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ABSTRACT 
The propellants in a liquid fuel rocket engine are guided into  the combustion chamber by means 
of a back pressure provided by a pressurizing  system. There are two common ways to optimize 
the mass of a pressurizing system, namely minimizing the pressure of  the system and  cutting off 
the  inlet gas flow to the propellant tank at the right moment. In the former, the minimum pressure 
required  by  the propellant pumps depends on accurate calculation of the inlet pressure of the 
pumps. In the later however, the cut-off  time of  the gas flow to the propellant tank is a function 
of  the rocket acceleration. The above parameters have direct impact on the total mass of the 
pressurizing  system. In this work, the system pressure minimization and the inlet gas flow cut-off 
have been analytically studied. Our results have been compared with the existing experimental 
data, showing relatively close agreements.     
 
Key Words: Mass Optimization, Mass Calculation, Liquid Fuel Rocket 
EnginPressurizing System, Propellant Tank  

١U�����
�":bazargan@kntu.ac.ir 
٢U"�����
� :karimi@kntu.ac.ir 

٣U�!"� W��!"�2 )��F
�- ���/��� :(mohseni2005@yahoo.com 

www.SID.ir



Arc
hi

ve
 o

f S
ID

+��� ����	
� � 
����������� �������� ����� 

2345 67&/� 
A���� #HC� ZH
 

cA,����- ,EF� #HC� ZH
 

pC$+�D "��3 "� �[�> 	����= $�3�\ 
d�>"> 9�� 1�= $+��" ��"�%,EF� �+ 
g���1 9���= 
h#��.� ZH.
 �.5 I.J- %�>"> 1� ]��
 ,��
 O�)5"�

 @��� ,1�F� 

ih]���^ :<7 �+ %�>"> 9�� 1�= 	_����R 

ch��! ��HC5 9�� 1�= 	_����R 

dh]���^ :<7 1� 	�>�� 9�� 1�= 	_����R 

eh��! ��FB5 #��� 	_����R 
k1�= ��5�+���R `��!)��+ ,>�+(
m9�� 1�= ;�� 

im&]���^ :<7 �+ %�>"> 9�� 1�= 	��� 	+� 

cm&9�� 1�= ��HC5 1� 	!�� 	��� 	+� 

dm&]���^ :<7 1� 	�>�� 9�� 1�= 	��� 	+� 

em&,����- ��FB5 1� 	!�� 	��� 	+� 

hm&	��� 	+�,EF� �+ %�>"> a�� 1�= 

lm&	��� 	+� $��
 

om&	��� 	+� /2������2� 

0m&	��� 	+� �>"> K���� 1�=%,EF� �+ 
nH+�" "� ,��5���+ $A�
 %��� .� "� b��N� ,� 
���� )��+ ,>�+(
P��^ :<7 @��� 1�= "��3 ]�

bP"��3 ����+ 

pPIJ- �+ %�>"> "��3 

sP"��3- "�F+�,��� 

1P,����- #��� ZH
 %>" "��3 

2PIJ- �+ %�>"> "��3 
Q]�C��� ,R 4�*� > 9�� 1�= ��+ M"��7 

lQ,����- #��� > 9�� 1�= ��+ M"��7 ]�C��� 
R1�= $+�D 
T1�= %��� 

0T1�= %����>"> K���� %,EF� �+ 

lT����- #��� %,��� 
t,��1 

1t1�= #HG ,��1 
V]���^ :<7 :<7 

0V:<7�>��� ����+ 
V&]���^ :<7 :<7 ���N5 	���1 c�� 
V
 4
��� $A�
����� "� ]� 
x&&�!�� %"�*� K��! 
zO�)5"� 

tP∆IJ- %�>"> �5 ,EF� %�
��� 1� @^ "��3 $3� 
T∆��� de��� 
α	�B�� %f��� g��h)��+ ,>�+(

*β$+�D ��A 
θ�>�1��!�� ��/� ( )rad 

lρ��/����$��
,����- 

�89��:� 
�& "� "�5�� #��� $��
  !�� �.+ �.�PN5 :�./�
  .� �
"��3%%��+ > $��.
 ,��� "��.G "��3 $*5 �.� ��./2� 
+ ����2 �+� �+ �
�R ]�C��� "�(��	()*� �+ ;1i "��3 >�%

5 > 6���7�8��
+ %"�2 4���! ����%I.J- ��.�jJ& > �.&
 1�
 ;�k*�
��,1�F� �1��� $
�.,�.��- ,��1 �5 :�/�
 ��� 

	.� ]��3 "�5�� "�2 �.!�+ .1�.LJ� ��.&��+"�2 �.�� �.��� %
:�../�
..� 	5 "� �..
�R 1� ���)�..
� �..+ ,��..5 >�..
  ..��*
;E���k� �.&%k�5�.���� 	 .!�� ]�.��2 :�./�
 "� �.&%

����! $���&�]��3 1�
%f�.�� #.B�� %.k���k�� 	��.�l >
��J� �"�!� .+%�� �3�.� "� 	��.� ;�.� .F� �,1> ,��.��- 
]�/_2 ���m %�& �1�= :�/�
 "� .�PN5 %�.& ��.+"�5 �	_J-

 "� ,EF� "��3 �2 $
� ;1i ��.�� ����- ,�k�� �7 ��.!��
!���5�+ �>eA %���1��� ���85 %�& %"�2 �LJ� 1� :�/�
 

@G��7 IJ- %�>"> "��3 �&>�,EF� �1�
 ;�k*�
� 4���!
 g
�����! :&��3 ,����- ��LF5 %��+ E��. �.���+ "�.�3�

 !�� K��! > ,����- #��� ,��
 O�)5"�����./& 	L���A 
���./& "�P.=��D85 I.J- �.+ %�>"> "��3 �+ �2 .��.�jJ&

*5 �3�� %��+ >  !�� K��! ��D85 $�� 1�= ;�� "� 	���
:�/�
 9���1�,��1	�F�� �>"> �	�i�.+ ,EF� �+ 1�= 

	� #HG  !�� ��!.��� "� E�� O�h�� ��� 9&>[- �"�.� 
$.
� �.�3�= "��G 	
"�+ .�.2 $.
� �.2m �.+ ;1i O�.� >�

 �PN5 :�/�
�()*� @��� �+ ,����- �6���7� �"�� ��.�>

www.SID.ir



Arc
hi

ve
 o

f S
ID

��� ����	
� � 
����������� �������� ����� 0

�2��5"�BA1�:
n.�PN5 :�/�
�$*5"��3 >
o.�PN5 :�/�
 ��+"�5IJ- "��.

