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Abstract  
One of the basic needs in urban wastewater and drainage systems is the connection of shallow 
ducts to deep underground tunnels. This connection is usually made through a vortex drop 
structure. In order to form a vortex flow, in addition to preventing the fluid from falling, a 
significant part of its energy is lost due to the friction of the walls. In the present study, by 
constructing a physical model, the residual energy head in the structure (ratio of specific energy 
at the output (E2) to specific energy at the input of the structure, (E1)) has been studied. Using 
dimensional analysis of dimensionless factors of Froude number (Fr), the ratio of total fall 
height to shaft diameter (L⁄D) and the ratio of sump depth to shaft diameter (Hs ⁄D) were 
determined as factors affecting the residual energy head in the structure. Using experimental 
observations, the accuracy and capability of the full factorial method to describe the residual 
flow energy in the structure were evaluated. The results showed that the residual energy head 
for the Froude number corresponding to the design flow discharge at Fr=2.18 is closest to the 
limit value of 1. On the other hand, for all L/D operating levels, the residual energy head values 
are close to 1. Moreover, the smallest difference between the values of the residual energy head 
and the limit value was 1 for Hs/D values between 1 and 2, indicating suitable range for the 
practical purpose. In addition, a polynomial equation as a function of Fr, L⁄D and Hs ⁄D was 
expressed to accurately estimate the residual energy head in the vortex, drop structure using 
regression analysis. 

Keywords: Residual Energy Head, Vortex Drop Structure, Sewage Network, Full Factorial 
Method, Regression Analysis. 
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Fig. 1. Geometry of the vortex drop structure with 
details of tangential inlet and dissipation chamber 
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$� �
"� >I�)�(�� $���� �4� 92 .';���� 5
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)
g

Q(KD ='	�

 7% ��KE[��- $
��Q$	�� ?��	B��� '1	��G� �	�� $	5�/
$� �.�)Jain, 1984(.��!�-�-!	���� ���	b� �$K��-�	G� �� 
��=��/����(Hager, 1990, Jain, 1984) .

�� �"-Z		J �		�� �(�		) 		W0 �� �		�K = 1.22 $		�� !�		� �
?��B��� $5�/QNL� = 19.4	 l s⁄���b�D = 0.16	m '1��G�

��.��	b� �	�����% i�m0� ��5 �� ��� �	��K �	" �	��.�-�			��
!�"(����J ��-�G� ��� $���$� 7�*0 �� .�"� 

Fig. 2. Experimental model of vortex drop structure 
<=�53���% ���$"�:*� ����$���) $���� 

��.M&3!�"(����J ��-�G���� $��� 
Table 1. Range of the studied parameters 

Number of
experimentsQR ⁄ ST S⁄UVW/WYZ[

360, 1, 210, 13, 161.770.50
360, 1, 210, 13, 162.010.75
360, 1, 210, 13, 162.181.00
360, 1, 210, 13, 162.321.40

'� >	��.D �� 6	� 	" c.9	� �� ��<= �.W
�L/D -Hs/D �	� �
�@I		�� !-� 		� i�V +��		�&�= - '( �		� ��		J +�		�92 � �		�
 ���	� '	��
" !�	� k@(#� h��� !��2� 7�I�� ����� ��0���&:0

 ?"������ .��� >I� �
0�� -���� $=�	�92 7�	� ?	� - '��	E� �� �
�		� ?��		2 �4		�L/D=3 >		��D c.9		�L/D ��		��z�		=��		��<=

$� >I� �� ��
a�" .�

�|+��92 �'( �� ��J ��<= 7�I�� '� !�
 >��D c.9� ��Hs/D ��� ��4, �	=����-% ?"�	� ���� 7�	*0 �	0�

 .�			�� ��			�$			�� �� ���4(			�� �			� 7�			�� $			�� ��			
a�" o
			�
y�/�		
<�-(I;� )MFC300 �		2� �		� (�±�		,������		0� - !		�)

�� �(
�.
�����% c/ �� '� ��" $��	0�.= $��	���� �.W
� >	��.(��� Q-�

 $@		,� >		��.D +�		K� 7�		� ��		�J �� >		���)F8�L D⁄-H5/D(-

Fig. 3. Height change in vertical shaft 
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Fig. 4. Height change in the sump depth 
<=�236"�Y ��D �� l�4=�� ��<= 

+�K� 	� �	&0% ��	� >	��b(� !^	0� �	" ��	0���2�� $	���� ���	� ��
 	m0� �� >	��� ��	I= 	" �� �Q-� �	�� �� .�	� ���4(	�� �$���)	i�

�����% [	��= i�	�= ��" $	��� >	��.D c.9	� ��	� �	I�� !�	"
$� �0.� .$	� [1� Q-� ��� 	= �	= �.	�Hc.9	� �� >	��D 6	� �K

� o��(0 �����
� .�.� ��� ���#= :�� >��.D k@(#�'�� ���% ���
����%���(B) h��� �� ��" 1(�� !=�
(B" Q-� ��� ��
a�" .

