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  دهيكچ
 ـ  ،ار متفـاوت ي بـس كِياستفاده از مواد مركب هدفمند در اتصال دو ماده با خـواص الاسـت        روهـاي  يآور ن اني ـن اثـرات ز رفـت ن ي منجـر بـه از ب

در سطح   ،اند  ن و اثرات تمركز تنش بالا بوجود آمده       يي پا ييايميبي ش يل ترك يف ناشي از م   يواسطة چسبندگي ضع   هكه ب  وستهيوجهي ناپ  نيب
 .رسـاند  مـي دار تـرك را بـه حـداقل    ي ـهاي ناشي از رشد ناپا يختگين مواد، احتمال گسينة اي طراحي به،نيبنابرا. شود مياده مشترك دو م

كنـد   ميايجاد  بي  يد ترك دان تنش نامتقارن بوجود آمده در نوك ترك م        ي م ،رديگ ميرات قرار   ييب تغ يهنگامي كه ترك در جهت عمود بر ش       
 گراديـان  گراديـان پيوسـته و  (، در دو حالت    براي تركي كه تحت بارگذاري خمشي قرار دارد       در اين تحقيق،    . شود مي موجب انحراف ترك     و

 شكـست در    ينه كردن پارامترهـا   يبهمنظور  ه  ب.  محدود محاسبه شده است    اجزاء روش بهضرايب شدت تنش و زاوية فاز بارگذاري         )اي  لايه
ب يضـر هـاي پـسماند بـر     ت و طول ترك و تنشيان، موقعية گرادير شكل و پهناي ناحينظ ييرهاير متغيثأ، تدار تركي از رشد ناپا   يريجلوگ

  ميليمتر9 و پهناي گراديان 25/2پروفيل  توانكمترين مقدار ضريب شدت تنش مختلط به ازاي  .ه فاز بررسي شده استيشدت تنش و زاو 
  .ه استبدست آمد

  
  يبكيد تر، ميب شدت تنش، انتگرال جي محدود، ضرروش اجزاءمواد هدفمند،  :يديلك يها واژه

 
Modeling of Alumina-Epoxy Joints Reinforced by Functionally Graded 

Materials, Using Finite Element Method 
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ABSTRACT 
Application of functionally graded materials (FGM's) to join materials with extremely different thermo-
mechanical properties can reduce sharp interface stresses caused by weak chemical affinity and high residual 
stress concentration. So, if the functionality of gradient regions be designed properly, it can minimize the failure 
probability due to unstable crack propagation. It has been shown that if the material gradient is parallel to the 
crack, the asymmetric stress field results in mixed-mode fracture and crack deviation for its initial direction. 
Mixed-mode stress intensity factors (SIF's) and phase angle are computed by finite element method for a four-
point-bending problem assuming functionally and multi-layered gradient regions. In order to obtain an optimum 
design, the effect of slope and breadth of gradient region, crack geometry, and residual stress field on fracture 
parameters (including SIF's and phase angle) are studied. Minimum value of complex stress intensity factor is 
obtained per 2.25 for profile power and 9 mm for width of gradient region. 
 
Keywords: Functionally Graded Materials, Finite Element Method, Stress Intensity Factor, J-integral,   

Mixed-Mode 
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1-�Ä�»�|�¬�»   

�É�•�Á�Z�À�§ �¨�¸�f�z�» �É�Z�Å�Ê�Y �É�Y�€�] �Ë�¯�€�e �{�Z�n�Ì �|�À�¿�Z�» �{�Y�Â�» �•�Y�Â�y �•�Y �Ê�^

 �[�Â�¸�˜�» �Ê�f�z�‡ �€�] �Ã�Á�Ô�Ÿ �Ó�Z�] �Ê�´�»�€�¬�q�Ë�• �Ê�e�•�Y�€�u �d�»�Á�Z�¬�» �Z�Ë �{�Z

�¿�Z�°�» �d�»�Á�Z�¬�» �Z�] �Ã�Y�€�¼�Å�Ì �¹�•�Ó �Ê�°) �º�Å �Z�] �Ã�{�Z�» �®�Ë �•�{ �Ä�¯ �{�Â�m�Á

�¿�|�¿�•�Y�| (�d�‡�Y �Ã�|�‹ �Ê�§�€� �» .�¿�Ì�¤�f�» �•�Y�Â�y �½�{�€�¯ �º�Å�Y�€�§ �Ä�] �•�Z�Ì �€

�{ �É�•�Y�~�³�•�Z�] �Ä�] �c�Á�Z�¨�f�» �É�Z�Æ�z�‡�Z�a �Á �Ä�] �Y�• �½�Z�¬�¬�v�» �,�Ä�˜�¬�¿�€�Å �•

�µ�Z�•�6�e�Y �Z�] �{�Y�Â�» �Ë�|�°�Ë �½�{�•�Á�M �{�Â�m�Â�] �Á �€�´�¯�€�e �•�Y�Â�y�Ì �•�Y�{�Y�Á �Ê�^

�{�€�¯�-�a�Z�¿ �Z�»�Y �Ì�f�‡�Â�´�Ê�Ó�Z�] �Š�À�e �‚�¯�€�¼�e �,�•�Y�Â�y �Ê�Ë �¶�v�» �•�{ �Y�• 

�µ�Z�•�6�e�Y�Y �Ë�Ê�» �{�Z�n �|�À�¯ .�½�M �€�] �Ã�Á�Ô�Ÿ�,�¸�¼�Ÿ �Ì �Ã�|�‹ �¹�Z�n�¿�Y �Ê�e�•�Y�€�u �c�Z

�Y �É�Á�• �€�]�Ë�¯�€�e �¾�Ì�^�Z�Æ�] �Ä �Y�€�“ �Ä�˜�‡�Y�Á�Ë�\�e�•�Y�€�u �•�Z�ˆ�^�¿�Y �Ê �c�Á�Z�¨�f�» 

�a �É�Z�Æ�Œ�À�e �,�{�Y�Â�»�|�¿�Z�¼�ˆ�É �Ê�» �|�Ì�·�Â�e  �Ä�¯ �|�À�¯�Ê�» ��€�e �|�¿�Y�Â�e �Z�Å �Á 

�]�Y�€�y�Ì�• �É�Z�Æ�Ë�Y �É�{�Z�Ë �{�Z�n�Ë�Z�¼�¿�| .�Y�€�]�Z�À�]�Ë �¾ �d�‡�Y �¾�°�¼�» �d�ˆ�°�‹

�Z�Å�•�Z�] �•�{�Ê�Ë�¿ �Ã�{�Z�» �Ê�´�»�€�¬�q �•�Y �€�f�¼�¯ �Ê�f�u �Ì �©�Z�¨�e�Y �‚�Ì�] �|�f�¨�Á 

 �Y�• �Z�Æ�¿�M �•�Y �Ã�{�Z�¨�f�‡�Y�Ä�]�•�Z�y �É�Z�Å�{�€�]�•�Z�¯ �Ê �{�Á�|�v�»  �|�À�¯ ]1 .[

�]�Ä �³�Â�¸�m �•�Â�œ�À�»�Ì�€�É�Y �•�Y �Ë�{�Á�|�v�» �¾�Ë�d �Z�Å�6�¬�v�» �‰�Ô�e �,�Y�€�] �½�Z�¬�É 

�Y�Ë�Z�n�¤�e �{�Ì�Ì�•�|�e �c�Y�€�Ë�¯�€�e �•�{ �Ê�n�Ì �µ�Z�‡ �•�{ �Ã�{�Z�» �\1984 �É�Y�€�] 

�¨�‡ �d�y�Z�‡ �Ç�ƒ�Á�€�a�Ì�Z�”�§ �È�À�Ê�Ë�f�¿ �Ì�{�Z�» �s�Ô�˜�•�Y �Á �{�Y�{ �Ä�n�Ç 

�|�À�¼�§�|�Å1�•�Â�e �É�Y�€�] �Ì�Y �¦�Ë �|�‹ �•�Y�|�]�Y �\�¯�€�» �{�Y�Â�» �¾]2 .[ �|�•�•�{

�¼�n�u�Ê �L�Y�‚�m�Y�°�Œ�e �Ì�|�À�¼�§�|�Å �{�Y�Â�» �Ç�|�À�Å�{ �¶�,�] �Ä  �•�Y �Ê� �]�Z�e �c�•�Â�•

�¤�e �c�Z�•�f�z�»�Ì�Ì �€�Ê�»  �|�À�¯�Á�¤�e �Ì�Ì �€�]�Y�€�] �•�{ �x�‡�Z�a �Ê�¸�v�» �c�Y�€

 �É�Z�Å�•�Z�]�¿�Z�°�»�Â�»�€�e�Ì�f�¿ �Y�• �Ê�°�Ì �Ä�n�Ê�» �|�Å�{ .�i�P�e�Ì�{�Y�€�³ �€�Ë �€�] �{�Y�Â�» �½�Z

�» �É�Á�•�Ì�Y �Ê� �]�Z�e �¾�f�§�€�³ �€�œ�¿ �•�{ �Z�] ��€�e ��Â�¿ �Š�À�e �½�Y�|�Ë�Ã�| �M �µ

�|�À�¼�§�|�Å �{�Y�Â�» �É�Y�€�]  �{�Á�|�v�»�Z�¿ �È�v�¨�• �•�{�Ä�] �c�•�Â�•�¸�v�e �Ì �¹�Z�n�¿�Y �Ê�¸

�i�P�e �Á �Ã�|�‹�Ì�¤�f�» �€�Ì�Z�Å�€�Ê�Ë�^�« �•�Y �Ì�§�Á�€�a �¶�Ì�‹ �¶�Ì �,�½�M �Ç�•�Y�|�¿�Y �Á �\

� �«�Â�» �,�É�•�Y�~�³�•�Z�] �¶�°�‹�Ì�¿ �½�M �d�Æ�m �Á ��€�e �µ�Â�— �,��€�e �d�Ì �‚

 �d�‡�Y �Ã�|�‹ �Ê�‡�•�€�]]5-3 .[�€�e �€�³�Y �Ä�¯ �d�‡�Y �Ã�|�‹ �Ã�{�Y�{ �½�Z�Œ�¿� 

�{�Y�€�³ �d�Æ�m �Ä�] �d�^�ˆ�¿�Ë�Z�» �½�Z�Ë�f�u �|�‹�Z�] �¶�Ê�•�Y�~�³�•�Z�] �µ�Z�¼�Ÿ�Y �Z�] �É 

 �•�{�|�9�»�‹ �,�µ�Á�Y �° �d�v�e �d�ˆ�|�9�»�€�e �Ì�¯�^�Ê�Y �Ë �{�Z�n�Ê�»  �{�Â�‹]7-6.[  

� �e �É�Y�€�]�Ì�Ì�» �¾�Ì�€�e �¥�Y�€�—�Y �Š�À�e �½�Y�|� �Z�] �|�À�¼�§�|�Å �{�Y�Â�» �•�{ 

�Â�] �,�{�Á�|�v�» �È�‡�|�À�Å�Ë �Ã�„�Y�€�]�É�a �Ì�Š �]�Ì�ˆ�» �Ê�À�Ì�Á�Y�• �Á �€�Ë �|�‹�• �È

�e��€�d�‡�Y �¹�•�Ó �É�{�|�Ÿ �É�Z�Æ�‹�Á�• �, . �‰�Á�•�L�Y�‚�m�Y�] �{�Á�|�v�» �Ä  �•�Â�—

�|�À�¼�§�|�Å �{�Y�Â�» �d�ˆ�°�‹ �•�Z�f�§�• �½�{�€�¯ �µ�|�» �•�{ �Ã�{�€�f�ˆ�³�{�•�Â�»  

 �Ã�{�Z�¨�f�‡�Y �Ä�f�§�€�³ �•�Y�€�«�‹ �Á�Ì�Ã�Â �Z�Å �É�|�m�Ë�|�É �É�Z�Æ�‹�Á�• �|�À�¿�Z�» 

�» �µ�Y�€�´�f�¿�Y�Ì�Y �Á �Ê�¿�Y�|�Ë�€�f�»�Y�•�Z�a�Á�‚�Ë �Ä�¿�Z�³�|�À�q �®�Ã�|�‹ �•�Y�|�]�Y �|�¿�Y]9 -8 .[

�À�r�¼�Å�Ì�¾�‹�Á�• �É�Z�Æ�€�“ �È�^�‡�Z�v�» �Ë �µ�Y�€�´�f�¿�Y �Á �Š�À�e �c�|�‹ �\

                                                 
1- Functionally Graded Material (FGM) 

�5�m�Ê2�Y�€�] �Ã�|�‹ �s�Ô�•�Y �|�À�¼�§�|�Å �{�Y�Â�» �•�{ �Ã�{�Z�¨�f�‡�Y �É �|�¿�Y       

]11- 10.[  

�Y �•�{�Ë�Ä�¿�Â�¼�¿ �,�Ä�·�Z�¬�» �¾  �|�À�¼�§�|�Å �Ç�{�Z�» �•�Y �É�Y)�»�Â�·�M�Ì�¾- 

�Â�a�Y�¯�ˆ�Ê (�{�Y�€�³ �€�] �{�Â�¼�Ÿ �d�Æ�m �•�{ ��€�e �¶�»�Z�‹ �Ä�¯�Ë �d�v�e �Á �½�Z

 �Ê�Œ�¼�y �•�Z�]�d�‡�Y�,  �‰�Á�• �Ä�]�L�Y�‚�m�Y �{�Á�|�v�» �¶�Ì�¸�v�e�¶�°�‹ �Á �Æ�] �Ì�È�À 

�‹�Ì �Ž�z�Œ�» �\�Ê�» �‹�Â�{ .�‡�•�€�]�Ê�Y �Ë�] �,�Ê�‡�|�À�Å �•�Z�f�y�Z�‡ �¾�Ì �Ê�Œ�À

�Z�f�§�• �•�Y �d�ˆ�°�‹ �Ê�·�Z�¼�f�u�Y �• �Y�•�Y �•�{�Ë �É�Z�Å�{�€�]�•�Z�¯ �É�Y�€�] �{�Y�Â�» �¾

�µ�Z�•�6�e�Y�f�y�Y �•�{ �Ì �•�Y�€�« �Z�» �•�Z�Ê�» �|�Å�{ .�Y�Ë�‡�•�€�] �¾�Ê �€�i�Y �¶�»�Z�‹ 

�¤�f�»�Ì�• �É�Z�Å�€�Ë�€�e �•�Z�f�§�• �€�] �€��d�‡�Y :  

�x �§�Á�€�a �½�Y�Â�e�Ì�‹ �¶�Ì�\�, 

�x � �«�Â�» �Á �µ�Â�—�Ì�·�Á�Y �d�Ì��€�e �È�, 

�x �Ó �{�Y�|� �e�Ë�Ä �Z�Å�‹ �•�{ �Ì�Ê�¿�Z�°�¸�a �\�, 

�x  �d�»�Z�z�“)�Z�À�Æ�a (�u�Z�¿�Ì�‹ �Ä�Ì�\�Á  

�x �|�¿�Z�¼�ˆ�a �Š�À�e. 