�PN5 :�/�
 O���,����- )$��.
 ��./2� >��.��^ (�
�"�..�3 :�../�
 	..7��� 1� 9�..- pi�..J�� �..+ �..��5 �..+ 

%���1��� +�h > %��kLJA %�&�	� K�F��� "�5�� @2 ��! .
:�/�
 5 %�&���8 ,EF� "��3 @��.! 	L.�� O�.� �.

���/& �2 A1� ��5"�B:
n.���m :�/�
 ��	q�� %�&1�= 
o.,����- ��FB5 >
r.6���7� Mi��*� 1� ���)�
� ]rUn.[

%��+ g��H� ��
+ u"� ��.! ���.
  �5�J! �:�./�
 
.A�J<� �+ ,R v�B5"� ���J& �+  !��  � 9���"�.5�� >

]�/_^ ���m %�&�g�5�5 �+ 1�= @k! "� %�& �>�,�.��
$
� ��! ����.

�;<�8�� �=�7 >�?��� �9" >�
� >% @�= 2A)�7 
5
�#� �" �� B�C?�	 �	&��9�
?
� ]E[.

��+"�5 1>E=�

%�&1�= 
1� 	�>�� 
��+"�5

 "E����/2� ,EF�

 $��
 ,EF�

 �k! "��3 ��!

 1�= ����m %i�+ "��3 %�
��/_2

;<��8>�
� >% @�= 2A)�7 >�?��� )&�I� J
��!�  (.

9&>[- ��� "��1�+ ��& �1�.= ,���A ���)�.
� "�.�3 @.��A
 ��! $
� :�/�
 >���m�q�� 1�=	)	��./_2 :�/�
(
+& ��PN5 ���J�+"�5 ,����- _J-�	�.�3�= "��G 	
"�+ �"��

$
�.+%���3�� 9&�2 > ��! ����m %��& :<7 "� 	���
 :�/�
 ,1>�;1i �"�.�3 $.*5 ��& �2 $
 ]�./_2 "� �.&
 ��! ����m .1� w.- ����3 %��& :�./�
 "�.2 �.+ O>�.!

9��  � 1� "�BA 1� ��+ ��.! �.�&�2�"�.�3 )"�.5i�="(>
"��� 	5"��7 ]�B��1>E=� �1�F� �"�> 	� ,����- ,��.! >

	� 9&�2 ,��1 $!P= �+ ,R "��3 �+��.)�\>�,R "�5i�=" 
�2 $
� �kJ� �7 �5 	.�>�� "��3 ��.� 1� �.�� $.+�D �"
�"�� .�.+ $.+�D "��3 ��� �.+ �.��5 .��
+ %"�.2 4���.!�%
IJ- �&	/� %�
�3� >�	� �B
�*� ��!.

%��+ 9&�2;�� ����m %��& ��! ]�/_2 "� �.&�;1i 
�$
�5;�.= ,�.k�� �.7 �5 "�5i�=" 1� x>�� 1� w- �" ��&

:��2 .��� 	� ;�<�� 1>E=� 	5"��7 ]�B� "� "�2 ��!.#G�> "� 
�LF5 �+ �>eA 1>E=���y�1 %�&1�= �	.5"��7 ]�B�  � 9C� 
��2 	� �)�� E�� �".+� �1� 	.�>�� ��
 %��& �2 M"�� ��

"�5i�="�Mi��*� %���= KP� �+ 6��.�7� 1�.= ��.��� "
)��+"�5 1� 	�>��(�;�= 	� �5 ��!.

%i�+ 	��� %�z3 "� 9�� 1�= �2 $
� Z�h�5 �+ ;1i
 ��./2� > $��
����2 � @.��� "� ,��.��- ,1�.F١�"��.G 

	� Q���� ��  ����+ ,R �+ �2 ���=٢	� ��)= ��! .$��.

 ()*� �+ ��� ,1�F� 1� ��/2� >�6���7� �	.� IJ- ���.!

 
1- Propellant Tanks 

2- Ullage 

www.SID.ir



Arc
hi

ve
 o

f S
ID

E��� ����	
� � 
����������� �������� ����� 


�R 6���7� 1� w- �2 %�.&1�= x>�.� > �.()*� @��� "� �
]1�� 1� @��7� .!�� $2�7 %��+ ;1i $
��5 %>��� �.+

 	� $
� ��R.IJ-�+"�5 $2�7 %��+ � 1� �& ���� ����
�  
1�= ���� ����� 	kJ2 %>����	� ���)�
� ��! .


 M�B..
�*��9..�� :�../W��..
� "� #..���� "��"�
����+ �+ �"��� 3{��&%����! ���
�;�<�� $
� ��! .+�	
���	��� 1�= 	��C5 "�� �+ ,R ;�� ��.B	1� ���)�.
� �.+ 
H+�"�� 1�= ���N5 > $
� ��! �B
�*� ]���1�.= |��� M��

 - ,1�F� @��� "���.(� "� �.
�R "� M"��.7 ]�.C��� > ,���
 $
� ���� ��3�=."� �
�5 1�= #HG ,��1�#���  �:& ,R 

{�3 �+ Z�*.� ,��.�} �.� > ����! ���
����.! �B.
�*
 $
�]~.[�"�.� O�.h�� ,��.+ |�.� > 	=�.�j�- �.�B��

 > Mi�.C� ��.! �.A�+ �.2 $.
� 	L���.A �.LJ� 1� 	
"�+
 ����1 ��� "� ��! ;�<�� 	�&>[- %�&"�2�Mi�.C� p�����

�"��	�W��
� "� ��J2��!�+ :�/�
 	3��� �+ ����+ >
%���1��� > %"�P="��3 �.�����- ,R 	.L2 %�& .! $.
� �� 

]��U�[.

