R~ wl.ﬁ s
ook Ol o (puidige

ATl ) ot paiia o0

] R g KXY )

S s (595 (lod Al 295 A (99w gy Al (5 j sl
T 155 awlic g 5515800 5 ilio

3 . *

QL@.L.&‘ em\b LJL 9 Jv 9 dbA& L;w.lﬁéﬁ bm‘b )LiJL:.«-'\ -\

%mossaiby@eng.ui.ac.ir

[a0/+¥N4T 1 5 ndy &b

EY7ARVIN § PO IS IRE

53 (ol aSis W5 (VL ay e lat S 13 O Kiassy a5 5590 4K 05y sla By, ot L;LMA:):—QV\&

Nl 5 S g e L e ke il e 3 (sl Jeedlis S¥alas 11 o (sl o e i 3 S el st

QL_..L;@l_:. ;Pﬁ%wﬁﬁbwiw&l}s; b“%é;.?‘tﬁ%éuhd}‘} S ol sslwesly dlae il s

slaoly sleslaul Ly > C\_>_u'\ s LS sls Jals ol 4l s > 5 AU gl Ol e clie (3lwesly b das e

Gl ol Sl eslinal oL sl SV 5SS oslpan Bl (ollp 5 slakin b acslis 5 CHt Uil dgams o sl

ol e VB Y/0 o Cod ol ol @l}S O X Golwesly S g 5 555 e el OLS Fagn pl sl 6)1}5'(’)

g silosly ((slosly Jomiliins V¥slae (0SS I s3luldr Dg,ls b bl b wls 2y (ST OB 319

aS Laanls 5 pl ool baaals 55 (say4a8 als sladl Sl
L g atle G158 @ b Lo g odesls OLL s ol o
Ll plazt 5 ansls (SLEl Ol jla s 50 5 oS
uu\bﬁj@m|5mﬂjj&§,iw\ AL ol aals ol 58
53 e 4 s S L s s e sdial 51 B Sasl oS
Ao oo Ll i ) el s sl e il
2 Sl pamasie o5 a5 Jald 5 en s Sl
05l sla sy ol sadle s a8 gy ol 5l sl s
S S ol s 815 0 S st a5 5 e 4SS
Catbge b g3b3 Blew 53 (S50 w4 o8 aKd 05 la s

el Tl gl S S el 43S 13 eslinad 3550

1. partition
2. exponential basis functions method

21/

Ao —
SYslae (gode > (gla g 51 SO s gdeee O i,
5035 Iy Slop anw s ol glaaas o oS ol Ll s
Ly 352 Cmsoms Shas Ol ol a8l (00l 5 slas )18
LS (bl silenly e sl asle Lalss O pike
el Plas 31 m s Sl 0208 53 eslinal OG5 5 YL
OLadl sy a8 sl 3y (9ol Jluws S5 55 cpl b
S s Wl o 3 s en s T Jo w530 5 s0ms
) PP PO U5 P PEIVE R B
ol Seslid glacand o S 5 5l (G sed st
o=l etle Suoes coul a0l sl el by,
Sl a3 gdoms Ol B sl cle an Laas s


mailto:*mossaiby@eng.ui.ac.ir
www.sid.ir

o s G gl w5 S Dok S e Soleesls

O 3 bl e 05 1 e il s lsles
St I il K0 e Sl ulad 0,51
0353) B Do se 4 S50 Ll pE S ay e ey
5 S adsles Bl Jdl s abbas b 550

:J}.:Jg;ﬂ
[Lu=f in Q
r,ur, =r =200
Lu=f, onT,, )
ronrlf, =0
{LNu:fN onT

s s Ses L WJsgme &L u RIYR Y
oo heilies gl Ses Ly 5L, b uls b
oy sy of 5 eds Amk)vd)};@ sl s
50 .MQ\J;L&»ﬁwt«wbw@lﬁ%J:
Gla i Ty 5Ty se350 00 5,05 = aulsT
ASU aS Lol 51 es e LS 1 5oe ol and 5 (G050
J= Do s es G ol e Sobeesly Sl o)
3l Cald UG 4 sl (Ken 5 SKen S s
L;@y@bﬁ(f:O)él;—d:bﬁJ&iL@x
Y] gor e 05 oo onl S S0l o a8 S ki s
SaS L ol s aoles b ol o (gl il o sl
Coge 4 Ol sl a5 oo 8 gl b ml 5 A
e B8 B s g
u~

OzZCkwk (Y)
k=1

b =lE v s e S5 o Ykl o
i ) IS S el s el mls s e
s
v, = A expla,x+f,Y) ()

Ss e SO A, s klise golusl B s @, Oy S
el S orl o S ol el B s e, 4 el
led Bueo oSb- aales 5o L 4L
¢)