  

2-�•�Â�e �Ì�‹ �¦�Ì�\  

�‹�Ì�\) �€�³�{�Y�Ë�½�Z (�¤�e�Ì�Ì �•�{ �c�Y�€�Ë�¯�€�e �®�Ì �\�Ê�»  �¹�Z�¼�e �•�{ �|�¿�Y�Â�e

�L�Y�‚�m�Y �•�{ �Á �Ã�{�Z�» �Ë �Á�{ �,�®�Ë �‰�€�f�ˆ�³ �|� �] �Ä�‡ �Z�Ë �Á �|�]�Z�Ë �Ä�] �Z

�u�Z�¿�Ì�Ä  �{�Â�‹ �{�Á�|�v�» �Ã�{�Z�» �Á�{ ��€�f�Œ�» �t�˜�‡ �•�{ �®�q�Â�¯ �É�Y

) �¶�°�‹1.(  

  

  
 �¶�°�‹)1:(�{�Y�€�³ �‰�€�f�ˆ�³ �Ë�¯�€�e �½�Z�Ì �•�{ �\�¦�·�Y( �Ã�{�Z�» �¹�Z�¼�e   

�[( �Š�‹�Â�a �k (�µ�Z�•�6�e�Y�{�Y�Â�» .  

  

�¤�e�Ì�Ì�¯�€�e �•�{ �c�Y�€�Ì�{�Y�€�³ �,�{�Y�Â�» �\�Ë�Z �•�Y�Â�y �•�Y �Ê�¿

�¿�Z�°�»�Â�»�€�e�Ì�·�Â�e �Y�• �Ê�°�Ì �|�Ê�»  �Ä�¯ �|�À�¯�Ê�»  �|�¿�Y�Â�e�Ä�] �•�Â�œ�À�»�Æ�] �Ì �Ä�À

 �•�Z�y �Ê�§�|�Å �½�{�€�¯)�‚�¯�Z�» �½�Â�r�¼�Å�Ë �º�¼�Ë�» �Z�Ì�À�Ì�y �½�{�€�¯ �º�¼�Ì �,�‚

�‚�¯�Z�»�Ë�·�Á�Y �½�{�€�¯ �º�¼�Ì�^�— �†�¿�Z�¯�€�§ �¾�Ì�‡ �Ê� �Ì �Á �º�f�ˆ�Ë �Š�Å�Z�¯ �Z

�Š�À�e �‚�¯�€�¼�e (�]�Ä �{�Â�‹ �Ê�u�Y�€�— �\�‡�Z�À�» �•�Â�— .�‹ �ª�]�Z�˜�»�° �¶2 

�‹�Ì�¤�e �\�Ì�Ì �c�Y�€�Z�]�•�Â�e �¶�]�Z�« �Ê�¸�¯ �È�•�z�Œ�» �Á�{ �Ì�d�‡�Y �¦: 

                                                 
2- J-integral 
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�¬�»�Ì�…�Z1) �Ä�¸�•�Z�§ �¤�e �¹�Z�¼�e �Ä�¯ �É�Y�Ì�Ì �‰�€�f�ˆ�³ �½�M �É�Á�• �•�Y�Â�y �c�Y�€

�Ê�» �Ë�|�]�Z (�¶�°�‹ �Á2) �À�v�À�»�Ê�¤�e �Ì�Ì�c�Z�•�f�z�» �\�ˆ�u �€�] �c�Y�€.( 

�¼�n�u �|�•�•�{ �0�Ó�Â�¼� �»�Ê�Y�‚�m�Y �L �|�À�¼�§�|�Å �{�Y�Â�» �•�{ �Ä�] �c�•�Â�• 

�¤�e�Ì�Ì� �«�Â�» �Ä�] �d�^�ˆ�¿ �Ê�˜�y �c�Y�€�Ì �Á �d�Ë�·�Â�e �‰�Á�• �Ä�] �Ä�f�ˆ�]�Y�Á �Z�Ì �|

 �‘�€�§�Ê�» �{�Â�‹ .�§�Á�€�a �€�³�Y�Ì�¯�€�e �¶�Ì�|�‹�Z�] �Ã�|�‹ �Ä�f�y�Z�À�‹ �\�, 

�¤�e�Ì�Ì�Y�• �•�Y�Â�y �c�Y�€ �Ê�»  �Z�] �½�Y�Â�e�Ë�¿�Y�Â�« �•�Y �Ê�°�Ì �•�Ô�f�y�Y �É�•�Â�X�e �¾

 �•�{ �\�¯�€�» �{�Y�Â�» �•�Y�Â�¿�Y �É�Y�€�] �Á �Ã�{�€�f�ˆ�³ �•�Â�˜�] �Ä�¯ �{�•�Á�M �d�‡�|�]

 �Ä�f�§�€�³�€�œ�¿�Ê�» �{�Â�‹.  

  

  
 �¶�°�‹)2:( �e�P�i�Ì�¬�» �€�Ì�‹ �¶�°�‹ �Á �…�Z�Ì�{�Y�€�³ �É�Á�• �€�] �\�Ë �½�Z

�{�Y�Â�» �•�Y�Â�y.  

  

 �Y�Ë�‹ �¶�°�‹ �•�Y �d�·�Z�u �Á�{ �É�Y�€�] �Y�• �c�Z�^�‡�Z�v�» �Ä�·�Z�¬�» �¾�Ì �\

 �¹�Z�n�¿�Y�Ê�» �|�Å�{ .�¤�e�Ì�Ì�¯�€�e �•�{ �€�Ì �•�Y�Â�y �Á �\�•�{ �€�Å �u�Z�¿ �•�Y �Ä�˜�¬�¿�Ì �Ä

�{�Y�€�³�Ë �½�Z�Ê�»  �|�¿�Y�Â�e�Ä�] �c�•�Â�•�a �Ì �Ä�f�‡�Â�Ë �Ê�¿�Z�°�¸�a �Z)�Ä�Ë�Ó �É�Y (�|�‹�Z�] .

�] �•�{�Ì�¸�v�e �É�Z�Æ�·�|�» �€�f�Œ�Ì�Ê�¸�,�¤�e �Ì�Ì�€�•�Y�Â�y �,�a �Ì�‘�€�§ �Ä�f�‡�Â 

�Ê�» �{�Â�‹�,�e�•�Â�• �•�{ �Ê �Y�€�§ �•�{ �Ä�¯�Ë�Z�»�•�M �É�Z�Å�|�À�Ë �Ê�Å�Z�´�Œ)�Ê�]�€�n�e (

�¤�e�Ì�Ì�Y �Ê�¿�Z�°�¸�a �€�Ë�Z�n�{ �Ê�» �{�Â�‹. �¸�v�e �•�{�Ì �¶�L�Y�‚�m�Y�,�{�Á�|�v�»  

�‹�Ì�\ �Z�Å�ˆ�¬�e �Z�] �Ê�¿�Z�°�¸�a �É�Ì�u�Z�¿ �º�Ì�{�Y�€�³ �È�Ë�Z �Á �®�q�Â�¯ �Ê�u�Y�Â�¿ �Ä�] �½

 �µ�Á�|�» �•�Y�|�¬�» �¾�f�§�€�³ �€�œ�¿ �•�{�Ë�€�“ �Á �²�¿�Z�Ë �‚�¯�€�» �•�{ �½�Â�‡�Y�Â�a �\

�u�Z�¿ �€�Å�Ì �Ä)�€�¬�e�Ë�Ó �•�Y �É�{�Y�|� �e �Z�] �½�{�• �\�Ë�Ä �Z�Å�¾�´�¼�Å �É ( �Ä�^�‡�Z�v�»

�Ê�» �{�Â�‹ .�‰�Á�• �Z�»�Y �Z�Å�|�m �É�Ë�€� �e �¶�»�Z�‹ �Ä�¯ �|�Ë �€�] �•�Y�Â�y �¦

�¿�Á�•�{ �Á �Ê�Å�€�³ �É�Z�Å�Z�»�{ �¾�f�§�€�³ �€�œ�¿ �•�{ �Z�] �Z�»�{ �\�ˆ�u�Ì �Z�Å�Z�»�{ �Ê�]�Z

�] �•�{�Ì �¾ �L�Y�‚�m�Y�¤�e �Ä�] �€�n�À�» �,�d�‡�Y�Ì�Ì�Y�€�a �c�Ì �•�Y�Â�y �•�{ �Ä�f�‡�Â

�Ê�» �{�Â�‹ .�Y�€�]�Z�À�]�Ë�{�Y�€�³ �¾�Ë�•�{ �Z�] �{�Y�Â�» �•�Y�Â�y �½�Z  �¾�f�§�€�³ �€�œ�¿

�¤�e�Ì�Ì�¹�Z�n�¿�Y �Ê�Å�€�³ �É�Z�Å�Z�»�{ �•�{ �c�Y�€ �Ê�» �{�Â�‹ . �µ�Á�|�»�Ë �€�] �²�¿�Z

                                                 
1- Scale 
2- Shape 

�€� �e �Z�»�{ �•�Y �Ê� �]�Z�e �\�ˆ�u�Ë�¦ �{�Â�m�Á �•�Y �[�Z�À�f�m�Y �É�Y�€�] �Á �Z�Æ�Œ�À�e �É

�€�“ �,�|�¿�Z�¼�ˆ�a�Ë�•�Z�ˆ�^�¿�Y �\  �•�Â�œ�À�» �€�¨�• �Ê�e�•�Y�€�u�Ê�» �{�Â�‹ ]12[.  

  

3-�Å �{�Y�Â�» �•�{ �d�ˆ�°�‹ �É�Z�Å�€�f�»�Y�•�Z�a �Ä�^�‡�Z�v�» �|�À�¼�§�|  

�] �•�Y�Ì�e ��€�f�Œ�» �t�˜�‡ �½�{�€�] �¾�Ì�] �‚�Ì�] �Ã�{�Z�» �Á�{ �¾�Ä �‡�Á�Ì�¸�È�¯�€�e �Ì�Ê�^ 

�•�|�e�Ë�£ �d�·�Z�u �,�Ê�n�Ì�Ã�{�€�¯ �¥�~�u �Y�• �Š�À�e �É�{�Z�Ÿ �€�, �Š�À�e �‚�¯�€�¼�e 

 �Š�Å�Z�¯ �Y�•�Ê�» �|�Å�{ .�Y�€�]�Z�À�]�Ë�•�Â�e �¾�Ë�Ã�|�‹ �•�Y�Â�¼�Å �,�Š�À�e �ž�, �d�»�Á�Z�¬�» 

�¿ �Á �d�ˆ�°�‹�Ì �É�Z�Å�Á�€�µ�Z�•�6�e�Y) �a�Ì�É�|�¿�Â (�a �{�Â�^�Æ�]�Ì �Y�|�Ê�» �|�À�¯ .