+8C7�-� 9!�  $�&� $"= @�= 
,E.F�  �.���+ "��3 M����N5 ,��.��- 1� 	.L2 $.��7 "�

H+�"�	� $
� �+ ��1 ��R ]��[:

)�(( )

( )
( ) .

dt

dZ

Z)1k(

PV

dt

dk

Z)1k(

PV

dt

dV
P

Z1k

1Z1k

hmhmhmhm
dt

dQ

V

Z1k

dt

dP

22

ddcceeii





⋅

−
−⋅

−
+

−
+−

−

−−
 ++−= &&&&

H+�" "��)�(�im&�+�	�>"> 1�= %�+]�.��2 :.<7�em&�
"��C�#��� FB5 ����!),1�.F� "� "� 9.�� 1�.= ,��.��-

 �"�� "��G #��� M">�<�(�dm&��.�LF5 1�.= 1� ��.! :.<7
 ]���2>cm&���HC5 9�� 1�= > ��!h� �.& .��.+ �\�.��� E
"��5����! �^m ���/&.QM"��.7 ]�.C��� 	.L2 c�.� E�� 
��+ 1�= ,R 4�*� >���jJ& >D85��7 �5"�	9�.2�> �.&%
!�J��	��B5 >�3 Me�E�.k	.� 	�.!�+.PdV .yE� "�.2 	
!��	N5 1� ��:.<7 �)v�./B�� (1�.=)1�.� "�.2%(>iihm&

f��� "��C�%�"�> :.<7 �+ ��! ]�.��2 .+ �.
>�L���.�,�
�>">%$
�.

9F+ ��� "� �+ ���5 �+ B.
�*� �+ ��1 M��h�3 �	.+� 
	��� 1�=$����- :�&���:

�U"��3,EF�$
� $+�D .constP =�
�U+�	J<7 	,����- #��� )�H+�"�(�>��	,EF� 1� 

$
� $+�D.

)�(,.const
m

dt
dVV

l
l ===

ρ
&&

������"�o�ll m&,ρ	+� g�5�5 �+ 	.��� 	��.�} >#��.�
,����- $
� .M"�� ��� "�A�
$"� 1�.= :.<7 9��E.3� 

,EF��$
� $+�D )
l
lm

dt
dV

ρ
&

=(>

�.��FB5 #��� "��C� :.2 9�� 1�= "��C� �+ �/��C� "� ��!
�!�+:0me =&.

��..�jJ&1�..= "��..C�%> �..�LF5 ��..! 0..��� 1� �..2 
� x"�� ,���J��	���! 	.� 	7��� �)� $��7 %��+ ��.!�

0=dm&.� "� ��� �+ �>eA ,EF� "��3 > ��1≈Z�$.
� 
	� �<��� "� ��^ {�3 ,��5 �^ 0≈dtdZ.

�+ 9�� ;���&,EF� ��� �+ 1�= 4
�5 %lT�dtdQ
>cm&	� �)� �+��+ ��!�+��.2 %"�.� �.+lT#��.� %�.�� 

,����-$
�.
��� �+M��h�3 "� 1�= g�2�5 ,EF� J� ���N5 	��2..+�

�..��� M"�..BA 0dtdk =$..
� ...� �..<���"�	1� :����..5
������)�(]���3 + �" ��1 �$
� :�">R:

)�(,
l
l

il
l

i
i

m
TR
pm

h
P

1k
km

ρρ
&&

& ⋅=⋅⋅
−

=

�,R "� �^ i���! �+ v�+���>"> 4%$
� .
�+ ;���&9�� ,EF�  �� a�� 1�= 4
�5 )�.^ %1�=

 ,����- #��� %��� 1� �5i�+ ,R %��� > �!�+ ��!��� $+��"
 �.��� M"�BA �+ �!�+0mc =&(�.�	:����.5 � ���)�.
� �.+ 1

������)n(]���3 )�(:�/���+ ��1 M"�� �+ �":

)�(.
dt
dQ

TC
1m

RT
Pm

hpl
l

h
h ⋅−⋅=

ρ
&

&

H+�" "��)�(w���� ha�� 1�.= �����+ > $.
� %�>"> 
dt
dQ 

@��� "� M"��7 ]�C��� 	L2 c��,EF� $
�.
"� M"�� 1� ���)�
� K�.��� 1�= )$.+��" �.^ %1�.=

www.SID.ir



Arc
hi

ve
 o

f S
ID

��� ����	
� � 
����������� �������� ����� L

�!�+ ��!���0mc ≠&(%��.+ ,1�.F� 9.�� ��.+ �.��5 �.+
������)�(�H+�")�(	� ��!�� ��1 M"�� �+ ��!:

)�(

( ) ,
1

1

1
1

2
00

00
0

dt
kd

k
PV

TC
m

TC
h

dt
dQ

TC
m

TC
P

k
km

p
c

p

c

pl

l

p

⋅
−

⋅−+

⋅−⋅⋅
−

=

&

&
&

ρ

� �+ �.^ %"�0m&�	.+�>0T��.�� %%�>"> K�.��� 1�.=
	� !�+��.1�4+�>")�(>)�(�	9��E.3� �+ �2 $3��"� ,��5
���%��>� �1�= )ih TT >(H+�" "� ]>� ;�5�)�(�.+ $B./�
..H+�"�)�($..
� ��..! �3�..h� ,R �..+ ;>� ;�..5 > 9&�..2 

)dtdQ�"�� 	)�� %"��C� pi�J�� (��� @���5 �+ ��/+ >
;�5 >��+�	�"�� 9&�.2 �.� 9��E.3� $.
� �kJ� 1�= 1���
�+�� )pi�J�� ��� �.A�+ ,EF� �+ �>"> 1� @BG 1�= ,��2 ;�= 

	� 	+� 9&�2 ��! (./��C��Mi��..�� )�(>)�(,�..��
�	..="� #��� 1�.3 ��.�> �2 �.&� .+� 9��E.3� �.A�+ �1�	

�"�� � 1���	��!.�.�� �$.+��" ,�E.�� 9��E.3� �+%,>"� 
,EF� $3�� �&��� 9��E3� .,�.��� M�.! �.�� �.�� @.���

 ���J& ���= ����5 �+ �2 $
� KR M�"�F+$
� .���,���� 1�3 
#���)$+��" (��.� ;�.� 9&�.2 g����"�.2 %9.�� "�

 @���,EF� �	�!�.�+	LA @��� ��J& l"��� 9��E3� :%
,>"�,EF� +� �	�"�� 1��� 9�� 1�= �.kL+ ��.�3��� 9&�2
+�� 9��E3� wkA	�+��.