Ly, =0

L &:ﬁu_b}go.-jjb_&b-w\);w\)&ﬂ

6 governing differential equation
7 essential
8 natural

213

dlw 53 OLLSen 5 ds o (ths o Il S,
itV s b () 055 5 [2] i gl Yo
3 VW Sy (i et ( SVl e 5L
5 by, Sole [15-3] ol 4t LS 4 s Plews (55l
s DVolas f151 & e ane 55 Ol cslally (g5lesly
wls (3l 5 (SIS 4 5L pde b LS L
S oo 4 0 bl s 5l J
S = ol sl U WIS o b SSluesly
LS ol e a3l anls Bl e s b ol
SISLS a5 55 58003, 5 851 6 s slallet
Sl ol oS Clies g 3l asl gann g S ggu 5 sl
S nn s Vgonn 5 5ba8 8 I s Cnlio (53leosly S
=2k ol Al Slaais 5, adsl J=l o e S
Lhaian ol JBES 5,8 o plowil T e 5 Taze 5L
aslipn b s lis 5o 5 slabals ol gl 2l 5o ool Bl 5
s o=l ) line Sl )8 gabiwy 4 sddas 5
Sla sy b adl ann g 03U Gla ) anslie 558 0 ol
S o pasl GOl ol s 4 45 5 0 d3 (ous
LLa 5 il Sl cilodd axd g F0 35 5 CH aile
o=l s sl el Ce o an Al la By das
WSt ol Gl (Pl DA S35 sl e
5 Wtaze ol58le 5w 6o 2l b w5 By 2D
ilie 3550 Ot s Sl O3 Stk 4 OF (3luesly
3 bwesly il gla i) 3550 53 8 53 5,8 e Ll 3

Db o S e Gl ol LIS

vl @l 295 2 G990 Y
e 4 O s S ples wly ol i)
310 sl it i Gl Sras opl o3 el T
I Slo b oo il mls 5l e S 5 S

d_g.hj_\}}&_a ub&‘gg&ibc\): U‘i‘ J‘}JL;G oslaiul

1 round-off error

2 Mathematica

3 Matlab

4 Fortran

5 boundary method


www.sid.ir

\YA-\JLN/\ A)La.i/v.h.b.bhejji

ote Ol jos cwdige agh — oode aloe

.wt”j,ﬁ—m‘apmwabu veool psas

3B 5o, Obe glaaly LU (8) daly 515 6l
adaly 5o (F) ol 51 pskie i Sl 15 AL 5
Sles SO L aS nl s a5 Loogdesls L5 (8)
sl Sl e b sl
Ly, = L[A, exp(a,x+ B, ¥)]

=Q(a, . B)A exp(a,x+ B,y) =0

Sl ol o il 6l gan bl b 4 il )

\Y)

LLA, #0) o K04 (V) aal) (55 5

detQ(a, f,) =0, A, <nullQ(a, 5, 08
Al g sl3b nullQ (e, p,) O s S
) Lot a e Sl S p s slad .l Qe B))
2 g 58 %S
(Yo)

3y sdeel Faasiie dolee (V8) alaily Jsl sles

nullA ={v|Av =0}

B s e, Ol adaly So gdmss S s sl ol
Ol e 5ealie ol 5 S Ot U s Aas o ek
(OV8) adaly ST 53 3 ped apulos |, Sos it
DB 335 Do oS Jedl s il AdL 15
u‘<"}-<" 34 3 gy Ol b gl S sl
lad axrl e [2] o e 4 sl ) Ol
OS5 50 o)l e Lalisie Slael 5l oslanl
adasly 5leslaul L aS sl glis Ol o7 Sl 4 .o
Slel S8 4 L imlubos 0155 o ksl Gos yne
JEJ}L;LAMA{JQG\)SQ);JL.:\:¢L>.Q\62¢£}
sl oS AT e Cons s Sl w0l il esh e
3Lty ol Sl 4 Ll e 5 o3 ged 03,50 1 WS-
sl @\j_?a\.uj Ly opl o .J;)‘JBOJL&SAN‘JJJ.&&L;@
Ll 51 Ll o5 ol 55 Jsgome 15 315 s
=l 95 glabsls bt ss sde a U500 0 b (gl aS
Sl 2y R s S5 05 ged 0003 (Sl e Y Sl
S Ll 518 ad (6 utS o3lizal 5540 JS alabl> (ool

2 generalized inverse
3 Moore-Penrose
4 characteristic equation

219

D M‘}})\)ﬁj 5)‘}&&){“} 4.]@\)

La=LY cw,

k=1

85,51 1 533 oo 4 (S dslee s osls

=Y Ly, =0 (0)
k=1

a3 y5] i (55 e Jal it el S S 5 LS sl
LG 5l g S gty & T o asls 5 L8 0l sl
cu_g L, ‘-;L;_w,:‘]ﬂ.lb ))_T‘ﬁ‘ th b}&da 6)[.‘.»4.2..,“..,\.5/
J.i.&d.o)]aé_g)diﬁw\)w

L, x,el, f

L, = f =

! B
L, XJEFN

o XJEFD (_\)
fy XJEFN

S ki SO olaths x| QT)JASJ}J«;L:J;J
:J%TL;« s a oy abaly (ol

m

Ld=L,>cw,

k=1
S5 5 o B Jme 53 YU adal 5,5 L
B=5) Lf'la} SYaslas oKJ_...uJ cLs.:};_.x Sl & Y les