�¶�°�‹ �ª�]�Z�˜�»3 �Ê�» �Ó �|�À�q �•�Y �Ã�{�Z�¨�f�‡�Y �Z�] �½�Y�Â�e�Ë�Å �È�{�Y�€�³ �¾�´�¼�Ë �½�Z

�¤�e�Ì�Ì�€�¬�e �Y�• �c�Y�€�Ë �Š�Å�Z�¯ �Ê�]�Â�y �|�u �Z�e �Y�• �Š�À�e �‚�¯�€�¼�e �Á �{�• �\

�{�Y�{ .�¶�°�‹�» �Ì�°�e �Š�À�e �½�Y�|�Ì�¾�ü�¤�e �‘�€�§ �Z�] �|�À�¼�§�|�Å �{�Y�Â�» �•�{ �Ì�Ì �€

�Z�¼�¿�Ê�Ë�f�‡�Ó�Y �µ�Á�|�» �Ì�ˆ�Ì �È�˜�]�Y�• �ª�]�Z�˜�» �Ä�f)1( �È�·�{�Z� �» �–�‡�Â�e �,

�¸�v�e�Ì �Ê�¸)2 (�]�Ì �½�Z�Ê�» �{�Â�‹.  
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�©�Â�§ �Ä�˜�]�Y�• �•�{�, �E  �Á�J �Y�€�“�Ë�\ �d�Æ�m �•�{ �Ã�{�Z�» �Ê�À�´�¼�Å�Z�¿ x �Á  y 

�|�À�f�ˆ�Å. �¾�Ì�À�r�¼�Å IK  �ÁIIK �Š�À�e �c�|�‹ �\�Ë�Y�€�“ �|�9�» �Á �µ�Á�Y 

�Á �¹�Á�{1 ( )ijf �T �Á 2 ( )ijf �T�Ä�Ë�Á�Y�• �ž�]�Y�Â�e  �Y�É �Ä�]�Z�Œ�» �ž�]�Y�Â�e �Ä�Ë�Á�Y�• �É�Y 

�Ä�] �•�Â�]�€�» �¾�´�¼�Å �{�Y�Â�» �|�À�f�ˆ�Å . �¶�°�‹ �Ä�¯ �d�‡�Y �Ã�|�‹ �Ã�{�Y�{ �½�Z�Œ�¿

 �€�Ì�Ì�¤�e �Z�] �|�À�¼�§�|�Å �{�Y�Â�» �•�{ ��€�e ��Â�¿ �¾�Ì�°�e �Š�À�e �½�Y�|�Ì�»

�d�‡�Y �¾�´�¼�Å �{�Y�Â�» �Ä�]�Z�Œ�» �,�•�Y�Â�y �Ã�Y�Â�z�·�{ ]13.[  

  

 �¶�°�‹)3:(�§�Á�€�a �Ì�] �Š�À�e �¶�Ä �•�{ �Ê�À�´�¼�Å�Z�¿ �Ä�˜�‡�Y�Á  �¦�·�Y ( �t�˜�‡

�Ã�{�Z�» �Á�{ ��€�f�Œ�»  �[( �{�Y�€�³�Ë�a �½�Z�Ì�¯�€�e �Ä�f�‡�Â�Ì�\  �k( �{�Y�€�³�Ë �½�Z

�Ä�Ë�Ó �É�Y �É�Y�€�] �§�|�Å �Ç�{�Z�»�¼�|�À NiAl/Al 2 O3.  

  

�‹ �d�^�ˆ�¿�Ì�•�Y�Â�y �\/E X� w � w�,�u�Z�¿ �Ç�•�Y�|�¿�Y �É�Á�• �€�] �Ì �È

�°�e�Ì�i�P�e �¾�Ì �€�Ê�» �{�•�Y�~�³ . �€�³�Yr�• �–�]�Y�Á�• �ª�^�— �Ë�€� �e �€�Ë�{�Â�‹ �¦�, �¶�u 

                                                 
3- Stress Singularity 
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4                                                           �» �Ä�¸�n�»                  �°�¿�Z�®�Ì �Z�”�§�Y�Â�Å �Á )�{�Y�Â�» �Ê�°�Ì�¿�Z�°�» �•�Z�f�§�•�Z�Å �Ã�•�Z�‡ �Á(�|�¸�m �,5�Ã�•�Z�¼�‹ �,4 �,�• �½�Z�f�ˆ�»1388 

�Y �{�•�Â�» �•�{ �¾�´�¼�Å �c�Ó�{�Z� �»�Ë�¿ �{�Y�Â�» �¾�Ì �Ê�«�Z�] �€�^�f� �» �‚�Ê�»  �|�¿�Z�»

]15-14[:  
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�¤�e �É�Y�€�]�Ì�Ì�•�Y�Â�y �€ �•�{ �Ë �µ�Á�Y �È�·�{�Z� �»�Z�¿ �–�¬�§ �d�‡�Y �¹�•�Ó �d�Æ�m �®

�{�Â�‹ �L�Z�“�•�Y. �{�Y�€�³ �d�Æ�m �Ä�] �d�^�ˆ�¿ ��€�e �€�³�Y�Ë�Z�» �½�Z�Ë�|�‹�Z�] �¶�, 

 �•�{ �É�•�Y�~�³�•�Z�] �µ�Z�¼�Ÿ�Y �Z�] �Ê�f�u�|�9�»�] �,�µ�Á�Y �Ä  �•�Y�Â�y �È�˜�‡�Y�Á

 �,�½�•�Z�¬�f�»�Z�¿�Š�À�e �Z�Å �,��€�e ��Â�¿ �•�{ �|�9�»�¯�€�e �Ì �Ä�]�€�n�e �Y�• �Ê�^

�Ê�» �¯�|�‹ �|�Å�Y�Â�y ��€�e �¥�Y�€�v�¿�Y �Ä�] �€�n�À�» �Ä�¯ �|�À�À . ��€�e �É�Y�€�]

 �d�v�e�|�9�»�¯�€�e �Ì�€�“ �•�Y �Ê�^�Ë �\�–�¸�f�z�» �Š�À�e �c�|�‹K�Á�Y�• �Á �Ë �È

�É�•�Y�~�³�•�Z�] �•�Z�§ �I�• �È�·�{�Z� �» �ª�^�— �Ë �Ã�{�Z�¨�f�‡�Y �€�Ê�» �À�¯�Ì�º:  
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�I�  � � �  �  ̃ )4(         

�Y�€�“ �½�{�•�Á�M �d�‡�|�] �É�Y�€�] �Ê�e�Á�Z�¨�f�» �É�Z�Æ�‹�Á�•�Ë �Š�À�e �c�|�‹ �\

 �Ä�¯ �{�•�Y�{ �{�Â�m�Á �Z�Æ�¿�M �Ä�¸�¼�m �•�Y�Ê�» �µ�Y�€�´�f�¿�Y �•�Y �Ã�{�Z�¨�f�‡�Y �Ä�] �½�Y�Â�e 
�5�m�Ê�Z�n�]�Z�m �Ê�´�f�ˆ�^�¼�Å �–�]�Y�Á�• �,�Ê�Ë�¤�e �Á �•�Z�¬�¿ �Ì�Ì �Ã�•�Z�‹�Y �Ê�»�€�¿ �c�Y�€

�{�€�¯ ]17-16 .[�Y �•�Y �¹�Y�|�¯ �€�Å �•�{�Ë�‰�Á�• �¾ �Z�Å�, �€�œ�¿ �•�{ �•�Z�¬�¿ 

�Z�] �Ã�|�‹ �Ä�f�§�€�³�Ë�{�‚�¿ �|�Ë �Z�e �|�¿�Â�‹ �[�Z�z�f�¿�Y ��€�e ��Â�¿ �Ä�] �®

�{�Y�€�³�Ë�¤�e �½�Z�Ì�Ì�Z�f�¿ �É�Á�• �€�] �•�Y�Â�y �c�Y�€�Ë �l�€�Ì�i�P�e�{�•�Y�~�´�¿ �- �Z�»�Y 

�{�‚�¿�Ë�] �Ê�°�Ì�‹ �•�Y �Ê�‹�Z�¿ �Y�• �Ê�e�Ó�Ô�f�y�Y �,�|�u �•�Y �Š�Ì �•�{ �Ó�Z�] �Š�À�e �\

�{�‚�¿�Ë�Y ��€�e ��Â�¿ �Ê�°�Ë�Ã�{�€�¯ �{�Z�n�, �Š�Å�Z�¯ �Y�• �c�Z�^�‡�Z�v�» �d�«�{ 

�Ê�» �|�Å�{ .�¾�X�¼�˜�» �€�e�Ë �‰�Á�• �¾�{�•�Â�» �•�{ �•�Y �Ã�{�Z�¨�f�‡�Y �|�À�¼�§�|�Å �{�Y�Â�» 

��€�e �É�•�Z�n�» �‰�€�f�ˆ�³ �‰�Á�•�ú ]18 [�d�‡�Y .�Y �•�{�Ë �‰�Á�• �¾ �É�Y�€�]

 �Ç�|�‹ �s�Ô�•�Y �µ�Y�€�´�f�¿�Y �½�{�•�Á�M �d�‡�|�]�Ê�5�m�Z�Å�• �É�ƒ�€�¿�Y �Y�|�f�]�Y �,�Ê�Ë 

�¿�Z�°�»�Ì�• �Ä�˜�]�Y�• �•�Y �Ê�°�Ë�d�‡�|�] �€ �Ê�» �M�Ë�|:   

)5        (                         ,ij jU Wd u d�V
� : � *

� � : � � � *� ³ � ³  

�Ä�¯�,�½�M �•�{  �:�u�Z�¿ �Ì�Ä �É�Y�Á ��€�e �µ�Â�u �*�•�€�» �u�Z�¿ �Ì �Ä�d�‡�Y .

 �¾�Ì�À�r�¼�ÅW�ˆ�¿�Y�{ �Ì�,�Ê�Œ�¿�€�¯ �É�ƒ�€�¿�Y �Ä�f  �V�» �Ì �•�{ �Š�À�e �½�Y�|

�u�Z�¿ �É�Z�Å�•�€�»�Ì �Á �Äu�Z�n�]�Z�m �Ë�d�‡�Z�Å�•�€�» �•�{ �Ê.  

     �|� �] �Á �¶�^�« �Ã�|�»�M �d�‡�|�] �É�ƒ�€�¿�Y �•�Y�Y�‚�§�Y �•�Y �Ë ��€�e �µ�Â�— �Š

�' a�, �Ç�|�‹ �s�Ô�•�Y �µ�Y�€�´�f�¿�YJgr   �€�Ë�• �c�•�Â�• �Ä�] �d�‡�|�]�Ê�» �M�Ë�| 
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1- Virtual Crack Extension 

  �½�M �•�{ �Ä�¯�,
pre

U 
post

U  �e�€�e �Ä�]�Ì  �,�\�ƒ�€�¿�Y�É      �Y�‚�/�§�Y �•�Y �|� �] �Á �¶�^�« �Ë �Š

  �|�À�f�ˆ�Å ��€�e �µ�Â�—. �µ�Y�€�´�f�¿�Y   �u�Z�¿ �É�Á�• �É�ƒ�€�¿�Y �Ì�Ä      �•�Z� �/�‹ �Ä�] �É�Y10 

  ��€�e �µ�Â�— �|�•�•�{   �Á�' a  �€�]�Y�€�] 5/0  �•�{ �Ê�¸�/�•�Y ��€�e �µ�Â�— �|�•�•�{ 

   �Ä�f�§�€�³ �€�œ�¿�Ê�» �{�Â�‹ .      �{�•�Y�|�¿�Z�f�‡�Y �µ�Y�€�´�f�¿�Y �•�Y �Ã�{�Z�¨�f�‡�Y �Ä�q�€�³�Y �Ê�/�5�m 

      �{�Y�€�³ �€�] �{�Â�¼�Ÿ ��€�e �Ä�¯ �Ê�f�·�Z�u �É�Y�€�]�Ë �¤�e �½�Z�Ì�Ì �d�‡�Y �c�Y�€�,   �€�/�^�f� �» 

  �Ê�«�Z�]�Ê�» �|�¿�Z�»�-      �a �Ó�Z�] �‰�Á�• �•�Y �Ã�{�Z�¨�f�‡�Y �Ê�·�Á �Ì�r�Ì�³�|�Ê     �Ê�/�‹�Z�¿ �É�Z�/�Å

  �¬�f�ˆ�» �‰�Á�• �•�Y�Ì   �µ�Y�€�´�f�¿�Y �º�Ê�5�m   �] �•�Y �Y�• �Ì �Ã�{�€�] �¾�,    �c�Z�^�/�‡�Z�v�» �d�«�{ 

   �Ó�Z�] �Y�•�Ê�» �{�€�] .   �€�“ �½�{�•�Á�M �d�‡�|�] �É�Y�€�]�Y�Ë    �Š�À�e �c�|�‹ �\�|�9�»  �µ�Á�Y 

�¹�Á�{ �ÁKI  �Á KII    �‰�Á�• �•�Y �Y�• �Ã�|�/�‹ �s�Ô�/�•�Y �µ�Y�€�/�´�f�¿�Y �•�Y�|�¬�» �Y�|�f�]�Y �,

   �d�‡�|�] �É�ƒ�€�¿�Y�Ê�» �•�Á�M�Ë�º .�Z�n�]�Z�m�Ë   �•�{ �Ê�d�Œ�Å   �{�‚�¿ �µ�Á�Y �Ç�€�³ �Ë  �Ä�] �®

       �•�Y �Y�• ��€�/�e �d�/�‡�Y�• �Á �`�/�q �s�Â�˜�/�‡ �•�{ ��€�e ��Â�¿�‰�Á�•  �L�Y�‚�/�m�Y 

�Á�|�v�»   �k�Y�€�z�f�‡�Y �{�Ê�» �À�¯�Ì�º .   �Y �–�‡�Â�f�» �•�Y�|�¬�» �•�Y�Ë  �Z�/�n�]�Z�m �¾�Ê�Ë   �Z�/�Å 

�£�Ì    �{�‚�¿ �µ�Á�Y �Ã�€�³ �•�Y �€ �/�Ë           �Ã�{�Z�¨�f�/�‡�Y �c�Z�^�/�‡�Z�v�» �É�Y�€�/�] ��Â�/�¿ �Ä�/�] �®

�Ê�» �À�¯�Ì�º .   �¶�°�‹ �ª�]�Z�˜�»4 �Y�€�“ �Ë      �Š�À�/�e �c�|�/�‹ �\ �Y�€�/�]�É   �Š�¿�€�/�¯ 

�Ä�v�¨�• �Y�É �• �–�]�Y�Á�• �•�Y�Ë �d�‡�|�] �€�Ê�» �M�Ë�|]18[:  
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II I right left0
1 1

, lim        ,
r
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u u�o

��
�  �  

��  
�¯    �,�½�M �•�{ �ÄtipE �f�‡�Ó�Y �µ�Á�|�» �/�Ì�ˆ�Ì        ��Â�/�¿ �•�{ �|�/�À�¼�§�|�Å �Ç�{�Z�/�» �È�f

  ��€�e  �Á�Q    �½�Â�‡�Y�Â�a �d�^�ˆ�¿ �d�‡�Y. right
1u �Á  right

2u  �Ä�/�¨�·�R�»    �É�Z�/�Å 

�Z�n�]�Z�m�Ê�Ë    �Á �d�‡�Y�• �t�˜�‡ �•�{  left
1u �Á  left

2u �» �Ä�¨�·�R  �É�Z�Å �Z�n�]�Z�m �Ê�Ë 

�|�À�f�ˆ�Å ��€�e �`�q �t�˜�‡ �•�{.  