� {�3	�+ �2 :��2 9.�� ;�.��& ,E.F� a�� 1�.= �.+ 
,>"� "�  ��,EF� ��& �"��.� ��.�> ���= ]�C��� ���=

)0dtdQ =(W�
� ��� �+ �H+�"�)�(�+��1 @k! ���.

�	�!�:

)�(.
l
l

h
h

m
RT

Pm
ρ
&

& ⋅=

1� ���)�
� �+ 4+�>")�(>)�(	.� ,��.5 ]�.��3 .+ �" �.�1 �
$
� ">R�:

)�(,
TT

T
m
m

m
h

i

i

h
h ∆+

===
1

1
&

&
&

,R "� �..^�
i

ih
T

TT
T

−
=∆�= "��..C� ..�B../� 9��	$..
� 

)li TT =.( 
@k! "�0.H+�" �( )Tfmh ∆=&>� %��.+ �.+ $.��7

 M"��7 ]�C��� ,>�+ >:
" ,R ��! $
� .$
� �^m �+ ;1i
 M"��7 ]�C��� �+ $��7 "� �^�4.
��� "�.� �+ 	��� 	+� 
	� > $
� ��! ��3�= �(� "� .����� �.+ �" ,R 	�*�� ,��5�

�1 g��C5 ��1 ]��[:

)�(.350T1mh ., ** =∆−= ββ&

H+�" >� M>�)5�.H+�" "� �.2 $.
� �.�� ���� �)�(;�.5 1�
M"��7 ]�C���dtdQ$
� ��! �(� d�� .

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1 1.2

with heat transfer
no heat transfer

;<�08$C)� $�&� $"= M	&��N? )hm&(O4AI	 P)*&"
�QR� .=��� �= �� $C)� .��=T∆=
�� �" � ��&  S�:A�	 

�� ���".

"�	..� ��&�..�� �..&"���J� �..�� %>� �..& ..+ �..2 ��..! �
9��E3�T∆	� 9&�2 1�= 	��� 	+� �+��.

H+�" �=��)�(H+�" "� �"�)�(:�&� "��G .H+�" �+ ��.�1 
��
" :�&���:

)~(.T
T1

1
T1

1mh ∆





 −

∆+
+

∆+
= *β&

Mi���� 1�)�(>)~(�	�2 $3��"� ,��5 ;�.5 .����� ;>� �
)~(7e�� #G�> "�	��+ %]���3 )�($
� ,�E�� �2 .58��D

 � `F�� �" ���= ]�C���	��2 .@h�)5 �k��� �Jh 4.� >�
�@k! ")�(.+� 9��E3� �����+	�"�.� .+ 1�.= 1�.�� �$.LA

 ���= ]�C���$
�.
�.H+�" de�.�� �.2 :��2 {�3 �=� %�.&)�(>)�(.+�

www.SID.ir



Arc
hi

ve
 o

f S
ID

T��� ����	
� � 
����������� �������� ����� 

��HC5 1� 	!�� 	��� 	+� ���� �!�+���R � ��	,��5$!��:

)��(.ch0 mmm &&& +=

H+�"�6�3 �"	�,��5+���1 M"����^ ,��+:

)��(,( )d1mm h0 += &&

+�%"�� �2�
i

0
0 m

m
m

&

&
& =>

i
h

h m
m

m
&

&
& =+� 	�&%B/� 	1�= 

 �� > K�������/& >)( c0c mmmd &&& −=�.�"� 
"� 1�= $+��"%�>"> � u�+ 	�!�+.Mi���� 1�)�(>)��(

�	+ �" ��1 ]���3 :����5 �$
� :�">R:

)��(.( )( )d1T1m0 +∆−= *β&

@k..! "�UM��..��N50m&g../7�+T∆W�..
��+ �..2 
H+�"�)��(��! :�
�5 �$
��+ �%�L�F� ����C� d��.�R 
$
� .

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0 0.2 0.4 0.6 0.8 1

adiabatic

d=0

d=0.2

d=0.4

d=0.6

d=0.8

;<�E8$C)� $�&� $"= M	&��N?0m&&" .��= O4AI	 P)*
V�" .=��� �= �� $C)�T∆6"
W� �X�= .	&" .�� Y�AR� d.

"��C�+� 0LH� 	� ����5 ��1 ]���3 0B� 1�= 	��!:

)��(
( )( )

( ) .d1T1
m

RT

P

d1T1mm

*

l

l

i

*
i0






 +∆β−

ρ
⋅=

+∆β−=

&

&

��� �������%"� 1�=  ����+ �"�	,��51�.����� �$.��7 
���� 1�= ]�+ @BG 4+�>" >M"�� ���1 �B
�*���2 :

)��(.( )( )d1T1
TT i

m +∆−
= *β

08C7�-� 9=��� ��Z� .[�\ 9" 
..����� �..=��f�..�� %#..HC� >� ��..+ �" n>o"�@�..!�
:�/���+ ����R$!�� :�&��� ]��[:

)��(.TLh2gz
2

2
2V

22P
1gz

2

2
1V

11P =












++−













++ α

ρ
α

ρ

H+�" "��6�3 1P� ����+ "��3 2P�>"> "��3 %I.J- �.+ 
>TLh$3� O�)5"� 2L	$
�.αE�� .�B�� %f��� g��h	
�	�!�+�2H+�" 1����1 $
� �+�	�R�]��[:

)��(,( ) ( )
( )( )3n23nn4

1n21n
4

33

++

++=α

,R "� �^ �nH+�" "� ,��5�%��+ $A�
 %"� :�e�.� ,���� 
���  ��"��J& $
�.$��7"� .L2	�n��.A �.+ �.��5 �.+ 

+ "���J� 1� 1�����" �� $
�	.+ �.�� ��.�R �"��.C� ,��.�A%
+�F���	� gLl� �1%�J� �.� ���)�.
� 	��.!]��[."��.�� 

$!�� :�&��� $��7:

)��(.0617n .=⇒= α

www.SID.ir



Arc
hi

ve
 o

f S
ID

��� ����	
� � 
����������� �������� ����� ]

;<� L8�� .!	�&\ &�)� � >�
� >% �QR� >�?��� .