=>cL,y, =f; )
k=1

RV PRI

S ev, -h A
ol 534S

(v, = (Lgw ], o ) =1 ] o j=1n @)

s .ol (g5, bLE sl 0 YU el s

3300 s 353k 3 Do 4 OS5 e 1y O DYl

vc =h ()
:C}T).)AS
c=(c, «, e,) . v=[vi vI -~ vi]Qam

spee S0y boygd 4, LIS« b el e Ll )
LLi sl b IS S s 50 (m) el sl 5 0050
e b bt e Sl SOV 2l (n) 5
ol 53 (1) e ¥slas oK 3 dalys | LalSU
Sl e PBlas G, 5l anils 5)ll B Ol S
o Vsl oK ool Ol o e 0358 eslizal o
ol o Cds 25 Sy

(Y

"vc—h"2 =min > c=v'h

1 rank deficient


www.sid.ir

o s G gl w5 S Dok S e Soleesls

Osols e Ale S sl ol ol 0350 55250 L
e S ) D pe 4 O Bl e
V)

+ H

=VXZ U

+

A
Db i 3 s B (g3 e Sle O 5 S

) 7—1
(E+)“ {( )u
0 (£), =0

(x), =0 (A

(no sum on i)
5SSyl anslie gl 4 (gade gilwesly f@ 3
Ygane a5 1S o oslizal & Ale S 58 st Sl i
b e s Dy 4
(V4)
jb}ﬁ&)bﬁ)‘.&iﬁwﬁ)f max X OTJJ‘%S

bl yeslasl 05 5 5 8 51 iU ed gl (VUL u= &)

& =100g, max X

Lg\_nﬁ;z;ﬂdb_g.g_.ﬂ\(rc:_.ib ) ol

N KU P L G SO 1|

Gl O g3laesly 3 ol VYT EE10£4Y 0 FATX) T

ASLlS oy 3late DGESDD w5 51 (S5 (g5lulitr ailons
el 0 oslizwl [17] "LAPACK o5
! ,— Pseudolnverse s> LS Sol5le S a3
Gildae 55 o LS & o Sle SO 4Bl a0 5 S5t s
Sl 5SS St gilaldr 3150 s amas b 28I

D) ) )'\ e 2 “fu_a ° & )lJ ﬁl

4wl gl Ol 45— SingularValueDecomposition
i Jls (A7) alayly 3 5 eslizal S5 ke (3Ll
oo d KIS 0 S il KISy 53 e Sl 4
o Do 53 a3 pd el e g3 o L5 Sy
Sl JalS g Sy SOl Vb Sl Sl
sl 050 wlde 5 BT Lo 030 (5 a8 5l eslin]
sl lbe s 4 Vo5 U Gl Sle O
DS ol il A2 edalie G Lok ploil (s3lasly o
A 3 Nl e oS ez o Al | Dl oo LS
52485 503 Goluang A2l S Sl 55 gde slallax

9 &:JLa_u-'lDr.A = Sdwe Jl.hls C,ﬁ_)g r\;u‘ Lg)l.wa)l.ﬁ Loy

3 machine epsilon
4 double precision
5 linear algebra package

220

ey bl sluel 5l @‘JJ slaasbuls 31 =

) ol ealanl J:Lw.a

b b @iy 095 Silwesly -

Vol Sl bt e 0l 13 e 4 a8
el X BE Joe 3w, al mly el Cide 5 &S
aals 3laldeds ;& y5 0 hmles Sas s dnle
Silwosly 5 Slewbe [l a8 e el ol ool Lo
ot Al @Bl aand Ol s anmlsmsiedn; oo B 4 odamy oS
5 Bl ol 5 Sk 53 Ol ol Al il v
sy Ol i) i O lallS ol 5 G b
3 ol 8 3okl S OF 34y ol
SLaios Ol cnl amsls sl [16] 501 o 5le laasls
2Lt ol 3 ok sl sl el ane 5 (3L sl
A0l 55 e (IS I s g axdls 5 S Jleos 1 (gles s
Gl Al il | ol g5ds s Sl ‘wli('-:“"-’ Ol
s odi 5 Stk Wi, ol 1 S oD e
L ol e sdal oy s s (g3lmesly JolS &5
sls oL [16] C".‘J" A5k Cg—\fj;.i:{): 3o g0 Sdao g
Sy b sl 5 v el 450 035 el e 4 S
S 4l eass Ol ammlne (5l Srekae Sy S O
iy ol o3 el S5 Sl bl 1 eslinal (e ke
Sl s Sose an A Ul ol g 5L SO
Dyt
A=uzv" ChY)

oy Jold il csian Vo5 U O o oS
g dlels H GVl e Cnly 5 o 0N
So T e das o 0L s Sl ;i_av.la.l,_za
o3ls Lor oyt ol b (55,15 (ST palie oS sl (g ko
Ao Ssln U 855 5 R ol s Solis )
Ao S S n 5SS sl b e Sl G ks

g:,_w(flj wlim.u.? Q_}‘)‘jt{iﬂo_})b_}ozﬁ O})b st\b

1 singular value decomposition
2 complex conjugate transpose


www.sid.ir

\YA-\JLN/\ A)La.i/v.hvbihe)}:

Sl ol s 3l 6K oals CH+ (g5luesly

Llg ol sl L a8 > Ws) 5l (6,505 S
Ll v e Sl ol e 5 W3l (Soluang 350
ol Sl 3 S oLl K55 o 3550 0l 53 S (Sleains
L S ol G g53lmesly 53 (S3lgn S 0 s Sile
0d5515 5 slasin pla3 5 5 e plowil TOPENMP I oslic.|
Aol e osliad Qlojer Chse 4 v e Sl Sl (6l
Lokl ol ssbo dim a v sle ol gl oy o
Pl Lyl il S 51U 5 el (g5l 2B
23 S sl asly slaans; Ol

23 s 2B sleag o LS ileesly 2
ple! =6 Compile ) yws eslinl Ly v g Sl L
AS o S AS 0o S Bl gl s opl o
S as eSS 4 OF sl e iyl 6l e
Seslarul HLSG! phs 4 OlF oo s sis opl Gl st
ol oo 13 S o5l ed LlalS U8 s 7 sled Sl
Ale) glasluls al 5 gzl e 2 60 e S
oslazal OLGl (Kaazs | glaasens ;s 3,10 (LinearSolve
ol o 5l ol il 8 (g5l a5l )
osliul b sl sl ol Oloy ials ol &6l il
Sleslinal alie a8 555 e el sLaar s ol |
colu glbwag s .cul B+ (g5luesly s> OpenMP
4. « S ParallelTable s s 3l 0155 0 sl 2 s Sle
=l e Logpo st 58 3 0 g (ool Table gy (g5l 50
sl Co s Lagibhaag cpl 5l plS o JUT 3ue
A Al gt g3l slalkes

CtHt (Gilwodly 13 oud odlatu! mlgi (Syaibuls” —¢
P LAPACK @\_}3 Ml}ut's PR a)l.,.i':\ Ja:’ Camnnd L

aK:_wJ J-?- B (Y') WQ )‘.LE.A é)l..u\.)o- LS‘_)" Mj}i U'L‘

2 parallel

3 open multi-processing
4 race condition

5 threads

6 intermediate code

7 symbolic computations

271

e Ol pes pudige by — (ale s
oy el (W 50Y) Lals, 3l eslinad U ade slallas
Ol o il b Jools Culg 5o &S ol =2l (1Y)
adasly Sl asslor al mlaml sy se sy G )3 Bl e

Spd i g i s 4 Ogls ol (VV)
vi=vz'u" (Yo)

(1) eyl s OF (AL b
c:v‘h:vz*U“h:V[z*(U”h)] (Yv)
23 dam e © b IS b Caols wr S L
e 45 sl 5S35 5005 0 e Sle ol Ll VL dla
Sl an oo g anils o o 1y Slles 51 (6 S Sl
Lot 2alS s o 0lES EB i S sl 03 S5 8
Olas 4 o Staze Sl ats 53 2550 (ol (3lesly I 5o

ol ige s am s b o3l

asbmls s L e de el d bl slelagh 5l s
S8 S5l ($5leldir aplons (512 5 LAPACK ol 5
e Wl o Lois 8 315 555 (6,505 @l 5 el 433,
D313 L 15 (1Y) el 3 s = dan sllas Sl o Jil
Voo Ale 4 e Sy bt e Osh s v ol
e e 5LS ok Lla Ry ol b AS
s mazg bl pcal Vo5 U sl sl
adaly 53 ol e Sl 53 e Sle 2 Sl eslinad 4 5L
IS (Rl 48 (il S e Sl b0 4 D5 sl (T)
5 S 23 31 45 Sl DGELSD s a3 o plonil |
33 € 5l anbae (sl U ol 51 [17] 45 e sslinal ek
St S A a5 L A eslanal Gt (g5l
@3de glalls g aml 2ol Olals Co pw (Dlwlze
o5 03 fy Db 5 3 5ad Iy (§pSadr SRS 0
A dal g 6l ST i s el eslinal =l slaabals
e g Sl 53 gt b 5 Kaete (golwesly o
oS e ile s e 4S oLSCs 5 LinearSolve o 12
osliul glin gy 5l OVslas oKy | (gl AU

Jle gode lallast s ol sleslacul Ly ueS

1 divide and conquer


www.sid.ir

o s G gl w5 S Dok S e Soleesls

S mlis -0
MalS |3 Coend 53 0d 5 jme (gla (g 3luaigy 4 il |
oS ALY asles 3l e €5l s Ssle gl el IS
ol 3 a eslizal el Ol g 4 el ISl sl
b psle Glaarll Sl Sk 53 (6345 5,8 &5 dolee

)}&@dlﬁﬁ)&)ﬂ

(Yv)

3 dmasio adsle (V) alaly 50 5 B8 akaly 3l eslanal b

ol o Gy 5 S A, e

Qa,.B)=al+B =0, A, (YV)