  
 

  
�¶�°�‹)4:( �R�»�Ä�¨�· �Z�Å�c�Z�•�f�z�» �•�{ ��€�e ��Â�¿ �¥�Y�€�—�Y �Š�À�e �É 

�Ä�¿�Y�Â�f�‡�Y �É�Y.  
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4-�µ�|�»  �ˆ�» �É�•�Z�‡�Ä�¸�X�Ä�˜�¬�¿ �•�Z�Æ�q �Š�¼�y  �Y�É  

 �¶�°�‹ �ª�]�Z�˜�» �,�Ä�·�Z�¬�» �¾�Ë�Y �•�{ �Ã�|�‹ �Ä�f�§�€�³ �€�œ�¿ �•�{ �µ�|�»5�, 

�½�•�Z�¬�f�»�»�Â�·�M �Á �Ê�ˆ�¯�Â�a�Y �¶�»�Z�‹ �Á �Ì�¾ �µ�Á�|�m �•�{ �k�•�|�À�» �•�Y�Â�y �Z�] 

1�d�‡�Y .  

  

 �µ�Á�|�m)1:(�Y�Â�y �¿�Z�°�» �•�Ì�°�Œ�e �É�Z�Å�•�Z�§ �Ê�°�Ì�Ã�|�À�Å�{ �¶.  

�•�Z�§  �²�¿�Z�Ë �µ�Á�|�» 
(GPa)  

 �d�^�ˆ�¿

�½�Â�‡�Y�Â�a 
�d�ˆ�°�‹ �Ê�´�»�€�¬�q 

mMPa/  

�d�ˆ�°�‹ �Š�¿�€�¯ 
(%)  

�¾�Ì�»�Â�·�M  397  23/0  4  >1  

�Ê�ˆ�¯�Â�a�Y  4/3  35/0  8/0  4  

  

      �µ�|�» �¾�Ë�Y �É�Á�• �Á�{�É�Á�Z�ˆ�» �É�Á�€�Ì�¿�t�˜�‡ �•�Y �Ä�˜�¬�¿ �Á�{ �•�{ �, 

�] �Ä� �˜�« �É�Ó�Z�]�Ä �Z�a �d�¼�‡�Ì�Ë �µ�Z�¼�Ÿ�Y �¾�Ê�» �‹�Â�{.�« �Ì �{�Â�Z�n�]�Z�m�Ê�Ë �•�{ 

�Z�a�Ì�Ë�Ã�|�‹ �Ä�f�§�€�³ �•�Z�°�] �¾ �|�¿�Y �É�•�Y�~�³�•�Z�] �‘�€� �» �•�{ �Y�• �Ä�¿�Â�¼�¿ �Á 

 �•�Y�€�« �Ê�Œ�¼�y�Ê�» �{�À�Å�| .�·�Á�Y ��€�e�Ì �µ�Â�— �Ä�] �Äa �{�Â�¼�Ÿ �d�Æ�m �•�{ 

�{�Y�€�³ �€�]�Ë� �«�Â�» �Á �{�•�Y�{ �•�Y�€�« �½�Z�Ì�u�Z�¿ �•�{ �½�M �Ê�^�ˆ�¿ �d�Ì �Ã�{�Z�» �È

�Z�] �|�À�¼�§�|�Å �[  �Ž�z�Œ�»�Ê�» �{�Â�‹ .�•�Z�Ÿ ��€�e �s�Â�˜�‡�É �•�Y 

�Z�Æ�Œ�À�e�É�m�•�Z�y �Ê �‘�€�§ �Ê�» �Â�‹�|�¿. �§�Á�€�a�Ì�‹ �¶�Ì�\�, �½�Â�¿�Z�« �ª�^�— 

 �È�˜�]�Y�• �•�Y �Ê�¿�Y�Â�e�€�Ë�•�a �Ì �É�Á�€�Ê�» �|�À�¯:  
  

)8       (        
1 2 1

( ) ( ) /,     nE E E E x w� K � K � K� � � � � �  � ˜ 
  

�€�Ì�i�P�e�§�Á�€�a �Ì�‹ �¶�Ì�{�Y�€�³ �½�Y�Â�e �\�ˆ�u �€�] �\�Ë �½�Zn �h�v�] �Ê�» �{�Â�‹ .

�e �È�‡�|�À�Å �[�Z�z�f�¿�Y�Ì�Z�Å�•�Z�§ �Á �Ê�Œ�¼�y �•�Z�] �d�v�e �½�•�Z�¬�f�» �€�É 

�€�e�Ì�¯ �•�{ �\�{�•�Y�Â�»�• �Ë �É�€�e�€�] �É�Y�•�Y�{ �€�d�‡�Y:  

�x �a�Ì�Š �]�Ì�Ê�À �Z�Å�Y �¶�•�Z�u �É�|�•�e �Y�• �µ�|�» �•�Ë �Ê�·�Z�¼�f�u�Y �•�Z�f�§�• �Á �ª

�Z�Å�{�€�]�•�Z�¯ �•�{ �Y�• ��€�e�É �µ�Z�•�6�e�Y�W�Y�•�Y �|�À�¼�§�|�Å �{�Y�Â�»  �Ä�Ê�» �|�Å�{�, 

�x �^�« �•�Y �Ê�¼�Æ�» �É�Z�Å�{�€�]�Z�¯ �Ä�]�Ì �¶�µ�Z�•�6�e�Y�] �Ì�¬�u �½�Y�Â�z�f�‡�Y �¾�Ì �Á �Ê�¬

 �d�‹�Z�¯ �Ê�u�Y�€�m �•�{ �Ê�Ÿ�Â�À�•�»)�Ê�°�‹�‚�a (�Ë �Z�µ�Z�•�6�e�Y�] �Ì ��Â�¿ �¾

�¶�°�‹ �É�Z�Å�{�€�]�•�Z�¯ �•�{ �d�¨�‡ �•�Â�v�» �Á �d�z�‡ �Ê�Å�{ )�d� �À�• (

�Ê�» �{�€�¯ �Ã�•�Z�‹�Y �½�Y�Â�e�,  

�x �‹ �•�Z�§ �Á�{ �€�Å�° �†�a �,�|�À�f�ˆ�Å �Ã�|�À�À�Ê�»  �•�Z�f�§�• �•�Y �½�Y�Â�e

�f�‡�Ô�a�Ì�ˆ�Ì�º�Œ�q �Ä�f �{�€�¯ �Ê�‹�Â�a�Á  

�x �Z�Å�•�Z�§�É�€�e �Ì�¯�• �¥�Ô�f�y�Y �É�Y�•�Y�{ �\�Ë�f�‡�Ó�Y �•�Y�Â�y �•�{ �{�Z�Ì �®

�|�À�f�ˆ�Å�,�]  �Ä�•�Â�—�É  �Ä�¯�Ê�»  �½�Y�Â�e�€�Ì�i�P�e�{�Y�€�³ �Ë�¤�e �½�Z�Ì�Ì �•�Y�Â�y �c�Y�€

�] �Y�•�Ä �Y�Á �•�Â�—�“ �Ž�z�Œ�» �t�Â�¼�¿�{. 

 �¶�°�‹ �•�{ �Ã�|�‹ �Ã�{�Y�{ �½�Z�Œ�¿ �•�Z�f�y�Z�‡5 �Ä�] �c�•�Â�• �Á �É�|� �] �Á�{ 

� �“�Á �•�{�Ì�Ä�v�¨�• �Š�¿�€�¯ �d �] �É�Y �•�Y �Ã�{�Z�¨�f�‡�Y �Z�L�Y�‚�m�Y�Ä�v�¨�•   �É�Y

�Y�Ë�€�f�»�Y�•�Z�a�Á�‚�Ë �®82�d�‡�Y �Ã�|�‹ �µ�|�»  .�Ä�°�^�‹  �É�|�À�]�Ä�] �c�•�Â�• �{�Y�•�M 

�|�‹ �¹�Z�n�¿�Y�d�‡�Y �Ã .�] �d�«�{ �É�Y�€�]�Ì�€�f�Œ�,�°�e �d�·�Z�u �Ì�´�À�Ê ��€�e ��Â�¿ 

 �–�‡�Â�e �L�Y�‚�m�Y�°�e�Ì �Ã�|�‹ �µ�|�» �¾�d�‡�Y. �Ä�°�^�‹  �•�{ �É�|�À�]�¥�Y�€�—�Y 

��€�e�,�€�› �Ë�¦ �] �Ã�|�‹ �¹�Z�n�¿�Y �€�e�Ä�¿�Â�³ �Ä  �É�Y �Ç�•�Y�|�¿�Y �Ä�¯�L�Y�‚�m�Y�, �Ë �®

�·�Á�Y �µ�Â�— �¹�•�Y�‚�Å�Ì ��€�e �È�d�‡�Y .�,�•�Â�¼�n�»�•�{�{�Á�|�u  3,350�L�‚�m  

�Ä�f�§�€�³ �•�Y�€�« �Ã�{�Z�¨�f�‡�Y �{�•�Â�»�d�‡�Y .�Y�€�] �É�µ�Y�€�´�f�¿�Y  �³�Ì�€�É �‰�Á�• �•�Y 

�]�€�e�Ì�…�Â�³ �ž�ú 4×4�d�‡�Y �Ã�|�‹ �Ã�{�Z�¨�f�‡�Y  . �¶�°�‹6�Ä�°�^�‹  �|�À�]�É 

�u�Z�¿ �‘�€�§ �Z�] �Y�• �µ�|�»�Ì�{�Y�€�³ �È�Ë �½�Z�l�À�a�Ó �Ë �½�Z�Œ�¿ �Ä�Ê�» �|�Å�{.  
 

 
 �¶�°�‹)5:(�ˆ�» �É�•�€�» �–�Ë�Y�€�‹ �Á �Ê�‡�|�À�Å �•�Z�f�y�Z�‡ �X�Ä�¸.  

  

  

  
 �¶�°�‹)6:( �Ä�°�^�‹ �|�À�]�É�u�Z�¿ �Ì�ˆ�» �È�X�¸�Ä.  

  

5 -�Z�f�¿ �Ë�h�v�] �Á �l  

�» �Y�|�f�]�Y�Ì�·�Á�Y �Š�À�e �½�Y�|�Ì �Z�] �Y�• �€�œ�¿ �{�•�Â�» �µ�|�» �Ä�‘�€�§�{�Y�€�³ �Ë �½�Z

�Ê�¿�Z�°�¸�a�, �l�À�a �¶�»�Z�‹ �Ó�Ë�Ä �d�v�e�¿ �Ì�Á�€�É500�¿ �Ì �Ä�‡ �É�Y�€�] �Á �¾�e�Â

�‹ �¶�°�‹ �•�Y �d�·�Z�u�Ì �\ �€�Ë�• �c�•�Â�• �Ä�] �¸�v�e�Ì�¶ �Ê�» �À�¯�Ì�º:  

�x 5/1= n �€� �¬�» �Ë�Ê�¿�Y�Â�e �Z�, 

�x 1= n�Ê�˜�y  �Á 

�x 5/1 n = �[�|�v�»�Ë�•�Z�´�· �Z�Ë�Ê�¼�f. 

 �•�{ ��€�e�«�Â�»� �Ì �d25/0= ���[ �,�{�‚�¿�Ë�] �® �Ê�ˆ�¯�Â�a�Y �•�Z�§ �Ä �Z�]

�µ�Â�— �·�Á�Y�Ì�È�Z�] �€�]�Y�€�]  3/0�d�‡�Y �Ã�|�‹ �‘�€�§ �Ä� �˜�« �•�Z�¨�e�•�Y . �•�Â�e�Ë �ž

�Š�À�e  �•�{�¥�Y�€�—�Y�€�“ �Ç�•�Y�|�¿�Y �€�¯�} �Z�] ��€�e ��Â�¿ �Ë�Š�À�e �c�|�‹ �\ 

�Á�Y�• �Á �–�¸�f�z�»�Ë �¶�°�‹ �•�{ �É�•�Y�~�³�•�Z�] �•�Z�§ �È7�Ã�|�‹ �Ã�{�Y�{ �½�Z�Œ�¿  

�d�‡�Y.  

                                                 
1- Gaussian Quadrature 

Archive of SID

www.SID.ir

www.sid.ir
www.sid.ir


6                                                           �» �Ä�¸�n�»                  �°�¿�Z�®�Ì �Z�”�§�Y�Â�Å �Á )�{�Y�Â�» �Ê�°�Ì�¿�Z�°�» �•�Z�f�§�•�Z�Å �Ã�•�Z�‡ �Á(�|�¸�m �,5�Ã�•�Z�¼�‹ �,4 �,�• �½�Z�f�ˆ�»1388 

  
 �¶�°�‹)7:(�» �•�Â�f�¿�Z�¯ �Ì �•�Y �d�·�Z�u �Ä�‡ �•�{ ��€�e ��Â�¿ �Š�À�e �½�Y�|

�‹ �¶�°�‹�Ì�\: )�¦�·�Y(�Ê�¿�Y�Â�e �, )�[ (�•�Z�´�·�Ë�¼�f�Ê�, )�k(�Ê�˜�y .  