 '	m�(0 '	� 	m
� �"�.(��� ��� >��b(� +�K� �.�- +�., �� !	�)
$�0 ��1(�� �.�)Montgomery, 2017(.

���"-ZJ ��� >��D '�F8>���|>��D �89�L D⁄>����
>��D - 89�Hs/D >����89��.� c	/ >	��� ��	I= 	" ��:0%

 >��� >��.(�����)4 × 3 × 3 .�.	� �"�.  �����% ( 	W0 �� �	�
 �(�)`>2��	5 '	�) �	I�� +�	1��= i�	�= !�	� ��	I=U��	I=

'� �.W
� (	*�� !�"��I= - ��� ���0 �9  +���� l.�m� '1��G�
'� �.W
� ������'� o��(0 �2� $	� ��� (�	0-� Q-� ���	��% c	/

 >� ����= �� >��� >��.(���S`` !�� �����%���b� >��.D $�2�-
'� ���"���b� ����0� " ��� !�) �-�� �� ��0���2�� !^0� �U��	�%

.��� 

��.M(3!�� >��� >��.(��� Q-� �����% c/���b� '� >��.D $�2�- ���"���b� ����0� ��0���2�� !^0� �" ��� !�) 
Table 2. DoE of full-factorial method for actual values in addition to the measured values of  

the residual energy head 
T S⁄

UV 161310
QR/SQR/SQR/S

210210210
1.1721.1331.8531.2201.1721.2951.1320.8690.875

1.77 1.2291.1381.8681.2091.2011.3561.1220.8690.869
1.2091.1381.7841.2091.1721.3151.1090.8700.869
1.1541.1331.7841.2091.1601.3441.1230.8770.877
1.1441.0941.4461.0791.2081.0681.1811.1551.341

2.01 1.1401.1231.4471.0741.2201.0621.1811.1871.364
1.1401.1361.4081.0761.1751.0511.1861.1551.399
1.1701.0941.4471.1441.1441.0641.1801.1811.374
1.0000.9911.2101.0000.9910.8911.0751.0351.252

2.18 1.0000.9621.2771.0001.0000.8831.0551.0351.221
0.9910.9911.2211.0090.9910.9521.0541.0441.247
0.9820.9821.2371.0731.0000.9261.0661.0451.231
0.8760.8711.0870.8790.8660.8020.8830.8600.982

2.32 0.8710.8731.0520.8660.8640.8170.8890.8550.982
0.8690.8871.0790.8320.8840.8050.9140.8530.974
0.8850.8871.0420.8300.8730.8080.9080.8550.960
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 �4�� ?��2 �4���n '(	B" >�I	*= �� ���" 7��� >��1= ��� .���
 ?��2 �4� !�-�- �� [��
� !�."��� >I	� �� y�� .�7�	��

 '	��
" �� k	@(#� +V�5 �� $1��= !�� ���� >� �� ��� ��"�*�
 "�	*� 7�	�� .�	�� ��	� ���� 7�*0 ���� k	@(#� +V�	5 �� $=��
 ����	J ��	0�� '	� $;d( � '0.) g�" 7-�� .�	�� ��	� >	b(
� �	��

�� ��� '	� $	���) 7�	�� ��;.= �� $���� !�-�- [��
� $����� -�
>��2 c.E- ��"�*���� .