5Bl Sose o By s o e p Vb sl > L
S malie (OISKL 5 (1) il s (5 I

ol o Sy 23 el w2, Wl ke

exp(A, X i, y),exp(£id, x+ 4, y) (¥e)
P P i= 10 s S
380 S 1y =5 Ol sl Tl 5 esliaad L sl
exp(a,x—b, y)cos(b x+a,y),

exp(a,x—b, y)sin(b, x+a,y),

exp(a,x+b, y)cos(b x-a,y)

exp(a, x+b, y)sin(b, x~-a,y), (o)
exp(-b x+a,y)cos(a,x+b,y),

exp(-b x+a,y)sin(a, x+b,y),

exp(b, x+a, y)cos(a, x-b,y),

exp(b x+a, y)sin(a, x-b, y)

Aea g sde 93 b A, Ol ys &S
Q=[-1L1x[-11] 5w 4 J> auls flw Ll
B 53 oS Do dn S il ol el (53
Wl s Al ol 315 335 = (S Sl 5 el 4B S
0.05 (sl Jolsd L [-1,1] e3gd>e ;3 b, 5 a, pslie

Sl ol § a5 s

222

5 OS ol el ealizad (10) ot Vol

53 el asl 5 S 51 S oS o 4
(ot OVslae baolKans = i8S LS gode sla,lS
S sSS 5o polie Plas 5o s las Sl e Blas Jilos
ol SRS ol 5 Al ) (slas IS ales
[181 'BLAS ¢ 4y s Simbs o ol ks 5155
a3l La g 5l 5 Lajls 4 bst o Slloms ol (s 5
3l w5 SbulS 53 BLAS ol 5 Sl aS
0,556 0oy alewy 4 VAVA Jl 5 &S sl (gaue sla 8
ASTO) S psan LlBls ol 53 8 S 03ls axw s
g Sl g e Gl 5 L1 S1S e g Sl s "L
5l ol O s lland e 4l 0 el b5 b
o B Sl 5LS 55 5 T s w8 @ sl el
el osls anw i LT 51 sline glagsluesly s
Sl 5 (Solle 5 la s sl gLty
=B e a1l S (glwa g (Glos— s
T IS SadlulS o Ol e Laliuls ol slacslaesly
- &S 55a5 0,131 [20] “Intel MKL 5 [Y4] AMD ACML
Silbwag lacs 5 ol el glackisls (gl r\JS
DS 53 S0l Sllms plos 1,85 o8 bl 1 Lo
o3l Ly 355 o ool BLAS ol 55 (seks & LAPACK
SS U o Ol g5 e BLAS ag (s3lwesly S
YU Sy US4 55 LAPACK 5l (g 5luesly
BLAS Jsl,l8 Jlos slagsluesly ahax 513 S 1y Cows
55 a 45 [22] "OpenBLAS ; [21] 'ATLAS « 0l 45
53 oo onl e oLl s 5L ASTO lagssluesly
3y Sloale 53 VL LS o slaws gl ST i

1 basic linear algebra sub-programs

2 free/open source

3 closed source

4 AMD core math library

5 Intel math kernel library

6 automatically tuned linear algebra software
7 open basic linear algebra sub-programs
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System CPU RAM (O8] C++ compiler Mathematica

Type Cores
Ubuntu 12.10 .
1 Intel Core2 Duo P8600 2 4GBDDR2 (64 bit Linux) GCC4.6.3 9.0.1 (64 bit)
Ubuntu 12.10
(64 bit Linux)
Ubuntu 12.10 .
(64 bit Linux) GCC4.6.3 9.0.1 (64 bit)

Table 1 — Specifications of hardware systems and software platforms

2 AMD Phenom Quad core 9950 4 4 GB DDR2 GCC4.6.3 9.0.1 (64 hit)

3 Intel Core i7 2700 4+4 8GB DDR3

Voosleds s (53 alpo e fle el o alizs sla s, (2, Aulie — Y Joux

Coefficient matrix dimensions

80x3528 160x%3528 80x13448 160x13448
Optimization =z o D o z o D o
[«5) [«5) [<5) [<5)
performed £ o £ 3 = = £ 3
+ (5] el [«B] e [<B] + (3]
[ o [ o [ joR [ o
> (9p] > wn > wn > w
x x o 04
None 1.50 1.00 2.97 1.00 5.56 1.00 11.03 1.00
]
k= ParallelTable 1.25 1.20 2.94 1.01 5.16 1.08 8.77 1.26
|5
g Compile 0.29 5.11 0.56 5.34 1.08 5.16 2.05 5.39
Compile and 0.30 5.09 0.56 5.32 1.03 5.42 1.99 5.54
ParallelTable
None 0.12 12.32 0.19 14.84 0.34 15.40 0.59 17.90
&
OpenMP 0.07 19.44 0.11 26.21 0.21 25.27 0.33 31.62
Table 2 — Comparison of performance in building coefficient matrix on System 1
Y o)led piasw (59 ulpo o ple cle jo bz sla by, (2 anlie — ¥ Joux
Coefficient matrix dimensions
80x3528 160x3528 80x13448 160x13448
Optimization © =X © o © o w o
performed E — - g — é § — -g E P -g
g = g g = g g = g g = g
T & T & T & T &
None 1.45 1.00 2.83 1.00 5.30 1.00 10.57 1.00
(1]
(&)
g ParallelTable 0.55 2.62 0.97 2.92 1.83 2.89 3.49 3.03
(5]
c%- Compile 0.27 5.48 0.50 5.65 0.95 5.60 1.82 5.81
= Compile and
0.28 5.28 0.51 5.54 0.95 5.57 1.82 5.80
ParallelTable
+ None 0.14 10.39 0.21 13.22 0.40 13.36 0.73 14.51
+
© OpenMP 0.05 28.81 0.07 39.64 0.12 4431 0.21 51.12