�.k��� {�3 �+21 αα ≅>, hzz 21 =−.H+�" �)��(
+���1 M"��	� ��!�� ��!:

)��(,TL

2
2

2
1

12 h
2

V
2

VhgPP ραρθρ −









−++= sin 

,R "� �^�

)�~(.
2l

l
2

1l

l
1 A

mV
A

mV
ρρ
&&

== ,

� �..+ �..��5 �..+��..k�1A��..L	�"E..+ 1� �..52A$..
� 
��"���<1V }�2 	L�� 1� �52V	� �2 ��+ �&��� ,��.5

 ��2 �(� d�� ,R 1� . !�� �=� ]�7���!�� K��! ��.!�+
 !�� ;�5	R 1� H+�" �+ ���+ �" ,�)��(��J� �3�h� .��.�jJ& 

,����- #��� M�"�F+ ,�E�� �=�)����2��/2� �� $��
 ("�
�!�+ ���1 ,R %i�+ %�z3�	��" ,R �+ v�+�� "��3 ,��5 "�

 $3�= �(�)sP(.� �+ �>eA��.� �.+ �.2 $.
� ]�J�� �%
����w�&%�>�5�5 �+ ��.�� 1� g�w.&�%b,p���)�.
� 
�	��!.H+�" �<��� "���>"> "��3 %IJ- ).H+�"���(.+�

"� ��1 M"�� �&��� ��R]��[:

)��(.( ) TL

2
p

sbp h
2

V
06.1xhsinghPPP ρρρθρ −−+++= &&

H+�" "��)o�(�pb PP ,> I.J- �+ %�>"> "��3 g�5�5 �+ 
>  ����+ "��3x&&"�*� K��! % !�� )$2�7 $
� "� 

 !�� ($
�.;1i "�.�3 @G��.7 �.+ ���5 �+  ����+ "��3
 1�
 ;�k*�
� > IJ- %�>"> %��+���.��5 ,��.��- ,1�F� 

	� H+�" W�
� �+ > ��!���3 6�3 �.�N�� I.J- �+ %�>"> "
��+ �&���.

U8�Q8R� 98" .=��� !�  ^_` ���! 9C7�-�
�	&Z�\ 
,�J& "� �2 "�� ���C� 9F+ �.! �"�.!� �@.�i� 1� 	.k� 
#HG1�= ,EF� �+ %�>"> ,����-��3�� "� 	���;�� 1�.= 

$
� ��! ����m .�=� �2 	��� ���+1�= �����+ ��! 0�"E5 
(*� �5 #HG ����D 1��"�.5�� 	!���� ��" 1�.�� �"�.� "�.�3 

58	� > $/�� 0�"E5 "��J�
� �+ 	�>E� ���� ���2 ��� ,��.5
1�= ��.2 #HG �(*� ��� 1� �" ."�.� "�.�3 1� "�.(�� 1�.�� ��

;1i "��3 @G��7%��+ > I.J- "� ,��.
���>�2 1>�.+ ;�.A 
$��>�*� �&%���� $.
� ..+ �.7�B� �.�� ����.J& ��D8.5 
,��1 I.J- �.+ %�>"> "�.�3 @G��.7 �.+ �L�F� #HG %�&

 + $��
 �@k! "�  �5�J! "�� a$.
� ��.! ���� ,��� 
]~[.

Pp

P0

Pmin

t1 tc t(sec)

Pp

P0

Pmin

t1 tc t(sec)

;<�a8���! &�bc? ^_` Y�AR� .��!�  �QR� 9" =��� Z�\�	& 
[�\ 9" .=��� ��Z� .��).=
�5 �
-�(]a[.

@�.! ��� �+ ���5 �+ 	.� ��&�.�� ��.! �.=� �.2 1�.= 
����D 1� �5�>1 %�>">t11� �.�J2 :J�.��� "�.�3 ���! #HG 

1�<� �7)( minP	� �!����D 1� ��+ �=� > �t1���.! #.HG 
��! 1�<� �7 1� ����+ :J���� "��3 "��C��<��� "� ��A�+ 

����+ d����=1	���! .
�=� ]�71�= ����D "� ,EF� �+ %�>"> 1t��.! #.HG �

+�;>��� d��� @���,����-�4./B�� ,EF� ,>"� %��& 
	� 	� 9&�2 ,R "��3 �<��� "� > ��! �+�� .:��2 {�3 �=�

 #HG ,��1 1� w-�+ 1�= �R M"�����E�>��.! 4/B��  �-�
����R$!�� :�&���:

IJ- 
$��


,EF� 
$��


h

L2

L0

g

x

1

2

θ

x&&

www.SID.ir



Arc
hi

ve
 o

f S
ID

d��� ����	
� � 
����������� �������� ����� 

)��(,
k

2

1
12

k

2

1

1

2
V
VPP

V
V

P
P









=⇒








=

�2 %"�� �+�







+=

+=

tVVV
tVVV

02

101
&

&
.

H+�" "��6�3 �t,�.�1 > %�>"> 1�.= #.HG ��.+ ,�.�1 �.& 
"�5�� 	!����)( c1 ttt <<$
� .