�353./
�!O
@ %b"/� .  "@ "Kc� <��0- D��"@ 
��	B2 �	�� �� �!����� ��;�0% �� >,�5 o��(0 '� '�.= �� $	��� '	�

=H�	�� 7-�	� >	��.D �� 6� " �KFr�L/D -Hs/D !^	0� �	" 	�
 �� .�	� '	( ��J ��0���2�� �	�� >I	� �� �-�e!^	0� �	" +�	��<=
 >��D >��b� �� ��0���2��L/D >	��D �� k	@(#� +V�5 !��Hs/D 

.��� ��� ���� 7�*0 
��"�*� '� '0.) 7��"$��.� ���b� ��0���2�� !^0� �" 	�'�.	/

�.��� ��	0���2�� !^	0� �	" ���b� '� $9  +�-�m� ��S�
(	B" 
'(�) ��2 >I	� �� �.	�- ��� �� .�0�e]a>	��D ����	�� �	� �L/D 

!��Hs/D=0 !�	5 h	  �� 7�� �-� �"��S?�(	B" �	0-� �	�� .
$� �� +-�4(� ) 4, 6"�Y ��D '� 7�.=Hs/D=0 ����	J �� ( �	��

 ��� �� .��� �1B0 ?��2 �4� $	���� 7�	�� ��.	 � ���*= �;�5
6@&(B� �� '	4;.� �� (	*�� 7��.0 [1� !^0� ��

� 7�	�� !�	"

����J '� - ��� ) �9b� 7% �� �.�#� !^0� 7% �1=E2$� ( .�.� 
>I� ��e]b!�5 h  �� '@,�� ��(*�� �Sc.9	� '� j.��

 >��D ����J - V��L/D ��
(� ���b� !��Hs/D=0 ���-� ��� . �0
 >I� ��e]c��2� ��0��� !�	� '	� $;�	5 �� .Fr=2.32 >I	�)

e]d!�5 h  �� '@,�� ��(�� (S����	J - V�	� c.9� '� j.��
 >��DL/D ��
(� ���b� !��Hs/D=0 ��� .

>I� ��w>	��D >	��b� �� ��	0���2�� !^	0� �	" +�	��<= �Fr

>��D �� k@(#� +V�5 !��L/D >I	� �� .�	�� ��	� ���� 7�*0
w]ac.9	� !�	� �-	� ��	D >��D ������ �� �S_-S�>	��D ��

L/D !�5 ���b� '� ��0���2�� !^0� �" ���b�S6���0 �		$�	.�0.
5 ��	;�		� $	� '		!�L/D=109� �� �	� c.	- V� >	��D ����	JFr

!�5 h  �� '@,�� ��(*�� >��D ��� $0��� c.9� �� - ��(��S
�"�� ��?�(B" !�" >I� ��w]b-w]c!^	0� �" +���<= �0-� �

'� �.�#� '0.) >	��2 $	I���0 �"�	� '	� ��� !� �.	12 ���	b� �	"
 !�5 h  '� ��0���2�� !^0�S?�(B".

Fig. 5. The vortex flow observed at the beginning of the 
vertical shaft 

<=�[3?��2 �4� !��(�� �� ��� ��"�*� $���) 7��� 

Fig. 6. Flow observed in the structure for different 
combinations of geometry 

<=�\3'��
" �� k@(#� +�1��= !�� ���� �� ��� ��"�*� 7��� 
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Fig. 7. Variations of E2/E1 versus L/D values for various Fr numbers: a) Fr=1.77; b) Fr=2.01;  
c) Fr=2.18 and d) Fr=2.32 

<=�]3>��b� �� ��0���2�� !^0� �" +���<=L/D !�����b� >��D �� +-�4(�Fr:a(Fr=1.77�b(Fr=2.01�

c(Fr=2.18 -d(Fr=2.32 
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a�" .�.� i= >��� !�" i-� '	��� !�"
'� ��0 ��	
G0� $��	���� �.W
� - >	��.D ��	� >	��b(� +�	K� k�	,.=

�� '9b0) $0�G� '9b0 6� ����=?��Bn ���4(	�� ($	
�� �	� ?��	
�� �
$� ��� .�.� ��	J !�	� �	&
= =V�� '��� �� !�" ��	��J $	
�� !�	"

 '
��� �� ���a�J$*"-ZJ $� ���4(�� ��(B) �.	�.(Montgomery, 

2017) .
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Fig. 8. Variations of E2/E1 versus Fr values for various Hs/D values: 
 a) Hs/D=0; b) Hs/D=1; c) Hs/D=2 

<=�d3>��b� �� ��0���2�� !^0� �" +���<=Fr!�����b� >��D �� +-�4(� Hs/D :
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��.M,3('�;-� $@� ���) $���) $���� ���� �� ��0���2�� !^0� �" !�� !��&
*�J i-� '��� ��� y0����- >�@G= o��(0 
Table 3. Results of ANOVA for recommended 2nd order model (basic general model) 

p-value F-value Mean 
square

Degree of 
freedom

Sum of 
squares

Coefficient
estimate (Zg)