  
 �Ä�‡ �€�Å �É�Y�€�] �d�ˆ�°�‹ �É�Z�Å�€�f�»�Y�•�Z�a �•�Y�|�¬�» �d�·�Z�u �µ�Á�|�m �•�{2 

�Ã�|�‹ �Ä�W�Y�•�Y�d�‡�Y . �Y �{�Â�Æ�Œ�» �È�•�z�Œ�»�Ë�» �¾�Ì�Š�À�e �É�Z�Æ�¿�Y�|�,�•�Â�e �Ë �ž

�¿�M �½�•�Z�¬�f�»�Z�¿�Z�Æ�Y �\�^�‡ �Ä�¯ �d�‡�Ë �{�Z�n�|�9�»�¯�€�e �Ì�Ê�^ �Ê�» �{�Â�‹ . �Š�À�e

�•�Y �Ê�‹�Z�¿ ��€�e ��Â�¿ �¥�Y�€�—�Y �•�{ �Ã�|�‹ �L�Z�¬�·�Y �Ê�‹�€�] �{�Y�€�³�Ë �µ�Á�|�» �½�Z

�f�‡�Ó�Y�Ì�ˆ�Ì�É�•�Y�~�³�•�Z�] �Ä�] �Á �d�‡�Y ��€�e ��Â�¿ �•�{ �Ä�f �µ�Z�¼�Ÿ�Y �½�•�Z�¬�f�» 

�¿ �•�Â�]�€�» �Ã�|�‹�Ê�¼ �{�Â�‹ . �½�•�Z�¬�e �d�Æ�m �•�{ �Ã�•�Y�Â�¼�Å ��€�e �|�‹�•

�»�Ì �½�Y�|)�‚�¯�Z�»�Ë�Ê�¸�•�Y �Š�À�e �º�¼ ( �©�Z�¨�e�Y�Ê�» �Y �•�Z�§ �d�¼�‡ �Ä�] �Á �|�f�§

 �d�¯�€�u �Ê�ˆ�¯�Â�a�Y�Ê�» �|�À�¯.  �µ�Á�|�m2 �½�Z�Œ�¿ �Ê�» �Y�‚�§�Y �Ä�¯ �|�Å�{�Ë �Š

�§�Á�€�a �½�Y�Â�e�Ì�‹ �¶�Ì �,�\ �\�^�‡�€�“ �Š�Å�Z�¯�Ë �Á �Š�À�e �c�|�‹ �\

�Y�‚�§�Y�Ë�Á�Y�• �Š�Ë �•�Z�§ �Ä�Ê�» �Â�‹�{.�,�Ä�»�Y�{�Y �•�{ �i�P�e �Ì�¤�f�» �€�Ì �É�Á�• �Z�Å�€

 �d�ˆ�°�‹ �É�Z�Å�€�f�»�Y�•�Z�a)�Y�€�“�Ë �Á �Š�À�e �c�|�‹ �\�Á�Y�•�Ë�•�Z�§ �È ( �Ê�‡�•�€�]

�Á�Æ�] �Ê�u�Y�€�— �Ì�¤�f�» �…�Z�‡�Y �€�] �|�À�¼�§�|�Å �{�Y�Â�» �È�À�Ì�¸� ̄ �É�Z�Å�€�Ì �É�|

 �¹�Z�n�¿�Y�Ê�» �{�Â�‹.�{�Z�¬�» �Ë �€�Å �•�{ �Ã�|�‹ �Ã�{�Z�¨�f�‡�Y �€�Ä�¸�X�ˆ�» �µ�Á�|�m �•�{ 

3�d�‡�Y �Ã�|�‹ �Ä�W�Y�•�Y  . �d�·�Z�u �Á�{ �…�Z�‡�Y �€�] �c�Z�^�‡�Z�v�»)�‹�Ì �\

�a�Ì �Á �Ä�f�‡�Â �\�Ì�‹�Ä�Ë�Ó �É�Y ( �¹�Z�n�¿�Y�Ê�» �{�Â�‹.  

  
5 -1-�i�P�e �Ì��€�e �€  

�» �É�Y�€�]�Y �•�{ �Ã�|�‹ �Ê�‡�•�€�] �µ�|�Ë�i�P�e �,�Ä�·�Z�¬�» �¾�Ì� �«�Â�» �€�Ì�d  �•�{ ��€�e

�u�Z�¿�Ì�{�Y�€�³ �Ä�Ë �Á �½�Z �€�Ì�i�P�e ��€�e �µ�Â�—�Ä�] �c�•�Â�• �Ä�¿�Z�³�Y�|�m �‡�•�€�]�Ê 

�d�‡�Y �Ã�|�‹.  

    

  

 �µ�Á�|�m)2:(�{�Á�|�v�» �‚�Ì�·�Z�¿�M �¶�u �…�Z�‡�Y �€�] �d�ˆ�°�‹ �É�Z�Å�€�f�»�Y�•�Z�a �•�Y�|�¬�» .  

�½�Y�Â�e �¶�Ì�§�Á�€�a �\�Ì�‹ n        [deg] �M    

5/0  82223/73  8620399/3  15132046/1  6/16  03/4  

1  63476/107  2416895/3  23788084/1  9/20  47/3  

5/1  78734/131  5644058/2  02050015/1  7/21  76/2  

  

  

 �µ�Á�|�m)3:( �ˆ�» �c�Z�Ÿ�Ô�—�Y�X�Y�€�] �Ä�¸�É�Y�€�“ �È�^�‡�Z�v�» �Ë�Á�Y�• �Á �Š�À�e �c�|�‹ �\�Ë�d�·�Z�u �€�Å �•�{ �•�Z�§ �È.  

�Ä�¸�X�ˆ�» �c�Z�Ÿ�Ô�—�Y  �Z�Å�€�Ì�¤�f�»  

2 11,  0.5,  / 117,  15 mm, 5stepn E E w N�[� �  �  �  �    ��€�e �µ�Â�—  

2 11,  / 0.3,  / 117,  15 mm, 5stepn a h E E w N� �  �  �  �    ��€�e �d�Ì� �«�Â�»  

2 11,  0.5,  / 0.3,  / 117,  15mmn a h E E w�[�  �  �  �  �    �\�Ì�‹ �Ê�´�f�‡�Â�Ì�a  

2 1 step1,  0.5,  / 0.3,  / 117, 5n a h E E N�[� �  �  �  �    �½�Z�Ë�{�Y�€�³ �É�Z�À�Æ�a  

2 10.5,  / 0.3,  / 117,  15mma h E E w�K�  �  �  �    �\�Ì�‹ �¶�Ì�§�Á�€�a �¶�°�‹  

2 10.5,  / 0.3,  / 117,  15mma h E E w�K�  �  �  �    �|�¿�Z�¼�ˆ�a �É�Z�Æ�Œ�À�e  

  

)( 1��NmJgr)( mMPaKI)( mMPaKII
22
III KKK ��� 
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5 -1-1-�i�P�e �Ì��€�e �µ�Â�— �€  

 �,�|�‹�Z�] �€�f�³�•�‚�] ��€�e �µ�Â�— �€�³�Y�]�Ä �¿�Z�°�» �•�Z�] �È�˜�‡�Y�Á�Ì�• �Ê�°�Ë �É�€�e�{�Z

 �Ä�]�€�n�e �d�]�Z�i �•�Z�] �µ�Z�¼�Ÿ�Y �d�v�e ��€�e ��Â�¿ �•�{ �Ä�¯�Ê�»  �,�{�Â�‹

�€�“�Ë�Š�À�e �c�|�‹ �\�,�€�f�³�•�‚�]   �|�Å�Y�Â�y�Â�]�{ .�½�Z�¼�Å �•�Â�— �•�{ �Ä�¯ 

�¶�°�‹8�d�‡�Y �Ã�|�‹ �Ã�{�Y�{ �½�Z�Œ�¿ �,�] �Ì�{�Y�€�³ �¾�Ë �Á �Ê�¿�Z�°�¸�a �½�Z

�a�Ì �Ä�f�‡�Â �Ê�¼�¯ �c�Á�Z�¨�e �Ã�|�Å�Z�Œ�»�Ê�» �{�Â�‹ .�Á�Y�• �Z�»�Y�Ë�» �•�Z�§ �È�Ì �Ä�] �¶

�Y�‚�§�Y�Ë�Y�‚�§�Y �Z�] �Ä�q�€�³�Y �Á �{�•�Y�|�¿ �ª�¸�˜�» �Š�Ë �ª�¼�Ÿ �Z�e ��€�e �µ�Â�— �Š

 �Ê�^�ˆ�¿5/0�• �Ë�{�Z �Ê�» �{�Â�‹�, �Ä�] �Ä�˜�‡�Y�Á�i�P�e �Ê�³�•�‚�] �Ì�¿�Z�°�» �•�Z�] �€�Ì �Ê�°

�» �É�Á�•�Ì�Y�‚�§�Y �Z�] �,�Š�À�e �½�Y�|�Ë�] �Š�Ì�Y �,��€�e �µ�Â�— �€�f�Œ�Ë �•�Y�|�¬�» �¾

 �Š�Å�Z�¯�Ê�» �Ë �|�]�Z�Á �½�Z�Œ�¿ �Ê�»  �|�Å�{ �Ä�¯�Á�Y�•�Ë �Ç�•�Y�|�¿�Y �Ä�] �•�Z�§ �È

�{�•�Y�{ �Ê�´�f�ˆ�] �Ä�¿�Â�¼�¿ �•�{ �Ê�‹�€�] �É�Z�Æ�Œ�À�e .�f�¿ �•�{�Ì�Á�Y�• �,�Ä�n�Ë �•�Z�§ �È

�]�Ì�Œ�Ì�Y�•�Y �Ä�] �Ä�À�É�^�ˆ�¿ �µ�Â�— �Ê �{�Á�|�u �•�{ ��€�e 5/0 a/h= 

�{�Â�] �|�Å�Y�Â�y .�|�9�»�Y  �¹�Á�{ �Á �µ�Á�Ä�] �c�•�Â�•�¶�°�‹ �•�{ �Ä�¿�Z�³�Y�|�m 8 

�] �Ä�¯ �Ã�|�‹ �Ã�{�Y�{ �½�Z�Œ�¿�Ì�Y�‚�§�Y �€�´�¿�Z�Ë�] �Š�Ì�€�“ �€�f�Œ�Ë �c�|�‹ �\

 �Š�À�e�|�9�» �Ä�] �d�^�ˆ�¿ �µ�Á�Y �|�9�»�d�‡�Y �¹�Á�{ .  

  

5 -1-2-�i�P�e �Ì� �«�Â�» �€�Ì��€�e �d  

�Ä�] �Ä�m�Â�e �Z�] �¶�°�‹ 9�, �{�‚�¿ ��€�e �Ä�¯ �Ê�»�Z�´�À�Å�Ë �®�Ë �¶�v�» �•�{ �Z

�µ�Z�•�6�e�Y�Ó �Ë�Ä �Z�Å�d�‡�, �É�Y�€�] �‹�Ì�\ �Z�Å�¤�e �,�Ê�¿�Z�°�¸�a �É�Ì�Ì�Ê�]�Á�Z�À�e �c�Y�€ 

�{�•�Y�{ �{�Â�m�Á .�À�r�¼�Å�Ì�¾ �Ã�|�Å�Z�Œ�» �Ê�»  ��€�e �Ä�¯ �{�Â�‹ �Ä�] �d�^�ˆ�¿

�f�·�Z�u�Ê�u�Z�¿ �¶�y�Y�{ �Ä�¯ �Ì�{�Y�€�³ �È�Ë�{�•�Y�{ �•�Y�€�« �½�Z�, �Á�Y�•�Ë�•�Z�§ �È �Á 

�€�“�Ë �É�€�e�Ó�Z�] �Š�À�e �c�|�‹ �\ �Y�• �Ä�]�€�n�e�Ê�» �|�À�¯ �•�Y �Ê�‹�Z�¿ �Ä�¯ 

�¤�e�Ì�Ì�|�‹ �€�Ë�Y �•�{ �•�Y�Â�y �|�Ë�d�‡�Y �Ê�u�Y�Â�¿ �¾.  �Ê�f�z�‡ �Ä�q�€�³�Y

�»�Â�·�M �Ã�{�Z�»�Ì�] �¾�Ì�Ê�ˆ�¯�Â�a�Y �•�Y �€�f�Œ �d�‡�Y�,  �Ä�] ��€�e �Ä�¯ �Ê�»�Z�´�À�Å

�¥�€�—�»�Â�·�M �Ã�{�Z�» �Ì�{�‚�¿ �¾�Ë�® �Ê�» �{�Â�‹�, �€�“ �•�{ �Ê�¸�¯ �Š�Å�Z�¯�Ë �\

 �Á �–�¸�f�z�» �Š�À�e �c�|�‹�Á�Y�•�Ë�•�Z�§ �È�{�•�Y�{ �{�Â�m�Á �,�Ä�¯  �¥�Ô�f�y�Y �¾�Ë�Y 

 �µ�Á�|�» �½�Z�Ë�{�Y�€�³ �Ä�])/dE dx (�d�^�ˆ�¿  �Ã�{�Y�{�Ê�» �{�Â�‹.  