� ��
���- b>" >� #HG ,��1 ����5 %��+	��!.b>" "�
 $
� ���J& �H� > 	�
 �+ �2 ]>�����+ ���+� 1t�1 W�7 �" 

>V1وP1,R �+ �\���� ��2 K�/7 �" .�" 1� w_
H+��.�1 
.(*� 1� �.�+ %��.+ �" IJ- �+ %�>"> "��3�%t1�B.
�*� 

��J�:

)��(,t

k

0

10
bp Pxhgh

tVV
tVVPP ∆−++








+
+

= &&
&

&
ρθρ sin 

+�%"�� �2�

( ) 1TL

2
p

t tth
2

V
061P >−=∆ ,. ρρ

$��7 ��� "�+ "��C� �=� ��.(� �"�.� "��.C� �.+ ���R $
�
 $!�� %���1 de�������+ 1t��� > �1 W�7 �"�+>� �" "�.2
 "��3 �5 ��2 "��k5 �"P2� �"�� "��C� �+ �
�+ �(..H+�" "� �

)��(.(*� 1� �2 $
� ��! {�3�#.HG �.+ 1�.= �M"�.�
$
� ��! 4/B��  �->���E�R.

$
� ��8/� @7 0�G� b>" �2 ;>� b>" "���+ :LA �+ 
"��3 �k���	��
� )P2(,R �.+ �\�.��� :.<7 >)V2(;�.L�� 

$
��,��1 t1	� �B
�*� ��!..+ @.7 ��>" ��.�1 M"�.� 
$
�.

)��(
.)(

,.

101

2211

CtVVP
CconstSpecifiedVPVP

k

kk

=+⇒

====
&

�<��� "��,��1 t1H+�" 1� ��B
�*� ��1 	���!:

)��(.
( )

VV
P
VPt

kk
&












−








= 0

1

1

22
1

%�"��� "� $3�= "��G �*+ �"�� ,��2�5 �2 �2�{�.3 
 ����+ "��3 �2 ��+ ��� �+)Pb((*� 1� > $
� $+�D �#HG 

	� 9&�2 �+ O>�! 	.� �" ��8./� ��� ���2 �.5 .+ ,� �0.���
 	
"�+ E�� %�������J� �.�� �+ %��.+ :�.��B+ �.2 M"�.�
 �"�.� "�.�3 �k��� I.J- 1�.�� "�.�3 M��.��N5 ��.! �.)7 

�!�+ ���+ ����}  ����+ .H+�" 1��)��(.+  �.���+ "�.�3 �
	� �B
�*� ��1 M"�� ��!:

)��(( ) .h
2

V
06.1xhsinghPPP

TL

2p
spb

ρ+ρ+ρ−θρ−−= &&

H+�" "��J& 6�3 �����C� > �&����"�- �" $J
 > ;�.L�� $

 `F�����/&�	� ����+��+ 1��� �"�� M����N5 "���J� ,��5

 ��2 :
" �"  ����+ "��3.����.C� �.=� Pb%i�.+ �.� >" "� 
���= "��G 6�3 "���J���)7 ;1i "��3 @G��7 ���J& ����R 

�! �&��� .O�h�� ��� �+ ���5 �+ 	� 1�.= 	��� 	+� ,��5
9�� �+ �" �5 "��3 ���N5 ��� W�
� %1�.�� ���� > ��2 ���

 1�= ,��2 #HG �+ ��.+ �&��F� .�.�+ 9.F+ "� g.LH� �.��
$
� ���R.

L8C7�-� 9!�8  $�&� $"= ��8Z� e�87	&"
>AZf�"�!��� =�
 
,�J& @BG 9F+ "� �2 "�� �! ��)=�M����N5 1�.�� �"�.�

H+�" 1�  ����+ "��3 %��+�+ ��1 �	� $
� ��R:

)��(,xhghCPb &&ρθρ −−= sin 

+�%"�� �2�

( ) .. constTLh
2

2
pV

061sPpPC ≈++−= ρρ .

O�)5"�]��
 ,��
 E��M"�� �+ ��1 �B
�*� @+�G $
�:

)��(.btat
A

m
hh

cl
l

0 −=−=
ρ
&

www.SID.ir



Arc
hi

ve
 o

f S
ID

��� ����	
� � 
����������� �������� ����� g

H+�" �=��)��(����� "� �"�)�(:�.&� "��.G �]�.��3 	.+�
 1�= 1��� �"��9�� �>"> %,1�F� �+ +���1 M"�� ��.!��

	� ��!]��[:

)��(
{

( )[ ]} .sin)(

cossin
)1(

)(

ih
Qxghctkf

xhxbghgb
ki

tVm

&
&&

&&&&&&&

−+−+

−+−
−

=

θρ

ρρθθρθρ

H+�" "��6�3 �ih	� ,EF� �+ %�>"> 1�= 	_����R �!�+.
H+�"�)��(3 @G��7 ,�.�� �"  �.���+ 1�.�� �"�.� "�.�
	� �&��	� $+�D "��C� �� ,��^ �3�h� �+ �^ ,R %��+ ,��5

 :��.��+ �.(� "� :.& 	����J�� g��h..H+�" 1� �.=� �)��(
,E..F� >� 1�..�� �"�..� 1�..= 	..��� 	..+� "��..C� > $��..


/2�������2 @k!�+ �" ���">R $
� >:�.�2 #J� :& �+ �
]�./_2 �.� �k.! "�.�3 ��! 1� ���+ �2 @2 	��� 	+� �.&

 @k!�+ ��! x"�� �+��1 M"��	� $
� ��R:

)�~(.fot mmm &&& +=

H+�" >  !�� $2�7 ,��1 �+ ���5 �+�	.� 6�.3 ,��.5
 "�.5�� "�.2 ,��1 ,���- �5 ��! d��� ;�� �"��.^ ��.��5 .

;�� ��� O�J<��>eA �+ �%"�.5�� "�.2 ,���- "� �2 	��� 
]�/_2 "� 	� �& ��>� ;�� > �����	&�"��3 9�- �@2 ;�� 
�" 9�� 1�= ]�./_2 "� ���+ �2 ��.! ��.��m �.& `F.�� 

	� ��^ .B
�*� %��+ ���jJ&�	� 1�= ;�� .H+�" 1� ,��.5�
)��($3�= ]������.

a8h%�A� 
��� ��D85 	.+� �.+ ,��.��- ,E.F� �+ %�>"> 1�= $+��" >
1�.= 	��� E.�� >,1�.F� @.��� "� M"��.7 ]�.C��� ��D8.5 
,����- @k! "�U�! ���� ,��� $
� �.�.+ �.&"���J� �.��
 {�3$
� ���R $
� �+ �!�+ $+�D  ����+ "��3 �k���.

|�� ]�q�  � %��+ M����N5 IJ- �+ %�>"> "��3 %�&
��../2� > $��..
��..��^ )Pp(,�..�1 g../7 �..+ 	B../�

)maxtt("�@k!i$
� ���R .