Source 
<0.0001S35.000.453194.08-Model

---1--7.13671Intercept
<0.0001139.611.8111.817.78107X� ∶ F8
<0.000126.490.342910.34290.11730X? ∶ L D⁄
<0.000129.540.382510.3825-0.10937XB ∶ H5 D⁄
<0.000143.050.557310.5573-0.12385X�X?
0.1327 NS2.290.029610.02960.08568X�XB
<0.000126.120.338110.3381-0.02423X?XB
<0.000134.380.445110.4451-1.66363X�?

0.00239.630.124610.12460.00693X??

<0.000121.270.275410.27540.09277XB?

--0.01291341.73-Residual

��.M23($��&0 ���) '(��� �"�� i-� '��� ��� y0����- >�@G= o��(0 
Table 4. Results of ANOVA for reduced 2nd order model (final model) 

p-value F-value Mean 
square 

Degree of 
freedom 

Sum of 
squares 

Coefficient 
estimate (Zg)

Source 
<0.0001S38.720.506084.05-Model

---1--7.31406Intercept
<0.0001138.291.8111.817.86674X� ∶ F8
<0.000126.240.342910.34290.11730X? ∶ L D⁄
<0.000127.730.362510.36250.06798XB ∶ H5 D⁄
<0.000142.640.557310.5573-0.12385X�X?
<0.000125.870.338110.3381-0.02423X?XB
<0.000134.050.445110.4451-1.66363X�?

0.00249.530.124610.12460.00693X??

<0.000121.070.275410.27540.09277XB?

--0.01311351.76-Residual

��.MP3p �� ��� !���% !�"!��&
*�J 
Table 5. Statistical indicators of the proposed model 

ValueStatistical indicator
0.701R?

0.684R?bcd
0.657R?e8fc
10.54CV (%)
27.074AP

+�	��<= 7��� 7�	*0 !�	� - ����= ��	0���2�� !^	0� �	" ���	� ��
 F�#(0���

)u(

2
S

22
rS

rS

r12

)D/H(09277.0
)D/L(00693.0)F(66363.1)D/H(

)D/L(02423.0)D/L)(F(12385.0)D/H(06798.0
)D/L(1173.0)F(86674.731406.7E/E

++−
−−

+++−=

'		� ��y0�		���- ��;�		0% +��		E� $��		���� !�		� �.		��� �.		/
��		0���2�� - ��		�0 ��		�(5� !�		"���.�0 p�#		*= !�		"���.�0) �		"

 $	� ���4(	�� (��� !���% +��,.�  >I	� �� .�.	�t]a���.	�0 �
��0���2�� ���0 ���(5� .�	�� ��	� ���� 7�	*0 $��	&0 ��	� !�	� �"
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"�
��0���2�� ���.�0 .��� �&0% ���0 >��b� �� �"���b� ��	J ��	� $	
��

 >I� �� �$��&0 ��� !��t]b�(�	) ��	2 �� .��� ��� ���� 7�*0
 	� ��	� [	��
� ��	190� ����.	�0 h	�- �� $(��	K ��-�G� �� j�b0

���� 	�.= �	� ������	
� .�	�� ��	� ���� 7�*0 $"�:*����% !�" '	� '
>I�t= y0����- ��;�0% +��E�H���$�.�0.� 

�3�3./
�!O
@ %b"/� .  "@ <��0- "!Ke9 %
 ���0�/ 
�3�3�3D�G� <��0- "!Ke9 ���0�/ 

= ���.�0H$@,� >��.D �� 6� " �KFr�L/D -Hs/D !^	0� �	" �
 >I	� �� $���) $���� ���� �� ��0���2���z�	� .�	�� ��	� '	����

 >I� '� '�.=�z]a�$� ��"�*� '� �.� 7�	�� !�� $	�� �	� $��	"
 �		�) $		5�/ $		�� �� 		()���Fr >2.18 7�		�� ��.		 � ���		*= �(

6@&(		B� �� $		���� �		D�� !^		0� ��		

� �� +�0�		�.0 ����		��
'4;.� ����J 7��� !�" (*�� 'Y " '@,�� - ������b� !^	0� �"