  

5 -2-�e �P�i�Ì �€�•�Z�f�y�Z�‡�‹ �Ì�\  

 �É�Y�€�]�‡�•�€�]�Ê�e �P�i�Ì�{�Y�€�³ �€�Ë�] �½�Z�Ì �Ã�{�Z�» �Á�{ �¾�•�{�•�Z�f�§�•   �,�d�ˆ�°�‹

�¤�f�» �Á�{ �¾�f�§�€�³�€�œ�¿ �•�{�Ì �€�Ä�] �c�•�Â�•�Ã�{�Z�‡ �Ä�¿�Z�³�Y�|�m  �€�e �]�Ä  �€�œ�¿

�Ê�» �|�‡�•:  

�x �{�Y�€�³ �É�Z�À�Æ�a�Ë�½�Z�ì 

�x �§�Á�€�a �¶�°�‹�Ì �•�Y�Â�y �¶) �Ä�¯�Ä�] �c�•�Â�• �½�Y�Â�e n �c�•�Z�^�Ÿ �•�{ 

�€� �e �Ê�¿�Y�Â�e �½�Â�¿�Z�«�Ë �¦�Ê�» �{�Â�‹ ( �Á 

�x �a�Ì�´�f�‡�Â�Ê�‹ �Ì�\. 
 

5 -2-1-�i�P�e �Ì�{�Y�€�³ �É�Z�À�Æ�a �€�Ë�½�Z  

�¶�°�‹ �ª�]�Z�˜�»10�,�Y�‚�§�Y �Ë�{�Y�€�³ �É�Z�À�Æ�a �Š�Ë�‹ �É�|�À�e �,�½�Z�Ì �\

�¤�e�Ì�Ì �Š�Å�Z�¯ �Y�• �Ê�f�z�‡ �c�Y�€�Ê�» �Å�{�| �\�m�Â�» �Á �€�“ �Š�Å�Z�¯�Ë�\ 

�Á�Y�• �Á �Š�À�e �c�|�‹�Ë ��€�e �¥�Y�€�v�¿�Y �È�Ê�» �{�Â�‹ . �•�Y �Ê�¼�Æ�» �Š�z�]

�¤�e�Ì�Ì �c�Y�€�|�9�»�¯�€�e �Ì �Ä�] �Ê�^�|�9�» �•�Â�]�€�» �¹�Á�{ �Ê�»  �½�Z�Œ�¿ �Á �{�Â�‹

�Ê�»  �Ä�¯ �|�Å�{�|�9�» �d�ˆ�°�‹ �¹�Á�{ KII�É�Â�« �•�Â�˜�]  �d�^�ˆ�¿ �É�€�e  �Ä�]

�|�9�»�µ�Á�Y KI �i�P�e �d�v�e �Ì �€�c�|�‹�{�Y�€�³ �Ë �½�Z �•�Y�Â�y �•�Y�€�«�Ê�» �³�Ì�{�€. 

  

5 -2-2-�e �P�i�Ì�§�Á�€�a �¶�°�‹ �€�Ì�‹ �¶�Ì�\  

 �Š�Å�Z�¯ �\�m�Â�» ��€�e �¶�v�» �•�{ �Ã�{�Z�» �Ê�f�z�‡ �Š�Å�Z�¯ �0�Ó�Â�¼� �»

�€�“�Ë�Š�À�e �c�|�‹ �\�] �Á �\�^�‡ �†�°�Ÿ�€�Y�‚�§�Y �Ë �Š�Á�Y�•�Ë�•�Z�§ �È ��€�e 

�Y�‚�§�Y �,�½�M �Z�] �€�›�Z�À�f�» �Á�Ë�Á�Y�• �Š�Ë �|�‹�• �Ê�— ��€�e �¥�Y�€�v�¿�Y �È

�Ê�» �{�Â�‹ .�€�“�Ë�] �Ê�»�Z�´�À�Å �Š�À�e �c�|�‹ �\�Ì�Œ�Ì �Ä�À�Ê�»  �Ä�¯ �{�Â�‹

�•�Â�e�Ë�{�Y�€�³ �Ê�^�ˆ�¿ �ž�Ë�€�¬�e ��€�e �¥�Y�€�—�Y �•�Y�Â�y �½�Z�Ë �½�•�Z�¬�f�» �0�Z�^

�|�‹�Z�] .� �«�Â�» �•�{ �Ä�¯ �Ê�¯�€�e �É�Y�€�]�Ì �d5/0= �[  �,�d�‡�Y �Ä�f�§�€�³ �•�Y�€�«

�€�“�Ë�‹ �É�Y�€�] �–�¸�f�z�» �Š�À�e �c�|�‹ �\�Ì�Â�e �Z�] �\�§�Á�€�a �½�Y�Ì �¶

75/1�‚�¯�Z�» �Ë �º�¼�Ê�» �{�Â�‹ . �\�¸�˜�» �¾�Ë�Y �€�¯�} �Ä�¯ �d�‡�Y �¹�•�Ó

�É�|�u �d�·�Z�un�o 0   �¾�Ì�»�Â�·�M �¶�»�Z�‹ �½�Z�Ë�{�Y�€�³ �Ä�Ì�u�Z�¿ �¹�Z�¼�e �Ê�À� �Ë

 �d�‡�Y�Án�o -�f    �Ê�À� �Ë�u�Z�¿ �¹�Z�¼�e�Ì�{�Y�€�³ �È�Ë �½�Z�¶�»�Z�‹ �Ê�ˆ�¯�Â�a�Y 

�Á �d�‡�Y�½�Â�q  �] ��€�e�Ì�€�f�Œ�Ë�e ��€�f�Œ�» �t�˜�‡ �•�Y �Y�• �Ä�¸�•�Z�§ �¾�Ì �‚

�€�“ �,�{�•�Y�{ �Ã�{�Z�» �Á�{�Ë�€�f�¼�¯ �Ä�] �Š�À�e �c�|�‹ �\�Ë �¾�•�Y�|�¬�» �{�Â�y 

�Ê�» �|�‡�• .�Y� �«�Â�» �•�{ ��€�e �€�³�Ì�{ �É�Z�Æ�f�Ë�´�] �•�Y�€�« �€�´�Ì �,�{�€�€�“�Ë�\ 

�‚�¯�Z�» �Š�À�e �c�|�‹�Ë �É�Y�•�Y �Ä�] �º�¼n �Z�Å �|�Å�Y�Â�y �d�‡�|�] �c�Á�Z�¨�f�» �É

�|�»�M .�i�P�e�Ì�§�Á�€�a �€�Ì�{�Y�€�³ �¶�Ë �€�] �½�Z�|�9�» �d�ˆ�°�‹ �¹�Á�{ �Á �µ�Á�Y 

�Ä�] �c�•�Â�• �•�{ �Ä�¿�Z�³�Y�|�m �¶�°�‹11�d�‡�Y �Ã�|�‹ �Ã�{�Y�{ �½�Z�Œ�¿  . �Z�]

�Y�‚�§�Y�Ë �Šn�,�Y�€�“ �Ë�\ �Š�À�e �c�|�‹ �|�9�»�µ�Á�Y �Á �e�€�e �Ä�] �¹�Á�{ �Ì �\

�Z�¼�e�Ë�Š�Å�Z�¯ �Ä�] �¶ �Á �Y�‚�§�Y�Ë�{ �Š�|�¿�•�Y.  

  

5 -2-3- �e�P�i�Ì�a �€�Ì�‹ �Ê�´�f�‡�Â�Ì�\  

�¯�€�e�Ì�Y �•�{ �{�Y�Â�» �\�Ë �d�·�Z�u �¾�Ä�] �c�•�Â�• �Ë �½�Z�ˆ�°�‘�€�§ �Ê�» �Â�‹�{�, 

�Y �Z�»�Y�Ë�¤�e �¾�Ì�Ì�Ó �{�Y�|� �e �Z�] �€�Ë�Ä �Z�Å�€�¬�e �c�Á�Z�¨�f�» �É�Ë �Ã�{�• �\�Ê�» �{�Â�‹. 

�¶�°�‹12 �Ê�¯�€�e �d�ˆ�°�‹ �É�Z�Å�€�f�»�Y�•�Z�a  �Y�• ��€�f�Œ�» �t�˜�‡ �•�{ �Ä�¯

�Ó�Ë�Ä �Z�Å �Z�] �{�•�Y�{ �•�Y�€�«  �d�ˆ�°�‹ �É�Z�Å�€�f�»�Y�•�Z�a �¶�y�Y�{ �Ä�¯ �Ê�¯�€�e

�u�Z�¿�Ì�{�Y�€�³ �È�Ë�d�‡�Y �ž�«�Y�Á �½�Z�,�Z�¬�» �Ë �Ä�ˆ�Ê�» �e�€�e �Ä�] �Á �|�À�¯�Ì �\

�Y�‚�§�Y �Á �Š�Å�Z�¯�Ë�€�“ �Š�Ë �Á �Š�À�e �c�|�‹ �\�Á�Y�•�Ë�•�Z�§ �È �Z�] �Y�• 

�Y�‚�§�Y�Ë�Ó �{�Y�|� �e �Š�Ë�Ä �Z�Å�] �Ä  �È�˜�‡�Y�Á�€�Ì�i�P�e�{�Y�€�³ �Ë �É�Á�• �€�] �•�Y�Â�y �½�Z

�»�Ì �½�Z�Œ�¿ �Š�À�e �½�Y�|�Ê�» �|�Å�{ .�Y�Ë�¤�e �¾�Ì�Ì�Ž�z�Œ�» �c�Y�€ �Ê�»  �|�À�¯
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�Y�‚�§�Y �Z�] �Ä�¯�Ë�{�Y�|� �e �Š �Ó�Ë�Ä �Z�Å�,�u�Z�¿ �•�{ �c�Z�¿�Z�‡�Â�¿ �c�|�‹ �Ì �Ä

�{�Y�€�³�Ë �Š�Å�Z�¯ �Ê�¿�Z�°�¸�a �½�Z�Ë�Y�•�Z�a �Á �Ä�f�§�Z �Ä�] �d�ˆ�°�‹ �É�Z�Å�€�f�»

�{�Y�€�³ �d�·�Z�u�Ë�a �½�Z�Ì�{�‚�¿ �Ä�f�‡�Â�Ë �®�Ê�» �Â�‹�{.  

  

  

  
  

  
 �¶�°�‹)8:( �€�Ì�i�P�e�€�e �µ�Â�— ��Y�€�“ �€�] �Ë �Á �Š�À�e �c�|�‹ �\�Á�Y�•�Ë�•�Z�§ �È.  

  

  
 �¶�°�‹)9:(�i�P�e �Ì� �«�Â�» �€�Ì�€�e �d��Y�€�“ �€�] �Ë �Á �Š�À�e �c�|�‹ �\�Á�Y�•�Ë�•�Z�§ �È.  
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 �¶�°�‹)10:(�i�P�e �Ì�Z�À�Æ�a �€�É�{�Y�€�³ �Ë�Y�€�“ �€�] �½�Z�Ë �Á �Š�À�e �c�|�‹ �\�Á�Y�•�Ë�•�Z�§ �È.  

  

  

  
  

  
 �¶�°�‹)11:(�i�P�e �Ì�€�a �€�§�Á�Ì�{�Y�€�³ �¶�Ë�Y�€�“ �€�] �½�Z�Ë �Á �Š�À�e �c�|�‹ �\�Á�Y�•�Ë�•�Z�§ �È.  
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10                                                                 �» �Ä�¸�n�»            �°�¿�Z�®�Ì �Z�”�§�Y�Â�Å �Á )�{�Y�Â�» �Ê�°�Ì�¿�Z�°�» �•�Z�f�§�• �Á �Ã�•�Z�‡(�|�¸�m �,5 �Ã�•�Z�¼�‹ �,4 �,�•�½�Z�f�ˆ�» 1388 

  
 �¶�°�‹)12:(�i�P�e �Ì�Ó �{�Y�|� �e�€�Ë�Ä �Z�Å�Y�€�“ �€�] �Ë �Á �Š�À�e �c�|�‹ �\�Á�Y�•�Ë�•�Z�§ �È.  

  

5 -3-�i�P�e �Ì�|�¿�Z�¼�ˆ�a �É�Z�Æ�Œ�À�e �€  

�Y�€�§ �•�{ �Ä�¯ �|�À�¼�§�|�Å �\�¯�€�» �{�Y�Â�»�Ë�·�Â�e �|�À�Ì�|�, �Ó�Z�] �É�Z�Å�Z�»�{ �d�v�e 

 �•�Y�€�«�Ê�» �³�Ì�» �0�Ó�Â�¼� �» �|�¿�€�Ì�½�Y�| �Z�Å �|�¿�Z�¼�ˆ�a �Š�À�e �É �¶�]�Z�«

�Æ�m�Â�e�Ê  �Ä�]�€�n�e �Y�•�Ê�» �  ̄ �|�À�À�¯ �Ä�•�Y �Ê�‹�Z�¿�€�“ �¥�Ô�f�y�Y �Ë �\

�Z�»�€�³ �•�Z�ˆ�^�¿�Y�Ê�Ë �L�Y�‚�m�Y�°�Œ�e �Ì�d�‡�Y �Ã�|�À�Å�{ �¶ .�•�Â�e �Á �Ã�•�Y�|�¿�Y�Ë �ž

�»�Ì�f�‡�Ó�Y �•�Y�Â�y �Ä�] �|�¿�Z�¼�ˆ�a �Š�À�e �½�Y�|�Ì �Á �Z�À�Æ�a �,�{�Y�Â�» �®

�§�Á�€�a�Ì�{�Y�€�³ �¶�Ë�5�½�Z�¤�e �Ì�Ì�{�•�Y�{ �Ê�´�f�ˆ�] �c�Y�€. �Y �•�{�Ë �d�·�Z�u �¾

�{�‚�¿ �|�¿�Z�¼�ˆ�a �É�Z�Æ�Œ�À�e�Ë� �“�Á �•�{ ��€�e ��Â�¿ �®�Ì�Ä�¿�Z�³�Y�|�m �d  �É�Y

 �•�Y�Z�Æ�Œ�À�e�¸�v�e �Ê�·�Z�¼�Ÿ�Y �É�Ì �¶�Ê�» �|�¿�Â�‹ .�Y�Ë �¾�Æ�Œ�À�e�Z �µ�Z�¼�Ÿ�Y �Z�] 