4

4.5

5

5.5

6

6.5

0 0.2 0.4 0.6 0.8 1 1.2

Relative Time

P
um

p
In

le
tP

re
ss

ur
e

(b
ar

)

Lower Tank

Upper Tank

 
;<�i8�	=
�� [�\ 9" .=��� ��Z� M	&��N? .�� &" �	&Z�\ 

$C)� ���! P)*)maxtt.( 

@�! 	
"�+ �+]	� ��&��� ��! K��! 9��E3� �D� "� �2 
 !��� ����+ "��3  .!�� 	�i�.+ ,EF� >�.7 �2 bar 

	� 9��E3� �+�� �.(7e� @+�G "��C� �2 %�$.
� .:
.
 �.��
 �>�7 #��� ,��
 1� 	!�� "��3 9��E3�0.5 bar 	.� �.!�+�

(*� "� �2 	3e��� ,�J& 	����t=0 "�.*� > "���.J� ��+ 
�"�� ���> 	C3�.	����.- ,E.F� %��+ @k.!�O�.)5"� �.2

 ,��
 ,����- #��� :2$
� �F� ���1 "��3 9��E3� ��+ �&� .
��� "� �>�7 "��3 9��E3� �q2��7 $��70.2 bar	� �!�+.

	� �A�+ "��3 9��E3� ��� �3�.� %��.+ �.2 ��! "� 	��.�
 ,�.�1 "�  .!�� @.2 ;�.� �.<��� "� > 	3��� 1�= ;��

 ,EF� �+ %�>"> 1�= 	B
��� 	�i�+ ��! #HG .�(*� ��� 1� 
	� 9&�2 ,EF� "��3 ��+ �+ � �kJ� 9&�2 ��� > �+�� $


 (*� �5�%�"�+>� 	5�� 1� ��+ �� > �+�� ����� "�5�� 	!���� 
�+�� 9��E3�  !�� K��! �D� "�.

%��+ �=� ��� ]�q��#HG ,��1 	B/� �"�+��+ t1=0.5 "�
 :����+ �(��"��3 M����N5 "���J� I.J- �+ %�>"> >� %��.+ 

,�.! #HG �+ $��7 1�.= ,R ,>�.+ >.+�M"�.� @k.!�
��+ �&���.

4

4.5

5

5.5

6

6.5

0 0.2 0.4 0.6 0.8 1 1.2

Relative Time

Pu
m

p
In

le
tP

re
ss

ur
e

(b
ar

)

without cut-off time

with cut-off time

 
;<� �8M	&��N? �=&' ^_` ���" � �" [�\ 9" .=��� ��Z� 

!� )&"	&"!�  ^_` $C)� ���!t=0.5$� ���"(..

www.SID.ir



Arc
hi

ve
 o

f S
ID

�j ��� ����	
� � 
����������� �������� ����� 

$��7 "� �2 %���� K��! �$
� ��!�� %����+ "��C��
+ "��3 M����N5 "���J� �M"�� @k!k"��.&��� .�R�."�
#HG ,��1 $��7 ��� 	B/� �+��+t=0.2 ��.! ��3�= �(� "� 

$
� .��&��� 	� "� �2 ��! ���$��7��>�.*� "� "�.�3 �
�>�7 ,��1 1� > $
� ��! �)7 1�<�t=0.5 ��+ �+ �"�.�3 

	� 9��E3� �"�+>� �+�� ) !�� K��! �D� "�.(

4
4.5

5
5.5

6
6.5

7
7.5

8
8.5

0 0.2 0.4 0.6 0.8 1 1.2

Relative Time

P
um

p
In

le
tP

re
ss

ur
e

(b
ar

)

without cut-off time

with cut-off time

;<�k8[�\ 9" .=��� ��Z� M	&��N? �=&' ^_` ���" � �" 
!� )&"	&" !�  ^_` $C)� ���!t=0.2 67	(..

.H+�" �=��)��(�""�.� "� �.�� �]�.q� :�.�2 ]�.JA��
"���J�@k! �l+�	� $
� M����N5 �2 ��R  �.���+ "��3
 �"�� 1���	� ,��� �" �&�.

2

2.5

3

3.5

4

4.5

5

0 0.2 0.4 0.6 0.8 1 1.2

Relative Time

Re
qu

ire
d

U
lla

ge
P

re
ss

ur
e

(b
ar

)

Lower Tank

Upper Tank

 
;<��l8�!�R� !��� =�
� !�  >AZf�" ��Z� M	&��N? �	=
�� 

�	&Z�\.

@k! ��� �+ ���5 �+��*��9�� 1�= 	��� 	+� M����N5 
F� %��+�,1,����-@k! "� ��$
� ���R�+�%"�� �2

"���J� ��1 ZH
�;�� 	� ,��� �" 1�= �&�.

0

0.01

0.02

0.03

0.04

0.05

0.06

0 0.2 0.4 0.6 0.8 1 1.2

Relative Time

M
as

s
Fl

ow
Ra

te
(k

g/
s)

Lower Tank

Upper Tank

 
;<���8.=��� @�= !�  !��� =�
� $�&� $"= M	&��N? �	=
�� 

�	&Z�\ �!�R� 9" .