Table 3 — Comparison of performance in building coefficient matrix on System 2
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Coefficient matrix dimensions
80x3528 160x3528 80x13448 160x13448
Optimization z o D o z o D o
[«b] [«b]
performed £ o £ 3 = 3 E 3
- <5} - <5} - <5} = (48]
[ o [ o [ joR [ o
> [9p] > (9p] > (9p] > (5]
x x X X
None 0.71 1.00 1.38 1.00 2.64 1.00 5.26 1.00
3
= ParallelTable 0.32 2.19 0.46 2.98 0.82 3.22 1.58 3.33
e
2
g Compile 0.14 5.10 0.26 5.38 0.48 5.48 0.91 5.78
Compile and 0.13 5.30 0.25 5.45 0.46 5.71 0.89 5.93
ParallelTable
None 0.07 10.09 0.10 14.16 0.18 14.98 0.27 19.22
&
OpenMP 0.03 27.77 0.03 52.83 0.05 57.61 0.07 72.26

Table 4 — Comparison of performance in building coefficient matrix on System 3
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Coefficient matrix dimensions

80x3528 160x3528 80x13448 160x13448
Implementation used S s g s g =3 g =3
2 § 2 § T 3§ :tT G}
& & & & & & & &
© Pseudolnverse 0.07 1.00 0.16 1.00 0.34 1.00 1.21 1.00
(&)
T
g SingularValueDecomposition 0.10 0.68 0.21 0.76 0.37 0.92 1.28 0.94
=
=
LinearSolve 0.07 0.93 0.13 1.30 0.33 1.03 0.87 1.38
DGESDD (BLAS/LAPACK) 0.14 0.50 0.71 0.23 1.20 0.29 4.01 0.30
DGESDD (ACML) 0.09 0.75 0.25 0.67 0.72 0.48 1.84 0.66
DGESDD
. (OpenBLAS/LAPACK) 0.07 0.97 0.31 0.53 0.75 0.46 2.07 0.58
+
o
DGELSD (BLAS/LAPACK) 0.05 1.36 0.30 0.55 0.58 0.59 197 0.61
DGELSD (ACML) 0.04 1.67 0.11 1.52 0.38 0.89 1.03 1.17
DGELSD
(OpenBLAS/LAPACK) 0.04 1.84 0.14 1.14 0.35 0.99 1.06 1.14
Table 5 — Comparison of performance in solving system of linear equations on System 1
Yoo lads piv (S9, ot SYslae oKt > 0 Gl slo g, 2, awslio — & Jgoo
Coefficient matrix dimensions
80x3528 160x3528 80x13448 160x13448
Implementation used g s g s g s g s
e § = % T % I® %
z & & & & & & &
8 Pseudolnverse 0.21 1.00 0.09 1.00 0.19 1.00 0.66 1.00
5]
£  SingularValueDecomposition 0.07 2.82 0.14 0.62 0.29 0.65 0.90 0.74
=
T
= LinearSolve 0.06 3.71 0.15 0.58 0.33 0.58 0.91 0.72
DGESDD (BLAS/LAPACK) 0.16 1.32 0.63 0.14 0.90 0.21 3.15 0.21
DGESDD (ACML) 0.26 0.79 0.34 0.26 0.66 0.29 1.62 0.41
DGESDD
s (OpenBLAS/LAPACK) 0.12 1.71 0.37 0.24 0.55 0.34 1.57 0.42
© DGELSD (BLAS/LAPACK) 0.08 2.52 0.30 0.30 0.47 0.41 1.48 0.45
DGELSD (ACML) 0.07 3.00 0.16 0.54 0.36 0.53 0.89 0.74
DGELSD
(OpenBLAS/LAPACK) 0.06 3.73 0.18 0.50 0.28 0.69 0.78 0.85

Table 6 — Comparison of performance in solving system of linear equations on System 2
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Coefficient matrix dimensions