�·�Á�Y �É�Z�»�{�Ì�Ä T1�Ã�€�³ �Ä�¼�Å �•�{  �Z�Å �¹�Z�¼�e �½�{�€�¯ �{�€�‡ �†�b�‡ �Á 

 �•�Â�˜�] �µ�|�»�°�Ë�É�Z�»�{ �Z�e �½�Z�ˆT2  �d�‡�|�] �Ê�» �M�Ë�|�À .�e�P�i�Ì �Š�Å�Z�¯ �€

�‹ �É�Z�À�Æ�a�Ì�Y�‚�§�Y �Z�] �€�›�Z�À�f�» �Ä�¯ �\�Ë �Š�c�|�‹ �{�Y�€�³�Ë�d�‡�Y �½�Z�, 

�Ä�] �c�•�Â�•�Y�‚�§�Y �Ë�€�“ �Ç�•�Y�|�¿�Y �Š�Ë �|�¿�Z�¼�ˆ�a �Š�À�e �c�|�‹ �\�|�9�» �µ�Á�Y 

�¶�°�‹ �•�{ �¹�Á�{ �Á13�d�‡�Y �Ã�|�‹ �Ã�{�Y�{ �½�Z�Œ�¿  .�½�Z�¼�Å �•�Â�— �•�{ �Ä�¯ 

�¶�°�‹14 �Ã�|�Å�Z�Œ�» �Ê�» �{�Â�‹�,�§�Á�€�a �Ì�{�Y�€�³ �¶�Ë�5�½�Z�¤�e �Ì�Ì�¿ �c�Y�€�Ì �‚

�i�P�e�Ì�€�“ �É�Á�• �Ê�³�•�‚�] �€�Ë�{�•�Y�{ �|�¿�Z�¼�ˆ�a �Š�À�e �c�|�‹ �\ .�Y�Ë �¾

 �½�Z�Œ�¿ �•�Y�{�Â�¼�¿�Ê�» �§�Á�€�a �Ä�¯ �|�Å�{�Ì�¥�Z�• �¶  �€�e)1n > (�, �c�|�‹ 

 �Š�Å�Z�¯ �Y�• �|�¿�Z�¼�ˆ�a �Š�À�e�Ê�» �|�Å�{.  

  

6-�Æ�]  �Ì�Ä�À �{�Y�€�³ �É�•�Z�‡�Ë�¤�e �½�Z�Ì�Ì�c�Y�€  

�u�Z�¿ �É�Z�À�Æ�a�Ì�{�Y�€�³ �Ä�Ë�¤�e �½�Z�Ì�Ì�c�Y�€) w( �,�§�Á�€�a �¶�°�‹�Ì�‹ �¶�Ì�\ 

)n (�Á �{�Y�€�³�Ë�|�¿�Z�¼�ˆ�a �Š�À�e �½�Z�,�¤�f�» �Ì�Ê�u�Y�€�— �É�Z�Å�€�|�À�f�ˆ�Å  �Ä�¯ 

 �Y�• �d�ˆ�°�‹ �É�Z�Å�€�f�»�Y�•�Z�a �µ�€�f�À�¯ �½�Z�°�»�Y �º�Å�Y�€�§�»�Ê �À�¯�|�À .

�€�f�Æ�]�Ë �¾�·�Z�u �,��€�e �|�‹�• �É�Y�€�] �Ä�¯ �d�‡�Y �Ê�»�Z�´�À�Å �d�ˆ�°�‹ �d

�¿�Ì�{�Z�Ë�• �É�Á�€�É�À�r�¼�Å �Á �|�‹�Z�] �¹�•�Ó �Ì �|�‹�• �¾ ��€�e�Z�a�Ë�|�‹�Z�] �•�Y�| .

 �©�Z�¨�e�Y �Ê�»�Z�´�À�Å ��€�e �|�‹�•�Ê�»  �Ä�^�¸�£ �É�Y�€�] �¹�•�Ó �É�ƒ�€�¿�Y �Ä�¯ �|�f�§�Y

 �Ã�{�Z�» �d�»�Á�Z�¬�» �€�]�Y �Á �|�‹�Z�] �º�Å�Y�€�§�Ë�Z�Å�• �w�€�¿ �µ�{�Z� �» �É�ƒ�€�¿�Y �¾�Ê�Ë 

 �Ê�´�»�€�¬�q �É�Y�€�] �Ê�•�y�Z�‹ �Ä�¯ �{�Â�‹ �º�ˆ�m �•�{ �Ê�¿�Y�€�v�] �É�ƒ�€�¿�Y

 �{�Y�Â�»)�d�ˆ�°�‹ �¶�]�Z�¬�» �•�{ �Ã�{�Z�» �d�»�Á�Z�¬�» (�d�‡�Y .�Y�Ë �Ž�y�Z�‹ �¾

��€�e �º�ˆ�m �Ê�‡�|�À�Å �{�Z� �]�Y �Á �Ã�•�Y�|�¿�Y �•�Y �¶�¬�f�ˆ�» �•�Y�{ �d�‡�Y �Á 

�¬�f�ˆ�» �Ê�´�f�ˆ�]�Y�Á�Ì�{�•�Y�{ �Ã�{�Z�» �•�Y�Â�y �Ä�] �º . �Ä�] �|�À�¼�§�|�Å �{�Y�Â�» �•�{

�·�{�Ì�{�Â�m�Á �¶�Ó ��€�f�Œ�» �t�˜�‡ �Ë�Ä �Z�Å�Y�€�‹ �Ë �– �¹�•�Ó �|�‹�• �É�Y�€�]

�ˆ�³ �Á ��€�e�Ì�{�•�Y�{ �{�Â�m�Á �Ä� �˜�« �Ê�´�f�z . �•�Y �É�€�Ì�³�Â�¸�m �É�Y�€�]

 �d�ˆ�°�‹�Z�]�Ë�Y�‚�§�Y �Z�] �|�Ë �Š�|�9�» �Á �d�ˆ�°�‹ �¹�Á�{ �Á�Y�•�Ë�•�Z�§ �È �Ä�»�Y�{�Y �•�Y 

�Y �•�{ ��€�e �|�‹�•�Ë �¶�v�» �¾�Ë�ˆ�» �•�{ �Z�Ì�¬�f�ˆ�» �€�Ì �º�½�M�³�Â�¸�m �Ì �É�€

�Ó �d�¼�‡ �Ä�] �Y�• �½�M �Á�Ë�Y�|�Å �•�Á�Z�n�» �È�Ë �d�{�Â�¼�¿ .�Y�€�]�Z�À�]�Ë �É�Y�€�] �¾

�¤�f�» �,�d�ˆ�°�‹ �•�Z�f�§�• �µ�€�f�À�¯�Ì �Ê�u�Y�€�— �É�Z�Å�€�Z�]�Ë �Y�• �¥�|�Å �Á�{ �|

�»�P�e�Ì�¾�|�À�À�¯ :  

�x �,�Ã�{�Z�» �Ê�´�»�€�¬�q �½�{�€�] �Ó�Z�] �€�“ �Š�Å�Z�¯�Ë �Š�À�e �c�|�‹ �\

�³�Â�¸�m �Á ��€�e ��Â�¿�Ì��€�e �|�‹�• �•�Y �É�€�Á   

�x �Y�‚�§�Y�Ë �Š�Á�Y�•�Ë�•�Z�§ �È�³�Â�¸�m �Á �Ì�Z�a�Z�¿ �|�‹�• �•�Y �É�€�Ë �•�Y�|)�€�‡�Ë�ž (

��€�e.  

�Y�‚�§�Y�Ë �Š�Á�Y�•�Ë �Á �•�Z�§ �È�€�“ �Š�Å�Z�¯�Ë�Š�À�e �c�|�‹ �\ �€�i�R�» �¶�»�Y�Â�Ÿ �,

�¹�Á�Z�¬�» �•�{ �•�Z�‡�É�Z�»�Y �,�|�À�f�ˆ�Å �µ�|�» �Æ�] �Ì�Ä�À �¿ �É�•�Z�‡�Ì �Ä�] �•�Z�½�•�Y�Â�e 

�]�Ì�Y �¾�Ë�{�•�Y�{ �Á�{ �¾.�Y�€�]�Z�À�] �Ë�‡�• �É�Y�€�] �¾�Ì�€�f�Æ�] �Ä�] �½�|�Ë �Á �½�•�Y�Â�e �¾

�Z�] �Ó�Z�] �¥�Y�|�Å�Y �É�Z�“�•�Y�Ë�• �c�Z�°�¿ �Ä�] �|�Ë�Á �Ä�m�Â�e �€�Ë�d�‹�Y�{ �Ã�„ .

 �{�Â�m�Á �Ä�q�€�³�Y�Á�Y�•�Ë�•�Z�§ �È�Ó�Z�] �,�Á�Y�• �Ë �Y�• ��€�e ��Â�¿ �¥�Y�€�v�¿�Y �È

�Y�‚�§�Y�Ë �Š�Ê�» �Y �Á �|�Å�{�Ë�] �€�»�Y �¾�Ä  �•�{ �Ê�·�Z�¼�Ÿ�Y �•�Z�] �Š�Å�Z�¯ �•�Â�œ�À�»

�[�Â�¸�˜�» ��€�e ��Â�¿�Y �d�‡�,�Y �Z�»�Y �Ë�¿�Z�°�» �¾�Ì �Z�] �É�{�Y�Â�» �•�{ �¹�‚

�Z�a �Ê�´�»�€�¬�q�Ì�Ë �w�• �¾�Ê�» �Y�‚�§�Y �Y�• ��€�e �|�‹�• �½�Z�°�»�Y �Ä�¯ �|�Å�{�Ë �Š

�Ê�» �|�Å�{ .�]�Ä �Y�‚�§�Y �Ã�Á�Ô�Ÿ�Ë�] �Š�Ì �|�u �•�Y �Š�Á�Y�•�Ë�•�Z�§ �È�Y �h�Ÿ�Z�] �Ë �{�Z�n

�] �,�Ó�Z�] �Š�À�e �‚�¯�€�¼�e�Ê �» �Ê�¼�œ�¿�Ì�¸�]�Z�« �Š�Å�Z�¯ �Á �Š�À�e �½�Y�|�Ì �d
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�¼�—�Y�Ì�Z�‡ �½�Z�À�Ã�• �Ê�» �{�Â�‹ .�» �Ä�] �Ä�m�Â�e �Z�]�Ì �Ã�|�»�M �d�‡�|�] �Š�À�e �½�Y�|

�–�‡�Â�e�‰�Á�•  �L�Y�‚�m�Y �É�Y�€�] �Ê�¼�œ�¿ �Ê�] �,�{�Á�|�v�» �Á�Y�•�Ë�•�Z�§ �È�€�e�Ó�Z�]  

 �•�Y21�Ä�m�•�{ �d�‡�Y �{�Â�Æ�Œ�»  . �É�Y�€�]n �Ë�Z�Å�Ê �‹ �¶�°�‹ �Ä�¯�Ì �•�Y �\

 �Á �k�•�Z�y �Ê�¿�Y�Â�e �d�·�Z�u�Ä�] �c�•�Â�•�•�Z�´�· �Á �Ê�˜�y �Ë �•�{ �Ê�¼�f�Ê�» �M�Ë�|�, 

�Y �{�Â�m�Á �Z�]�Ë�€�“ �Ä�°�À�Ë�Z�a �Š�À�e �c�|�‹ �\�Ì�Ë�d�‡�Y �¾�,�] �Z�»�Y  �Ä �d�¸�Ÿ

�Ê�ˆ�¯�Â�a�Y �º� ̄�|�•�•�{�,�Y�‚�§�Y �Ë �Ê�¿�Z�Æ�³�Z�¿ �Š�,�µ�Á�|�» �Á�Y�•�Ë�•�Z�§ �È�Z�a �Ì�Ë�,�¾ 

�{�Y�€�³ �Á �Ó�Z�] �|�¿�Z�¼�ˆ�a �Š�À�e�Ë�• �½�Z�Ë�´�»�€�¬�q �{�Z�Ê�Y�|�f�]�Y �•�{ �É 

�§�Á�€�a�Ì�,�¶�€�‡ �d�ˆ�°�‹ �µ�Z�¼�f�u�Y �Ë�Ó ��€�f�Œ�» �t�˜�‡ �•�{ �ž�Ë�Ä �Z�Å 

�{�•�Y�{ �{�Â�m�Á.  

  

  
 �¶�°�‹)13:(�i�P�e �Ì�{�Y�€�³ �c�|�‹ �€�Ë�Y�€�“ �€�] �½�Z�Ë �Š�À�e �c�|�‹ �\

�|�¿�Z�¼�ˆ�a.  

  

  
 �¶�°�‹)14:( �i�P�e�Ì�§�Á�€�a �€�Ì�{�Y�€�³ �¶�Ë�Y�€�“ �€�] �½�Z�Ë �Š�À�e �c�|�‹ �\

�|�¿�Z�¼�ˆ�a.  