M�B
�*� $*� 	
"�+ %��+ ]�� >%1�
 ��.! ;�.<��
H+�"�H+�" IJ- �+ %�>"> "��3 �)o�(	+�<5 �J�� Q���� �+

H+�" M"�� �+ �^���1 �! �y�"�$
� ��! �/��C� �]��[:

)��(.tbp PgxhPP ∆−++= )sin( θρ &&

H+�" "��6�3�tP∆�.5 ,E.F� 	.�>�� 1� @.^ "�.�3 $3� 
IJ- �+ %�>"> 	� ,����- %�& �!�+.
	� ��&��� .H+�" >� �.^ ��.!�)��(>)��(de�.��

 ��"�� ������ �+ 	J^.%��+ /��C��H+�" >� ��
+ �"�^P� "�
@�! %�&)��(>)��(��! :
" �.��.	�i�.+ ,E.F� %��.+

 �>� "� �H� �q2��7 	.� ��.<�� "�2 4
 �>�.7 �.2 ��.!~%
$..
� �>�..7 	����..- ,E..F� %��..+ �\�..��� "��..C� >��%
	� 	.� 6�.)5� ��R M�(*� "� �2 �!�+ �.�3� .,�.�1 "� %�.&

"���J� >� �����	� ,��� ����k� �+ 	+�� 0+�H5 ��&�.

0
1

2
3
4

5
6

7
8

0 0.2 0.4 0.6 0.8 1 1.2

Relative Time

Pu
m

p
In

le
tP

re
ss

ur
e

(b
ar

)

semi-empirical

analytical

;<���8�	=
�� $%m�" �QR� [�\ 9" .=��� ��Z� M	&��N? 
���! P)* &" $"&#? 9��� � $���-? 6f�* �= .	&" >�
�

 $C)�)maxtt(.

www.SID.ir



Arc
hi

ve
 o

f S
ID

��� ����	
� � 
����������� �������� ����� ��

0
1

2
3
4

5
6

7
8

0 0.2 0.4 0.6 0.8 1 1.2

Relative Time

Pu
m

p
In

le
tP

re
ss

ur
e

(b
ar

)

semi-empirical

analytical

;<���8�	=
�� $,�%�\ �QR� [�\ 9" .=��� ��Z� M	&��N? 
$C)� ���! P)* &" $"&#? � $���-? 6f�* �= .	&" >�
�

)maxtt(.

i89#�A� .&�  
9&>[- ��� "��	+� �	L�L*5 b>" 1� ���)�
� �+ ��! 	�
 

$��
  !��  � ,1�F� 9�� %��+ 1��� �"�� 1�= 	���
 �B
�*� ��N�� > $+�D  ����+ "��3 $��7 >� %��+ #���

��! .1� 9�+  ����+ "��3 �2 %�"��� %��+ ����jJ&
1�= #HG ,��1 �$
� 1��� �"�� "��C� �B
�*� E�� 9�� 

$
� ��! .�+,���A���J���>�7��%;�� "� 1�= 
:�/�
�3�� $
� ��! 	��� .$��7 ��� "��$
� 	
��+ 

�3�� %��+ �2 1�= ;�� "� ����+ 	����,����- ,EF� ���+ 
��/��� �+��5i�+ ,����- ����A �+ �(� "� 	�i�+ ,EF� ,
��! ��3�= .���jJ&�� 1�= 1� M"��7 ]�C��� #��� �+ 9�

"��� > ,����-�1�= "� ,R 9��E3� > $+��" ���> > ,EF� 
1��� �"�� 9�� 1�= ;�� �<��� "� > 	+� 9��E3� �A�+

	� ��!.�^ 	��7 "� ,EF� �+ %�>"> 1�= %��� 9��E3� 
	� 1�= 	+� 9&�2 �A�+ ��!.

^�	&� 
1. Anon, "Pressurization System for Liquid 

Rockets", NASA Space Vehicle Design Criteria 
(Chemical Propulsion), 1975. 

2. Beliyaef, N.M. "Pressurization System Design in 
a Liquid Rocket", Mashinostroenieh, Moscow, 
1976. 

3. Beliyaef, N.M. "Calculation of Hydraulic- 
Pneumatic System in a Rocket", 
Mashinostroenieh, Moscow, 1983 .

4. Sonntag, R.E., Borgnakke, C., and VanWylen, 
G.J. "Fandamentals of Thermodynamics", Sixth 
Ed., John Wiley & Sons Inc., 2003. 

5. Dieter, K.H. and Huang, H.D. "Design of Liquid 
Propellant Rocket Engines", Second Ed., 
Scientific and Technical Information Office, 
NASA, 1971. 

6. Jokovski, A.E., Kondrousev, V.S., and 
Okorochkov, V.V. "Experiments in Rocket 
Liquid Propellant Engines", Mashinostroenieh, 
Moscow, 1992. 

7. Karimi, H., Nassirharand, A., and Beheshti, M. 
“Dynamic and Non-linear Simulation of Liquid-
Propellant Engines”, AIAA J. Propulsion and 
Power, Vol. 19, No. 5, pp. 938-944, 2003.

٨.:�./�
 "���J.
 .�PN5 %�.&�
 �"�.�3 $.*5 1�.= ....��1� ,
�..�z3 ��& #���)	L��� b"�E=(,nr��.
٩.	��&�!��."" .7���	��
"��& :�/�
 	 !�� ,��1 ����5 >

$��
 ,EF� �+ �>"> %��& #HG",�.& #���� ,��1�
 �.z3 �
)	L��� b"�E=(�nr��.
١٠.O 	J�&��+�.�.":�/�
  !�� "� %1�= "��3 ]�JA� %�& %�.&

 #��� $��
 ,�.z3 ��.& #���.� ,��1�.
)	.L��� b"�E.=(�
nr��.

١١.; 	�/*�.":�./�
 	k���.������5 @.�L*5 > %1�.
 ]�.�
 #��� $��
  !��  � ,����- ,1�F� %"�P="��3",,�.��-

�����!"� 	
��!"�2 ,������� ��.����� 	.
��
� ���.����
	
�� ����� ���� ����� 	���������.

12. Fox, R.W. and McDonald, A.T. "Introduction to 
Fluid Mechanics", Fourth Ed., Jhon Wiley & 
Sons Inc., 1994. 

١٣.�J*�%�;" .
 M�B
�*��9�� :�/ .� |�.�  .!��  ",
�z3 ��& #���� ,��1�
)	L��� b"�E=(�nr�r.

14. Spiegel, M.R. "Mathematical Handbook of 
Formulas and Tables", Schaum's Outline Series, 
1968. 

 

www.SID.ir


