝƹŵ�ƽŚƷ�ƶƈŴƄƯ�ƽřźŝ�ƵŶƯō�Ţſŵ�ƶŝ�ƎŝřƹŹ�Żř�ƵŵŚƠŤſř�Śŝ
�ƭŚƳ�ƶŝ�ƽŶƘŝƹŵ�ǈƯŚĩ�ŢſŵǇŚŝ�ŭźƏ�Ĩƿ��šǇŵŚƘƯMCB�ƵŶƃ�ƶŗřŹř�

ř� ŹŚƄŤƳř� ƵŶƿŶě� ŽŚſř� źŝ� ƶĩ�Ʈĩřźţ� ƩŚǀſ� ƎǀŰƯ� Źŵ� ƽŻŚŬƯ� ũřƺƯ
ŶƃŚŝ� ƾƯ� źƿŸěŚƳ� ��ƮŬů� ƽŻŚſ� ƶŤƀƀĭ� ƪĪƃ� Źŵ� ƽŵŚƸƴƄǀě�ƁƹŹ

�Źřźƣ� ƵŵŚƠŤſř� ŵŹƺƯ� ƾƿŚŬŝŚū� ŹŚƃ� ƽŚƷŹřŵźŝ� ƶŞſŚŰƯ� ƽřźŝ� ŵƹŶŰƯ
Ţſř� ƶŤƟźĭ� �� ƾţŚŞſŚŰƯ� ŭźƏ� Żř� ƵŵŚƠŤſř� ŚŝMCB�ƶƯŚƳźŝ� Ĩƿ�

�Ʈĩřźţ�ƱŚƿźū�ƪǀƬŰţ�ƽřźŝ�ŮƿźƇ�ŵƹŶŰƯ�ƮŬů�ƁƹŹ� Śŝ�ƽźţƺǀĜƯŚĩ
ŚƿŚě�źƿŸěŚƳŢſř�ƵŶƃ�ƶŤƃƺƳ�ƞƬŤŴƯ�ŻŶƫƺƴƿŹ�ŵřŶƗř�Źŵ�ƵźƠů�ƪųřŵ���

�źƿŻ�šŹƺƇ�ƶŝ�ƵŶƃ�ƭŚŬƳř�ƽŵŶƗ�ƽŚƷ�ƪǀƬŰţ�Żř�ƵŶƯō�Ţſŵ�ƶŝ�ŪƿŚŤƳ
Ţſř���

Î� �ŶƿŶū�ƁƹŹMCB�ƭƺſźƯ�ŭźƏ�ƶŝ�ŢŞƀƳ�řŹ�ƽźŤƤǀƣŵ�ŪƿŚŤƳ�
CB�ƱŚƀĪƿ�ƶĪŞƃ�Źŵ�ƭƹŵ�ƶŞţźƯ�ƹ�Ʃƹř�ƶŞţźƯ�ƪĪƃ�ƹŵ�źƷ�Źŵ�

ƾƯ�ƶŗřŹřŶƷŵ�� 

Ï� � ƵŵŚƠŤſř� Śŝ� ƵŶƯō�Ţſŵ� ƶŝ�ŪƿŚŤƳ�ŭźƏ� ŻřMCB�ƭƹŵ� ƶŞţźƯ�
� ƽżĩźƯ� ƽźǀĭ� ƲǀĮƳŚǀƯ� ŭźƏ� ŪƿŚŤƳ� Żř� ƾŤů��ƪǀƫŵ� ƶŝ� ƶĩ

�řŹ� ƭƹŵ� ƶŞţźƯ� ǈƯŚĩ� Ţƣŵ� ŵŹƺƯ� Ʋƿř� Źŵ� ƶĪŞƃ� Ʊŵƺŝ� ƲƿżţŹŚĩ���
ƾƯŶƷŵ��Ţſř�źŤƤǀƣŵ�ƱŚƀĪƿ�ƶĪŞƃ�ƽƹŹ�źŝ�żǀƳ�� 

Ð� ƶƈŴƄƯ�ƎŝřƹŹ�Żř�ƵŵŚƠŤſř�ƪǀƫŵ�ƶŝ�ŢƤŝŚƐƯ�ƹ�ƽŶƘŝŶƴģ�ƽŚƷ
źƏ�Żř�ƵŵŚƠŤſř� �ƩŚǀſ�ƾĪƿżǀƟ�ŢǀƘƣřƹ� Śŝ�ŭMCB�ƽŵŶƗ�ƁƹŹ�

ƾƯ�ƶŗřŹř�řŹ�ƽŹřŶƿŚě�ǈƯŚĩ�ƶƳƺĭ�ĢǀƷ�Ʊŵźĩ�ƶƟŚƋř�ƶŝ�ƽŻŚǀƳ�ƹ�ŶƷŵ
ƾưƳ�ƪů�ƲŤųŚſ�ŹřŶƿŚě�ŹƺƔƴƯ�ƶŝ�ƾƗƺƴƈƯ�ŢūżƫŶƃŚŝ�� 

Ñ� �ƁƹŹ� źǀĮưƄģ�ŢƿżƯMCB�� ƭƺſźƯ�ƁƹŹ� ƶŝ�ŢŞƀƳCB��
Ţſř�Ʊō�Ɩƿźſ�ŹŚǀƀŝ�ƾƿřźĮưƷ�űźƳ���űźƳ�ƶĩ�Ţſř�ƾƫŚů�Źŵ�Ʋƿř

�ƭƺſźƯ�ŭźƏ�Ŷƴĩ�ƾƿřźĮưƷCBŹŵ�šŚƘƟŵ�ƶŝ��źĩŷ�ƲƟ�šŚǀŝŵř�
Ţſř�ƵŶƃ�� 

Ò� � ƁƹŹ� Żř� ƵŶƯō� Ţſŵ� ƶŝ� ŪƿŚŤƳMCB�ŵŹřƺƯ� ƾƯŚưţ� Źŵ�
Ƶŵřŵ�Śŝ�ƶƀƿŚƤƯ�Źŵ�ƶĩ�ŶƷŵ�ƾƯ�ƶŗřŹř�řŹ�ƾƫƺŞƣ�ƪŝŚƣ�ƽŚƸŝřƺū�ƽŚƷ
ŢſřŹřŵ�řŹ�ƾŝƺų�ŹŚǀƀŝ�ƢŝŚƐţ�ƲƟ�šŚǀŝŵř�Źŵ�ŵƺūƺƯ�ƖūźƯ�� 

��
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