  

�Y�€�]�Z�À�]�Ë�¾�,�Y �¶�u �É�Y�€�] �Ë�ˆ�» �¾�Ä�¸�X�Æ�] �Ì�Ä�À �Z�] �É�•�Z�‡�Ë �|�«�Ì �{�Â�•�Ë�€ �Y�• 

�{�€�¯ �µ�Z�¼�Ÿ�Y: 

�x �Á�Y�•�Ë�•�Z�§ �È�Z�] �Ë �€�f�¼�¯ �| �•�Y21 �|�‹�Z�] �Ä�m�•�{ )21�3 �d( 

�¾�Ë�Y�€�]�Z�À�] �¶�°�‹ �Ä�] �Ä�m�Â�e �Z�] 15 )�¦�·�Y(�f�¿ �Ì �Ä�n�Ê�» �{�Â�‹: 

3 �d n 

�x  �¶�°�‹ �Ä�] �Ä�m�Â�e �Z�]15 )�¦�·�Y(�‡ �Ì�€�“ �Ê�·�Á�‚�¿ �€�Ë �c�|�‹ �\

 �É�Y�•�Y �Ä�] �Š�À�en �Z�Å�‚�¯�Z�» �Ä�˜�¬�¿ �•�Y �€�f�³�•�‚�] �É�Ë �d�‡�|�] �º�¼�Ê�» �M�Ë �|

 �Ä�¯�Ê�» �] �|�¿�Y�Â�e�Ä  �È�˜�‡�Y�Á�Á�Y�•�Ë�•�Z�§ �È�Æ�] �[�Y�Â�m �Ç�{�Á�|�v�» �•�{ �Ó�Z�] �Ì �Ä�À

�´�] �•�Y�€�«�Ì �{�€)75/1n �t (. 

     �Y�€�]�Z�À�]�Ë�¾�, �€�f�¼�¯�Ë�¾�€�“ �Ë �•�Y �¶�•�Z�u �¶� ̄ �Š�À�e �c�|�‹ �\

 �|�¿�Z�¼�ˆ�a �Á �Ê�·�Z�¼�Ÿ�Y �Š�À�e�Z�]�Ë�‘�€�§ �Z�] �| 3 �d  �d n75/1 

�{�Â�‹ �Ä�^�‡�Z�v�» .�¶�°�‹ 15 )�[( �€�“�Ë�¶� ̄�Š�À�e �c�|�‹ �\ �•�{ �Y�• 

 �½�Z�Œ�¿ �•�Â�¯�~�» �Ç�{�Á�|�v�»�Ê�» �|�Å�{ .� �» �•�Y �Ã�{�Z�¨�f�‡�Y �Z�]�Ì�‚�¯�Z�» �•�Z�Ë �º�¼

��€�e ��Â�¿ �•�{ �Ê�‡�Z�¼�» �Š�À�e�, �Ê�» �Á�Y�• �½�Y�Â�e�Ë ��€�e �¥�Y�€�v�¿�Y �È�Tm 

�Á�€�“ �Ë�{�Z� �» �Š�À�e �c�|�‹ �\ �|�¿�Z�¼�ˆ�a �Š�À�e �•�Y �Ê�‹�Z�¿ �µKe �Y�•  �Ä�]

 �€�Ë�• �c�•�Â�•�{�€�¯ �Ä�^�‡�Z�v�» ]19[:   

)9                 (
22 2 1 8 tan

tan( / 2)
8 tan

 ,m

�I
�T

�I

� � � �
�   

3 2( / 2) 3 ( / 2) / 2
e I m II m m

K K Cos K Cos Sin� T � T � T�  � � � ˜  
  

�Y �•�{�Ë�] �Ã�{�Á�|�v�» �¾�Ä �·�{�Ì �½�{�•�Á�M �d�‡�|�] �•�{ �Ó�Z�] �d�«�{ �¶n�Æ�] �Ì �,�Ä�À

�€�“�Ë�‹�Z�¿ �–�¸�f�z�» �Š�À�e �c�|�‹ �\�Ê�Ê�·�Z�¼�Ÿ�Y �Š�À�e �•�Y �~K�~  �Á

�€�“�Ë�‹�Z�¿ �µ�{�Z� �» �Š�À�e �c�|�‹ �\�Ê�•�Y �Š�À�e �É�Y�•�Y �Ä�] �Y�• �|�¿�Z�¼�ˆ�a  

n�] �É�Z�Å�Ì�€�f�¼�¯ �,�Ã�{�€�¯ �¶�u �É�€�f�Œ�Ë�•�Â�¼�n�» �¾�~K�~ �ÁKe  �Y�• 

�]�Ä �Æ�] �[�Y�Â�m �½�Y�Â�À�Ÿ�Ì�Ä�À�€�Ë�• �c�•�Â�• �Ä�]  �[�Z�z�f�¿�Y �Ê�» �º�Ì�À�¯:   
  

)10                          (    . �Æ�]�Ì�Ä�Àmin( )ek k k�  � �  
  

�Æ�] �È�˜�¬�¿ �c�Z�•�z�Œ�»�Ì�•�Y �|�À�e�Z�^�Ÿ �Ä�À:  

K = ���
�ü�ü/�û�� /MPa m  , 
n = 25/2  , 
�3 . º��/�ú�� =         

�¶�°�‹16�i�P�e �Ì�Z�À�Æ�a �€�É�u�Z�¿ �Ì�{�Y�€�³ �È�Ë �½�Z �Y�•�€�“ �€�]�Ë�c�|�‹ �\ 

�Š�À�e �Æ�] �•�Y�|�¬�» �•�{�Ì �È�Àn �½�Z�Œ�¿ �Ê�» �|�Å�{ .�Y�‚�§�Y �Z�]�Ë�Y �É�Z�À�Æ�a �Š�Ë �¾

�u�Z�¿�Ì�€�“ �Ä�q�€�³�Y �Ä�Ë �º� ̄�Š�À�e �c�|�‹ �\�Ê�» �{�Â�‹�, �Z�»�Y �Á�Y�•�Ë�•�Z�§ �È 

�¿�Ì �Š�Å�Z�¯ �‚�Ê�» �Ë�|�]�Z. �€�»�Y �¾�Ë�Y ��€�e �|�‹�• �µ�Z�¼�f�u�Y  �Y�•�t�˜�‡ �•�{ 

�Ó ��€�f�Œ�»�Ë�Ä �Z�Å�Y�‚�§�Y �Ë �Š�Ê�» �¿�Z�» �Á �|�Å�{ �Ä�] ��€�e �d�¯�€�u �•�Y �ž

�Ó �d�¼�‡�Ë �•�Á�Z�n�» �Ä�Ê�» �{�Â�‹. �Y�€�]�Z�À�]�Ë�€�f�Æ�] �¾�Ë�u�Z�¿ �É�Z�À�Æ�a �¾�Ì �È

�{�Y�€�³�Ë �Y�• �½�Z�Ê�»  �É�Y�•�Y �Ä�] �½�Y�Â�e�Á�Y�•�Ë�•�Z�§ �È�Æ�] �Ì�§�Á�€�a �•�{ �Ä�À�Ì�‹ �¶�Ì �\

�€�¬�e �Ä�¯ �{�•�Á�M �d�‡�|�]�Ë �€�]�Y�€�] �0�Z�^mm9�d�‡�Y  . �¾�Ë�Y �Ä�] �Ä�m�Â�e

�¹�•�Ó �\�¸�˜�»�u�Z�¿ �É�Z�À�Æ�a �Š�Å�Z�¯ �Ä�¯ �d�‡�Y �Ì �É�|�À�e �,�€�œ�¿ �{�•�Â�» �È

�{�Y�€�³�Ë�Y�‚�§�Y ��€�e �¥�Y�€�—�Y �•�{ �Y�• �•�Y�Â�y �½�Z�Ë �µ�Z�¼�f�u�Y �Á �Ã�{�Y�{ �Š

 ��€�e �|�‹�• �Y�• �º� ̄�É�Z�Å�•�Z�] �•�{�º�Å�Y�€�§ �Ê�» �{�•�Z�‡.  
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 �¶�°�‹)15 :()�¦�·�Y(�u�Z�¿ �Ç�{�Á�|�v�» �Ì�Æ�] �È�Ì�Ä�À �•�Z�‡�É �,)�[(�i�P�e �Ì�§�Á�€�a �€�Ì�{�Y�€�³ �¶�Ë�€�“ �€�] �½�Z�Ë �Š�À�e �c�|�‹ �\�¯� �e �Á �¶�Ì�Ì�Æ�] �Ä�˜�¬�¿ �¾�Ì�Ä�À.  

  

  

  
 �¶�°�‹)16:(�i�P�e �Ì�Z�À�Æ�a �€�É�{�Y�€�³ �Ë �€�] �½�Z�Á�Y�•�Ë�•�Z�§ �È� �e �Á �Ì�Ì �¾

�Z�À�Æ�a�É�Æ�] �Ì�Ä�À.  

  

7-�f�¿ �Ì�Ä�n �³�Ì�€�É  

 �•�Y �¥�|�Å�¯�Z �{�€�]�•�Ó�Z�•�6�e�Y�] �•�Y �|�À�¼�§�|�Å �{�Y�Â�» �c�Ì�€�¼�e �½�{�€�] �¾�¯ �‚

�€�f�Œ�» �t�˜�‡ �•�{ �Ó�Z�] �Š�À�e��{�Z�» �Á�{ �É�Y�•�Y�{ �Ç �c�Á�Z�¨�f�» �•�Y�Â�y 

�³�Â�¸�m �Á�Ì�€�É�Z�a�Z�¿ �|�‹�• �•�Y �Ë�€�e �•�Y�|��d�‡�Y  .�]�|�Ë�» �•�Â�œ�À�» �¾�Ì �½�Y�|

�Z�Å�€�f�»�Y�•�Z�a �Á �Š�À�e�É�‹ �° �d�ˆ�Ä�] �‰�Á�• �L�Y�‚�m�Y �Z�] �Á �{�Á�|�v�» 

�i�P�e �Á �Ä�^�‡�Z�v�» �Ã�|�‹ �s�Ô�•�Y �µ�Y�€�´�f�¿�Y �‰�Á�• �•�Y �Ã�{�Z�¨�f�‡�Y�Ì �€

�Z�Å�€�f�»�Y�•�Z�a�É�] �¦�¸�f�z�» �Á�• �€�É�€�“ �Ë �Á �Š�À�e �c�|�‹ �\�Á�Y�•�Ë�•�Z�§ �È 

�‡�•�€�]�Ê�|�‹  . �|�À�¼�§�|�Å �{�Y�Â�» �•�{�Ä�Ë�Ó �É�Y�]  �Ä �s�Â�˜�‡ �{�Â�m�Á �d�¸�Ÿ

�€�f�Œ�»�� �“ �0�Z�f�^�ˆ�¿ �Ì�u�Z�¿ �•�{ �¦�Ì�‹ �Ä�Ì �‰�€�f�ˆ�³ �µ�Z�¼�f�u�Y �,�\

�€�e��Á�• �€�] �É�Y �Ë�Z�a�Z�¿ �|�‹�• �Á �s�Â�˜�‡ �¾�Ë�{�•�Y�{ �{�Â�m�Á �•�Y�| .

�Y�€�]�Z�À�]�Ë�¾�,�u�Y�€�— �•�{ �Ê�¹�Á�Z�¬�»  �•�Z�‡�É�Y �Ë �¾�Ó�Z�•�6�e�Y� �‡ �c�Ê�|�‹ �, 

�ˆ�»�Ì�€�e �€��Ã�{�Z�» �d�¼�‡ �Ä�]  �Ä�¯ �É�Y�´�»�€�¬�q �Ê�Ó�Z�] �Ê�Ë  �{�•�Y�{

�Y�|�Å�Ë�d�{�Â�‹ . �Y�€�]�É�¿ �Ì�Y �Ä�] �¶�Ë �Z�] �Á �¥�|�Å �¾�Ä�] �Ä�m�Â�e�Z�Å�•�Y�{�Â�¼�¿ �, 

�Z�]�Ë�¿�•�Y�Â�e �|�Ê�] �Ì �¾�¯�€�“ �Š�Å�Z�Ë�Y�‚�§�Y �Á �Š�À�e �c�|�‹ �\�Ë �Š�Á�Y�•�Ë �È

�•�Z�§�‹ �•�Y�€�«�€�] �Â�{�Z�e  �¶�»�Y�Â�Ÿ �•�Y �Ã�{�Z�¨�f�‡�Y �Z�] �€�i�R�»�Y �€�] �Ë �Ä�] �½�•�Y�Â�e �¾

�€�f�Æ�]�Ë�{�Y�€�³ �•�Z�f�y�Z�‡ �¾�Ë �d�‡�{ �½�Z�Ë�]�Z�Ì�º. �¯�µ�€�f�À�¶�°�‹ �§�Á�€�a �Ì �,�¶

�Z�À�Æ�a�É �{�Y�€�³�Ë�½�Z �Á �Š�À�e�,�|�¿�Z�¼�ˆ�a �€�“ �Ë�Š�À�e �c�|�‹ �\�¶� ̄ �Y�• 

�¯ �º�¯�Ã�{�€�,�Y�€�‹ �Ë�‹ �–�°�»�Y �|�u �Z�e �Y�• �d�ˆ�° �{�Â�^�Æ�] �½�Z�Ê�» �{�|�Å .

�€�f�Æ�]�Ë�¾ �§�Á�€�a�Ì�Z�À�Æ�a �Á �¶�É�u�Z�¿ �Ì�{�Y�€�³ �Ä�Ë�e�€�e �Ä�] �½�Z�Ì �Z�] �€�]�Y�€�] �\

25/2 �Á 9�» �Ì�¸�Ì�|�»�M �d�‡�|�] �€�f�¼�d�‡�Y �Ã .�Z�»�•�M�Ë�Š �É�Z�Å 

�‹�°�€�] �Ã�|�‹ �¹�Z�n�¿�Y �d�ˆ �Á�•�É�Y �•�{ �Ã�|�‹ �Ã�{�Z�¨�f�‡�Y �µ�|�» �Ë �¾

�Z�f�¿ �,�Ä�·�Z�¬�»�Ë�P�e �Y�• �Ã�|�»�M �d�‡�|�] �l�Ì�Ë�» �|�Ê �¯�|�À.  
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