80x3528 160x3528 80x13448 160x13448
Implementation used D o D o D o D o
5] = @ > 3 > @ S
= 2 £ ? E ? £ 3
+ [<3] + [<3] + [<3] + [<3]
c o o o c Q c o
> [9p] > w > [9p] > [9p]
x @ @ @
® © Pseudolnverse 0.02 1.00 0.04 1.00 0.05 1.00 0.22 1.00
[&]
2 %<  SingularValueDecomposition 0.03 0.73 0.05 0.80 0.08 0.67 0.30 0.73
= E LinearSolve 0.03 0.71 0.05 0.74 0.11 0.51 0.26 0.83
DGESDD (BLAS/LAPACK) 0.06 0.32 0.20 0.19 0.28 0:19 1.14 0.19
DGESDD (ACML) 0.05 0.40 0.13 0.29 0.24 0.23 0.69 0.32
DGESDD
i (OpenBLAS/LAPACK) 0.04 0.54 0.07 0.51 0.12 0.46 0.51 0.42
o DGELSD (BLAS/LAPACK) 0.02 0.86 0.08 0.49 0.12 0.45 0.51 0.42
DGELSD (ACML) 0.02 0.91 0.06 0.66 0.12 0.45 0.35 0.62
DGELSD
(OpenBLAS/LAPACK) 0.01 2.13 0.02 1.55 0.04 1.35 0.22 1.00
Table 7 — Comparison of performance in solving system of linear equations on System 3
e, sl (aPld v ) o)led i (55, e la g 5l Jolo slad anslio — A Jgu
Coefficient matrix dimensions
. Exact
Implementation used :
solution
80x3528 160x3528 80x13448 160x13448
#1 8.7418E-06 9.4599E-06 5.2358E-06 3.7430E-06
< Pseudolnverse
RS} #2 8.7418E-06 9.4599E-06 5.2358E-06 3.7430E-06
g . L #1 1.0026E-08 1.0132E-08 9.1609E-09 9.2263E-09
S SingularValueDecomposition
< #2 1.0026E-08 1.0132E-08 9.1609E-09 9.2263E-09
5+
= . #1 1.0028E-08 1.0125E-08 9.4706E-09 9.2283E-09
LinearSolve
#2 1.0028E-08 1.0125E-08 9.4706E-09 9.2283E-09
#1 2.6508E-11 2.2198E-11 2.6123E-11 2.2272E-11
DGESDD (BLAS/LAPACK)
#2 1.0041E-08 1.0133E-08 9.1849E-09 9.2362E-09
#1 2.5897E-11 2.1661E-11 2.8791E-11 2.2790E-11
DGESDD (ACML)
#2 1.0042E-08 1.0134E-08 9.3201E-09 9.4802E-09
#1 2.5860E-11 2.1907E-11 2.7674E-11 2.2449E-11
DGESDD (OpenBLAS/LAPACK)
1 #2 1.0037E-08 1.0141E-08 9.1429E-09 9.3075E-09
o #1 2.5914E-11 2.1634E-11 2.5422E-11 2.1493E-11
DGELSD (BLAS/LAPACK)
#2 1.0032E-08 1.0132E-08 9.2808E-09 9.2479E-09
#1 1.9893E-06 2.1943E-11 2.7645E-11 2.1554E-11
DGELSD (ACML)
#2 1.0492E-08 1.0136E-08 9.2543E-09 9.2669E-09
#1 2.5967E-11 2.1703E-11 2.5816E-11 2.1467E-11
DGELSD (OpenBLAS/LAPACK)
#2 1.0042E-08 1.0135E-08 9.1588E-09 9.2264E-09

Table 8 — Comparison of error of different methods in e, normon System 1
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L,

Coefficient matrix dimensions

. Exact
Implementation used .
solution
80%3528 160%3528 80%13448 160x%13448
#1 9.3644E-06 3.1388E-06 1.4709E-06 2.6977E-06
Pseudolnverse
#2 1.6122E-05 4.6128E-06 1.0943E-05 4.5888E-06
8
= #1 2.6029E-11 2.1639E-11 2.5943E-11 2.1350E-11
g SingularValueDecomposition
=
g #2 1.0036E-08 1.0129E-08 9.1396E-09 9.2346E-09
#1 1.5682E-09 1:2997E-09 1.5449E-09 1.2803E-09
LinearSolve
#2 1.0027E-08 1.0130E-08 9.1440E-09 9.2355E-09
#1 2.6508E-11 2.2198E-11 2.6123E-11 2.2272E-11
DGESDD (BLAS/LAPACK)
#2 1.0041E-08 1.0133E-08 9.1849E-09 9.2362E-09
#1 2.6005E-11 2.1584E-11 2.9833E-11 2.3098E-11
DGESDD (ACML)
#2 1.0037E-08 1.0145E-08 9.3374E-09 9.4874E-09
#1 2.5864E-11 2.1627E-11 2.7638E-11 2.2855E-11
DGESDD (OpenBLAS/LAPACK)
#2 1.0041E-08 1.0140E-08 9.1429E-09 9.2595E-09
5
#1 2.5914E-11 2.1634E-11 2.5422E-11 2.1493E-11
DGELSD (BLAS/LAPACK)
#2 1.0032E-08 1.0132E-08 9.2808E-09 9.2479E-09
#1 2.7068E-11 2.1746E-11 2.8820E-11 2.9326E-05
DGELSD (ACML)
#2 1.0030E-08 1.0141E-08 9.2691E-09 1.5610E-06
#1 2.5995E-11 2.1582E-11 2.5714E-11 2.1627E-11
DGELSD (OpenBLAS/LAPACK)
#2 1.0037E-08 1.0131E-08 9.1848E-09 1.0420E-08