 !�5 ���b� �� ��0���2��S$��.�$� 7�*0 o��(0 ��
a�" . '	� �	"�
 7% �	� ��	
(� �-	� ��	D -) $	5�/ $	�� !�� ��0���2�� !^0� �"

Fr=2.18(!�		5 ���		b� '		� $		I���0 ��(		*��S���� �������		
� 
$� 7�	�� !^	0� �d	=� �� ���� $����� 7�.= $��	���� [	��
� �� 

�n.>I�Sf]b$	���� ���	� �� ��	0���2�� !^	0� �	" +�	��<= �
>��D >��b� �� �� $���)L/D $� 7�*0 7��" .�"� ��"�	*� '� �./

$� '� �.� >��D c.9� i��= !���L/D ���	b� ��	0���2�� !^	0� �	"
>��2 $I���0 'W5d� !�5 ���b� '� !��.�	0��� �����	
� $	� 7�.	=
$����� �4) ���	� l�	4=�� �� 	��<= �� 7��� !^0� �d=� �� ����

 +���<= ��(�� ��Y� �	�� >I	� �� .�z]c!^	0� �	" +�	��<=
 >��D >��b� �� ��0���2��Hs/D �	�� '	� '�.= �� .��� ��� ���� 7�*0

$� >I� !�� �4) 7�.= ���	b� Hs/D ��	���	=���(	*�� �"�	�
 !�5 ���b� '� $I���0��?�(B" �����	
� '	� ��-�	G� '	
��� 7�.	
D

=H>��D !��O)�KHs/D $���$�.�.� 

�3�353<��0- <@
4B� "!Ke9 ���0�/ 

��= '� '�.=H$	
�� �K >	��b(� 	K� ���F8-L D⁄��	
a�" -L/D -
Hs/D ��0���2�� !^0� �" � �-��)`�� �(>I���j.�� ���.�0
= '�H>��.D ��� >��b(� �K >I	� .�	�� ��� ���� 7�*0��]a7�	*0
$� >��D ����J 89� �� '� �"�L/D= �H>��D �KFr'� '0.) �	�� !�

 >	��D �	�� !V�	� - ����J c.9� �� '� $	I���0 ���	b� !^	0� �	"
 !�5 ���b� '� ��0���2���(	*�� �	�� �	�� $0�	�� c.9	� !�	� -

��0� >��D	b� �� $	5 ���	!���	'@,� )	.��� '(��� ��� 	;�	5$

Fig. 9. Diagnostics plots of the model: a) normal probability plot, b) residuals plot 
 <=�f3:��� !���% +��,.�  p�#*= !�"���.�0 a���0 ���(5� ���.�0 ( -b��0���2�� ���.�0 ( 

)a(

)b(
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Fig. 10. Effects of main factors on the E2/E1: a) influence of Fr, b) influence of L/D, c) influence of Hs/D 

 <=���3=H!^0� �" � $@,� >��.D �K��0���2��:a= (H�KFr�b(=H�KL/D -c= (H�KHs/D 
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 >I		���]b		=H>		��.D >		��b(� �KL/D -Hs/D !^		0� �		" 		�
 '	W5d� '	� '	0.) 7��" .��� ��� ���� 7�*0 ��0���2�� $	� �.	� �	�

 >		��D 89		� ����	��L/D >		��D !V�		� 89	� !�		�Hs/D �"�		�
 (*�� 'Y " $I���0���b� '	� ��	0���2�� !^	0� �" !�	5 ���	b��
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���.

�3�3�3g�
H hi� ���0�/ 

>I� ����$	��� '	
��� �� ��	0���2�� !^	0� �" +���<= ���.�0
 ��� >��.D !��Fr-L/D >��.D ��
a�" -L/D -Hs/D 	= '�H�K

 	��b(�			�% �		0��� >	�0 �	�� �� .�		�� ��			"���.			� �	'�		0-� c.		E-
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��� - '
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Fig. 11. Interaction effects of main factors on the E2/E1: a) interaction effect of Fr and L/D, 
b) interaction effect of L/D and Hs/D 

 <=���3=H��0���2�� !^0� �" � $@,� >��.D >��b(� �K:a>��b(� �K�= (Fr-L/D -b= (H>��b(� �KL/D -Hs/D 

Fig. 12. Response surface plots: a) Effect of Fr and L/D on the E2/E1: b) Effect of L/D and Hs/D on the E2/E1
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