Table 9 — Comparison of error of different methods in e, normon System 2
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L,

Coefficient matrix dimensions

. Exact
Implementation used solution
80x3528 160x3528 80x%13448 160x13448
#1 3.8229E-06 3.1323E-06 2.4107E-06 1.3534E-06
Pseudolnverse
#2 6.6210E-06 9.8172E-06 1.7858E-06 4.9967E-06
8
= #1 2.5791E-11 2.1571E-11 2.6685E-11 2.1674E-11
g SingularVValueDecomposition
=
cE‘Ts' #2 1.0025E-08 1.0130E-08 9.1620E-09 9.2261E-09
#1 1.5682E-09 1.2997E-09 1.5448E-09 1.2803E-09
LinearSolve
#2 1.0028E-08 1.0143E-08 1.0181E-08 9.5210E-09
#1 2.6537E-11 2.2178E-11 2.6193E-11 2.2258E-11
DGESDD (BLAS/LAPACK)
#2 1.0033E-08 1.0131E-08 9.1655E-09 9.2354E-09
#1 2.5947E-11 2.1565E-11 2.9739E-11 2.3198E-11
DGESDD (ACML)
#2 1.0044E-08 1.0131E-08 9.2597E-09 9.4483E-09
#1 2.5967E-11 2.1871E-11 2.7667E-11 2.3056E-11
DGESDD (OpenBLAS/LAPACK)
#2 1.0029E-08 1.0135E-08 9.1750E-09 9.3717E-09
5
#1 2.6033E-11 2.1752E-11 2.5609E-11 2.1621E-11
DGELSD (BLAS/LAPACK)
#2 1.0029E-08 1.0135E-08 9.2572E-09 9.2365E-09
#1 2.6291E-11 2.2513E-11 2.8719E-11 2.1403E-11
DGELSD (ACML)
#2 1.0029E-08 1.0360E-08 9.2212E-09 1.0186E-08
#1 2.5802E-11 2.3983E-11 2.5663E-11 2.2824E-11
DGELSD (OpenBLAS/LAPACK)
#2 1.0024E-08 1.0129E-08 9.1903E-09 9.2625E-09

Table 10 — Comparison of error of different methods in e, norm on System 3
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Abstract:

Despite the success and versatility of mesh based methods --finite element method in particular- there has
been a growing demand in last decades towards the development and adoption of methods which can
eliminate using the mesh, i.e. the so called meshless or mesh-free methods. Difficulties in the generation of
high quality meshes, in terms of computational cost, technical problems such as serial nature of the mesh
generation process and the urge of parallel processing for today’s huge problems have been the main
motivation for the implementation of new researches. Apart from these, the human required expertise can
never be completely omitted from the analysis process. However, the problem is much more pronounced in
3D problems. To this end, many meshless methods have been developed in recent years among which SPH,
EFG, MLPG, RKPM, FPM and RBF-based methods could be named. The exponential basis functions
method (EBF) is one of these methods which has been successfully employed in various engineering
problems, ranging from heat transfer and various plate theories to classical and non-local elasticity and fluid
dynamics. The method uses a linear combination of exponential basis functions to approximate the field
variables. It is shown that these functions have very good approximation capabilities and their application
guarantees a high convergence rate. These exponential bases are chosen such that they satisfy the
homogenous form of the differential equation. This leads to an algebraic characteristic equation in terms of
exponents of basic functions. From this point of view, this method may be categorized as an extension to the
well-known Trefftz family of methods. These methods rely on a set of the so called T-complete bases for
their approximation of the field variables. These bases should satisfy the homogenous form of the governing
equation. They have been used with various degrees of success in a wide range of problems. The main
drawback of these methods —however- lies in the determination of the basis, which should be found for every
problem. This problem has been reduced-to the solution of the algebraic characteristic equation in the
exponential basis functions method. The method is readily applicable to linear, constant coefficient
operators, and has been recently extended to-more general cases of linear and also non-linear problems with
variable coefficients. The relative performance of usual programming languages such as C++ in comparison
with mathematical software packages -like Mathematica and/or Matlab- is one of the major questions when
using such packages to develop new numerical methods. This can affect the interpretation of the
performance of newly developed methods compared to established ones. In this paper, the implementation of
the exponential basis functions method on various software platforms has been discussed. C++ and
Mathematica programming have been examined as a representative of different software platforms. The
exponential basis function method is implemented in each platform, using various options available. Results
show that with a proper implementation, the numerical error of the method can be decreased considerably.
Regarding the results of this research, optimal implementations of C++ and Mathematica platforms, error
ratio is between 2.5 and 6, respectively.

Keywords: Exponential basis function method (EBF), Pseudo-Inverse, Singular value decomposition
(SVD), Partial differential equations (PDE), Optimal implementation
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